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APPROXIMATION OF A COMMON ATTRACTIVE POINT OF
NONCOMMUTATIVE NORMALLY 2-GENERALIZED HYBRID
MAPPINGS IN HILBERT SPACES

ATSUMASA KONDO AND WATARU TAKAHASHI

ABSTRACT. This paper presents approximation methods for finding common at-
tractive points of two nonlinear mappings Hilbert spaces. These results are es-
tablished without assuming that the two mappings are commutative, or that the
domain of the mappings is closed. For the case in which the domain is closed,
we obtain approximation methods concerning common fixed points. We consider
a broad class of mappings called normally 2-generalized hybrid mappings, which
includes nonexpansive mappings, generalized hybrid mappings, and other famous
classes of nonlinear mappings.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and norm |[-||. Let C' be
a nonempty subset of H, and let T" be a mapping from C into H. The sets of fixed
points and attractive points [33] of T are denoted by

F(T) = {ueC:Tu=u} and
AT) = {ueH:|Ty—ul| <|y—u| foralyeC},
respectively. A mapping T : C' — H is said to be
(i) contractive if there exists r € [0,1) such that |Tx — Ty|| < r ||z — y|| for all
z,y € C
(ii) nonexpansive if ||Tz — Ty| < ||z — y|| for all z,y € C.
For nonexpansive mappings, several approximation methods for finding fixed

points have been proposed. The following iteration was introduced by Mann [23] in
1953:

1 € C: given,
Tnt1 = Mop+ (1= Ay) Tz, foralln €N,
where N is the set of natural numbers and {\,} C [0, 1]. In 1967, Halpern proposed
a different type of iteration [4]:
x1 € C: given,
Tny1 = M1+ (1 —=N,)Tx, forallneN.

Mann’s and Halpern’s iterations yield weak and strong convergence (see Reich [25]
and Wittmann [37]), respectively.
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In 2010, Kocourek et al. [15] defined a wide class of mappings. A mapping
T:C — H is called
(iii) generalized hybrid [15] if there exist o, f € R such that

a|Ta = Tyl* + (1 - a) o = Tyl|* < BTz — y|* + (1 - B) = — yII”

for all z,y € C, where R is the set of real numbers. The class of generalized hybrid
mappings simultaneously includes nonexpansive mappings, nonspreading mappings
[17,18], hybrid mappings [31], and A-hybrid mappings [1] as special cases. Note
that nonspreading mappings and hybrid mappings are not necessarily continuous
(see [12] or [36]).

The class of generalized hybrid mappings has been further extended. A mapping
T:C — H is called

(iv) normally generalized hybrid [35] if there exist «, 3,7,0 € R such that

a|Te = Ty|l* + Bllz — Tyl +~ | Tx —y|* + 6 lz —ylI* <0

for all z,y € C, where (1) a+8+~v+d > 0and (2) a+ 3 > 0or a+v > 0. It is easy
to verify that the class of normally generalized hybrid mappings covers generalized
hybrid mappings. According to [35], a normally generalized hybrid mapping 7" has
at most one fixed point such as a contraction under the condition a«+ S5 +~vy+4 > 0.
A mapping T : C — C is called

(v) 2-generalized hybrid [24] if there exist aq, ag, 81, f2 € R such that

2
a1 |[T% = Ty||” + ez ||T2 = Ty|* + (1 — a1 — o) [l — Ty

< B1 || T2 —y|* + B2 1T — yll* + (1 — B — B2) [l — w|”

for all z,y € C. It is obvious that the class of 2-generalized hybrid mappings is
generalized hybrid if a1 = 8; = 0. Hojo et al. [10] gave examples of 2-generalized
hybrid mappings that are not generalized hybrid. A mapping T : C' — C' is said to
be

(vi) normally 2-generalized hybrid [19] if there exist «g, Bo, a1, f1, a2, f2 € R such
that

o |72 = Ty||” + an T2 = Ty|* + g o = Ty
+ B2 | T% — y|* + By 1Tz — ylI* + o e — yl* < 0

for all z,y € C, where (1) S°2_, (o + Bn) > 0 and (2) ag + a; 4+ ag > 0. The class
of normally 2-generalized hybrid mappings contains mappings of types (i)—(v) (see
[19]). For a normally 2-generalized hybrid mapping 7', Kondo and Takahashi [19]
considered the following iteration process:
1 € C: given,
Tptl = QpZp 4+ bTxy + cnT?z,, for allm e N,

and proved a weak convergence theorem. In another paper [20], they considered the
following Halpern type iteration:

x1,z € C: given,

Tny1 = Apz+(1—=X\,) (anacn + b, Tz, + ch2$n) for all n € N,
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and proved a strong convergence theorem.

Approximation methods for finding common fixed points of nonexpansive map-
pings have been intensively studied; see, for example, Lions [21], Shimizu and Taka-
hashi [26], Atsushiba and Takahashi [3], Shimoji and Takahashi [27], and Kimura
et al. [14]. Iemoto and Takahashi [11] dealt with a nonexpansive mapping and a
nonspreading mapping in the framework of a Hilbert space. Very recently, Hojo
et al. [6] proved weak and strong convergence theorems for the common attrac-
tive and fixed points of two commutative normally 2-generalized hybrid mappings
(see also [5,7,9,16]), while Takahashi [32] dealt with two noncommutative general-
ized hybrid mappings. However, no approximation method for finding the common
attractive and fixed points of two noncommutative normally 2-generalized hybrid
mappings has yet been developed.

This paper presents approximation methods for finding common attractive and
fixed points of two noncommutative normally 2-generalized hybrid mappings. First,
Mann type weak convergence theorems are obtained (Theorems 3.1, 3.2, and 3.4).
Strong convergence theorems of Halpern type iterations are also established (The-
orems 4.1, 4.2, and 4.4). Takahashi’s results [32] are derived from our theorems.

2. PRELIMINARIES

This section briefly presents preliminary information and results. In a real Hilbert
space H, it is known that

(2.1) 20—y, y) < |z~ Iyl < 2(z —y, x)

for all x,y € H. The strong and weak convergence of a sequence {z,} in H to
x (€ H) are denoted by x,, — x and x,, — x, respectively. It is also known that a
closed and convex subset of H is weakly closed. For a bounded sequence {z,} in
H, {z,} is weakly convergent if and only if every weakly convergent subsequence
of {z,,} has the same weak limit, that is,

Ty — U <= [Ty, — u implies that u = v,

where {z,,} is a subsequence of {z,} andu,v € H. Takahashi and Takeuchi [33]
showed that the set of attractive points A (7") is closed and convex in a Hilbert
space. For a normally 2-generalized hybrid mapping 7' : ¢ — C, Kondo and
Takahashi [20] demonstrated that F'(T) ¢ A(T). A mapping T : C — H with
F(T) # 0 is called quasi-nonezpansive if |Tx — u|| < ||z — u|| for all z € C and
u € F(T). We know from [19] that a normally 2-generalized hybrid mapping with
F(T) # 0 is quasi-nonexpansive. We also know that the set of fixed points F (T')
of a quasi-nonexpansive mapping is closed and convex (see [13]).

Let D be a nonempty, closed, and convex subset of H. For any z € H, there
exists a unique nearest point v € D, that is, || —u| = inf,ep |z — z||. This
correspondence is called the metric projection from H onto D, and is denoted by Pp.
For the metric projection Pp from H onto D, it holds that (z — Ppx, Ppz —z) >0
for all z € H and z € D. For more details, see Takahashi [29] and [30].

Regarding the existence of common attractive and fixed points, Hojo [5] found
the following result.
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Theorem 2.1 ([5]). Let C' be a nonempty subset of H, and let S and T be com-
mutative normally 2-generalized hybrid mappings of C' into itself. Suppose that
there exists an element z € C such that {S*T'z : k,1 € N U {0}} is bounded.
Then, A(S) N A(T) is nonempty. Additionally, if C is closed and convez, then
F(S)NF(T) is nonempty.

The following lemma will be used in the proofs of the main theorems in this
paper.

Lemma 2.2 ([34]). Let D be a nonempty, closed, and conver subset of H, let
Pp be the metric projection from H onto D, and let {x,} be a sequence in H. If
|zn+1 — ¢l| < ||lzn —ql| for all g € D and n € N, then {Ppx,} is convergent in D.

In the following lemma, parts (a) and (b) were proved by Takahashi [30] and
Maruyama et al. [24], respectively. As was recognized in [24], parts (c), (d), and
more generalized equalities hold. For completeness, we provide the proof of (¢) in
this paper.

Lemma 2.3 ([24,30]). Let x,y,z,w,v € H and a,b,c,d,e € R. Then, the following
hold:

(2) If a+b =1, then [lax + by|* = a ||| + b |y|* — ab |z — y|*.

(b) Ifa+b+c=1, then

|z + by + cz|?
=allz|* +bllyl* + cllzl* — ablle = y|* = bely — 2|* = callz - 2||.
(c) Ifa+b+c+d=1, then
laz + by + ez + dw|* = allz|* + byl + ¢z + d [lw]?
—ab |z —y|* — ac|lz — 2[|* - ad ||z — w]|*
~belly — 21 = bd |ly — w||* = ed |z — w]*.
(d) Ifa+b+c+d+e=1, then
|az + by + cz + dw + ev||?
= alla® +bllyl* +cll=l* + d Jwl® + e|lo]|?
—abllz -yl — ac |z — 2| — adlz — w]® - ae |z — v|]?
—belly — 212 — bd fly — w2 — be 1y — v]]
—cd ||z —w|* = ce |z —v|?* — de|jw —v|*.

Proof. We prove part (c). From the relationship between the inner product and
norm in Hilbert spaces, it follows that

laz 4 by + cz + dw||®

= (azx + by + cz + dw, ax + by + cz + dw)

= @ |al® + 0 yll* + ¢ [|=))* + & [|w]®
+ab(z, y) + ac(z, z) + ad {x, w) +ab(y, x)+ be(y, z) + bd{y, w)
+ac(z, x) +bc(z, y) +cd(z, w)+ ad{w, z)+ bd{w, y) + cd (w, z)
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= |l® + 07 yl® + || 2l° + & Jlw]®
+2ab (x, y) + 2ac(x, z)+ 2ad (x, w)
+2bc (y, z) + 2bd (y, w) + 2cd (z, w).
Using [Ju — v||* = [|ul|® = 2 (u, v) + ||v||* for all u,v € H, we have that
|]aaz+by+cz—|—dw||2
= @ |l® + 07 yl® + |l 2l° + & Jlw]®
+ab Iz + Iyll” = llz = o) + ac (2l + 121 = Il - =I°)
+ad (JJal” + llw)* = ll = w]?) +be (gl + 121 = lly - 2]1*)
+d Iyl + wll” = ly = wl?) + ed (I120 + wll® = ||z = w])
= ala+btctd)|z|* +b(b+a+c+d) |yl
telcra+b+d) 2> +d(d+a+b+e)|w|?
—abl|lz —y||* - aclx — 2||* — ad ||& — w|®
—belly — 2|2 bd [ly — wlf? - ed||z - w]?.
Because a + b+ ¢+ d = 1, we obtain
laz + by + cz + dw|® = allz[* +blyl* + c |z +d [w]
—ab |z — y|* - ac |z - 2|* - ad ||z — w|]®
—belly — z)1* = bd[ly — w|* — ed ||z — w||.

This completes the proof of (¢). Similarly, (d) can be derived from long and some-
what tedious calculations. O

The proof of the following lemma was developed in [15] and [24], among others.

Lemma 2.4 ([19,35]). Let C be a nonempty subset of H, let T be a mapping from
C' into itself, and let {x,} be a sequence in C.

(a) Suppose that T' is a normally generalized hybrid mapping. If {x,} satisfies
Txy — xp — 0 and x, — u, then u € A(T).

(b) Suppose that T is a normally 2-generalized hybrid mapping. If {x,} satisfies
Tz, —xq — 0, T?x, — 2z, — 0 and z,, — u, then u € A(T).

The following lemma was demonstrated by Takahashi and Takeuchi [33].

Lemma 2.5 ([33]). Let C be a nonempty subset of H, and let T be a mapping from
C into H. Then, A(T)NC C F(T).

The following two lemmas will be exploited to derive the strong convergence in
Theorem 4.1.

Lemma 2.6 ([2]; see also [38]). Let {X,,} be a sequence of nonnegative real numbers,
let {Y,} be a sequence of real numbers such that limsup,,_, . Y, <0, and let {Z,}
be a sequence of nonnegative real numbers such that y 2| Z, < oo. Let {\,}
be a sequence of real numbers in the interval [0,1) such that Y > A\, = oo. If
X1 < (1 =Xp) X+ \Y, + Z,, for alln € N, then X,, = 0 as n — co.
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Lemma 2.7 ([22]). Let {X,} be a sequence of real numbers. Assume that {X,} is
not monotone decreasing for sufficiently large n € N, in other words, there exists
a subsequence {Xy,} of {Xn} such that X,, < Xp,+1 for all i € N. Let ng be a
natural number such that {k < ng : Xx < Xgy1} is nonempty. Define a sequence
{7 (n)},>n, of natural numbers as follows:

7(n) =max{k <n: Xy < Xgq1} foralln > ny.

Then, the following hold:
(a) 7(n) — 00 as n — oc;
(b) Xn < Xr(n)41 for all n > nyp;
(¢) Xrm) < Xrm)+1 for all n > ng.

3. WEAK APPROXIMATION

This section describes weak approximation methods for finding common attrac-
tive and fixed points of two nonlinear mappings that are not necessarily commuta-
tive.

3.1. Normally Generalized and 2-Generalized Hybrid Mappings. At the
outset, we present a method to approximate the common attractive points of a
normally generalized hybrid mapping and a normally 2-generalized hybrid mapping
without assuming that the domain of the mappings is closed. An approximation
method for finding fixed points can also be obtained by supposing that the domain
is closed. The fundamentals of the proof were developed in [6,15,19,24,32, 35].

Theorem 3.1. Let C be a nonempty and convexr subset of H, let S : C — C be a
normally generalized hybrid mapping, and let T : C — C' be a normally 2-generalized
hybrid mapping. Suppose that A(S) N A(T) is nonempty. Let Pyg)nar) be the
metric projection from H onto A(S)NA(T). Let {an}, {bn}, {cn}, and {d,} be
sequences of real numbers in the interval (0,1) such that a, + by + ¢ +dp =1 and
0<a<ap,bycpd, <b<1 foralln € N. Define a sequence {z,,} in C as follows:

Tp+l = ApTn + bpSxy + Ty, + d,T%x,

for all n € N, where x; € C is given. Then, the sequence {x,} converges weakly
to a common attractive point T € A(S) N A(T), where T = limy, 00 Pa(s)na(1)Tn-
Additionally, if C is closed, then {x,} converges weakly to a common fixed point
T e F(S)NF(T), where ¥ = limy, 00 Pr(s)ynp(r)Tn-

Proof. Note that A(S)NA(T) is a closed and convex subset of H. As it is assumed
that A(S) N A(T) # 0, there exists the metric projection Py(syna(r) from H onto
A(S)NA(T).

First, we show that

(3.1) [Znt1 =gl < llzn — 4l
for any ¢ € A(S)NA(T) and n € N. Indeed, we obtain from ¢ € A(S)NA(T) that
lxnt1 —ql| = HanfL‘n + bp St + cnTxn + dpyT2x, — qH

l|lan (@n — @) + bp (Szn, — @) + o (Tzn — q) + dy (T2 — q) ||
< anllen =gl + b 120 — gl + en [ Tzn — gl| + di || T2 — g
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< anllen = qll + bn llzn = gll + cn llzn = qll + dn |2 — g

= |lzn —qll.
From (3.1), we obtain the following. (i) The sequence {||x,, — ¢||} is convergent in R
for all g € A(S)NA(T). (i) Using Lemma 2.2, { P4(s)na(m)Zn} is also convergent
in A(S)NA(T). We denote the limit by T, that is, T = lim, 00 Pa(syna(r)Tn- (iii)
The sequence {x,} is bounded because {||z,, — ¢q||} is convergent.

Next, we demonstrate that
2
(3.2) anbn |0 — Sxp||? + ancn |20 — Tanl|* + andy |zn — T2an
2
+bpcn ||Sxn — T:an2 + b,d,, HS:En - T2:L‘nH + cpdy, HTazn - TQ:E”H
< lan = gll* = e — gl

for any g € A(S)N A(T) and n € N. Indeed, from Lemma 2.3-(c),

2

41— ql®
= Jlan (@n = @) + bu (Sz0 — @) + 0 (T2 — ) + dn (T220 — q) ||
= an ln — al* + bo Sz — al* + e |1 T2 — gl* + du || T2 — a
—anby ||y — Sz ||* — ancn |0 — Tzp||* — and, Hxn - T2$n||2
—bpcp || STy — TanZ — bydy, HSa:n — T2an2 — ¢cpdy HTxn — T2an
an |2n = al* + b |20 — ql* + cn |20 — all* + dn |20 — ql®

2

IN

—anby |20 — Sn|* = ancy |20 — Tap||* — andn H:L’n - T2xn|{2

—bncp || STy — T:EnH2 — b,d, HSmn — T233nH2 — cndy, HTazn — T2an
— Jln — all® = anba 12 — S22 — ancn |n — T

—andy, Hxn — Tgaan2 — bpen || Sz — Ta:nH2

—budy |[Szn — T2, ||* = cody, || Ty — T2z, || .

Therefore, we obtain (3.2).
As {||z,, — q||} is convergent and it is assumed that 0 < a < ay, by, ¢y, dy, <b <1
for all n € N, we obtain from (3.2) that

2

(3.3) Tn— Sty — 0, zp—Txn—0, x,—T%x, —0,
Sty —Tx, — 0, Szp,—T?x,—0, Tx,— Tz, — 0.

Because {z,} is bounded, there exists a subsequence {z,,} of {z,} and v € H
such that z,, — w. As the mapping S is normally generalized hybrid and T is
normally 2-generalized hybrid, we have from Lemma 2.4-(a), (b) and (3.3) that
ue A(S)NA(T).

We prove that z,, — u. Let z,,; — v and xp, — ug, where {:cnj} and {z,, } are
subsequences of {x,}. It suffices to show that u; = ug. From (3.3) and Lemma 2.4,
we have that uj,us € A(S)N A(T). From (3.1), the two sequences {||z, — ui||}
and {||z, — uz||} are convergent. Define a = lim,, oo (||xn, — u1|| — ||zn — uz2l|) € R.
As

[2n = urll = llzn — wall = 2 {(@n, ug —u1) + [Jua]] - [|uz]l
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for all n € N, we obtain
a = 2(ui, ug—u1)+ ||ur]] — |Jue|l and
a = 2(uz, uzg —u1)+ [lurl] — [luzl .

Thus, 2 (u; — ug, ug —u1) = 0, which means that u; = us.

Next, we show that u = Z (= limy 00 Pa(s)na(r)®n). As u € A(S)NA(T), it

holds that

(Tn — Pa(s)yna(r)Tn, Pagsynam®n —u) >0
for all n € N. Since z,, — u and Py(g)na(1)Tn — T, We get that (u — T, T —u) > 0.
This means that v = 7.

Additionally, suppose that C is closed in H. As C is weakly closed, we have
that 7 € C N A(S) N A(T), where T = limy, 00 Pa(s)na(r)Tn. From Lemma 2.5,
T € F(S)NF(T). Thus, F(S)N F(T) is nonempty. As S and T are quasi-
nonexpansive, F'(S) N F(T) is closed and convex. Hence, there exists the metric
projection Pp(g)np(r) from H onto F(S) N F(T). In much the same way as for the
proof of (3.1), we can obtain

[Znt1 =gl < llzn — 4|l

for all ¢ € F(S)N F(T) and n € N. Thus, we have from Lemma 2.2 that
{Pr(s)nF(1)Tn} converges strongly to an element = of F'(S) N F(T), that is, 7 =
lim, oo PF(S)QF(T)-Tn' We show that

z (E Jim PA(S)mA(T)%) =7 (E Jim PF(S)OF(T)xn> :
From a property of the metric projection, we have that

(Tn — Pr(s)nr(r)Tns Pr(s)nrr)Tn —T) >0

for all n € N. As z, — T and Pr(s)np(r)Tn — 7, we have that (T — 7, 7 —

Z) > 0, which means that # = 7. This implies that {z,} converges weakly to
T = limy o0 Pr(synp(ryTn € F1(S) N F(T). This completes the proof. O

Theorem 3.1 offers alternative approximation methods to those of Takahashi’s
Theorem 3.2 [32], which is reproduced below as Theorem 3.3. These methods find
common attractive and fixed points for two noncommutative generalized hybrid
mappings, because the classes of normally generalized hybrid mappings and nor-
mally 2-generalized hybrid mappings include generalized hybrid mappings as special
cases.

3.2. Two Normally Generalized Hybrid Mappings. Let us refocus the proof
of Theorem 3.1. By using Lemma 2.3-(b) instead of part (c), as well as Lemma
2.4-(a), we can obtain the following theorem, which presents weak approximation
methods for finding common attractive and fixed points of two noncommutative
normally generalized hybrid mappings.

Theorem 3.2. Let C' be a nonempty and convex subset of H, and let S and T be
normally generalized hybrid mappings from C' into itself. Suppose that A(S)NA(T)
is nonempty. Let Pys)nar) be the metric projection from H onto A(S) N A(T).
Let {an}, {bn}, and {c,} be sequences of real numbers in the interval (0,1) such
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that ap,+b,+cp, =1 and0 < a < ap,by,cn < b <1 foralln € N. Define a sequence
{zn} in C as follows:

Tptl = AnZpn + b Sty + cyTxy for alln € N,

where 1 € C is given. Then, the sequence {x,} converges weakly to a common
attractive point T € A(S) N A(T), where T = limy 00 Pa(s)na(r)Tn- Additionally,
if C is closed, then {xy} converges weakly to a common fized point T € F (S)NF (T),
where T = limy, 00 Pr(s)np(T)Tn-

As an application of Theorem 3.2, we can obtain Theorem 3.2 of Takahashi [32]
as follows.

Theorem 3.3 (Theorem 3.2 of Takahashi [32]). Let C' be a nonempty and convex
subset of H, let S and T be generalized hybrid mappings from C into itself with
A(S)NA(T) # 0, and let Pa(synacr) be the metric projection from H onto A(S) N
A(T). Let {an} and {y,} be sequences of real numbers in the interval (0,1) such
that 0 < a < ap, v, < b <1 for all n € N. Define a sequence {x,} in C as follows:

Tl = nTn + (1 — ap) (WSzp + (1 — vp) Txy) for alln € N,

where 1 € C is given. Then, the sequence {x,} converges weakly to a common
attractive point T € A(S) N A(T), where T = limy 00 Pa(s)na(r)Tn- Additionally,
if C is closed, then {xy} converges weakly to a common fized point T € F (S)NF (T),
where T = limy, 00 Pr(s)np(T)Tn-

Proof. We know that a generalized hybrid mapping is normally generalized hybrid.
Define a, = ap, by = (1 — an) Y, and ¢, = (1 —ay) (1 —v,). Then, it holds
that a,, + b, + ¢, = 1. Furthermore, as there exist real numbers a,b € (0, 1) such
that a < au,y, < b for all n € N, we have that ¢,d € (0,1) exist such that
c < ap,b,,c, < d for all n € N. Hence, from Theorem 3.2, we obtain the desired
result. O

3.3. Two Normally 2-Generalized Hybrid Mappings. In the proof of Theo-
rem 3.1, by using Lemma 2.3-(d) instead of (c), as well as Lemma 2.4-(b), we can
obtain the following theorem which presents weak approximation methods concern-
ing two noncommutative normally 2-generalized hybrid mappings.

Theorem 3.4. Let C be a nonempty and convexr subset of H, and let S and T be
normally 2-generalized hybrid mappings from C' into itself. Suppose that A (S) N
A(T) is nonempty. Let Pasyna(r) be the metric projection from H onto A(S) N
A(T). Let {an}, {bn}, {cn}, {dn}, and {en} be sequences of real numbers in the
interval (0,1) such that an + by +cn+dp+ e, =1 and 0 < a < an, by, Cp,dn, ey <
b <1 for alln € N. Define a sequence {x,,} in C as follows:

Tptl = nZpn + b Sz, + STy + dp Ty + enT?xp, for all n € N,

where x1 € C is given. Then, the sequence {x,} converges weakly to a common
attractive point T € A(S) N A(T), where T = limy, 00 Pa(g)na(r)Tn- Additionally,
if C is closed, then {x,} converges weakly to a common fized pointx € F (S)NF (T,
where T = limy, 00 Pr(s)nF(T)Tn-
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Theorem 3.4 offers alternative approximation methods to those of Takahashi’s
Theorem 3.2 [32] for finding common attractive and fixed points for two noncom-
mutative generalized hybrid mappings. This is because the class of normally 2-
generalized hybrid mappings contains generalized hybrid mappings.

4. STRONG APPROXIMATION

This section presents strong approximation methods for finding common attrac-
tive and fixed points of two nonlinear mappings.

4.1. Normally Generalized and 2-Generalized Hybrid Mappings. In the
first theorem of this section, we deal with a normally generalized hybrid mapping
and a normally 2-generalized hybrid mapping. The fundamentals of the proof were
developed in [8, 20,28, 36].

Theorem 4.1. Let C be a nonempty and convex subset of H, let S : C — C be a
normally generalized hybrid mapping, and let T : C — C' be a normally 2-generalized
hybrid mapping. Suppose that A(S) N A(T) is nonempty. Let Pyg)nacr) be the
metric projection from H onto A(S)NA(T). Let {\.}, {an}, {bn}, {cn}, and {d,}
be sequences of real numbers in the interval (0,1) such that

(4.1) A =0, > Ay =00,
n=1
(4.2) an +bp +cp+d, =1,
(4.3) 0<a<apbycn,dy, <b<1l forallneN.

Let {z,} be a sequence in C such that z, — z (€ H). Define a sequence {xy} in C
as follows:

Tnt1 = A\nzn + (1= Ap) (anxn +b,5%, +c, Tz, + dnTan)

for alln € N, where x1 € C is given. Then, the sequence {x,} converges strongly to
a common attractive pointz € A (S)NA(T'), whereZ = Py(g)na(r)?z- Additionally, if
C' is closed, then {x,} converges strongly to a common fized point Z € F (S)NF (T),
where Z = Pr(s)np(T)%-

Proof. Define vy, = anzp + bnSzy + cnTx, + dyT?x, € C for all n € N. Then,
Tl = A\nzn + (1 — M) yn € C.

First, we will show that z,, =2z = Pg(g)na(r)?. It is easy to show that
(4.4) [yn = all < lJon — 4|

for all ¢ € A(S)N A(T) and n € N. Indeed, because ¢ € A(S) N A(T), we have
from (4.2) that

lyn —all = |lan@n + bpSzp + cnTan + dn Tz, — |
< anllen — gl +0n [1S20 — all + e | Twn — gl + dy | T2 — g
< anlzn = qll + bn llon — qll + en llzn — gl + dn [|2n — g

= llen =4l
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From (4.4), we can demonstrate that the sequence {z,} is bounded using mathe-
matical induction. Indeed, let ¢ € A(S) N A(T), and define

M = max {sup Vo —all, a1 — q||} .
keN

As {z,} is bounded, M is a real number. We will prove that ||z, — ¢|| < M for all
n € N. (i) It is obvious for the case of n = 1. (ii) Assume that ||z — ¢|| < M for
some k € N. We have from (4.4) that

[Akzr + (1= M) vk — gl

Ak [z = qll + (1= M) 1y — dll

A llze = all + (1= A) [l — gl

MM 4+ (1= M) M = M.

k41 — 4l

IA A IACIA

Hence, {z,} is bounded.
Let us show that

(4.5) anby |2y — anH2 + ancy ||zn — T:lUnH2 + and, Hxn — TanHQ
+ bpep || Sz — T90n||2 + b,dy, HSZEn — T2$nH2 + cpdn HT:cn — TQQZnH2
< Anllzn = al* + 20 — glf* = lzns1 — gl

forallg € A(S)N A(T) and n € N. By using Lemma 2.3-(a), (c), we obtain

[N
H)‘n (zn — @) + (1 = An) (Yn — (I)”2

< Anllza = al® + (1= Ao llyn — all?
< Anllzn —glf?
+ ||an (zn — @) + bn (Sz0 — @) + cn (T2, — q) + dn, (T2, — q) H2
= Mallze = al® + an |20 — gl + ba || S0 — g||?
ten | T2 — gl + dn | T2, — g
—anby |20 — Sznl|? = anen |20 — Tap||* — andn Ha:n — T2:l;nH2
—bnen ||STn — Tap||* = budy, | Sy — TQ:/an2 — cndy || Tz — sznHQ
< Aallze = all* + an o = qll* + ba 120 — ql®

+en l2n — qll? + dn lzn — gl
2
—anby || Tn — S’aan2 — ancp ||xn — TZL‘n||2 — andy, HZL‘n — Tgan

—bucn |50 — Tan|? = budn || St — T2wn||” = cadn | T2y — T2,

= Aallzn —al® + l|lzn — glf?
—anbn || — Szn||? — ancn |20 — Tan||* = andn Hxn - sznHQ
—bpen ||Sxy — T:L‘nH2 —bud,, HS:L’n — T2an2 — cpdy, HTxn — T2mnH2 )
This implies that (4.5) holds.
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Furthermore, it holds that
(4.6)  |lzn+1 — znll < Anllzn — @nll + [[Szn — 2ol + | T2n — 20l + HT233n - an
for all n € N. This inequality can be ascertained as follows:

[Zn+1 — Znl
= [[Anzn + (1 = X)) Yn — 4|

< Allezn — @l + (1= An) lyn — 2|
< Anllzn — 2|

+ Hanxn + bpStp + cnTxp + dy T2z, — (an +bp +cn +dp) an
< A llzn = nll + b0 [|S20 — 2|l + cn [|T2n — 20| + di || T2 — 20|
< M lzn = 2| + ||Szn — xn|| + || T2n — 20| + HTQgcn — |-

Define X,, = ||z, — Z||* (> 0), where z = Py(syna(r)z- Our purpose is to demon-
strate that X,, — 0 as n — 0o. The rest of the proof is divided into two cases.
Case (A). Suppose that there exists a natural number n’ such that X, 11 < X,
for all n > n’. In this case, the sequence {X,,} is convergent. Asz € A(S)N A(T),
it holds from (4.5) that
2
(4.7) anbp ||zn — an\|2 + anep ||z — TJ:nH2 + andy, Hxn - Tzaan
+bpcn ||Sxp — T:Cn||2 + b, dy, HSa:n — T2an2 + cpdy, HTxn — TQCCHHQ
Mo llzn =21 + |z = 2II° = 241 — 217
= o llze — 2| + Xn — Xnta
for all n € N. Because {z,} is bounded, we have from (4.7), (4.1) and (4.3) that
(4.8) Tp— Sz, — 0, xp—Tr, —0, z,—T?x, —0,
St, —Tx, — 0, S’xn—Tan—>0, Tz, — T%x, — 0.
Then, it holds from (4.6) that
(4.9) Tpt1 — T — 0.
By using (2.1) and (4.4), we obtain

Xott = wnrs— 2P

IAn (20 = 2) + (1= M) (g0 — 2)|

(1- )\n)Q lyn — zHQ +2M (Tng1 — Z, 2n — Z)

(1= Xo) lzn = 2% + 20 (Zng1 — Ty 20— 2) + (X0 — Z, 2 — 2))
(1= Xp) Xn + 20, ((Zpy1 — Tny 20— Z) +(Tn — Z, 2n — Z))

IN A

for all n € N. As {z,} is bounded, it holds from (4.9) that (z,+1 — Zn, 2n —Z) — 0.
Hence, from (4.1) and Lemma 2.6, it suffices to prove that

lim sup (z, — %, z, —Z) <0.
n—oo
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As the sequences {x,} and {z,} are bounded, we can assume, without loss of
generality, that there exist subsequences {zy,} of {z,} and {z,,} of {z,} such that
lim sup (z, — %, 2z, — %) = lim (x,, — 2, 2, — %)

n—00 100
and x,, — u for some u € H. Lemma 2.4-(a), (b) and (4.8) imply that u €
A(S)NA(T). As zn — z and Z = Py(s)na(r)?, We have that

lim sup (zp, — %, 2, —2) = lim (2, — 2, 2n, — 2)
n—o0 1—00

= (u—2z, z—2) <0.
This completes the proof for Case (A).

Case (B). Suppose that there exists a subsequence {X,,} of {X,} such that
Xn, < Xp,4+1 for all i € N. Let ng be a natural number such that {k < ng : X3 <
Xk+1} is nonempty. Define

T(n) =max{k <n: X, < Xpi1} forall n > ny.

From Lemma 2.7, the following hold:

(4.10) T(n) — o0 asn — oo
(4.11) Xn < Xy forall n > ng;
(4.12) Xy < Xpmyqr forall n > ng.

From (4.11), it is sufficient to show that X ;)11 — 0. From (4.1), (4.10), (4.2),
and (4.3), we have

(4.13) )‘T(n) — 0 asn — oo,
(4.14) Qr(pn) + br(n) + Cr(n) T+ d-r(n) =1 and
(415) 0<ac< QAr(n)s bT(n)7 Cr(n)s d’T(?’L) <b<l1

for all n > ng. As z € A(S) N A(T), inequalities (4.4)—(4.6) yield
(4.16) gz = 2| < [z =2

)

(417)  arybe(u 2oy = S [|* + armyCrim [0y = Ty |
+ sy o) [0y = T2 | + brmyrmy 1Sy = Triy ||
+ by 15Ty = T2y ||* + rmy ooy | T2y = T30 ||
< Aty 2y = 2+ [y = 2l = [ryin = 2]

= Ao 2y = Z|° + Xr(n) = Xr(uy41, and

(4.18) 2741 = Tz | < Arey 20y = e | + 1522y = T2 |
T2y = 2ol + 17220y = 22y
respectively. From (4.12) and (4.17), it holds that
arn)br(o) 27y = S22 || + ey o 7 = Tz |

2
7 () () | T () = T2 )|+ br ) oy [| S = T ||
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2
ey ) | S% ) = T2 |* + oy || T2 ) — T2

)
< Arwy [|2rm) = 2"
As {zT(n)} is bounded, we obtain from (4.10), (4.13) and (4.15) that
(4.19) Tr(n) — SxT(n) —

2
Tr(n) = T Trm) =

y  Lr(n) — T"'ET(H) — 0,

S o o o~

Str)y —Txrny —
Ty — T?Tr ) — O
as n — oo. Thus, (4.13), (4.18), and (4.19) imply that
(4.20) Tr(n)+1 — Tr(n) — 0.
As {xT(n)} and {xT(n)H} are bounded, we have that
(4.21) Xetmy i1 — Xo(m) = 0.
Thus, our goal is to prove that X, () — 0. Using (2.1) and (4.16), we obtain

X1 = [f#r 2
= My (o) = 2) + (1= M) (e = 2) ||
(1= Arw)” [[9r ) = ZII* + 22y (i1 — Fo 2r(m) — 2)

)
(1= Arwy) l2rmy = ZI7 + 2Xr () (@rgys1 — F> Zr () — 2)
(1= Ar(n) Xrtm) + 200 () (Tr(n)+1 = %5 Zr(m) — Z)

IN

IN

and hence,

M) Xr(n) < Xe(n) = Xrmy+1 + 2A0(n) (Tr(n)11 — %5 Zr(n) — 2) -
From (4.12),
Ay Xr(n) < 2Xr ) (Tr(ny41 = 2> Zr(n) — ) -
As Ar(n) > 0, we have that

Xr(n)
+1 = Tr(n), Zr(n) — Z) +2(Tr(n) = %> Zr(n) — Z)

+2 <$T n) — % Zr(n) — Z> + 2 <$T(n) —Z, 2 — §>
Because {xT(n)} is bounded and z;(,) — 2, we have from (4.20) that
2(Tr(n)+1 = Tr(n)y Zr(n) = Z) +2(Tr(n) = F, Zrm) —2) = 0
as n — 0o. Hence, it suffices to prove that

lim sup <$T(n) -z, z— §> .
n—oo
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As {xT(n)} is bounded, we can assume, without loss of generality, that there is a
subsequence {%(ni)} of {mT(n)} such that

lim:ggo <x7(n) —Z, z— §> = Zliglo <x7(ni) —Z, Z— Z>
and z;(,,) — u for some u € H. From (4.19), it holds that u € A(S) N A(T). As
Z = Py(s)na(T)#; we obtain

lim sup <93¢(n) —Z, z— §> = lim <x7(ni) —Z, z— Z>
n—00 100

= (u—2z, z—2)<0.

This completes the proof for Case (B), and we have shown that z,, — Z = Py(s)na(r)2-

Next, suppose that, in addition to the other assumptions, C' is closed in H. Our
target is to show that ¥, — 2 = Pr(g)npr)2z- As o = Z = Pys)na(r)? and C is
closed, we have that z € C N A(S)NA(T). From Lemma 2.5, 2 € F (S)NF (T).
Thus, F' (S)NF (T) is nonempty. As S and T are quasi-nonexpansive, F'(S)NF(T)
is closed and convex. Hence, there exists the metric projection Pp(g)np(7) from H
onto F'(S)N F(T). It is sufficient to prove that

(2 =) Prs)nrr)? = Z (= Pas)nam)) -
Because 7 € F (S) N F(T), it suffices to prove that ||z —Z| < ||z —v| for all
ve F(S)NF(T). Let ve F(S)NF(T). Because F (S)NF (T) Cc A(S)NA(T),
we have that

[z =2z = inf{llz—gqll:q€AS)NA(T)}
< inf{llz—gqll:qe F(S)NF(T)}
< lz=of.
This means that Z = Pp(g)np(1)2 (= Z). This completes the proof. O

Theorem 4.1 offers alternative approximation methods for Theorem 4.1 of Taka-
hashi [32], which is reproduced below as Theorem 4.3. These methods find common
attractive and fixed points of two generalized hybrid mappings, because the classes
of normally generalized hybrid mappings and normally 2-generalized hybrid map-
pings include generalized hybrid mappings as special cases.

4.2. Two Normally Generalized Hybrid Mappings. Recall the proof of The-
orem 4.1. By using Lemma 2.3-(b) instead of (c), as well as Lemma 2.4-(a), we
can obtain the following theorem which presents strong approximation methods
concerning two normally generalized hybrid mappings.

Theorem 4.2. Let C' be a nonempty and convexr subset of H, let S and T be
normally generalized hybrid mappings from C into itself with A(S) N A(T) # 0,
and let Pa(s)na(r) be the metric projection from H onto A(S)N A(T). Let {\n},
{an}, {bn}, and {c,} be sequences of real numbers in the interval (0,1) such that

o
A =0, ) A, =00,
n=1

an+b,+ce,=1, 0<a<aybyc, <b<1l foralln e N.
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Let {z,} be a sequence in C such that z, — z (€ H). Define a sequence {xy} in C
as follows:

Tnt1 = A\nzn + (1= A\p) (anxpn + by Sy + ¢y Tay) € C for alln € N,

where x1 € C is given. Then, the sequence {x,} converges strongly to a common
attractive point 7 € A(S) N A(T), where Z = Pas)na(r)z. Additionally, if C is
closed, then {x,} converges strongly to a common fized point z € F (S) N F (T),
where Z = Pp(s)np(T)?-

As an application of Theorem 4.2, we can obtain Theorem 4.1 of Takahashi [32]
as follows.

Theorem 4.3 (Theorem 4.1 of Takahashi [32]). Let C' be a nonempty and convex
subset of H, let S and T be generalized hybrid mappings from C into itself with
A(S)NA(T) # 0, and let Py(g)na(r) be the metric projection from H onto A(S)N
A(T). Let {an}, {Bn}, and {1} be sequences of real numbers in the interval (0,1)
such that

o0
oy, — 0, E Q, = 00,
n=1

0<a<pPBnvym<b<l forallneN.

Let {z,} be a sequence in C such that z, — z (€ H). Define a sequence {zy} in C
as follows:

Tp41 = QpZn + (1 - an) (/ann + (1 - ﬁn) (’Ynswn + (1 - "Yn) T«rn))

for alln € N, where x1 € C is given. Then, the sequence {x,} converges strongly to
a common attractive pointZ € A (S)NA(T), where Z = Pyg)na(r)z- Additionally, if
C s closed, then {xy} converges strongly to a common fized point z € F (S)NF (T),
where Z = Pp(s)nr(1)?-

Proof. We know that a generalized hybrid mapping is normally generalized hybrid.
Define A\, = apn, an = Bn, by = (1 — Bn) Y, and ¢, = (1 — 5,) (1 —4,). Then, it
holds that a, + b, + ¢, = 1 and that there exist real numbers ¢,d € R such that
0<c<ap, by, <d<1forall n € N. From Theorem 4.2, we obtain the desired
results. O

4.3. Two Normally 2-Generalized Hybrid Mappings. We now refocus the
proof of Theorem 4.1. By using Lemma 2.3-(d) instead of (c), as well as Lemma
2.4-(b), we can obtain the following theorem, which presents strong approxima-
tion methods for finding common attractive and fixed points of two normally 2-
generalized hybrid mappings.

Theorem 4.4. Let C be a nonempty and conver subset of H, let S and T be
normally 2-generalized hybrid mappings from C' into itself with A(S)NA(T) # 0,
and let Pa(s)na(r) be the metric projection from H onto A(S)N A(T). Let {\n},
{an}, {bn}, {cn}, {dn}, and {e,} be sequences of real numbers in the interval (0,1)
such that

o
Ao =0, Y Ay =00,
n=1
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n +bp+cp+dy +e, =1,
0<a<apby, chdy,en <b<l forallneN.

Let {zp} be a sequence in C such that z, — z (€ H). Define a sequence {xy} in C
as follows:

Tnt1 = A\n2n + (1 — Ap) (anxn + bp S + cnS%y + dp T, + enTQCEn)

for allm € N, where x1 € C is given. Then, the sequence {x,} converges strongly to
a common attractive pointzZ € A (S)NA(T), where Z = Py(g)na(r)z- Additionally, if
C' is closed, then {x,} converges strongly to a common fixed point z € F (S)NF (T),
where Z = Pp(s)np(T)?-

Theorem 4.4 offers alternative approximation methods for Theorem 4.1 of Taka-
hashi [32], because the class of normally 2-generalized hybrid mappings contains
generalized hybrid mappings.

As a final remark, all results in this paper can be extended to the case of finite
families of normally 2-generalized hybrid mappings.
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