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A NONLINEAR MEAN CONVERGENCE THEOREM
FOR GENERIC 2-GENERALIZED NONSPREADING MAPPINGS
IN A BANACH SPACE

MAYUMI HOJO AND WATARU TAKAHASHI

ABSTRACT. In this paper, we prove a nonlinear mean convergence theorem for
generic 2-generalized nonspreading mappings in a Banach space. Using this re-
sult, we prove well-known and new nonlinear mean convergence theorems in a
Banach space. In particular, we apply this theorem to prove mean convergence
theorems for generic nonspreading mappings, and 2-generalized nonspreading
mappings in a Banach space, and a mean convergence theorem by Hojo [3] for
nomally 2-generalized hybrid mappings in a Hilbert sace.

1. INTRODUCTION

Let H be a real Hilbert space and let C' be a nonempty subset of H. A mapping
T : C — H is called nonexpansive if | Tx—Ty|| < ||x—y| for all z,y € C. Kocourek,
Takahashi and Yao [8] defined a broad class of nonlinear mappings which covers
nonexpansive mappings. A mapping T : C' — H is called generalized hybrid [8] if
there exist «, 8 € R such that

(L.1) a|Te = Tyl* + (1 - a)|lz = Ty|* < BTz — y|* + (1 = B) |« — y||?

for all x,y € C. They called such a mapping («, (3)-generalized hybrid. Notice that
the class of generalized hybrid mappings covers several well-known mappings. For
example, a (1,0)-generalized hybrid mapping is nonexpansive. It is nonspreading
[11, 12] for « =2 and § =1, i.e.,

2|Ta — Tyl|* < T —y|* + | Ty — «|?, Va,yecC.
It is also hybrid [22] for a = % and 8 = %, ie.,
3IT2 — Tyl < o — yl? + | T2 — yl> + | Ty — 2, Vo,y e C.

Kocourek, Takahashi and Yao [8] extended Baillon’s nonlinear mean convergence
theorem [2] for nonexpansive mappings to that of generalized hybrid mappings in a
Hilbert space.

Theorem 1.1 ([8]). Let H be a Hilbert space and let C' be a nonempty, closed and
convez subset of H. Let T : C'— C be a generalized hybrid mapping with F(T) # (.
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Then for any x € C,
1 n—1
Spx=—> TF
o= 15
k=0
converges weakly to a fized point of T'.

Takahashi and Takeuchi [24] proved this theorem without convexity by intro-
ducing the concept of attractive points [24] in a Hilbert space; see also [15]. A
nonspreading mapping in a Hilbert space was generalized in a Banach space by
Kohsaka and Takahashi [12]. Let C' be a nonempty subset of a smooth Banach
space E and let J be the duality mapping from E into E*. A mapping T :C — FE
is called nonspreading if

(T, Ty) + ¢(Ty, Tx) < p(Tx,y) + o(Ty, x)

for all z,y € C, where ¢(z,y) = ||z[|* — 2(x, Jy) + ||y||* for all z,y € E. Such a
nonspreading mapping in a Banach space is deduced from a resolvent of a maximal
monotone mapping; see [12]. Kocourek, Takahashi and Yao [9] introduced a class
of nonlinear mappings in a Banach space which covers generalized hybrid mappings
in a Hilbert space and nonspreading mappings in a Banach space. A mapping
T :C — FE is called generalized nonspreading if there are «, 3,7, € R such that

(1.2) ad(Tz,Ty) + (1 — a)d(z, Ty) + v{d(Ty, Tz) — ¢(Ty, 2)}

< B(Tz,y) + (1 = B)d(z,y) + 0{o(y, Tz) — ¢(y, )}
for all z,y € C. Takahashi, Wong and Yao [27] generalized the concept of generalized
nonspreading mappings as follows: A mapping T : C' — F is called generic general-

ized nonspreading if there exist «, 8,7, d,¢, ( € R such that a+8+v+d6 > 0, a+8 > 0
and

(1.3) ap(Tx, Ty)+Bd(z, Ty) + v¢(Tx,y) + 6é(z,y)
<e{p(Ty,Tx) — ¢(Ty,z)} + ({o(y, Tx) — ¢y, ) }

for all z,y € C; see also [26]. Takahashi, Wong and Yao [25] also extended the
concept of generalized nonspreading mapping as follows: A mapping T : C — C is
called 2-generalized nonspreading if there exist ay, aq, 81, 82,71, 72, 01,02 € R such
that

a1 ¢(T?z, Ty) + asd(Tx, Ty) + (1 — g — o) (z, Ty)
(1.4) +71{¢(Ty, T?z) — ¢(Ty, x)} +12{6(Ty, Tz) — $(Ty, )}
< B1o(T%z,y) + B2(Tx,y) + (1 — B1 — B2)o(x,y)
+61{0(y, T?x) — ¢y, 2) } + 62{d(y, Tx) — d(y, )}
for all z,y € C. Motivated by the definitions of generic generalized nonspreading

mappings and 2-generalized nonspreading mappings, Takahashi [23] introduced a
new class of nonlinear mappings in a Banach space which simultaneously generalizes
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these two mappings. A mapping T : C — C is called generic 2-generalized non-
spreading [23] if there exist ag, a1, ag, B2, 51, Bo, V2, 1,70, 02, 01,00 € R such that
ast+ar+ag+ B+ P11+ 60>0, as+a; +ap >0 and

agd(T?x,Ty) + a1p(Tx, Ty) + apd(x, Ty)
+ Bop(T?z,y) + Prd(Tx,y) + Bod(x,y)
(1.5) < {¢(Ty, T?x) — ¢(Ty, Tx)} + n{d(Ty,Tx) — $(Ty,x)}
+70{¢(Ty, ) — ¢(Ty, T?x)} + do{d(y, T?x) — Py, Tx)}
+0{d(y, Tx) — ¢y, 2)} + do{(y, x) — oy, T?x)}
for all z,y € C.

In this paper, we prove a nonlinear mean convergence theorem for generic 2-
generalized nonspreading mappings in a Banach space. Using this result, we prove
well-known and new nonlinear mean convergence theorems in a Banach space.
In particular, we apply this theorem to prove mean convergence theorems for
generic nonspreading mappings and 2-generalized nonspreading mappings in a Ba-
nach space, and a mean convergence theorem by Hojo [3] for nomally 2-generalized
hybrid mappings in a Hilbert space.

2. PRELIMINARIES

Let E be a real Banach space with norm || - || and let E* be the topological dual
space of E. We denote the value of y* € E* at x € E by (x,y*). When {z,} is a
sequence in E, we denote the strong convergence of {z,} to x € E by z,, — x and
the weak convergence by x,, — x. The modulus ¢ of convexity of F is defined by

5(e) = in {1 e . vl

for all e with 0 < € < 2. A Banach space E is said to be uniformly convex if j(e) > 0
for every € > 0. A uniformly convex Banach space is strictly convex and reflexive.
Let E be a Banach space. The duality mapping J from E into 2 is defined by

Ju = {2" € E*: (z,2") = ||z|* = [|2*]*}

for all z € E. Let U = {x € E : ||z|]| = 1}. The norm of E is said to be Gateaux
differentiable if for each x,y € U, the limit

o) e+t~ el
t—0 t

exists. In this case, F is called smooth. We know that E is smooth if and only if J is
a single-valued mapping of F into E*. We also know that E is reflexive if and only
if J is surjective, and F is strictly convex if and only if J is one-to-one. Therefore, if
FE is a smooth, strictly convex and reflexive Banach space, then J is a single-valued
bijection. The norm of F is said to be uniformly Gateaux differentiable if for each
y € U, the limit (2.1) is attained uniformly for x € U. It is also said to be Fréchet

differentiable if for each x € U, the limit (2.1) is attained uniformly for y € U. A

el < Ll < 1, e - oll }
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Banach space FE is called uniformly smooth if the limit (2.1) is attained uniformly
for z,y € U. It is known that if the norm of F is uniformly Gateaux differentiable,
then J is uniformly norm-to-weak® continuous on each bounded subset of E, and
if the norm of F is Fréchet differentiable, then J is norm-to-norm continuous. If
E is uniformly smooth, J is uniformly norm-to-norm continuous on each bounded
subset of E. For more details, see [18, 20, 21]. The following result is well-known.

Lemma 2.1 ([20]). Let E be a smooth Banach space and let J be the duality map-
ping on E. Then, (v —y,Jx — Jy) > 0 for all x,y € E. Further, if E is strictly
convex and (x —y, Jx — Jy) =0, then z = y.

Let E be a smooth Banach space. The function ¢: E' x E — (—00,00) is defined
by

o(x,y) = [|=[* = 2(z, Jy) + [ly[1?

for z,y € E, where J is the duality mapping of E; see [1] and [7]. We have from
the definition of ¢ that

(22) gb(x,y) =¢(x,z)+¢(z,y)+2<x—z, JZ—Jy>
for all z,y,2 € E. From (||z| — |lyl)? < ¢(z,y) for all x,y € E, we can see that
¢(x,y) > 0. Furthermore, we can obtain the following equality:

for x,y,z,w € E. If E is additionally assumed to be strictly convex, then
(2.4) d(z,y) =0z =y.

The following lemmas are in Xu [28] and Kamimura and Takahashi [7].

Lemma 2.2 ([28]). Let E be a uniformly convexr Banach space and let v > 0. Then
there exists a strictly increasing, continuous and convez function g : [0,00) — [0, 00)
such that g(0) =0 and

Az + (1= Nyll* < Azl + (1 = VlylI> = 21 = Ng([l« - yl))
for all x,y € B, and A\ with 0 < XA <1, where B, ={z € E: |z|| <r}.

Lemma 2.3 ([7]). Let E be smooth and uniformly convexr Banach space and let
r > 0. Then there exists a strictly increasing, continuous and convex function
g :10,2r] = R such that g(0) = 0 and

9z —yl) < oz, y)
for all x,y € B,, where B, ={z € E : ||z|]| <r}.

Let F be a smooth Banach space and let C' be a nonempty subset of E. Then a
mapping T : C' — E is called generalized nonexpansive [5] if F(T) # () and

o(Tz,y) < ¢(z,y)

for all x € C and y € F(T). Let D be a nonempty subset of a Banach space E. A
mapping R : E — D is said to be sunny if

R(Rzx +t(x — Rx)) = Rx
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for all x € E and t > 0. A mapping R: E — D is said to be a retraction or a
projection if Rx = x for all z € D. A nonempty subset D of a smooth Banach
space F is said to be a generalized nonexpansive retract (resp. sunny generalized
nonexpansive retract) of E if there exists a generalized nonexpansive retraction
(resp. sunny generalized nonexpansive retraction) R from E onto D; see [4, 5] for
more details. The following results are in Ibaraki and Takahashi [5].

Lemma 2.4 ([5]). Let C' be a nonempty closed sunny generalized nonerpansive
retract of a smooth and strictly convex Banach space E. Then the sunny generalized
nonexpansive retraction from E onto C is uniquely determined.

Lemma 2.5 ([5]). Let C be a nonempty closed subset of a smooth and strictly convex
Banach space E such that there exists a sunny generalized nonexpansive retraction
R from E onto C and let (z,z) € E x C. Then the following hold:

(i) z = Rx if and only if (x — z,Jy — Jz) <0 for ally € C;
(i) ¢(Rz,2) + ¢(z, Rx) < ¢(x, 2).

In 2007, Kohsaka and Takahashi [10] proved the following results:

Lemma 2.6 ([10]). Let E be a smooth, strictly convex and reflexive Banach space
and let C be a nonempty closed subset of E. Then the following are equivalent:

(a) C is a sunny generalized nonexpansive retract of E;
(b) C is a generalized nonexpansive retract of E;
(c) JC is closed and convex.

Lemma 2.7 ([10]). Let E be a smooth, strictly convex and reflexive Banach space
and let C be a nonempty closed sunny generalized nonexpansive retract of . Let
R be the sunny generalized nonexpansive retraction from E onto C' and let (x,z) €
E x C. Then the following are equivalent:

(i) z = Rx;
(ii) ¢(z,z) = mingec ¢(z,y).

Ibaraki and Takahashi [6] also obtained the following result concerning the set of
fixed points of a generalized nonexpansive mapping.

Lemma 2.8 ([6]). Let E be a smooth, strictly conver and reflexive Banach space
and let T' be a generalized nonexpansive mapping from E into itself. Then, F(T) is
closed and JF(T) is closed and convez.

The following lemma by Ibaraki and Takahashi [6] is a direct consequence of
Lemmas 2.6 and 2.8.

Lemma 2.9 ([6]). Let E be a smooth, strictly convex and reflexive Banach space
and let T' be a generalized nonexpansive mapping from E into itself. Then, F(T) is
a sunny generalized nonexpansive retract of E.

Using Lemma 2.6, we have the following result.
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Lemma 2.10. Let E be a smooth, strictly convex and reflexive Banach space and
let {C; : i € I} be a family of sunny generalized nonexpansive retracts of E such

that N;c1C; is nonempty. Then N;crC; is a sunny generalized nonexpansive retract
of E.

Proof. It is obvious that J N;cr C; = N;erJC;. In fact, we have that

z € JNier C; = J 1z € Nic1Cs
— JlzeC;, Viel
—zczcJC;, Viel
< 1 € N1 JC;.

From Lemma 2.6, JC; is closed and convex for each i € I and hence N;c;JC; is
closed and convex. Thus we have that J N;c; C; is closed and convex. Therefore,
from Lemma 2.6, we have that N;c;C; is a sunny generalized nonexpansive retract

of F. O

Let E be a smooth Banach space. Let C' be a nonempty subset of £ and let T’
be a mapping of C into E. We denote by A(T) the set of attractive points [16] of
T, ie.,

AT)={z€ E: ¢(2,Tx) < ¢(z,z), Yz € C}.
We also denote by B(T') the set of skew-attractive points [16] of T, i.e.,
B(T)={z€ E:¢(Tx,z) < ¢(x,2), Yz € C}.

The following results are crucial in our paper.

Lemma 2.11 ([16]). Let E be a smooth Banach space and let C' be a nonempty
subset of E. Let T be a mapping from C into E. Then A(T) is a closed and convex
subset of E.

Lemma 2.12 ([16]). Let E be a smooth Banach space and let C be a nonempty
subset of E. Let T' be a mapping from C into E. Then B(T) is closed and JB(T)
is closed and convex.

Let E be a smooth Banach space, let C' be a nonempty subset of E and let
J be the duality mapping from F into E*. A mapping T : C — C is called
generic 2-generalized nonspreading if it satisfies (1.5). Such a mapping is called
generic (a2, a1, g, B2, B1, Bo, Y2, 71, Y0, 02, 01, 09 )-2-generalized nonspreading. This
mapping 7' : C' — C is generic generalized nonspreading in the sense of Takahashi,
Wong and Yao [27] if ag = B2 = 72 = 02 = 79 = 09 = 0. Furthermore, putting
a; =1, = —1,7 = —1 and §; = 0, we obtain that

¢(Tx, Ty) + ¢(Ty, Tx) < ¢(Tx,y) + ¢(Ty, x)

for all ,y € C. This is nonspreading in the sense of Kohsaka and Takahashi [12].
Putting ap = 1—as—ay, Bp =1—F2— 1 and y2 = d2 = 0 in (1.5), we can also see
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that the mapping T is 2-generalized nonspreading in the sense of Takahashi, Wong
and Yao [25]. If E' is a Hilbert space, then we have that

¢(,y) = | —y|?, Va,y € E.
In a Hilbert space, we obtain the following from (1.5):
@||T?z — Ty|* + a1[|Te — Ty|* + aol|z — Ty|?
+ B T%x — y|I* + Bul| Tz — yl|* + Bollz — ylI?
< {l|Ty — T?2|* — | Ty — T|*} + n{||Ty — Tz|* — | Ty — «|*}
+0{ITy —z)* = 1Ty = T%2|*} + &a{lly — T°x|* — |ly — T|*}
+1{lly = Tz|* — [ly — 2[I*} + do{lly — «|* — lly — T*«(1*}

and then
(a2 =72 +70) 17?2 = Ty||” + (a1 +v2 — )| Tz — Tyl
+ (a0 +71 —70) |1z = Tyll* + (B2 — 62 + 60) | T?z — y||?
+ (81 + 62 — 61)|Tz — ylI* + (Bo + 61 — bo) |l — y|* < 0.
Since

(ag —y2+7) + (@1 +v2 —71) + (0 + 711 — Y0)
+ (B2 — 02+ 60) + (1 + 02 — 61) + (Bo + 91 — do)
=ayt+ar+ag+ P+ B+ Bo>0

and (e — 72+ %)+ (1 +72 —m)+ (w+71 — %) = a2+ a1 +ay > 0, this
implies that T is a normally 2-generalized hybrid mapping in the sense of Kondo
and Takahashi [13]. A mapping T : C' — C is normally 2-generalized hybrid [13] if
there exist ag, 8o, a1, 81, a2, B2 € R such that 22:0 (an+ Bn) >0, a0+a1+ap >0
and

(2.5) az|| T2z —Ty|* + a1 || Tz — Ty|* + aollz — Ty||?
+ BollT? — yl* + Bul|Tz — y)|* + Bolle — ylI* < 0

for all z,y € C.
Using an idea of [19], Takahashi [23] proved the following attractive and fixed
point theorem for generic 2-generalized nonspreading mappings in a Banach space.

Theorem 2.13 ([23]). Let E be a smooth and reflexive Banach space and let C' be
a nonempty subset of E. Let T be a generic 2-generalized nonspreading mapping of
C into itself. Then the following are equivalent:

(a) A(T) # 0;

(b) {T™x} is bounded for some z € C.
Additionally, if E is strictly convex and C is closed and convex, then the following
are equivalent:

(a) F(T) # 0;

(b) {T"x} is bounded for some x € C.
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3. NONLINEAR ERGODIC THEOREMS

In this section, we first prove a nonlinear mean convergence theorem for com-
mutative generic 2-generalized nonspreading mappings in a Banach space. Before
proving the theorem, we need the following lemma.

Lemma 3.1. Let C be a nonempty subset of a smooth, strictly convex and reflexive
Banach space E and let S and T be commutative generic 2-generalized nonspreading
mappings of C into itself. Suppose that {S*T'x : k.1 € NU{0}} for some x € C is

bounded and define
1 n n
Spt = —— SETlg
T
for alln € NU{0}. Then every weak cluster point of {Spx} is a point of A(S)NA(T).
Additionally, if C is closed and convez, then every weak cluster point of {Snx} is a

point of F(S)NF(T).

Proof. Since S is a generic 2-generalized nonspreading mapping of C' into itself,
there exist ag, a1, o, B2, 51, Bo, ¥2,71, 70, 02, 01, 0o € R such that

asp(S°x,5y) + a16(Sz, Sy) + and(x, Sy)
+ Bap(S*x,y) + B1o(S,y) + Bod(w, y)
(3.1) < 72{(Sy, S*x) — $(Sy, Sz)} + 1{d(Sy, Sz) — $(Sy, x)}
+70{¢(Sy, ) — (Sy, S*x)} + b2{o(y, S*x) — ¢(y, Sx)}
+01{¢(y, Sx) — ¢(y, 2)} + do{d(y, z) — d(y, S°x)}

for all y € C. Replacing = by S*T'z in (3.1), we have that, for any y € C and
k,l € NU{0},

o (SEF2Tx, Sy) + a1 d(SF T e, Sy) + app(SFT x, Syy)
+ Bad(SF 2T, y) + B1o(S" T T, y) + Fod(S*T ', y)
< v{o(Sy, S¥2T'x) — ¢(Sy, S*T1 T )}
+ v {p(Sy, ST z) — ¢(Sy, S*T )}
+70{6(Sy, S"T'x) — ¢(Sy, S*>T'x)}
+02{o(y, S*2T'x) — p(y, SFT'2)}
+ 61 {p(y, ST x) — o(y, SFT'x)}
+ do{o(y, S*T'z) — p(y, S*2T'2)}
and hence
a2 {d(SE2T ) + é(y, Sy) + 2(SFT2Ta — y, Jy — JSy)}
+ a{d(SEFT %, y) + d(y, Sy) + 2(SEF T e — y, Jy — JSy)}
+ ap{p(S*T 'z, y) + ¢ (y, Sy) + 2(S*T'a — y, Jy — JSy)}
+ Bo(S* 2T, ) + B1o(SHH T, y) + Bod(S*T e, y)
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< 72{6(Sy, S¥T2T'x) — ¢(Sy, ST )}
+v1{¢(Sy, ST ) — ¢(Sy, S*Th )}
+70{0(Sy, S¥T'z) — ¢(Sy, S*T2Tx)}
+ 02 {o(y, ST T) — oy, SFH T )}
+ 01 {o(y, ¥ 2) — p(y, S* T}
+ do{o(y, S"T'x) — ¢y, ST T'x)}.
This implies that

(a2 4+ a1 + ag + B2+ B1 + Bo)p(S*2T x, y)
+ar{p(S* T e, y) — ¢(S* 2T e, y)}
+ ao{p(S* Tz, y) — ¢(S*T'x, )}
+ Bu{p(SM T, y) — (ST 2, )}
+ Bo{p(S" T, y) — H(S"T'2,y)} + (a2 + a1 + a0)d(y, Sy)
+ 2<a25k+2Tlx + alSkHTlx + aoSlex

— (a2 + a1 + ap)y, Jy — JSy>
< 12{¢(Sy, SF2T'x) — ¢(Sy, SFH1T'x)}
+ 71 {¢(Sy, ST z) — ¢(Ty, S*T'x)}
+90{8(Sy, S"T'x) — ¢(Sy, S*T2T'x)}
+ 02{(y, ST ) — p(y, SFTITa)}
+ 0 {o(y, ST T ) — p(y, S¥T'x,) }
+ do{o(y, S*T'x) — ¢y, SFT2T')}.
Since ag + a1 + ag + B2 + B1 + Bo = 0, we have that

ar{¢(S" Tz, y) — p(SHTz, y)}
+ao{p (" T, y) — (" 2T, y)}
+ Bu{p(S" T, y) — (" T 2, y)}
+ Bo{@(S*T"x, y) — H(S"? Tz, y)} + (a2 + 1 + a0)(y, Sy)
+ 2<0@Sk+2TZx +ap SHIT L + aoSkTZx

— (a2 + a1 + o)y, Jy — JSy>
< 2 {(Sy, S*2Tle) — ¢(Sy, S*H1T )}
+y1{e(Sy, S*HT ) — ¢(Sy, S*T'x)}
+70{0(Sy, S¥T'z) — ¢(Sy, S* 2T x)}

41
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+62{¢(y, "2 T'x) — ¢y, "' T'w)}
+01{o(y, ST ) — p(y, S*T'x)}
+8o{e(y, S*T'x) — ¢ly, S *T'z)}.
Summing up these inequalities with respect to £k =0,1,...,n, we have
ar{p(ST'z,y) — ¢(S" Tz, y)}
+ao{¢(T'z,y) + ¢(ST'x,y) — ¢(S" T e, y) — ¢(S" T, )}
+ B{(ST w,y) — (5™ 2T, )}
+ Bo{¢(T'w,y) + (ST x,y) — ("' T, y) — (ST, y)}
+ (a2 + a1 + ag)(n + 1)o(y, Sy)
+ 2<(a2 + a1 + ap) Zn: Skl
k=0
+ 527l 4 g7l — STy — Tl + STl — Tl
— (a2 + a1 +ag)(n+ 1)y, Jy — J5y>
< 72{¢(Sy, S"*T'x) — $(Sy, ST'x)} + 1{d(Sy, S" ' T'x) — ¢(Sy, T'x)}
+70{¢(Sy, T'z) + ¢(Sy, ST'x) — §(Sy, S T'w) — §(Sy, " **T'x)}
+02{0(y, S"*T'w) — o(y, ST'x)}
+01{o(y, " T'z) — ¢(y, T'x)}
+60{e(y, T'wn) + ¢y, ST'x) — ¢y, S" ' Thx) — $(y, "> T'x)}.

Furthermore, summing up these inequalities with respect tol = 0,1,...,n, we have

a Z{qﬁ(ST%, y) — ¢(S" 2T e, y)}
+ag Z{cb z,y) + ¢(ST'w,y) — ¢(S" T, y) — (ST, y)}

+ B Zw(sm, y) — (5" Tz, y)}

+ 80 Y _{o(T'z,y) + ¢(ST'w,y) — (" T2, y) — $(S™ 2Tz, y)}
lf

+ (a2 + a1 + ap)(n + 1) o(y, Sy)
=0

+ 2<(042 + a1 + ap)
=0k
n
+3 (8" + §vPI Ty — STy — Tl + ST T — T'a)
=0
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2
~ (a2 + a1+ ao) (n + 1)y, Jy — JSy)

< V2 Z{¢(Sy7 Sn+2Tlx) - ¢(Sy7 STI‘:U)}
=0

+7 Z{¢(Sy7 Sn+1Tl$) - ¢(Sy7 Tlx)}
=0

+70 Y _{6(Sy, T'z) + ¢(Sy, ST'x) — ¢(Sy, " T'x) — ¢(Sy, S"T'x)}
=0

+ 62 Z{¢(yv Sn+2Tlx) - ¢(yv STZ‘T)}

=0

+01) {oly, "' Te) — oy, T'x)}

=0

+60 Y {6(y, T'z) + ¢(y, ST'x) — ¢(y, ™' T'x) — ¢(y, S"*T'x)}.
=0

Dividing by (n + 1)?, we have

n

01 G e DAOST ') = 6(5™ T y)
=0
+ 00 D OTy) + 0(ST'2.0)
=0

- ¢(5"“le y) — (8" Tz, y)}

+ P Zw ST'z,y) — o(S" Tz, y)}

(n+
+h 2Z{¢ ,y) + ¢(ST'z, y)

- ¢(S"“Tlm, y) = S(S" T, )}
+ (2 + a1 + ag)d(y, Sy) + 2<(a2 + a1 + ap)Spx

P 1 . Z (52T + 28Ty — ST'w — 27" )

— (e + a1 +ag)y, Jy — J5y>

n




44 MAYUMI HOJO AND WATARU TAKAHASHI

n

1 n
NG ;{wy, ST — ¢(Sy, T'x)}

1 n
ey ;w(&’y, T'z) + ¢(Sy, ST'z)

— ¢(Sy, S"' Tl ) — ¢(Sy, S"T*T'x)}

1 - .
+ Sy lz(;{cﬁ(y, §"Tw) — 6(y, ST'w)}

1 - 1l !
+ 0T l;w(y, §"HT ) — oy, T'x)}

1 n
o5 T! ST!
- (b(y’ Sn+1Tlx) - ¢(y7 SnJrQTlx)}'
where S,x,, = m S o> Sk e, Since {S*T'x : k,1 € NU {0}} is bounded
by assumption, there exists a subsequence {S,,z} of {Spz} such that {S,,z} con-
verges weakly to a point u € E. Letting n; — oo in the above inequality, we
obtain

(a2 + a1 + a0) (#(y, Sy) +2{u—y, Jy = ISy)) <0
and hence

(a2 + a1+ a0) (@(y, Sy) + élu, Sy) + 6(y,y) — d(u,y) = (3, Sy) ) < 0.

Since oo + a1 + g > 0, we have

(3-2) o(u, Sy) < ¢(u, y).
Similarly, replacing S and T" by T" and S, respectively, we have
(3.3) o(u, Ty) < ¢(u,y).

Every weak cluster point of {z,} is a point of A(S) N A(T"). Additionally, if C
is closed and convex, then w € C. Putting y = w in (3.2) and (3.3), we have
d(u, Su) < ¢p(u,u) =0 and ¢(u, Tu) < ¢(u,u) = 0. Thus we get u € F(S) N F(T).
Then every weak cluster point of {z,} is a point of F/(S) N F(T). O

Let D = {(k,l): k,l e NU{0}}. Then D is a directed set by the binary relation:
(k1) < (i,5) if k<iandl<j.

Now, we can prove the following nonlinear ergodic theorem for generic 2-generalized
nonspreading mappings in a Banach space.

Theorem 3.2. Let E be a uniformly convex Banach space with a Fréchet differ-
entiable norm and let C' be a nonempty subset of E. Let S and T be commutative
generic 2-generalized nonspreading mappings of C into itself with A(S) N A(T) # 0
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such that A(S) = B(S) and A(T) = B(T). Let R be the sunny generalized nonezx-
pansive retraction of E onto B(S) N B(T). Then, for any xz € C,

Sn:z— mTl 2ZZSW

k=0 [=0

converges weakly to an element q of A(S) N A(T), where ¢ = limy, )ep RSFT!z.
Additionally, if C is closed and convex, then {Spx} converges weakly to a point of
F(S)NF(T).
Proof. Since A(S)NA(T) # 0, we have that from Theorem 2.13 that for any x € C,
k,l € Nand z € A(S)NA(T),
b2, S'T'z) < B(2, 7).

Thus {ST'x} is bounded for all 2 € C and then S,z is bounded.

We have from Lemma 2.10 that B(S)NB(T) is a sunny generalized nonexpansive

retract. Then there exists the sunny generalized nonexpansive retraction R of E
onto B(S) N B(T). From Lemma 2.7, this retraction R is characterized by

P .
T8 pEi ) YY)

for all x € E. We also know from Lemma 2.5 that
0<{(v—Rv,JRv—Ju), Yue B(S)NB(T), veC.
Adding up ¢(Rwv,u) to both sides of this inequality, we have
¢(Rv,u) < ¢(Rv,u) + 2 (v — Rv, JRv — Ju)
(3.4) = ¢(Rv,u) + ¢(v,u) + ¢(Rv, Rv) — ¢(v, Rv) — ¢(Rv, u)
= ¢(v,u) — ¢(v, Rv).

Since ¢(Sz,u) < ¢(z,u) and ¢(Tz,u) < ¢(z,u) for any u € B(S)NB(T) and z € C,
it follows that for any (k,1), (i,7) € D with (k,1) < (4,7),
(S Tz, RS'TIz) < ¢(S*T7x, RS*T'x)
< ¢(S*T'x, RS*T'x).
Hence the net ¢(S*T'z, RS*T'x) is nonincreasing. Putting u = RS*T'x and v =
STz with (k,1) < (i,7) in (3.4), we have from Lemma 2.3 that
g(|RS*Tx — RS*T'z||) < ¢(RSTIx, RS*T'x)
< ¢(S*T?x, RS*T'z) — $(S*T?x, RS'T' )
< ¢(S*Tl e, RS* Tl x) — p(S'T 2, RS T ),
where ¢ is a strictly increasing, continuous and convex real-valued function with
g(0) = 0. From the properties of g, { RS*T'x} is a Cauchy net; see [14]. Therefore
{RS*T'x} converges strongly to a point ¢ € B(S) N B(T) since B(S) N B(T) is
closed from Lemma 2.12.

Next, consider a fixed x € C and an arbitrary subsequence {Sp,x} of {S,x}
convergent weakly to a point v. From Lemma 3.1, we know that v € A(S) N A(T).
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Rewriting the characterization of the retraction R, we have that for any u € B(S)N
B(T),
0< <5k’Tlx — RS*Tlz, JRS*Tz — Ju>
and hence
($"T'w — RS*T'x, Ju— Jq) < (S*T'w — RS"T'z, JRS*T'x - Jq)
< ||S*T! e — RS*T'z|| - | JRS*T'z — Jq||
< K||JRS*T'z — Jq|.

where K is an upper bound for ||S¥T'z — RS*T!z||. Summing up these inequalities
for k=0,1,...,nand [ =0,1,...,n and dividing by (n + 1)2, we arrive to

1
<Snzc CEEyE ZZRS’“T% Ju — Jq> < K B ZZ |JRS*T 'z — Jql|,

k=0 1=0 k=0 =0

where S,z = m oSl SFT!x. Letting n; — oo and remembering that .J
is continuous, we get

(v—gq,Ju—Jq) <0.
This inequality holds for any u € B(S) N B(T). Therefore, we have Rv = ¢q. But
because v € B(S) N B(T), we have v = ¢q. Thus the sequence {S,x} converges

weakly to the point ¢. Additionally, if C is closed and convex, then ¢ € C and
hence zp € F(S) N F(T). {S,x} converges weakly to a point of F(S)N F(T). O

Using Theorem 3.2, we obtain the following theorem.

Theorem 3.3. Let E be a uniformly convex Banach space with a Fréchet differ-
entiable norm and let C' be a nonempty subset of E. Let S and T be commutative
generic generalized nonspreading mappings of C' into itself such that A(S)NA(T) #
0, A(S) = B(S) and A(T) = B(T). Let R be the sunny generalized nonexpansive
retraction of E onto B(S)N B(T). Then, for any x € C,

_ kil
= s Sy s
k=0 1=0
converges weakly to an element q of A(S) N A(T), where ¢ = limy, )ep RS*T'x.
Additionally, if C is closed and convex, then {Syx} converges weakly to a point of
F(S)NnF(T).

Proof. If S and T are generic generalized nonspreading, then the mappings are
generic 2-generalized nonspreading. Therefore, we have the desired result from
Theorem 3.2. O

We also heve the following nonlinear mean convergence theorem; see [17].

Theorem 3.4. Let E be a uniformly convex Banach space with a Fréchet differ-
entiable norm and let C' be a nonempty subset of E. Let S and T be commutative
2-generalized nonspreading mappings of C into itself such that A(S) N A(T) # 0,
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A(S) = B(S) and A(T) = B(T). Let R be the sunny generalized nonexpansive
retraction of E onto B(S) N B(T'). Then, for any x € C,

1 n n
Spx = m Z Z Skl

k=0 1=0

converges weakly to an element q of A(S) N A(T), where ¢ = limy,)ep RS*T'x.
Additionally, if C is closed and convex, then {Spx} converges weakly to a point of
F(S)nF(T).

Proof. If S and T are 2-generalized nonspreading, then the mappings are generic
2-generalized nonspreading. Therefore, we have the desired result from Theorem
3.2. O

Using Theorem 3.2, we have the following nonlinear mean convergence theorem
by Hojo [3] in a Hilbert space.

Theorem 3.5 ([3]). Let H be a Hilbert space and let C' be a nonempty subset of
H. Let S, T be commutative normally 2-generalized hybrid mappings of C into itself
such that {S*T'z : k,1 € NU{0}} for some z € C is bounded. Let P be the metric
projection of H onto A(S)N A(T). Then, for any xz € C,

1 n n
Spr = m Z Z Skl y

k=0 1=0

converges weakly to an element q of A(S) N A(T), where ¢ = lim, )ep PSFTy.
Additionally, if C is closed and convex, then {Spz} converges weakly to a point of
F(S)nF(T).

Proof. 1t is obvious that normally 2-generalized nonspreading mappings in a Hilbert
space are generic 2-generalized nonspreading mappings. Since {S¥T'z : k,l € NU
{0}} for some z € C is bounded, we have from Theorem 2.13 that A(S)NA(T) # 0.
In a Hilbert space, the metric projection of H onto A(S)NA(T) is equivalent to the
sunny generalized nonexpansive retraction of H onto A(S) N A(T). Furthermore,
we have A(S) = B(S) and A(T) = B(T'). Thus, we have the desired result from
Theorem 3.2. 0
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