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ABSTRACT. A viscous iteration process for a finite family of nonexpansive map-
pings in a uniformly smooth Banach space is studied and the strong convergence
of the process is proved.

1. INTRODUCTION

Let H be a Hilbert space with inner product (-, -) and norm || - ||, respectively, let
C be a nonempty closed convex subset of H, and let T': C' — C' be a nonexpansive
mapping (i.e., [Tz — Ty| < ||z — y|| for all z,y € C). Let Fix(T) denote the set of
fixed points of T; i.e., Fix(T) = {z € C : Tz = z}. Assume Fix(T") # 0.

In 1967, Halpern [2] introduced an iteration process that converges in norm to a
fixed point of 7. More precisely, Halpern’s algorithm generates a sequence (z,,) as
follows: The initial guess xy € C' is selected arbitrarily and the iteration process is
proceeded according to the rule:

(1.1) Tl = Mpu+ (1= \p)Txy,

where u € C is referred to as anchor and (\,) is a sequence in (0, 1).

The convergence of Halpern’s algorithm has been proved by many researchers [2,
6,10,11,14,16]. In summary, we have the following convergence result for Halpern’s
algorithm (the reader is referred to the survey [7] for more details updated until
2010).

Theorem 1.1. Suppose that the sequence (o) in (0, 1) satisfies the conditions (C1),
(C2), and (C3) or (C4). Then the sequence (xy,) generated by Halpern’s algorithm
(1.1) converges in norm to the fixed point q of T that is closest to u from Fix(T);
namely, ¢ = Prig(1)(u), the nearest point projection of u onto Fix(T).

Here the conditions (C'1)-(C4) are stated as follows:

(C1) limp o0 An = 0 [2],

(€2) Xop—gAn =00 [2],

(C3) >0 o 1A — A1 | < o0 [11,14],

(C4) limy—so0 |An — Ant1|/Ans1 = 0; equivalently, lim,, o0 Ap/Apt1 = 1 [16].

The extension of Halpern’s algorithm to a finite family of nonexpansive mappings
was initiated in [6] and the following result was proved in [1].
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Theorem 1.2 ([1]). Let N > 1 be an integer and let {T;}Y, be a finite family
of nonexpansive self-mappings of C with a nonempty common fized point set F :=
NN Fix(T;). Assume in addition

(12) F = FiX(TN e T2T1) = FiX(TlTN e TQ) == FiX(TN_l e TlTN).
Given xg,u € C. Define a sequence (x,,) by the iteration process
(13) Tpil = App1u + (1 - >\n+1)Tn+1xn’ n >0,

where (A,) C (0,1) and T,, = Tpmodn, with the mod N function taking values
in {1,2,...,N}. Assume the conditions (C1) and (C2) are satisfied. Assume in
addition the condition (C5) below is also satisfied:

(C5) >onio [An = Angn| < o0

Then (x,,) converges in norm to a point in F.

The result of Theorem 1.2 was extended to a Banach space setting [9] where the
space is either uniformly smooth or has a weakly continuous generalized duality
map.

On the other hand, Moudafi [8] introduced the viscosity methods to nonexpansive
mappings. He considered the following iteration process for single nonexpansive
mapping:

(1.4) Tnt1 = A f(xn) + (1 — Ap) T2y,

where f: C' — C is a y-contraction for some constant v € [0,1); that is, f satisfies
the contraction property: || f(z) — f(y)|| < 7|z —y|| for all z,y € C.

This viscosity method for single mapping was extended to the uniformly smooth
Banach space setting in [15].

The purpose of the present paper is to extend the result of [15] to the case of a
finite family of nonexpansive mappings in uniformly smooth Banach spaces.

2. PRELIMINARIES

Let X be a uniformly smooth Banach space, C' a nonempty closed convex subset
of X, and T : C — C a nonexpansive mapping. Assume Fix(7") is nonempty.
Let Il denote the collection of all contractions from C' into itself. That is, f €
IIc if and only if f is a self-mapping of C' and satisfies the contraction property:
| f(z) = f()| <~llz—y] for all z,y € C and some v € [0,1). In this case, f is said
to be a y-contraction.

The following result, known as viscosity method of nonexpansive mappings, will
be needed in the proof of the main result of the paper to be presented in the next
section.

Theorem 2.1 ([15]). Under the above setting, there exists a unique sunny nonez-
pansive retraction @Q : g — Fix(T') which is given by

(2.1) Q(f) = tg%1+ ze, [ €lle,
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where z; is the unique fized point of the contraction C' > z — tf(z) + (1 — t)Tx.
Moreover, Q(f) solves the variational inequality (VI)

(2.2) (I =NR), JQ(f) —p)) <0, [fellg, peFix(T).

Here J : X — X* is the normalized duality map from X into X* and X* is the
dual space of X.

Recall that the normalized duality map J is defined as
J(z) = {z" € X" : ||z|* = [|l2"|]* = (z,2")}, ze€X.

It is known that for a uniformly smooth Banach space X, the duality map J is
single-valued and norm-to-norm uniformly continuous over every bounded subset of
X. [See [17] for more information on uniform smoothness of Banach spaces.]

We also need two technical tools stated in the lemmas below.

Lemma 2.2 ([16]). Assume (s,) is a sequence of nonnegative real numbers such
that
Spt1 < (1 —ap)sp +0py, n>0
where (ay,) is a sequence in (0,1) and (oy,) is a sequence of real numbers such that
(1) 22521 an = oo
(ii) Hmsup, o0 on/om <0 or > 07 |oy| < 0.
Then lim,,_,os S, = 0.

Lemma 2.3. Let J be the normalized duality map of a smooth Banach space X.
Then, for oll z,y € X, the following inequality holds

lz + I < llz)l* + 2{y, J(z + ).

3. Viscous ITERATION IN BANACH SPACES

Consider a closed convex subset C' of a Banach space X and let N > 1 be a given
integer. Suppose T; : C — C for i = 1,2,..., N are nonexpansive mappings which
satisfy the following consistency condition:

N
(3.1) 0 # (\Fix(T}) = Fix(Ty Ty -1 ... T1).
i=1
Note that this consistency condition implies that
(3.2)
N
ﬂ Fix(T;) = Fix(Ty ... ToTh) = Fix(1 TN ... Ty) = - - = Fix(Tn-1... ThTN).
i=1

Remark 3.1. The consistency condition (3.1) is not restrictive. As a matter of
fact, if we replace T; with the averaged mapping T; = (1 — oy)I + oT;, where

€ (0,1) for 1 < i < N. Then Fix(T}) = Fix(T}) for each i and the consistency
condition (3.1) holds for the family of the mappings Ti’s which has the same set of
common fixed points with the original family of mappings 77s.
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Now we consider the following viscous iteration process:

(33) Tn+1 = An—l—lf(xn) + (1 - )\n-H)CT[nJrl]xna n= 07 17 R

where the initial guess x¢g € C is arbitrary, and f € Il¢ is a y-contraction with
v € [0,1). Here [n + 1] is defined by [n + 1] := (n mod N) + 1 for n > 0.
The main result of this paper is the following result.

Theorem 3.2. Let X be a uniformly smooth Banach space, C' a nonempty closed
convez subset of X, and {T;}Y, be N > 1 nonexpansive self-mappings of C. Assume
the consistency condition (3.1) and the conditions (C1)-(C2). Assume, in addition,
(An) satisfies either (C5) or (C6) which is stated below:

. An—An . : n_ —
(C6) limy, o0 TN“V = 0; equivalently, lim,_ /\;\+N =1

Then the sequence (x,) generated by the viscous iteration process (3.3) converges
in norm to Q(f), where Q : llc — F' is the unique sunny nonexpansive retraction
from ¢ onto F. Here F = NI Fix(T;).

Proof. As standard, the proof consists of six steps.
Step 1: (z,) is bounded.

To see this, we take p € F to get by using (3.3)

[ 201 = pll < Anllf(zn) = pll + (1 = A) [ Ting 120 — pll
< M(lf(@n) = fF@) + 1 () = 2D + (1 = Xn)[lzn — pl|
< (=@ =MA)llzn —pll + Anllf(p) = pll

< max {an Il T2 170) - 51}

By induction, we obtain

1
o =l < max { o = ol 2 1170) 5l

for all n > 0. It turns out that (z;,) is bounded.
Step 2: ||zp41 — Tjqq)7all — 0 as n — oo.

This is quite straightforward. Indeed we have from (3.3) that

[ T[n+1}xn” = A1l f(2n) — T[n+1}an-
The boundedness of (z,) and the fact that A, — 0 (as n — oo) immediately imply
the conclusion of Step 2.

Step 3: ||zpynN — znl| = 0 as n — oo.

In fact, noticing the fact that 7,14 n) = Tj,41), we derive that

[Znt14N8 = Tng1 | = [ Angren f (@ n) + (1= Ang148) Tt 14 N)Tnt N
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— M1 f (@) + (1 — >\n+1)T[n+1]xn]

= [Ms14n8 (f(@ntn) — fzn))
+ (1 = A 148) (Tt 1) %nt N = Tl 1)2n)
+ (Ant148 = A1) (f (@0) — Thngyy@n) |-

Since (z,,) is bounded, we have a constant a > 0 such that || f(z,) — Tiq2a| <
for all n > 0. Also since f is a y-contraction, it turns out that

lZnr148 = Zog1ll < (1= (1 = V) Ag14N) [P0 v — Tull + | Ang 148 — A
=1 =T = rrenlzneny — 2ol + (1 =) Aas14 8B

where B, = a| 148 — At1l/((1 — ¥)Ant14n). Now under the conditions (C1)-
(C2) and (C5) or (C6), we can apply Lemma 2.2 to immediately obtain Step 3.

Step 4: [|xn — TNy - - Ting1Znll = 0 as n — oco.

To prove Step 4, we set Uy = I and U; =Tl ) - - Tjpyn—igqy fori =1,2,... ) N.
Then U; are all nonexpansive. Moreover, it is easily seen that Uy = T,y n), ..., Un =
T[n_;'_N} PN 11[”_’_1}, and Ui+1 = UiT‘[n-ﬁ-N—i] for i = 0, 1, ey N — 1. We then get

[#n = TNy - - - Tl 1) @nll = 20 — Unanl|
< lzn — znan |+ l2ns N — Unaa||
N-1
> (Usnin—i — Uit1@niN—i1)
i=0
N-1
Z (Uizn+N—i — UTjny N—) Tt N—i—1)
i=0
N-1
< lzn — zngn |l + Z [ZnN—i = Ths N—i)Tn N—i—1]]-
i=0

= |zn — Zpanl +

= ||zn — Zpyn]| +

Now by Step 2, we see that each term under the above summation tends to zero
when n — oo. This combining with Step 3 yields the result of Step 4.

Step 5: limsup,,_,.(f(¢) —q, J(zn,—q)) < 0. Here ¢ = Q(f) and @ is the unique
sunny nonexpansive retraction from Ilg onto F = N Fix(T;).

To verify Step 5, we take a subsequence (zy, ) of (x,) with the property:
(3.4) limsup(f(q) — q, J(xzn, — q)) = kli_}m (f(q) —q, J(xn, —q)).
n—oo o0

With no loss of generality we may assume that (z,,) converges weakly to a point &
in C. Since the pool of the mappings of the family is finite, we may further assume
that [ng] =i for all k and some i € {1,2,..., N} so that Tj,,; = T; for all k. Let
U=Tiin.. . Tty Then F' =Fix(U) by (3.2). Moreover, it turns out from Step 4
that [|zn, — Uzy, || = 0 as k — oo.
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By the uniqueness of the sunny nonexpansive retraction from Ilo onto F', we
have that ¢ = Q(f) = limy_,0 2, where z; = tf(2;) + (1 —t)Uz for 0 <t < 1. By
Lemma 2.3, we get

(1 = )(Uz = @n,) + 1(f(2) = @)
< (L= *|Uz =y |I” + 26(f (20) = @nyes I (21 = @)
< (1= (|Uz = Uzni|| + [Un,, =, )?
+2t(f(2) — 2t + 20 — xpy, J (2 — )
< (1= (2t = 2, || + U2y, — 2 |1)?
+2t (ll2t — @ |1 + (f (20) — 20, T (2 — )
< (L+ )2t — 2o |1+ 26(f () — 20, J (20 — 2ny,))
+ (1= 0| Uzny, = 2y | (1020, — 2y | 4 2]120 = 2 [])-

2t — @, |I?

It turns out that, for all £ and ¢ € (0, 1),
<f(Zt) — %t J(.’Enk - Zt))
t 1
(3.5) < Sl = @ P + 10z, = 2o [0 = 2]l + 2]z = 20 ])-

Let a > 0 be a constant bigger than ||z — zy, ||? and ||Uzyn, — zn, || + 2|2t — 20, ||-
Then (3.5) is reduced to, for all k and t € (0,1),

(3.6) (f(2) = 21, I (@ny, = 2)) < at + =V, — @0,

Since ||Uzy, — zpn,|| — 0 as k — oo, we can take the limit by letting k — oo in (3.6)
to get, for all t € (0,1),

(3.7) limsup(f(2z) — 2¢, J(@n, — 2)) < at.

k—o0
However, since z; — ¢ in norm and J is uniformly continuous in the norm topology
over a bounded set that contains (z;) U (z,,), we can take the limit as ¢ — 0 in (3.7)
to get

limsup(f(q) — ¢, J(wn, —q)) < 0.

k—o00

This together with (3.4) verifies Step 5.

Step 6: x, — Q(f) in norm (as n — oo). Here again @ is the unique sunny
nonexpansive retraction from Il onto F = N Fix(T;).

We will use Lemma 2.2 to prove Step 6. Let ¢ = Q(f). It follows from Lemma
2.3 that

[zn41 = qll* = Ans1(f (@) — @) + (1= Anst) Ty — 9|
< (1= A1) Ty mn — all* + 2041 (f (20) — ¢, J (Tns1 — q))
<(1- >‘n+1)2H$n - Q||2 + 241 (f (zn) — f(@), J(Tns1 — q))

| 2
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+2A41(f (@) — @, J (@041 — q))
< (1= A1)z = ql? + 221712 — gl - | (241 — @)
+2A41(f (@) — ¢, I (@041 — q))
= (1= Ans1)?[l2n = all* + 2001720 — all - 241 — g
+2M41(f (@) — ¢, S (@n41 — q))
< (1= A 1)?2n — all? + A1 7(l2n — all? + 2ns1 — al?)
+2X1(f(@) — ¢, J(Tnt1 — q)).
It turns out that
(1 - )‘n+1)2 + Y An+1
L —yAnt1
Setting s, = ||zn — q||%
(1= A1)+ A41 (2= = A1) Ant1

2)\n+1
I —yAnp1

201 — qll* < lzn — ql® +

(f(@) = ¢, J(xnt1 — q))-

ap=1— _ — O(\ss),
I —=vAnt1 I —yAnp1 (Ant)
and o)
n+1
On=1T—""+— — ¢, J(Tnt1 —q)),
1__,W+l<f(CJ) ¢, J(Tnt1 — q))

we may rewrite the last inequality as

(3.8) Snt+1 < (1 — ) sy + on.

It is evidently clear that «,, — 0 since A\, — 0. In addition, since
On 2
— =) — ¢, J(znt1 — q)),
R ey et U )

it turns out from Step 5 that

. On 2 .
timsup 7 = 2 tim sup((0) — 0. (i1 — ) <0,

n—oo Op — 7Y n—oco

Consequently, Lemma 2.2 is applicable and we obtain from (3.8) that s, — 0,
namely, x, — ¢ in norm. The proof is complete. O

Remark 3.3. (i) The result of Theorem 2.1 remains valid if the uniform smooth-
ness is replaced with the assumption that the space X either is uniformly Gateaux
differentiable with the fixed point property for nonexpansive mappings or has a
weakly continuous duality mapping with some gauge ¢.

(ii) Theorem 2.1 has been proved in some papers with an additional condition
that the space X be strictly convex as well (see [3-5,12,13]).
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