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SECOND-ORDER OPTIMALITY CONDITIONS FOR
MULTIOBJECTIVE OPTIMIZATION PROBLEMS WITH
CONSTRAINTS

NGUYEN QUANG HUY, BUI TRONG KIEN, GUE MYUNG LEE,
AND NGUYEN VAN TUYEN*

ABSTRACT. In this paper, we introduce the second-order subdifferentials for func-
tions which are Gateaux differentiable on an open set and whose Gateaux deriv-
ative mapping is locally Lipschitz. Based on properties of this kind of second-
order subdifferentials and techniques of variational analysis, we derive second-
order necessary conditions for weak Pareto efficient solutions of multiobjective
programming problems with constraints.

1. INTRODUCTION

Let X,Y, and Z be Banach spaces with the dual spaces X*, Y™, and Z*, respec-
tively. Throughout the paper we assume that the unit ball B* C X* is weak*-
sequentially compact. Let D be a nonempty open subset in X and Q) be a closed
convex set in Z with nonempty interior. Given mappings fj: D - R, H: D — Y
and G : D — Z, we consider the following constrained multiobjective programming
problem

Mingn F(z) := (fi(2), ..., fm())
subject to
H(x) =0,
G(z) € Q.

The prototype of such problem arises in control theory with state equations and

(P)

pointwise constraints. The goal of this paper is to derive second-order necessary
conditions for problem (P) in term of a notion of second-order subdifferentials for
functions which are of class C1!(D). Recall that a function ¢: D — R is said to be
of class C11(D) if its first-order Gateaux derivative ¢': D — X* is locally Lipschitz
on D.

By introducing generalized second-order directional derivatives and using tech-
niques of variational analysis, Pdles and Zeidan [21] gave second-order necessary
conditions for mathematical programming problems in the form (P), i.e., when
m = 1, and some problems where the objective function is the maximum of smooth
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functions depending on a parameter from a compact metric space. To our knowl-
edge, this result has been the best one on the second-order necessary conditions so
far. Instead of generalized second-order directional derivatives, Georgiev and Zlat-
eva [10] introduced the so-called second-order Clarke subdifferentials for functions
of class C11(D) in the case, where the dual X* is separable. This definition is
based on a result of Christensen related to the almost everywhere differentiability
of Lipschitz functions ¢: X — Z with Z is a Banach space which has a Radon—
Nikodym property. Then the authors obtained second-order necessary conditions
and sufficiently conditions for mathematical programming problems in the form (P)
in terms of second-order Clarke subdifferentials.

The study of second-order optimality conditions for vector optimization prob-
lems is of the concern of some mathematicians. For the papers which have close
connection to the present work, we refer the readers to [11, 15, 16] and references
therein. Let us give briefly some comments on the considered problems and the ob-
tained results of those papers. In [11], under the Robinson qualification constraint
conditions, the author derived second-order necessary optimality conditions and suf-
ficient optimality conditions for vector optimization problems where the mappings
are second-order directionally differentiable. By using the Dubovitskii-Milyutin ap-
proach, the authors [15,16] obtained some second-order necessary optimality con-
ditions in terms of second-order tangential derivatives for set-valued optimization
problems. For more discussions on the recent development of the second-order
derivatives relative to optimal conditions in nonsmooth analysis, the reader is re-
ferred to [4-6,12-14,17-20,22-25] and the references therein.

In this paper we derive the second-order necessary optimality conditions for
problem (P), where the Robinson qualification constraint conditions may not be
valid and the mappings may not be second-order differentiable. To do this, we
first introduce second-order subdifferentials for functions of class C1'*(D) and give
some properties for this kind of second-order subdifferentials. We then utilize the
Dubovitskii-Milyutin approach as well as techniques of variational analysis of [21]
to deal with the problem. The obtained results improve and generalize the corre-
sponding results of [10, Theorem 2.4], [21, Theorem 6] and [22, Theorem 8.2]. We
also show that our results still hold for critical directions which may not be regular.

The rest of our paper consists of two sections. In Section 2, we present some
properties of second-order subdifferentals and some results related to variation sets
of second-order. Section 3 is destined for first- and second-order necessary conditions
for weak Pareto efficient solutions of (P).

2. SECOND-ORDER SUBDIFFERENTIALS AND SECOND-ORDER VARIATIONS

2.1. Second-order subdifferentials. Let f: D — R be a locally Lipschitz func-
tion on D. Recall that the Clarke subdifferential of f at & € D is defined by

Of(2) = {a* € X* | (a*,h) < f°(i:h), Vhe X},
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where
£2(: h) 1= limsup 2T = f(2)

T—T, t
t—0t

is the Clarke directional derivative of f at & in the direction h.
Denote by £(X x X) the Banach space of all bilinear continuous functionals
L: X x X — R with the norm

IL|| := sup |L(h1,ha)l,
Iy fl=1
lInall=1

and L£(X, X™*) the Banach space of all linear continuous mappings L: X — X* with
the norm

1L = Sup L (R)]]s

It is well-known that £(X x X) and £(X, X*) are isometrically isomorphic; see [1,
Section 2.2.5]. So, in the sequel, we identify £(X x X) and £(X,X*). By this
way, if f: D — R is twice Gateaux differentiable at & € D, then f”(%) is a linear
mapping from X to X*. This suggests us to introduce the following definition.

Definition 2.1. Let f € CY1(D) and # € D. The second-order subdifferential of f
at & is the set-valued map

O*f(2): X = X¥,
which is defined by
O°f(2)(d) := O(f'(-). d)(2), ¥V deX.

Note that, by the Hahn-Banach Theorem, 9% f(2)(d) is always nonempty for all
de X.

The following proposition summarizes some properties of 92 f(-).

Proposition 2.2. Suppose that f and g are of class CY1 (D). Then the following
assertions hold:

(i) The mapping 0*f(%) : X = X* has nonempty convexr and w*-compact val-
ued.
(ii) For each d € X, the mapping x +— 0*f(x)(d) from (D, | - |) to X* is local

bounded and upper semicontinuous at T, that is, if x, — &, Ly, Y L and
Ly, € 0*f(z,)(d), then L € 0> f(2)(d).
(iii) If f is twice continuously Gdteaux differentiable at & € D, then 0f(%) =
P/}
(v) For any d € X and s € R, one has
9% f(&)(sd) = s0° f(2)(d);
*(f + 9)(@)(d) C & f(&)(d) + P g(2)(d).



240 N. Q. HUY, B. T. KIEN, G. M. LEE, AND N. V. TUYEN

Proof. (i) Since f'( ) is locally Lipschitz around & with constant [ > 0, the mapping
z = (f'(z),d)
is locally Lipschitz around Z with constant {||d||. Hence,
LI < Zlld]l, YL € 8*f(&)(d).

By the Banach—Alaoglu-Bourbaki Theorem, 6 f(%)(d) is a w*-compact set. The
convexity of 9%f(2)(d) is easy to check, so omitted.

(ii) The assertion follows directly from [7, Proposition 2.1.5].
(iii) Fix d € X, we have

a<fl( ' )7d>(5%) = {L eXx* | <L, h) < hlil_?;lp <f,(SC + shl_ f/(l'),d>

={LI{L,h) < f"(&)(d,h), Vhe X} ={L|L=f"(2)(d)}.
Hence, 02 f(2)(d) = f"(2)(d) for all d € X.
(iv) By [7, Proposition 2.3.1], we have
0% f()(sd) = 9(f'(+), (sd))(2) = ( (f'(), d) ()
= s0(f'(+),d)(2) = s0° f(2)(d).
[7, Proposition 2.3.3]. O

, VheX}

The second assertion follows directly from
To illustrate how to compute 92 f(2) we give a simple example for the case where

X =R2

Example 2.3. Let X =R? and f(z,y) = [y |s|ds + y*. Then

*10,0={( ¢ g ) lae 11},

In fact, we have f'(x,y) = (|z|,2y). Hence, for any d = (dy, dz), one has

(f'(x,y),d) = di]x| + 2day.
It follows that

9%£(0,0)(d) = (d10(|z])|z=0, 2d20(y)|y—0) = {(ad1,2d2) | a € [-1,1]}.

Hence
#roow={(3 §)(%)actr)

We obtain the desired formula.
The following mean value theorem plays an important role in our paper.

Theorem 2.4. Let f € CYY(D). Then, for every a,b € D with [a,b] C D, there
exist £ € (a,b) and L € 02f(€)(b— a) such that

F(0) = (@)~ (F'(a),b—a) = 5{L,b—a).
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Proof. For the proof we need the following lemma.

Lemma 2.5 (see [10, Proposition 1.14]). Let I be an open interval containing [0, 1]
and ¢ € C1Y(I). Then, there exits tg € (0,1) such that

(21) H(1) — 6(0) ~ (0) € 505/ to).

We now define a function ¢(t) := f(a+th), t € [0, 1] with h := b—a. It is clear that
¢ satisfies properties of the above lemma. Therefore, there exists ¢ty € (0,1) such
that (2.1) is satisfied. Since ¢/(t) = (f’(a + th), h), the chain rule (see [7, Theorem
2.3.10]) implies that

0¢'(to) = O(f'(+), h)(a + toh)(h) = D(f'(+), h)(€)(h) = D* F(€)(h)(h),

where & = a + to(b — a) € (a,b). Hence, there exists L € 9%f(¢)(b — a) such that

fb) = fla) = {f'(a),b = a) = ¢(1) — $(0) — ¢'(0) = %<L7 b—a).

We obtained the desired conclusion of Theorem 2.1. O

Let Y be a Banach space and H: D — Y be a mapping defined on D. We say
that H is strictly Fréchet differentiable at & € D, if there exists a linear continuous
mapping H'(Z): X — Y such that for all £ > 0, there exists 6 > 0 with

1H (w) — H(v) = (H'(2),u —v)|| < ellu—v]|
whenever u and v satisfy ||u — Z|| < § and ||[v — Z|| < 0. It is easy to see that

) d) = tim T2~ H (@)

T—T £
e—0T

holds for all d € X.

According to [21], when H is strictly Fréchet differentiable at Z and d € X, then
the second-order weak directional derivative of H at 2 in the direction d is defined
by

HY(3sd) = {y &Y limiu Hy G H(@+ed) — H() — e(H'(2), d) H _ O}_

2
€
In other words, using the concept of the sequential Painlevé—Kuratowski upper limit
of [2], we have

H(d +ed) — H(&) — e(H'(2), d>] |

H"(#;d) = Limsup [2 =

e—0t
This set may be empty. If it is nonempty, then we say that H is twice weakly
directionally differentiable at # in the direction d. It is clear that when H is of class
C?, then
H(d) = {H"(3)(d)(d)}.
Now we compare the second-order weak directional derivative with the second-
order subdifferential in the sense of Definition 2.1.
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Proposition 2.6. Let H be a real-valued function defined on D and & € D. If
H € CYY(D), then H is twice weakly directionally differentiable at & in the any
direction d € X and H"(%;d) C 9*H(2)(d)(d).

Proof. Let d € X and e, be an arbitrary positive sequence converging to 0 as
n — oo. For each n € N, by Theorem 2.4, there exist ¢, € (0,1) and L, €
O*H (% + tye,d)(d) such that

1

H(i +epd) = H(&) = en(H'(2),d) = 5e3(Ln, d).
By Proposition 2.2, we can assume that L, converges weakly* to L € 0%f(2)(d).
This implies that

A _ A _ / A

lim 2H(x+£nd) H(;:) en(H'(Z),d)

n—00 ez
Thus, (L,d) € H"(%;d) and H”(Z;d) is nonempty.

To prove the second assertion, fix y € H”(Z;d). Then there exists a positive
sequence €, converging to 0 such that

i 2 1@ +end) — H(2) — en(H'(2),d)

n—00 5%

= (L, d).

For the sequence ¢, as in the proof of the first assertion, there is L € 9%f(2)(d)

such that
H(& +end) — H(Z) — en(H'(2),d)

Tim 2 = — (L, d).
This implies that y = (L, d) and we therefore get H”(#;d) C 9*H(2)(d)(d). O

The following result is immediate from the definition of the second-order weak
directional derivative and Proposition 2.6.

Corollary 2.7. Let H := (h1,...,hp): D — RP be a vector-valued function and
2 e D. Ifh; € CYY(D) for alli = 1,...,p, then H is twice weakly directionally
differentiable at T in the any direction d € X and

H"(&;d) C h{(&;d) x ... hy(#;d) C 9°he(2)(d)(d) x ... x O®hp(2)(d)(d).

2.2. Second-order variations. In this section, we recall some concepts related to
second-order variations from [8,21].

Definition 2.8. Let f be a real-valued function defined on D. A vector w € X
is called a second-order descent variation of f at & € D in the direction d if there
exists an & > 0 such that & + ed + £2(w + w) € D and

(& +ed+ (0w +w)) < f(7)

for all € € (0,£) and |Jw|| < & The set of such @ is denoted by WZ(f;#,d). This
set is always open.

Let 2 be a nonempty subset in X, £ € Q2 and d € X.
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Definition 2.9. A vector w € X is said to be a second-order admissible variation
of 0 at Z in the direction d if there exists an £ > 0 such that

& +ed+X(w+w) €N
for all ¢ € (0,2) and ||w| < & We denote this set by W2(Q; #,d), which is always

open.

Definition 2.10. The second-order tangent variation set of ) at & in the direction
d is the set W2(Q;2,d) of vectors w € X such that there exist sequences &, — 07
and w, — 0 satisfying

&+ end+e2(w +wy,) €Q forall neN.

Remark 2.11. (i) Denote by dg(z) the distance of = from 2; then the set
of all second-order tangent variations of 2 at & in the direction d can be
formulated as follows:

do(& +ed + e?w) 0}

W2(Q;&,d) = {w\ lim inf 5

e—0+t €
(ii) It is easy to check that
W2(X\ @ 2,d) = X\ W2(; &, d).

(iii) Suppose that f is a real-valued function defined on D and & € D. Then we
have

Wi (fi@,d) =
where Q :={zx € D| f(x) <

W2(Q; z,d) forall de X,
I

(€
)}

The following result gives a sufficient condition for a vector w to be a second-order
descent variation of a given C'™! function on D.

Proposition 2.12. Suppose that f € CYY(D), & € D and d € X satisfying
(f'(z),d) <0. Denote

1
Wf:{weXHf’(fc) w)+ = sup <L,d><0}.
2 Leo2f(i)(d)
Then, Wy is an open and convex set, and the following inclusion holds true
(2.2) Wy C Wi (f;2,d).

Proof. Clearly, Wy is an open and convex set. We now prove inclusion (2.2). The
proof is indirect. Assume the opposite, i.e., there exists w € Wy but w ¢ W(Sz(f; z,d).
Then, for each n € N, there exist &, € (0,2) and w,, € X with |[w,|| < 1 such that
at least one of the following relations

&+ end + 2 (w0 + wy) € D,

f@+ end +ep (W + wy)) < f(&),
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does not hold. For each n € N, put x,, = & +e,d+e2(w+w,). Clearly, the sequence
{zy} converges to & as n — oco. From the openness of D it follows that z,, € D for
all n sufficient large. Thus, without loss of generality, we may assume that

(@4 end + 2 (w0 4 wy)) > f(&), Yn €N.
This implies that

T+e 2(w~+wy)) — f(&+¢
<f’(@),d>+gn[f( +end + &3 (0 + wn)) — f(& + nd)]

e
i+ end) — f(2) —en(f'(2),d
(2.3) +sn[f(x+€ ) fg) Enl/ () >]20, Vn € N.
By Theorem 2.4, for each n € N, there exist t,, € (0,1) and
(2.4) Ly € 0% (& + tpend) (epd) = €,0° f (2 + tnend)(d)

such that )
f(&+end) — f(2) —enf(2;d) = §(Ln,5nd>7 Vn € N.

By (2.4), L, = e, H,, for some H,, € 0?f(% + tnend)(d) and so
f(a? + End) - f(‘%) - €n<f/(‘%)7 d> = §€n<Hm d>
It follows that
f(:% + End) B f(j) B Enf/(i‘; d)
&

1
Hence, by (2.3), we have

T+e e2 (w4 wy)) — f(@+¢
(2.5) (f’(i"),d>+gn{f( +end + £ . n) = f(@ + end)

1

Since 92f(-)(d) is locally bounded near #, we can assume that H, converges
weak* to Hy. By the upper semicontinuity of the mapping 0?f(-), we have Hy €
0% f(2)(d). Besides, one has

[f(fc +end + 2(w + wy)) — f(& + e,d)
e

. o 1/ A _

Tim. | = (7@, w).

Letting n — oo in (2.5) we obtain (f’(%),d) > 0. Combining this with assumptions
of the proposition, we get (f'(#),d) = 0. Substituting (f’(Z),d) = 0 into (2.5) and
dividing two sides by ¢, > 0, we get

[f(fc—i-snd—l—&?%(w—i-wn))—f(a?:—i—&?nd)} —i—}(H d) >0
2 ns - *

=]
Passing the limit, we obtain
1
<f/(£)7w> + §<H07d> > Oa
contrary to the fact that w € Wy. The proof is complete. O

The following result presents a characterization of the second-order tangent vari-
ation set to the null-set of a set-valued mapping between two general Banach spaces.
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Lemma 2.13 (see [21, Theorem 5]). Assume that H: D — Y s strictly Fréchet
differentiable at & € D such that H'(2): X — Y s surjective. Let Q := {z €
X|H(x) = 0}. Then w € W2(Q;2,d) if and only if (H'(2),d) = 0, H is twice
weakly directionally differentiable at T in the direction d and the following condition
holds:

1
0 € (H'(2),w) + 5H”(:i:;d).

Definition 2.14. Let C' C X be a nonempty convex set and x € C.
(i) The normal cone to C at x is the set defined by

N(Cyz) ={z" e X" | (z*,y —x) <0, VyeC}.
(ii) The adjoint set of C' is the set defined by
CT:={p: X = R|yis affine and p(z) >0, Vo€ C}.

Let @ C X be a closed convex set with nonempty interior. The interior of @) is
denoted by Q°. Let £ € Q and d € X. We define the following set:

@d) =) N [E%(Q—:ﬁ—sd)w .

E>0 e<é
lwll<&

This set plays an important role in the description of the second-order necessary
optimality condition for problem (P); see [21,22] for more details. It is easy to see
that Q°(%,d) is an open convex set and Q°(%,d) = W2(Q;Z,d). The nonemptyness
of Q°(#,d) is an important fact. As shown in [21], it is necessary in order that
d € cone (Q — ).

The following proposition follows directly from [21, Lemma 3 and Theorem 4].

Lemma 2.15. Let Q C X be a closed convexr set with nonempty interior, & € Q,
and d € X. Denote C' := cone(cone(Q° — &) — d). Then

() Q. d) + C C Q°(3,d);
(ii) Q°(z,d) C C. If in addition, d € cone(Q) — Z), then the inclusion is equality
and we therefore get Q°(Z,d) # 0;
(i) Let d € cone (Q — &) and ¢(-) := —(x*, -) +t be an affine function defined
on X, where x* € X*, t € R. Then, the function ¢ is bounded from below
on C if and only if z* € N(Q;z) and z*(d) = 0. Moreover,

CT={o(:)=—(a", ) +t|a" € N(@Q2), (2", d) =0, t >0}

The following lemma is presented in [21, Lemma 2] without proof. Here we
include the proof for completeness.

Lemma 2.16. Let v: X — R be a function which is convex and upper semicontin-
uous. Denote

C:={x e X|v(x) <0}.
Then, C is open and convex. If C' is nonempty, then

CT ={p: X = R| ¢ is affine and 3u > 0 : p(z) + uy(z) >0, Vo e X}.
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Proof. The openness and the convexity of C' are immediate from the upper semi-
continuity and the convexity of . Let ¢ be an affine function defined on X. It is
easily seen that ¢ € C'" if and only if the following convex system

{Mw) <0,
y(xz) <0,

has no solution z € X. By Ky Fan’s Theorem [9, Theorem 1], the inconsistency of
the above system is equivalent to that there exist A > 0, 4 > 0, not all zero, such
that

Ap(x) + py(x) >0, Voe X.

Under the assumption C # (), we can choose A\ = 1, and so the lemma follows. [

Lemma 2.17 (see [21, Lemma 1]). Let N be a positive integer and Cy,Co,...,Cn

be nonempty convex sets in X such that C1,...,Cn_1 are open. Then
N
(Ci=0
i=1
if and only if there exist affine functions v1,p2,...,on: X — R not all constant
such that
N

Y @i=0, ¢ile, >0, Vi=1,2,...,N.
i=1
Define the support function of a nonempty set C' C X associated with z* € X*
by
5*(27*0) — Sup{(:c*,c>|c€C'}, if C#Qa
| o, it ¢ =0.

Lemma 2.18 (see [21, Lemma 4]). Let X and Y be Banach spaces. Let A: X =Y
be a bounded linear operator that maps X onto Y and let K C'Y be a nonempty
convex set. Denote C :={x € X | Az € K}. Then,

CT ={p: X = R|p is affine and Iy* € Y* : p(x) > —(y*, Ax)+5*(y*; K), v € X}.

3. OPTIMAL CONDITIONS

We now return to problem (P). Put J := {1,...,m}. Hereafter, we use the
notation @ :={zx € D|G(x) € Q} and Q2 :={zx € D|H(z) = 0}.

Definition 3.1. We say that £ € D N Q1 N Q2 is a weak Pareto efficient solution
of (P) if there is no x € D N Q1 N Q2 such that

Fj(ﬂf) —Fj(i‘) <0, Vij=1,...,m.

The following lemma gives a necessary condition for a weak Pareto efficient so-
lution of (P), which will be needed in the sequel. The idea of the proof is from [3].
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Lemma 3.2. If & is a weak Pareto efficient solution of (P), then
m
( N Wg(fj;gz,d)> NW2(Q1; &, d) N W2(Qo; &,d) = 0.
j=1
Proof. Arguing by contradiction, assume that there exists w in the above intersec-
tion. Then, there is € > 0 such that
&4 ed+e*(w+w) €D,
fi(@+ed+e*(w+w)) < fi(&), jEJ,
&+ ed+*(w+w) € Q,

hold for all ||w|| < € and 0 < ¢ < &. Furthermore, since w € W2(Qa; 2, d), it follows
that there exist sequences €, > 0, w, € Z converging to zero such that

&+ end + €2 (0 + wy) € Qa, Yn €N,

Now choose ng large enough such that ¢, < € and ||wy| < € for all n > ng. Then
the sequence x,, := & + £,d + €2 (w + wy,) converges to & and

T, € DNQ1NQ2 and fj(x,) < fj(2), Vn > ng,
which contradicts the optimality of z. O
We say that d € X is a critical direction of (P) at & if

(fj(#),d) <0, jeJ,

(H'(2),d) =

G'(z)d € one(Q - G()).
The set of all critical direction of (P) at & is denoted by C(#). A direction d is called
a reqular direction at & if H"(%;d) # 0, G"(&,d) # 0 and Q°(G(z), G'(z)d) # 0.

We now state the main result of the paper.

Theorem 3.3. Assume that T is a weak Pareto efficient solution of (P), f; €
CYY(D), j € J, H and G are strictly differentiable at & such that H'(2)(X) is a
closed subspace of Y. Then, for all critical directions d € C(&) and convez sets
K c H"(#;d) and M C G"(&;d), there exist nonnegative numbers i, ..., fm, and
functionals y* € Y*, z* € Z*, not all zero such that the following conditions hold:

(i) the complementarity conditions
2* e N(Q;G(2)) and (z*,G'(2)d) =0.

(ii) the first-order necessary condition

Zug )+ H'(2)"y" + G™(2)2* =0,
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(iii) the second-order mecessary condition

Zu sup  (L,d) > 6" (—y"; K) 4 0" (=2"; M) + 26" (2*; Q°(G(2), G'()d)).
— " Led?f,(2)(d)

We first prove this theorem for the case that G(z) = z for all z € D, i.e
Q1 = DNQ. In this case, problem (P) is denoted by (P;) and the obtained result
is as follows.

Theorem 3.4. Assume that & is a weak Pareto efficient solution of (P1), f; €
CYY(D) for all j € J, H is strictly differentiable at & such that H'(2)(X) is a
closed subspace of Y. Let d be a critical direction of (Py) at &. Assume that K is
a convex subset in H"(&;d). Then, there exists (1, x*,y*) € (R x X* x Y™*)\ {0}
such that the following conditions hold:

(i) the complementarity conditions
(3.1) ¥ € N(Q;&), and (z*,d) =

(ii) the first-order necessary condition
(3.2) Zu]f] )+ H'(&)"y* 4+ 2* =0,
(iii) the second-order necessary condition

m
(3.3) dowi o sup  (L,d) > 6 (—y" K) + 25 (2% Q°(%, d)).

j=1 Led?f;(@)(d)
Proof. We first prove the theorem when d is a regular direction of (P;) at Z. Let us
consider the following possible cases.

Case 1. There exists jo € J such that Wy, = (), where

1
Wy, = {wEX](f]’-O(i*),w>+ sup  (L,d) <0}.
L682fj0 (i)(d)

Then, for all w € X, we have

1
(3.4) (@) 45 s (Ld)>0
Led? fj, (2)(d)
We choose 1, =1, pj =0 for all j € J\{jo}, ¥* =0 and 2* = 0. Fixing any x € X
and substituting w = tz with ¢ > 0 into (3.4) and then dividing two sides by ¢, we
have

1
(fi, (@), ) + sup  (L,d) > 0.
70 2t Leors, (3)(d)

Letting t — +o00, we get ( jO(A), x) =0 for all z € X. This implies that fj’-O (z) =0.
Substituting f; (#) = 0 into (3.4), we have

sup (L,d) > 0.
Led? f5,(2)(d)
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Hence we obtain the conclusions of the theorem.

Case 2. H'(z)(X) is a proper subspace of Y. Since H'(Z)(X) is closed, by the
separation theorem, there exists yj € Y™* \ {0} such that y is identically zero on
the range of H'(#). To obtain the desired conclusions, we take p; = 0 for all j € J,
z* =0, and y* = y; or y* = —y;.

Case 3. Wy, # () for all j € J and H'(2)(X) =Y.

Put

Wy = {w e X |H' (3)w e —%K}
and
Wo = W2(Q1;&,d) = Q°(&,d).
It is clear that Wy and W are nonempty and convex sets. Moreover, Wg is open.
Thus, the sets Wf]., Jj € J, Wg, and Wy are nonempty. Furthermore, they are

convex and the first m + 1 sets are open. By Proposition 2.12 and Lemma 2.13, we
have

From Lemma 3.2 it follows that
(W2(52.0)) NW2Qus ) O W2 Qi d) = 0

j=1
Hence,
(ﬂij> NWo N Wy = 0.

j=1
It follows from Lemma 2.17 that there exist affine functions ¢;, j € J, ¢g and ¢y,
not all constant, such that

p; € W}';,j € J g e WG, o € Wy

and

(3.5) Y it q+on=0.

J=0

By Lemma 2.16, there exist nonnegative numbers p; such that

(3.6) ©j(z) + W((fj'»(:%),w) + % sup <L,d>) >0, VzeeX,jeld
Led? f;(#)(d)

Assume that ¢g(-) = —(z*, - ) +t, where 2* € X* and ¢t € R. Since ¢¢ € Wér, we
have ¢g(x) > 0 for all x € Wy = Q°(#,d). From this and Lemma 2.15(i) it follows
that

t>0"(x*;Q°%(2,d)) and — (z*,u+z)+t>0

for all u € Q°(#,d) and = € C. Fix uy € Q°(&,d), then we have
—(z*,x) +t > (2%, up), Vxel.
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Consequently, ¢¢ is bounded from below on C. By Lemma 2.15(iii), z* € N(Q; )
and (z*,d) = 0. Clearly,

(3.7) po(z) = —(z*,z) +t > —(z*,z) + §*(2*;Q°(2,d)), Vx e X.
By Lemma 2.18, there exists y* € Y* such that

1
(3.8) Ou (@) + (y"H'(2),2) > 56" (-y"; K), Vo€ X.

Adding inequalities (3.6) (3.8) and using

—~

3.5), we obtain

ZIU’J( f] 'C& + 5 sSup <L7d>> + <HI(§;)*y*7‘r> + <IL'*,JI>
2 Leo2,(2)(d)

(3.9) > 67 (—y5 K) +67(2%,Q°(2, d))

N

for all x € X. Fixing any z € X and substituting = ¢z, where ¢ > 0, into (3.9)
and dividing two side by ¢, we obtain

> il fj(@), 2) + (H'(2)"y", 2) + (2%, 2)
j=1

m

1 1 * * k(K oA
(3.10) >3y suwp (L) + o (57(—y ) + 207 (7, Q7. d)).
j=1 L€ f;@)d)

Letting t — +o00 in (3.10), we have
Z,u] [i(@),2) + (H'(&)"y", 2) + (z*,2) 20, Vze X.

It follows that

m

(3.11) > puifjE) + H'(2)*y* + 2" =0.
j=1

Substituting this into (3.10), we have

m

Zuj sup  (L,d) > 0" (—y"; K) + 26" (2™, Q°(,d)).

j=1 L€df;(@)(d)
Then, (p1,..., tm, Ak, 2%, y*) satisfies all conditions (3.1)—(3.3). In this case, we
claim that (u1, ..., tm,x*) # 0. Indeed, we first show that at least one of multipliers
By o, ¥,y is different from zero. If otherwise, then, since (3.6)—(3.8), ¢;,j €
J, g and ¢g must be all constants, a contradiction. Thus, if (1, ..., ttm,z*) =0,
then y* # 0. Substituting this into (3.11) we have H'(Z)*y* = 0. Since H'(2)X =Y,
we have y* = 0, contrary to the fact that y* # 0.

We now consider the case that d is a nonregular critical direction of (P;) at
Z. Clearly, d = 0 is a critical direction at Z. Moreover, it is easy to check that
H"(#;0) = {0} and

Q°(#;0) = cone (Q° — 2) # 0.
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Thus d = 0 is also a regular direction of (P) at Z. Now, apply the above proof to
d=0and K = {0}, there exist nonnegative numbers p1, ..., u, and functionals
x* € N(Q;Z), y* € Y* not all zero satisfying condition (3.2). The nonregularity of
d means that either H”(Z;d), or Q°(Z;d) is empty. Thus the left-hand side of (3.3)
equals positive infinity and condition (3.3) is trivial. The proof is complete. O

Proof of Theorem 3.3. By introducing a new variable z € Z, we can reduce problem
(P) to the following problem:

MinRTﬁ(m, z) := F(x)
~ subject to
(P)
(r,2) € X X Q,

H(z,z):= (H(z),G(z) — z) = (0,0).

Notice that H'(2,2)(X x Z) = H'(#)X x (G'(2)X — Z) = H'(2)X x Z is a closed
subspace in Y x Z. By Theorem 3.4, we can find multipliers which satisfy the
desired conclusion of the theorem. 0

Remark 3.5. It is worth noting that Theorem 3.3 embraces a first-order condition
as a special case. Indeed, let Z be a weak Pareto efficient solution of (P), and denote
by A(&) the set of Lagrange multipliers (p,z*,y*) € (RT x X* x Y*)\ {0} which
satisfy conditions (i)—(ii) of Theorem 3.3. Applying Theorem 3.3 for d = 0, the set
of Lagrange multipliers A(Z) is always nonempty.

We finish this section by presenting a corollary of Theorem 3.4 for the case that
H = (hi,...,hy), G=(91,.-.,9%), and Q = —Rﬁ. The obtained result generalizes
[10, Theorem 2.4] to the multiobjective optimization case.

Corollary 3.6. Consider problem (Py) where Q = —R]j_ and H = (hy,...,hp),
G = (g1,...,9%) are vector-valued functions with C11(D) components. Assume
that & is a weak Pareto efficient solution of (Py). Then, for every critical direction
d, there exist (u, A, B) € (RT x RE x RP)\ {0}, L; € 9*f;j(&)(d), j € J, and
M; € %g;(2)(d), i =1,...,k, K € 0*hy(2)(d), l = 1,...,p such that the following
conditions hold:

(i) the complementarity conditions
Xigi() =0, i=1,... k,
(ii) the first-order necessary condition
m k p
D @)+ Nigi@) + ) Aili(@) =0,
j=1 i=1 =1

(iii) the second-order necessary condition

m k D
D Ly d) + ) NiMi,d) + Y (K, d) > 0.
=1

i=1 =1



252 N. Q. HUY, B. T. KIEN, G. M. LEE, AND N. V. TUYEN

Proof. By Corollary 2.7, H"(#;d) and G”(Z;d) are nonempty. Thus, every critical
direction at Z is also regular. Moreover, we have

H"(5d) € 0%ha(2)(d)(d) x ... x O hp(2)(d)(d),
G"(#5d) C 9°g1(2)(d)(d) x ... x O*gi(2)(d)(d

Hence, there exist K; € 0?h(2)(d), Il = 1,...,p, and M; € d%g;
such that

)-
(£)(d), i =1,....k,

(<K17 d>7 ) <Kp7 d>> € H”(-f}; d)7
(M1, d), ..., (Mg, d)) € G" (3 d).

Applying Theorem 3.3 for d € C(2), Q@ = —RY, K = {((K1,d),...,(Kp,d))},
and M = {((M,d),...,(My,d))}, there exist multipliers which satisfy the desired
conclusion of the corollary. O
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