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REMARKS ON THE SUCCESSIVE APPROXIMATION OF FIXED
POINTS OF QUASI-FIRMLY TYPE NONEXPANSIVE
MAPPINGS

JENJIRA PUIWONG AND SATIT SAEJUNG

ABSTRACT. In this paper, we present some significant improvements of the recent
convergence theorems proved by Song and Li [Math. Commun. 16 (2011), no.
1, 251-264]. Our results are established under weaker assumptions. Moreover,
some assumptions as were the case in their results are dropped away.

1. INTRODUCTION

Let E := (E,| - ||) be a real Banach space. For a mapping 7' : C' — C where
C' is a nonempty subset of E, we say that an element x € C is a fized point of T
if x = T'z. Many problems in mathematics can be reformulated as a problem of
finding a fixed point of some suitable mapping. Moreover, if a fixed point of the
considered mapping exists, then it is natural to ask whether such a point can be
approximated by an iterative scheme.

In this paper, we are interested in the following mappings introduced by Song
and Li [7].

Definition 1.1. Let C be a subset of a Banach space I¥©. A mapping T : C — C
is called quasi-firmly type nonexpansive if Fix(T) := {p € C : p = Tp} # @ and
there exists a real number k£ > 0 such that the following inequality holds for all
(z,p) € C x Fix(T):

1Tz —p|? < ||z = pl* = kllz — Tx||*.

Recall that E satisfies Opial’s condition [4] if whenever {x,} is a sequence in E
which is weakly convergent to x € FE it follows that

liminf ||z, — z| < liminf ||z, — y||
n—oo n—oo

for all y € F with y # x. A mapping T : C' — C with a nonempty fixed point set
Fix(T) is said to satisfies Senter—Dotson’s condition [6] if there is a nondecreasing
function f : [0,00) — [0,00) with f(0) =0, f(r) > 0 for all » > 0, such that
fd(z, Fix(T))) < |lz — T||
for all z € C, where d(x, Fix(T)) := inf{||x — p|| : p € Fix(T)}.
Song and Li [7] proved the weak and strong convergence theorems in the presence

of Opial’s condition of the spaces or Senter—Dotson’s condition of the mapping. The
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first convergence result (see Theorem 1.2) deals with the Ishikawa’s iteration [2]
while the second one (see Theorem 1.3) with the Mann’s iteration [3].

Theorem 1.2. Let C be a closed convex subset of a real Banach space E and let
T :C — C be a quasi-firmly type nonexpansive mapping. Suppose that {x,} is a
sequence in C iteratively defined as follows: 1 € C is arbitrarily chosen and for
eachn >1

{ Yn = BpTn + (1 - 5n)Txna

Tt = @y + (1 — ap)TYn;

where {an} and {Bn} are sequences in [0, 1] such that

limsup o, < 1 and limsup 3, < 1.

n—oo n—oo

Then the following statements are true.

(a) If E is a reflexive space satisfying Opial’s condition and I — T is demiclosed at
zero [1], that is, p € Fix(T) whenever {z,} is a sequence in C such that {z,}
converges weakly to p € C and lim,,_, ||2n, — T2y|| = 0, then {z,} converges
weakly to a fized point of T (see [7, Theorem 1]).

(b) If T is continuous and satisfies Senter—Dotson’s condition, then {x,} converges
strongly to a fixed point of T' (see 7, Theorem 3] ).

(c) If C is compact and T is continuous, then {x,} converges strongly to a fixed
point of T (see [7, Theorem 6]).

(d) Suppose that T is continuous. Then {x,} converges strongly to a fized point of
T if and only if iminf,_, d(zy, Fix(T)) = 0 (see [7, Theorem 5]).

Theorem 1.3. Let C be a closed convex subset of a real Banach space E and let
T :C — C be a quasi-firmly type nonexpansive mapping. Suppose that {x,} is a
sequence in C iteratively defined as follows: x1 € C is arbitrarily chosen and for
eachn >1

Tpt1 = Ty + (1 — ap)Tzp;
where {an} is a sequence in [0, 1] such that limsup,,_, . o, < 1. Then the following
statements are true.

(a) If E is a reflexive space satisfying Opial’s condition and I — T is demiclosed at
zero, then {x,} converges weakly to a fized point of T (see [7, Theorem 2] ).

(b) If T is continuous and satisfies Senter—Dotson’s condition, then {x,} converges
strongly to a fixed point of T' (see [7, Theorem 4] ).

(¢) If C is compact and T is continuous, then {x,} converges strongly to a fized
point of T (see [7, Theorem 7]).

(d) Suppose that T is continuous. Then {x,} converges strongly to a fized point of
T if and only if iminf,_, d(zy, Fix(T)) = 0 (see [7, Theorem 5]).

We observe that the Ishikawa’s iteration includes Mann’s iteration as a special
case if 8, =1 for all n > 1. However, because of the condition limsup,, ... Bn < 1,
we cannot obtain Theorem 1.3 as a special case of Theorem 1.2. It is the purpose
of this paper to present an improvement of Theorem 1.2 so that the results for
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the Mann’s iteration in Theorem 1.3 can be deduced. Moreover, we show that the
results are established with a new condition which significantly improves the one
proved by Song and Li [7]. In fact, some assumptions assumed in Song and Li’s
results are superfluous.

2. MAIN RESULTS
We first present the following observation which is a key result of this paper.

Lemma 2.1. Let FE be a real Banach space and let C be a closed convex subset of
E. Let T : C — C be a quasi-firmly type nonexpansive mapping. Suppose that {x,}
1s a sequence in C iteratively defined as follows: x1 € C is arbitrarily chosen and
for eachn >1

{ Yn = ﬁnxn + (1 - ﬁn)TﬁL’n;
Tt = n®n + (1 — ap)TYn;

where {an} and {B,} are sequences in [0,1]. Then the following statements are
true.

(@) llyn = pll < llzn = pll and |lzns1 = pll < anllzn = pll + (1 = an)llyn — pl| for all
n > 1 and for all p € Fix(T).

(b) 32021 (1 = an)llyn — Tyal® < 00 and 37721 (1 = an)llzn — yal® < oo.

Proof. Since T is a quasi-firmly type nonexpansive mapping, there exists a constant
k > 0 such that the following inequality holds for all (z,p) € C x Fix(T):

Tz — pl” < |l& = pl|* — kllz — T=|>.
Let p € Fix(T'). Then
1Yn — plI* < Bullzn — plI* + (1 = Ba) | Txn — pl|?
< lan — plI* = k(1 = B)lzn — T ?
and hence
2011 = pl* < anllen —pl* + (1 = an) [ Tyn — ||
< apllzn — p”2 + (1 = an)llyn — p”2 — k(1 — an)llyn — Tyn”2
< lzn — plI* = k(1 = o) (1 = Bo)llwn — Tan||* = k(1 — an) [y — Tynl|>.

It follows that (a) holds. In particular, {||z, — p||?} is a nonincreasing sequence and
hence it is convergent. Moreover, we have

k(1 — an)(1 = Bn)llwn — TanZ + k(1 = an)llyn — TynH2 < [z, _pH2 — [Tnt1 _pH2~
For each m > 1, we have

kZ(l —an)(1 = Bn)|lzn — TanQ + kZ(l —an)|lyn — TynH2

n=1 n=1

<lzy = pl? = llwmsr = pl* < a1 — pll*.
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In particular, fo’zl(1—0%)(1—5”)H:L‘n—Tan2 < oo and Z;fbo:l(l—an)ﬂyn—TynHQ <
0o. Finally, we observe that

) 2
o = yall* = (1= Bu)lln — Tl
2
= (Bu- 04+ (1 = Ba)llzn — Tl )
<= Bu)llzn - TanQ

This implies that

o (o]

Z(l — ag)||zn —yal? = Z(l — ap)(1 = B)||zn — Tan||* < oo.

n=1 n=1
Hence (b) holds and the proof is completed. O

2.1. Weak convergence theorems. We observe the following lemma which plays
an important role in this subsection.

Lemma 2.2. Suppose that {s,} and {t,} are two sequences of nonnegative real
numbers and {an} is a sequence in [0,1] such that lim, o0 s, = s and
lmsup,, oo @n < 1. If $pt1 < apsp+(1—ay)ty, for alln > 1, then liminf,, o t, >
s.

Proof. Let « := (1 + limsup,,_,,, &) and let € > 0 be given. Since lim, o s, =
s > 0 and limsup,,_,,, an < 1, there exists a natural number N such that
e s—c<s,<8s+¢;
o oy <<l
for all n > N. In particular, if n > N, then 1 —«, > 1 —a > 0 and
§—& < Spt1 < psp+ (1 —ap)tn < ap(s+¢e) + (1 — ap)ty.
This implies that

1 2
tn>s—7( JrO[”)E> -
1—a, 11—«

Hence liminf,,_,o ¢, > s. O

We now present the following improvement of Theorem 1.2. It is worth mention-
ing that no assumption on {f,} is required. In particular, we immediately obtain
the result for the Mann’s iteration.

Theorem 2.3. Let E be a reflexive real Banach space satisfying Opial’s condition.
Let C be a closed convex subset of E and T : C — C be a quasi-firmly type non-
expansive mapping such that I — T is demiclosed at zero. Suppose that {x,} is a
sequence in C iteratively defined as follows: x1 € C' is arbitrarily chosen and for
eachn > 1
{ Yn = Bnn + (1 - Bn)Txm
Tt = @y + (1 — ap)TYn;

where {a,} and {B,} are sequences in [0,1] such that limsup,,_,. @, < 1. Then
{zn} converges weakly to a fized point of T
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Proof. The proof is divided into three steps.

Step 1: lim, o ||yn — p|| exists for all p € Fix(T'). To see this, let p € Fix(T)
and let s, := ||z, — p|| and t,, := ||y, — p|| for all n > 1. Tt follows from Lemma 2.1
that s := lim, 00 S, exists, limsup,,_, o tn < s, and sp41 < ap sy, + (1 — )ty for all
n > 1. It follows from Lemma 2.2 that liminf,,_, ¢, > s and hence lim,,_.~, t,, = s.

Step 2: The weak cluster point set of the sequence {y,} is a singleton. To
see this, it follows from Step 1 that {y,} is bounded. Moreover, it follows from
limsup,, . @, < 1 and Lemma 2.1(b) that lim, 0 ||y, — Tyn|| = 0. Since E is
reflexive, {y,} has a weakly convergent subsequence. We now suppose that {yy, }
and {ym, } are two subsequences of {y,} such that they converge weakly to p and to
g, respectively. Since I — T is demiclosed at zero, we have p,q € Fix(T). It follows
from Step 1 that lim, e ||yn — p|| and lim,,_,« ||yn — ¢|| both exist. We show that
p = q. Otherwise, it follows from Opial’s condition that

Jim g = pll = lim flyn, — ) < Jim Jlgn, —all = Jim_ g —
= Jim [lym, — all < im iy, — ol = Tim Jyn = p.
j—00 Jj—r00 n—00

This is a contradiction.

Step 3: The sequence {x,} converges weakly to a fixed point of T'. To see this,
we note from Step 2 that {y,} converges weakly to a fixed point of T'. It follows
from Lemma 2.1(b) and limsup,,_, &, < 1 that lim,_,~ ||z, — yn|| = 0. Hence the
statement follows. O

Remark 2.4. Our Theorem 2.3 improves Theorem 1 of [7] (see Theorem 1.2(a) in
this paper) because the assumption lim sup,, ,. B, < 1 is dropped. If we let 5, = 1
for all n > 1, then our Theorem 2.3 is the same as Theorem 2 of [7] (see Theorem
1.3(a) of this paper).

2.2. Strong convergence theorems. First, we note that the continuity of the
mapping 7 is superfluous for the closedness of Fix(7T") when T is a quasi-firmly type
nonexpansive mapping. In fact, we have the following result.

Proposition 2.5. Let C be a closed subset of a real Banach space E. If T : C' — C
is a quasi-firmly type nonexpansive mapping, then Fix(T) is closed.

Proof. Suppose that {p,} is a sequence in Fix(7T') such that lim,_,~ p, = p for some
p € E. Since C is closed, we have p € C. Moreover, since T is quasi-firmly type
nonexpansive, there exists a constant k > 0 such that

TP = pall® < llp = pul® — Kllp — Tp)?
for all n > 1. In particular, since lim, oo ||Tp — pul|? = | Tp — p||* and lim, o0 |p —
pull? = 0, we have ||p — Tp||?> = 0, that is, p € Fix(T). Hence Fix(T) is closed. [

The following lemma is known in the literature (for example, see [9]).

Lemma 2.6. Suppose that {s,} and {t,} are two sequences of nonnegative real
numbers. If > 00 | Spty, < 00 and Y 7 | s, = 00, then liminf, . t, = 0.



206 J. PUIWONG AND S. SAEJUNG

Proof. We give the proof for the sake of completeness. Let ¢ := liminf,, ;o t, > 0
and let € > 0 be given. Then there exists a natural number N such that ¢, >t —¢
for all n > N. This implies that Y " Sptn > (¢t — €)Y 0y Sn for all m > N.
Note that limy, 00 Y 1y Sntn < 00 and limy, o0 D e Sn = 00. This implies that
t—e <0, that is, t < e. Since € > 0 is arbitrary, we have ¢ = 0. This completes the
proof. O

We now present the following improvement of strong convergence theorem of
Song and Li. It is worth mentioning that no assumption on {f,} is required. In
particular, we immediately obtain the result for the Mann’s iteration.

Theorem 2.7. Let E be a real Banach space. Let C' be a closed conver subset of
E and T : C — C be a quasi-firmly type nonexpansive mapping. Suppose that {x,}
is a sequence in C iteratively defined as follows: x1 € C is arbitrarily chosen and
for each n > 1

{ Yn = ann + (1 - ﬁn)T‘rna
Tntl = Ty + (1 — ap)Tyn;
where {an} and {B,} are sequences in [0,1]. The following statements are true.

(a) The sequence {x,} converges strongly to a fixed point of T if and only if
lim inf d(zy,, Fix(T")) = 0.
n—oo

(b) If 307 (1 — o) = o0 and T satisfies Senter—Dotson’s condition, then {x,}
converges strongly to a fized point of T.

Proof. (a) (=) is trivial. We prove (<). The proof method given below is
modified from [5]. We assume that liminf,,_, d(z,,Fix(T)) = 0. It follows
from Lemma 2.1(a) that d(z,41,Fix(T)) < d(x,,Fix(T')) for all n > 1 and hence
lim;, o0 d(zp, Fix(T)) exists. This implies that lim,, o d(z, Fix(T')) = 0. We now
prove that {x,} is a Cauchy sequence. To see this, let p € Fix(7'). It follows that

[2n = @nkll < ll2n = pll + |20k = pll < 2lzn = pll.
Since p € Fix(T") is arbitrary, we have
|xn — Tpikl < 2d(xn, Fix(T)).

It follows from lim,, o d(zy, Fix(T')) = 0 that {z,} is a Cauchy sequence. It follows
from the closedness of C' that lim, .. x, = ¢q for some ¢ € C. In particular,
d(q,Fix(T)) = 0. Since Fix(T) is closed by Proposition 2.5, we have ¢ € Fix(T).
Hence the statement (a) is proved.

(b) We assume that Y > | (1—a,,) = oo and T satisfies Senter-Dotson’s condition.
To prove the statement, it suffices to prove that lim inf,,_,~ d(zy, Fix(T")) = 0. Since
T satisfies Senter—Dotson’s condition, there is a nondecreasing function f : [0,00) —
[0,00) with f(0) =0, f(r) > 0 for all » > 0, such that

f(d(yn, Fix(T))) < llyn — Tyl
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for all n > 1. Tt follows from Lemma 2.1(b) that

)
S = )y — Tyll® + n — yall?) < .
n=1

It follows from Lemma 2.6 that
lim inf (||y,, — Tyn||2 + |lzn — ynHQ) =0.
n—oo

In particular, there exist a strictly increasing sequence {ny} of natural numbers
such that

khm (”ynk - TynkH + ||xnk - ynk”) =0.
—00

This implies that
lim f(d(yn,, Fix(T))) < lim [lyn, — Tyn, | = 0.
k—o0 k—o0
Since f is nondecreasing, we have
lim d(yn,,Fix(T)) = 0.
k—o0
Since limy_yo0 ||n, — Yn, || = 0, we have

liminf d(x,,, Fix(T)) < lim d(zy,, Fix(T)) = 0.

n—oo k—o0

This completes the proof. O

Remark 2.8. Our Theorem 2.7 improves the strong convergence results of Song
and Li in the following ways.

(a) The assumptions limsup,,_, ., an < 1 and limsup,,_,., Bn < 1 in Theorem 3 and
Theorem 5 of 7] (see Theorem 1.2(b) and (c) of this paper) are replaced by the
more general assumption Y - (1 — ay,) = oo.

(b) The continuity of the mapping is not assumed as were the cases in Theorem 3
and Theorem 5 of [7] (see Theorem 1.2(b) and (c) of this paper).

(c) If we let 5, =1 for all n > 1, then our Theorem 2.7 improves Theorem 4 and
Theorem 5 of [7] (see Theorem 1.3(b) and (c) of this paper).

3. A FURTHER GENERALIZED FORM OF QUASI-FIRMLY TYPE NONEXPANSIVE
MAPPINGS

In this section, we use Xu’s characterization of uniform convexity in terms of an
inequality [10]. Recall that a real Banach space X is uniformly convex (see [8, 11])
if

) 1
ox(e) =int { 1= Lt ol ol = Iyl = Land oyl = | >0

for all 0 < & < 2. The following result is Theorem 2 of [10].
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Lemma 3.1. Let r be a positive real number. A Banach space X is uniformly convex
if and only if there exists a continuous, strictly increasing, and convex function
g :10,2r] — [0,00) such that g(0) =0 and

I2a 4+ (1= Nyl < Mzl + (1= Nlyl* = A1 = Ng(llz —yl))
for all z,y € X with ||z, ||y|| < r and for all X € [0,1].
Inspired by the preceding result, we now introduce the following mappings.

Definition 3.2. Let C be a subset of a Banach space £. A mapping T : C' — C'is
called generalized quasi-firmly type nonexpansive if Fix(T') # @ and for each r > 0
there exists a continuous, strictly increasing, and convex function g : [0, 2r] — [0, c0)
such that g(0) = 0 and

1Tz = pl* < llz = pl* = g(lz — Tz])
for all (z,p) € C x Fix(T') with ||z|| < and ||p| < 7.

Remark 3.3. If T : C — C'is quasi-firmly type nonexpansive, then it is generalized
quasi-firmly type nonexpansive.

The following result shows that every averaged mapping in a uniformly convex
Banach space is generalized quasi-firmly type nonexpansive.

Theorem 3.4. Let X be a uniformly conver Banach space and C' be a convex
subset of X. Suppose that T : C' = C is a quasi-nonexpansive mapping and S =
M + (1 = \)T where I is an identity mapping and X € (0,1). Then S is generalized
quasi-firmly type nonexpansive and Fix(S) = Fix(T).

Proof. Obviously, Fix(S) = Fix(T) and hence Fix(S) # @. To show that S is
generalized quasi-firmly type nonexpansive, let » > 0. It follows from Lemma 3.1
that there exists a continuous, strictly increasing, and convex function g : [0, 2r] —
[0,00) such that g(0) =0 and

Az + (1= Nyll* < Al + (1 = Vll* = A1 = Vg(llz ~ yl)

for all x,y € X with ||z|[,||y]] < r and for all A € [0,1]. Let (z,p) € C x Fix(T)
such that ||z|| < and ||p|| < r. Then

ISz = pl2 = [A(z —p) + (1 = N) (T — p)|?
< Az = plI? + (1 = V|Tz = pll? = A1 = Ng(la — T
<l = plP? = h(ll — Te])

where h(t) := M1 — X)g(t). Tt is clear that h is a continuous, strictly increasing,
and convex function such that ~A(0) = 0. This completes the proof. O

We obtain the following convergence result whose proof follows exactly the same
as the proof of the corresponding results in the preceding section.
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Theorem 3.5. Let C be a closed convex subset of a Banach space X andT : C — C
be a generalized quasi-firmly type nonexpansive mapping. Suppose that {x,} is a
sequence in C iteratively defined as follows: x1 € C' is arbitrarily chosen and for
eachn > 1

{ Yn ‘= /ann + (1 - 5n)T$na
Tpy1 = Ty + (1 — ) Tyn;

where {an} and {Br} are sequences in [0,1]. The following statements are true.

(1) If E is reflexive and satisfies Opial’s condition; I —T is demiclosed at zero; and
limsup,,_, an < 1, then {x,} converges weakly to a fized point of T

(2) If >02 (1 — ) = 00 and T satisfies Senter—Dotson’s condition, then {xy}
converges strongly to a fized point of T.
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