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EQUATIONS RELATED WITH SPINOR BOSE-EINSTEIN

CONDENSATE

NAOYASU KITA AND YOSHIHISA NAKAMURA

Dedicated to Professor Jong Soo Jung for his 65th happy birthday

ABSTRACT. We study the asymptotic behavior of the solutions to the Cauchy
problem of nonlinear Schrédinger equations, in which the unknown function takes
matrix values. The nonlinearity is of gauge-invariant cubic type i.e., it is called
long-range type in one space dimension. We present a result on the decay estimate
of small data solutions, which tells us the non-existence of small soliton. In
addition, we observe that the solution asymptotically tends to a modified free
evolution. This modification is typically generated by the nonlinearity.

1. INTRODUCTION

We study the large time behavior of solutions to the initial value problem of the
following multi-component nonlinear Schrédinger equation (NLS) :

10:Q + laa%Q = N(Q),
(11) { Q(0,2) = Qo(x).

where i = /=1, (t,z) € RxR, Q = Q(t,z) = (p;r(t,z))1<jr<n is an N x N matrix-
valued unknown function whose entries take complex values, and 9;Q, 92Q denotes
(00K /0t)1<j k<N, (6290jk / 8w2)1§j,k5 w respectively. The matrix-valued nonlinearity
N(Q) is of gauge invariant cubic type described as

(1.2) N(Q) = MQ* Q% + 2QQ*Q + X3Q°Q",

where \;’s (j = 1,2,3) are real values and Q* denotes the Hermite conjugate of @,
Le., (@jk)i<jren = (Phj)i<jk<n. We are going to solve (1.1) under given matrix-
valued initial data Qo(z).

The study of (1.1) is motivated by the physical model describing the Bose-Einstein
condensate of alkali-metal atoms with spin F' = 1, in which the temporal evolu-
tion of the state is represented by three order parameters ¢1, ¢g and ¢_1 — the
subcripts 1, 0, -1 denote spin quantum numbers of the atom. T.L.Ho [7] and
T.Ohmi-K.Machida [11] proposed that these functions obay a system of coupled
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Gross-Pitaevskii equations,

041 + 50201

= (co+c2)(|¢1* + o)1 + (co — c2)|p—1>p1 + c20_1 05,
0o + 30200

= (co+ c2)(|¢1]* + |9-11%) 0 + coldol>Po + 2c210-16y,
iOp_1 + 20204

= (co + ca)([o-1[* + |¢0*)p1 + (co — c2)lpn]*d—1 + c2b1 9%,

where ¢p and cg are real constants — the expression in (1.3) is simplified through
the appropriate scale-transformation. In particular, when ¢y = c2, (1.3) becomes
an integrable system, and J.Ieda-T.Miyakawa-M.Wadati [8] seek for solitary wave
solutions by applying the inverse scattering method, where (1.3) is transformed into
the matrix-valued NLS after arranging the entries ¢+ and ¢g into a 2 x 2 matrix

Q,
d1 9o
@= ( b0 P-1 > '

In this reduction, we see that (1.3) is equivalent to (1.1) with A\; = A3 = 0. In the
present paper, however, we treat more general version of matrix-valued NLS rather
than (1.3) — not only the number of matrix-components is increased and the sym-
metricity of @ is excluded, but also Aj-terms (j = 1,3) are newly contained. Note
that, if Ay = A3, (1.1) is endowed with the Hamilton structure, i.e., it is described
like i0;Q = 6H/6Q* with H = [ Tr(9,Q*9,Q + MQ*Q*QQ + (A\2/2)Q*QQ*Q)dx,
where ”'Tr” denotes the trace of matrices. Thus this kind of generalization is not so
imaginary one, but it might be an acceptable physical model.

From the mathematical point of view, there are various kinds of works concerning
the asymptotic analysis on the solution to NLS (see e.g. [3-6, 10, 12], and refer
to [1,2,9] for the instructive text on NLS). The one-dimensional NLS containing a
cubic nonlinearity usually brings an interesting asymptotic profile of the solution,
which is away from any solutions of associated linear Schrodinger equation, because
of the slow decay of the nonlinearity. We want to discuss this point in detail with
the help of scalar-valued case: i0yu + (1/2)u = |ul>u. In order to observe what
is the matter on the slow decay of the nonlinearity, let v(t) = U(—t)u(t) where
U(t) = exp(itd?/2) denotes the solution operator of the linear Schrédinger equation.
Then v(t) satisfies i0v = U(—t)(|U(t)v|*U(t)v). Note here that U(t) is factorized
like

(1.3)

U(t) = MDFM,

where M is the multiplication of exp(iz?/2t), D f(x) = (it)~'/2 f(x/t) and F denotes
the Fourier transform defined by (2r)~'/2 [ e™%* f(x)dx. Applying this factoriza-
tion and U(—t) = M~ *F 1D 'M~! to the equation of v and taking the Fourier
transform on both hand sides, we see that
(1.4) KFv = —it| L FM I F Y| FMo?FMv)

= —i[t| Y| Fv]2Fv + (error),
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since M — 1 as t — co. Then the dominant of the slow decay appears on the right
hand side of (1.4). The idea used in [3-6, 10, 12] to control this term is applying
certain gauge transform. Namely, let n(¢,&) = flt |7| 7Y Fo(r, €)|dr, and the simple
computation leads to

Oi(e™Fuv) = e x (error),

from which we can show that there exists a limit of e’ Fv since the error term
expectedly decays so rapidly that it is integrable around ¢ = oco. Therefore the
reverses of F and U(—t) etc. yield the desired asymptotic profile of u(t). We also
see that u(t) approaches to the free solution modified in phase. This modification
associated with 7 arises typically from the nonlinearity of long range type.

When it comes to the multi-component case (of our interest in this paper), the
situation changes. Of course, the analogy to derive (1.4) specifies the dominant
slowly decaying factor in the nonlinearity. However, unlike the scalar-valued case,
there are many components complicatedly included in one equation and so we can
not control the dominant term by using such a scalar-valued modification in phase.
To overcome this difficulty, we want to introduce a suggestive idea in T.Wada’s
works [14,15]. In his works, he considers Hartree-Fock type equation, i.e., i0:u +
(1/2)At = F(@)i, where i(t,z) = (ug,ug,--- ,uyn)’ is a CN-valued function on
R x R™ (n > 3), A= 82/8.7?% —1—62/896% + - +82/8$%, and F('II) = (F‘k(ﬁ))lgj,kSN
is the Hermite-symmetric matrix defined by

Find) = A [ Jo =yl (e, 0)P o — woat.0) dy,
with A € R and 6, is Kronecker’s delta. Analogously in (1.4), we arrive at
(1.5) O Fv = —ilt| " F(FV)Fu 4+ (error),

where 9¥(t) = exp(—itA/2)u(t). To control the slowly decaying term on the right
hand side of (1.5), T.Wada employed a matrix-valued gauge transform, ie., an
N x N unitary matrix A(t,§) satisfying the ODE,

{ O A = i|t| T AF (FF),
A(la é) = INa

where Iy is the N x N unit matrix, so that (1.5) is rewritten as 9;(AF7) = A x
(error). Hence the leading term of asymptotics is determined.

Let us return to our equation (1.1). If A3 = 0, then T.Wada’s idea is applicable
to the study of asymptotic analysis of ) in parallel. However, the presence of
As-term makes the problem slightly complicated. In fact, one can not expect any
more to rewrite (1.1) as 9;,(A’FV) = A’ x (error) for any unitary matrix A" with
V(t) = u(—t)Q(t), since Q* in As3-term interrupts such calculation. Our idea to
estimate the slowly decaying term is to use a pair of unitary matrices A and B,
the detail of which will be shown in § 3. Shortly speaking, we rewrite (1.1) like
O(A(FV)B) = A x (error) x B and determine the asymptotic profile of Q. Our
goal consists of two theorems — the function spaces stated in these results will be
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defined at the end of this section.

Theorem 1.1 (Global Existence and Decay Estimates). Let [|Qol|s: < € withe >0
sufficiently small. Then, there exists a unique global solution to (1.1) such that

(1.6) Q(t,z) € C(R; Z3(R)) N C'(R; H, ' (R)).
Furthermore, there exists some C' > 0 such that, for p € [2,00], we have
(L.7) 1Q(t, )l e < Ce(1+[¢])~ /21,

In Theorem 1.1 (1.7), we can not see any nonlinear effect in the decay rate.
Namely it is similar to the decay estimate of the free evolution. However, when
we observe the asymptotic profile of Q(¢,x), the nonlinear effect is visible in phase
modification.

Theorem 1.2 (Asymptotic Profile). Let Q(t,z) be the solution as in Theorem 1.1.
Then there exist some matrices ®(x) € L2(R) N LL(R) and Hermite-symmetric

O(z) € LA(R) N LL(R) such that
(18) Q(t,ﬂ?) — U(t)f—leilothGilogtA &) 6—ilogt9
+o(1) ast— oo in L2(R),

(19) Q(t,ﬂ?) — MDB“Oth(i“OgtA (i) e—iloth
+ o(t7?)  ast — oo in LP(R),
where A(z) = —(A1 + g 4+ A3)DD*(z).
Let us close this section by introducing several notations and conventions fre-

quently used in this paper. For Q = (¥;i)1<jr<n, |@| denotes the absolute value
of @ defined by

Q= VTr(QQ*),

which is equivalent to (321 <y ;x|?)Y/2. For this absolute value, we see that
|MiMs| < |M;i||Ma| holds for any N x N matrices M; and Ms. For any linear
operator P, P() denotes a matrix each entry of which is described as Pijy, i.e.,
PQ = (Py;r)1<jk<n. When Q(z) is a matrix-valued function of z, the L% (R)-norm
of @) is given by

1QlI s —{ (J1Q@)IP dz)'"" if 1< p < o0,

ess. sup,cr |Q(z)| if p = oo.

When Q(t,z) is a function of ¢ and x, the time-space norm of @ is defined by

QUL = ([ 1Q() Iy @t
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The Sobolev space H}(R) and weighted Sobolev space XL(R) for matrix-valued
functions are respectively defined by

Hy(R) = {Q(z) € LI(R) ; [|Qllm1 < oo},
S:(R) = {Q(z) € Li(R) ; [Qllsy < oo},

whete QI = Qg2 + 10:Qllzz and [Qllss = @l + 2Qllzz. The Soboley
space of negative index H '(R) denotes the dual space of H!(R). In the proof of
Theorem 1.1 and 1.2, we will often use the operator J = U (t)zU (—t) for the estimate
of error terms. Note that J has two kinds of another expression like J = x + it0,
or J = M(itd,)M with M = exp(iz?/2t). Actually we need to estimate the error
terms in use of ||0;F V|2 = [[JQ||r2. Also, the operator J is more convenient in
the derivation of several a priori estimates than the multiplication of x itself, since
J commutes with i0; + 02

2. PROOF OF THEOREM 1.1

It is easy to show the existence and uniqueness of the local solution. In fact, it is
accomplished due to the well-known contraction mapping principle applied to the
associated integral equation, i.e.,

(2.1) Q) = Q)
U(H)Qo — i /O Ut — 1)N(Q(r)) dr.

where the integral with respect to 7 is defined as the Riemannian integral for the
H~1(R)-valued functions. Let I = [-T,T] with T > 1 and

By ={Q(t,2) € C(I; Hy(R)); |Qllx < 4e},

where [|Q[lx = (|Q| e 1,1y + | JQll Loe(1;22)- Then, @ is a contraction map on By
for small e. In fact, the embedding H}(R) C L yields

(2.2) 12(Q) || 2o (1,112

IN

€+ CT”QH%;»(I;L;O) 1@ e (1,m2)
e+ OT Qe (1,112

IN

In addition, noting that

IN(Q) = M(—(JQ)*Q*+Q*(JQ)Q + Q*Q(JQ))
+A2(JRQ*Q — Q(JQ)"Q + QR (JQ))
+3((JQ)QQ* + Q(JQ)Q* — Q*(JQ)"),

we have
(2.3) [T @) Lse(r;z2) < €+CTHQH%gO(I;Lgo)||JQHL§°(I;L§)
<

< e+ CTHQH%;X’(I;H%)HJQHL;’O(I;L%)'
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Combining (2.2) and (2.3) and taking £ > 0 sufficiently small, we see that

(@)l x 2 + CTYQI%

2¢ + CT(4¢)?
4e.

INIA A

Analogously, taking € > 0 further small if needed, we also see that

[2(Q) - 2(@llx < CTUQIE + I3l - @2l
< CT(|Q1 — Qoflx
< 11 - Qalx.

Thus, ® is the contraction map on By, and so there exists a solution to (2.1) in
C(I; $L(R)). The solution belongs to C1(I; H;1(R)). The uniqueness follows from
the routine work.

To continue the local solution to the global one, we need constructing the a priori
estimate which denies the blow-up in finite time. The former part of Theorem 1.1
is the direct consequence of the proposition below.

Proposition 2.1 (Global Existence and Estimate of J@Q). Let [|Qolls1 < & with
e > 0 sufficiently small. Then, there exists a unique global solution to (1.1) such
that

Q(t,z) € C(R;H,(R))NC'R;H'(R))
JQ(t.x) € CR;LI(R)).
Furthermore, for some C, K >0, Q(t,z) satisfies
(2.6) 1Q(m + 17QE 2 < Ce(l + ) ="

In the proof of Proposition 2.1, we will only consider the case ¢ > 0, since the
negative time version follows analogously. Let

T =sup{T > 0; sup (1+t)"%|Q(t)|ly < 10e},
0<t<T

where

1QWly = Q) + 1T, )l 2

The set {T" > 0;supg<; (1 + )5 Q(t)|ly < 10e} is not empty, since there exist
a local solution for 7> 1 as shown at the beginning of this section. Therefore T” is
taken as a number greater than one. In order to prove Proposition 2.2, it suffices
to show that T can reach infinity by choosing appropriate K > 0. This will be
accomplished by the contradiction argument together with the a priori estimate,
which follows from the three estimates below.
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Lemma 2.2. Let € > 0 be sufficiently small. Then there exists some Cy > 0 such
that, for t € [0,T"),

t
(2.7) 1QM)[ly <e+ Co/O Q)7 Q) ly dr,
(2.8) 1Q(T) |z < t72IFU(=m)Q(7) || e + Cost /4K,
(2.9) [FU(=m)Q(7)|lLee < Coe.

Proof of Lemma 2.2. The estimate (2.7) follows directly from the integral equation
(2.1). To prove (2.8), we use the factorization U(7) = M DFM. Note that

(210)  [1Q(7)l|zee
= UMU7)Q() e
= |MDFMU(-7)Q(7)| s
t 2 FU(=m)Q(7) g + 2| F(M — DU (—7)Q(7)|| 2o

Gagliardo-Nirenberg’s inequality and Prancherell’s identity yield

(2.11) | F(M = YU (-7)Q(T)| 12

< CIFM = DU (=m)Q) 5 10:F (M = DU (-7)Q(7)] 5
< Cle/VDUENROIE U (-n)QI

= O VYIQ(7)Ie

< oY QM)lly

< Qerl/ATKS

Combining (2.10) and (2.11), we obtain (2.8).

To prove (2.9), let V(r) = U(—7)Q(7). For the rigorous proof, we need to
overcome the lack of regularity in V(7) by considering n, x V(7) € CY([0,T" —
v); L2(R) N LP(R)), where 1, (1) = v n(v~17) with n € C§°(R), [n(r)dr =1 and
v € (0,1]. However, for simplicity of the proof, we proceed in formal way. By taking
advantage of U(t) = MDFM and U(—t) = M~ 1F1D"1M~! together with the
gauge invariance of N (Q), the original equation (1.1) can be transformed as

(2.12) O, FV = —it'N(FV) + R(),
where

R(t) = —it  {FM I FIN(FMV) — N(FV)).
Note that, similarly to (2.11), we have

(2.13) IRz < Cr21Q()II
< 0637_—3/2-{-3[(82
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and

(2.14) I1R(7)|| Lo

IN

crMQ()IY
O3 r—5/4+3Ke>

IN

From (2.12), it follows that

(2.15) O-|FV?
= —ir 'Te{N(FV)(FV)*} +ir " Te{(FV)(NV(FV))*}
+Tr{R(T)(FV)* + (FV)R(1)"}
= Te{R(T)(FV)*+ (FV)R(1)*},
where the cancellation of the first and second terms on the top right hand side of

(2.15) occurs due to Tr(M;My) = Tr(MaM;) for any N x N matrices My and M.
Combining (2.14) and (2.15), we see that

FV)P < |FVA)L + O / o~34HEL FV () do
1
Since 2¢|FV ()| < e + |FV(7)|? and |FV(1)| < Ce, we have

FV(r)| < Ce + C&2 / o~ 5/KE | FV () do.
1

Then Gronwall’s inequality yields

Ce?

FV()] /43K

IN

Ceexp

IN

C()E y
if € is taken small enough. O

Proof of Proposition 2.1. Combining (2.7)—(2.9) in Lemma 2.2, we have, for some
positive (1,

1 t
GO Se+%AHMﬂﬁMMﬂMW+&¥Afﬂ@me

1
< 2t 0152/ Q) lydr.
0
Gronwall’s inequality leads to

IQ)Ily < 2e(1+[e)™,

for t € [0,77). Regard here C; as K in the definition of 7”. Then, if 77 < oo, it
follows from the continuity of ||Q(¢)||y that

102 = lim(1+ |t) ™= Q(1) |y < 2e.

This is the contradiction. Hence, T must be oo. O
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We are now in the position to finish the proof of Theorem 1.1 except for the LP
estimate of Q(¢, z).

completion of the proof for Theorem 1.1 Since T" = oo, the estimates (2.8) and (2.9)
hold globally in time. Then [|Q(t)||z < Ce(1 + t|)~1/2. Additionally Q)2 =
HQOHL% since

SRz = i [{TWQQ") - THQN(@") do
0

holds due to the trace property : Tr(M;My) = Tr(MayM;).Hence, by the interpola-
tion, we have [|Q(t)||» < Ce(1 + |t))~(/2=1/P), O

3. PROOF OF THEOREM 1.2

To determine the asymptotic profile of Q(¢,z), we reuse the expression (2.12),

ie.,
(3.1) OFV

+it T A(FV)(FV)? + Ao (FV)(FV)(FV) + A3(FV)2(FV)*)

= R(t),
where V = U(—t)Q(t). In (3.1), the decay rate of it “'N(FV) is not so enough, and
hence it possibly affects the large time behavior of the solution. Now our interest is
confined to finding how to control this badly decaying term. Our idea is to use two

N x N matrix-valued functions A(¢,z) and B(t,x) for which the following identity
holds :

(3.2) 0 (A(FV)B) = AR(t)B.
The simple computation such as

W(A(FV)B) = (0, A)(FV)B + A(OLFV)B + A(FV)o,B
presents a system of ordinary differential equations on A and B :

{ QA = it YA (FV)*(FV) + M (FV)(FV)*},
OB =it I\3(FV)(FV)*B.

We solve (3.3) under the initial condition :
(3.4) A(l,z) =1y, B(l,z)= Iy,

where Iy is the unit matrix. As we shall see, (3.4) makes A(t,z) and B(t,x) be
unitary matrices.

(3.3)

Lemma 3.1. There exists a unique pair of solutions to (3.3) and (3.4) such that
(3.5) A(t,z), B(t,z) € C'([1,00); L3 (R)).

Furthermore, both A(t,z) and B(t,z) are the unitary matrices for any (t,x) €
[1,00) x R.
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Proof of Lemma 3.1. Let us consider the integral equations associated with (3.3)
and (3.4):

(36) A(t) = ®i(4)

= Iy+i /1 APV (FV) 4 a(FV)(FV) N (),
(3.7)  B(t) = ®(B)

= Iy +il; /1 t T Y FV)(FV)*B(r)dr.
The fixed points of ®; and ®5 will be found in a closed ball EQ /N Where

By = {M(t,2) ; M| oo ((1,147);L50) < 2V/N}.
Recall that V = U(—t)Q(t) and apply Lemma 2.2 (2.9) to (3.6). Then we see that,
for A, A1, Ay € EQ\/N and small T' > 0,
H‘I)l(A)HLgO([LlJrT);Lgo) < VN+ 082\/N10g(1 +T)
< 2VN,

and

[@1(A1) — @1 (A2)|| Lo ((1,147);120)
< Ce’log(1+T)||A1 — Asll oo (1,147);L50)

< §HAI — Aol Lo (1,147)L)-

Thus ®; is the contraction map on §2\/~, and we have a solution to (3.6). The
solution also belongs to C1([1,1 + T); L(R)) and it satisfies the first equation of
(3.3). In order to continue this local solution to the global one, we differentiate
A(t,x)A(t, x)* with respect to ¢ so that

H(AA*) = it H{AM(FV) (FV) + Xa(FV)(FV)*)A*}
—it H{AM(FV)(FV) + X (FV)(FV)*)A*}
= 0.
This implies that AA* = Iy, and so A(t,z) is unitary. Of course, we have

|A(t,")|lLe = VN < oo. Hence we obtain the global solution. The argument
on B(t,x) is similar. O

Lemma 3.2. Let ||Qolls1 < € with € > 0 sufficiently small. Then, there exist
() € L2(R) N LE(R) and O(z) € LE(R) such that

(3.8)  A(FV)B(t,x)
(

) + Ot~ VA7Y2a8KE) g5t s 00 in LA(R) (g = 2, 00),
A)(t,z) — A\ (BU*UB*)(t,z)
O(z) + O(t71/4+3K52) as t — oo in LP(R).

Furthermore, ©(x) is determined as a Hermite-symmetric matriz.

o
(3.9) A3(A*TT*
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Proof of Lemma 3.2. As for AR(t)B in (3.2), we have
HAR(t)BHLg < Ct75/471/2q+3K52
due to the estimates (2.13), (2.14) and the unitarity of A, B stated in Lemma 3.1.
Then AR(t)B is integrable around ¢ = oo, and so V is determined as
= AFVIBO) + [ ADRMB()r
1

We next consider (3.9). Recall that A(¢,z) and B(¢,x) satisfy (3.3), and they are
rewritten like

(3.10) A = it PA{D(BIFUBY) + Ay(A*TT* A)} 4 Ot /43K,
(3.11) 8B = it \\(A* DU A)B 4 O(¢ P/ 43K,
as t — oo in L°(R). Then it is easy to see that
(3.12)  9(A*TT*A) = it I\ [ADTFA, BEIBY] + O(¢ 543K,
(3.13)  O(BU*UB*) = it I\ A" BT A, BI*IBY) + Ot /43K,
where [M7, Ma] = My My — MsM;. By (3.12) and (3.13), we have
O A3(A*TI* A) — A\ (BE*IB)} = Ot 5/4+3K<%),
Hence the proof of (3.9) is complete. O
Combining Lemma 3.1 and 3.2, we can prove Theorem 1.2.
Proof of Theorem 1.2. Applying Lemma 3.2 (3.9) to (3.10) and (3.11), we see that
A = it (A + A3)(TF*)A — AB} + O(¢~5/43K) iy Lo(R),
OB = it MBI ¥) + OB} + Ot /43Ky iy [o(R).
From these two identities, it follows that, in L3°(R),
By {exp (—i()\g +A3) 1ogt\iui;*) A exp(ilogt@)} = O(t~3/4++3K%)
d{exp(—ilogt®) B exp(—i logt¥*¥)} = O(t_5/4+3K62).
Hence there exist some unitary matrices M (z), Ma(z) € L°(R) such that
(3.14) A(t) = exp (i()\g + A3) log t\i’@*) M; exp(—ilogtO)
FO(t~VATESY i [2(R),
(3.15) B(t) = exp(ilogt®) My exp(il; log t¥*¥)
FO(tV/AH3KEy iy [o(R).
By (3.14), (3.15) and Lemma 3.2 (3.8), we see that, in LI(R) (¢ = 2 or oo),
FV(t) = A*@B*(t) + O(t—1/4—1/2q+31<52)
= exp(ilogt®)M; exp (—i()\g + A3) log t@@*)

x U exp(—id; log t&* &) M exp(—ilogt@) + O(t /43K,
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Note here that ¥ exp(—iA; log t¥* W) = exp(—i); log t¥U*)¥, and let (x) = M; WM.
Then we see that, in LE(R) (¢ = 2 or o),

./TV(t) — etlog t@ei logtAci)e—ilogt(a + O(t71/4+3K52)
where A(z) = —(A; + g + A3)®®*. Hence we observe that, in L2(R),
Q) = UMF'FV()
— U(t)]:'—lei logt@ei logtA(i)e—iloth + O(t_1/4+3K52).
In addition, by the error estimate (2.11), we see that, in L°(R),

Q) = U®V()
MDFMV (t)
= MDFV(t)+ Ot %/*+5e)
_ MDei log t@ei log tA(i)e—i log t© + O(t_3/4+3K52).

This completes the proof. O
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