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THE HADAMARD PRODUCT FOR WEIGHTED GEOMETRIC
MEANS

HOSOO LEE

ABSTRACT. H. Lee et al. [10] proposed a family of weighted geometric means
{&(t;w; A)} where w and A vary over all positive probability vectors in R™ and n-
tuples of positive definite matrices resp. Each of these weighted geometric means
interpolates between the weighted ALM(t = 0,,) and BMP(t = 1,,) geometric
means (ALM and BMP geometric means have been defined by Ando-Li-Mathias
and Bini-Meini-Poloni, respectively.) Using the well-known connection between
the tensor product and the Hadamard product, we show that the Hadamard
product of weighted geometric means &(t;w;-) for permuted tuples with fixed
weight is bounded by the Hadamard product of given positive definite matrices.
It generalizes the results for the case of two-variable geometric means.

1. INTRODUCTION

In 1975 Pusz and Woronowicz [15] have introduced the notion of the geometric
mean of two positive definite matrices A and B:

A#B = A2 (A*1/2BA*1/2) V2 g2

Since then, T. Ando [1] has developed the robust definition of the geometric mean
A# B with a variety of properties. One of the interesting properties of the geometric
mean is the interaction with the Hadamard product (or called the Schur product).
In other words, for two positive definite matrices A and B
(1.1) (A#B) o (A#B) < Ao B,
where A o B = [aj;b;;] for A = [aj;] and B = [b;;]. Here, the relation < is the
Loewner order defined as

A < B if and only if B — A is positive semidefinite.
If A and B commute, then the inequality (1.1) reduces to

(AB)'/? 0 (AB)'/? < Ao B.

Using a different method, he also succeeded in generalizing this inequality to the
case of several commuting positive definite matrices:

m m 1/m m

(1.2) Ho HAi SHOAizz‘hO"'OAm
1 i=1 i=1

for commuting positive definite matrices Ay, ..., Amn.
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On the other hand, the inequality (1.2) has not been developed for the multivari-
able geometric means of several non-commuting positive definite matrices until suc-
cessfully suggested the multivariable geometric mean. It has been a long-standing
problem to extend to n-variables, n > 3, the two-variable geometric mean of positive
definite matrices and a variety of attempts may be found in the literature. Indeed,
there is no formal definition of geometric mean of finite number of positive definite
matrices and defining multivariable geometric mean is a non-trivial task and is a
recent topic of interest in core linear algebra.

For given n-tuple of positive definite matrices A = (Aj, Ao, ..., A,) and a positive
probability vector w = (wy, ..., wy,), the definition G,,(A) constructed by M. Sagae
and K. Tanabe is as follows:

GW(A) = An#w"*1 (An—l#w"*2 e (AQ#wlAl))a

where for 1 <k <n-1

k+1

Wb =1 — W1 ij
j=1

We call G, (A) the Sagae-Tanabe geometric mean.
There is an interesting structure on the open convex cone P of m x m positive
definite matrices equipped with the Riemannian trace metric d:

5(A, B) = || log(A™/*BAT2)|

for any A, B € P, where || X || denotes the Frobenius norm of X. That is, (P,4) is
a Hadamard space (or a non-positive curvature space), which is a complete metric
space satisfying the semi-parallelogram law. For given n points on the Hadamard
space, in general, there exists a unique minimizer of the weighted sum of squares of
the distances to each point. So in the setting of positive definite matrices,

n
arg min w;0%(X, A;
;ﬁ(ep ; 567 ( i)

exists uniquely for A = (Aj, Ay,..., A,) € P and a positive probability vector
w = (wy,...,w,). We call it the weighted Karcher mean or the least squares mean,
and we denote as Ay (A1,..., An). See [6,9,12-14]

The inequality (1.2) has been extended to the Sagae-Tanabe geometric means
Gu(A) by B. Feng and A. Tonge [5], and to the weighted Karcher means A(w;A)
by H. Lee and S. Kim [11], respectively.

Theorem 1.1 ([5,11]). Letw be a positive probability vector in R™, and let Ay, ..., Ay

be positive definite matrices. If 01,09, ...,0, are permutations on {1,2,...,n} sat-

isfying {o1(j),02(4),...,on(4)} ={1,2,...,n} for each j =1,2,...,n, then
GW(AO'1(1)7 e 7A01(n)) ©---0 Gw(AUn(l)a ey Aan(n)) S Al O-+--0 An
AW(A01(1)7 cee 7A01(n)) O---0 Aw(Aan(l)v cee 7Aan(n)) S Al ©---0 An
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Two approaches to extend to multi-variables the two-variable geometric mean of
positive definite matrices have been given by Ando-Li-Mathias [2] and Bini-Meini-
Poloni [4] via “ symmetrization procedures” and induction, which are called by
ALM and BMP geometric means, respectively. H. Lee, Y. Lim and T. Yamazaki [10]
proposed weighted geometric means based on a weighted version of the generalized
symmetrization procedure of [4] depending on the parameter t € [0,1]". For a three
dimensional positive probability vector w = (w1, we,ws), positive definite matrices
Aii = 1,2,3, and (t1,t2,t3) € [0,1]3, the generalized symmetrization method is
given by

AP = 4,
Agr) (Ag‘ 1) # g Ar l>#t3w1 (r— l)7
o
1 1) 1
Ap = (A" >#%A’“ ) #rauaA§ Y,
Agr) (Agr 1) # w2 AT 1)#t3w3 r— 1)
Then the sequences {A o, ¢ = 1,2,3, converge to a common limit, yield-
ing a weighted geometric mean &3(t1,ts,ts3;w; A1, A2, Ag). Inductively we obtain
higher-order weighted geometric means &, (t;w; Aj,..., A,) via the generalized
symmetrization procedure and induction, where t = (¢1,...,¢,) € [0,1]" (the first

two variables ¢, t2 do not effect) and n-dimensional positive probability vector w.
From the fact that A#;B = B#1_+A, one can see that this is indeed an extension
of the ALM (resp. BMP) geometric mean by taking w = (1/n,...,1/n) and t; =0
(resp. t; = 1) for all 4.

In this paper our main purpose is to extend the inequality (1.1) to the weighted
geometric means &,,(t;w;-) based on a weighted version of the generalized sym-
metrization procedure depending on the parameter t € [0, 1]™.

2. HADAMARD PRODUCT AND TENSOR PRODUCT

Let M,y be the set of all m x n matrices. For A = [a;;] and B = [b;;] in My, 5,
the Hadamard product (or the Schur product) Ao B is the m xn matrix of entry-wise
products:

Ao B := [aijbij].

One can see easily that the Hadamard product is commutative, associative, and
bilinear. Moreover, the Hadamard product of two positive semidefinite (positive
definite) matrices is again positive semidefinite (positive definite, respectively). This

is known as the Schur product theorem. Moreover, for positive semidefinite matrices
A and B

det(A o B) > det(A) det(B).
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Let A = [a;5] € My, and B = [b;j] € My;. Then the tensor product (or the
Kronecker product) A® B of A and B is the ms x nt matrix given by
anB s alnB
AR B := :
amlB s amnB
Note that the tensor product is associative and bilinear, but not commutative. Fur-
thermore, the tensor product of two positive semidefinite (positive definite) matrices

is positive semidefinite (positive definite, respectively). To prove our main result,
we list more useful properties for the tensor product.

Lemma 2.1 ([17, Section 4.3]). The tensor product @ satisfies the following.
(1) For Ae My, n,Be M,5,C € M,, and D € Mg,

(A® B)(C® D) = AC ® BD.
(2) For any invertible matrices A and B
(A@B) '=A4A"1'® B
(3) For positive definite matrices A, B and any real number t
(A® B)' = A'® B.
(4) The function (A, B) — A ® B is continuous.

In many situations properties of tensor products transfer to Hadamard products,
due to an important connection between the Hadamard product and the tensor
product (see Lemma 4 in [1]). One can see that the Hadamard product is a principal
submatrix of the tensor product. Indeed, there is a positive linear map ® such that

(2.1) DA @ ®A,)=A10---0A,

for all m x m matrices Aq,...,A,. Note that this map & is also strictly positive:
a linear map ¥ : M, = M,, — M is positive if ¥(A) > O whenever A > O,
and strictly positive if U(A) > O whenever A > O. Also the map ® is unital, i.e.,
®(I) = I, where [ is the identity matrix.

The positive linear map including its related properties is an important tool in
operator algebra and quantum information theory. See [3] and its bibliographies.
We introduce one of the properties for a strictly positive unital map provided by
M.-D. Choi.

Theorem 2.2 ([3, Theorem 2.3.6]). Let U be a strictly positive and unital map.
Then for every positive definite matriz A

(A <A,

The open convex cone P equipped with the Riemannian trace metric ¢ is the
Hadamard space. Moreover,

t
v 0,1 = B, A(t) = A#,B = AV? (A—1/2BA—1/2) A2
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is a unique Riemannian geodesic in P connecting from A to B in P. It is called the
weighted geometric mean of A and B. The following lemma shows the properties of
tensor product and Hadamard product for two-variable weighted geometric means
on P.

Lemma 2.3 ([1,11)). For A,B,C,D € P and t € [0,1]

(A#:B) ® (C#:D) = (A C)#(B® D),
(A#:B) o (C#:D) < (AoC)#:(BoD).

The Hadamard and tensor products of finitely many matrices can be defined by
induction. We denote as

HOAj:Alo"'OA'm H®A3:A1®®An
1 j=1

for matrices Ay, ..., A, with appropriate sizes.

3. WEIGHTED GEOMETRIC MEANS &,

Hosoo et al. [10] proposed a family of weighted geometric means {&, (t;w; A)}
where w and A vary over all positive probability vectors in R"™ and n-tuples of
positive definite matrices resp. In this section, we shall introduce the definition a
family of weighted geometric means {&(t;w;A)}.

Let A, = {(wi,w2,...,wy) € (0,1)™ = 37, w; = 1} be the set of n (n > 2)-
dimensional positive probability vectors and let A, ; = {w = (w1,...,w,) € A,
w; < %, i=1,2,...,n}fort > 1. Forw = (wq,...,wy,) € Ay and t = (t1,...,t,) €
[0,1]™, we denote

Wi = (Wi, W1, Wjg1, . o, Wh),
Wzj = Tog;wi € Ano1, (n23)
te, = (t1y. . ytpn—1).
Definition 3.1 ([10]). Let &5 : [0,1]2 x Ag x P? — P be defined by
Ba(t1, to; wi, we; A1, A2) = A1#w, Az,

the we = (1 — wy)-weighted geometric mean of A; and As. For n > 3, we define
&, : [0,1]"x A, xP" — P by induction as follows. Assume that &,,_; is defined. Let
t = (t1,...,tn) € [0,1]", w = (w1,...,wy) € Ay, and let A = (A4y,...,A4,) € P".
Let {AET) oo be the positive definite operator sequence defined by

(3.1) AEO) = A;, AEH—I) =6, (t¢n;®¢i;A§Z§) #tnwiAz('T)

(r)

. Aq(f)) € P"~1. Then there exists lim,_,oo A;
(r) _

1

where A2) = (4, ..., ALY, AT

and it does not depend on i. We define the common limit by lim, ,., A
®n(t;w§A)'

We denote 0,, = (0,0,...,0),1, = (1,1,...,1) € R™.
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Remark 3.2. The first two variables 1, to do not effect in the definition of &,,(t, w; A);
in fact the family of weighted geometric means &, (t;w;A) depend only on t €
[0,1]""2. By definition and A#,;B = B#1_;A, we have
671(071; (1/77’)171; A) = Almn(A)7
&, (1,;(1/n)1;A) = Bmp,(A).
Let n > 2 be a natural number. The n-variable elementary symmetric polynomial
oy, of order k is defined

O-O(xlv"' 7$n) =1

k
op(x1, ..., xn) = Z iji (k=1,...,n—1).
1<j1<ja<-<jp<n i=1
Definition 3.3. For n > 2, define q,, : A, = Ay -1 by qp(w) = (gn(W)1, ...,
qn(w)yn), where
W;op—2(Wx;)
n—1)o,_1(w)

Qn(w)i = (

A probability vector consists of non-negative elements whose sum equals to 1. A
square matrix is called a stochastic matrix if its columns are probability vectors. A
stochastic matrix A is called regular if there is a positive integer m such that all
elements of A™ are positive. The following theorem is an application of Perron-
Frobenius theorem.

Theorem 3.4. Let A be a reqular stochastic matrix. Then 1 is an eigenvalue of A,
and there is a unique positive probability vector z such that Az = z. Furthermore,
the sequence {Ay}r converges to the matriz S whose columns are all equal to z.

In [10], a family of self-maps {I',,(t, )} on A, is constructed varying over [0, 1]"
and showed that each of these self-maps interpolates between q, and ida, and
leaves invariant the probability vector %qn.

Definition 3.5 ([10]). Let I'y : [0,1]?> x As — Ag be defined by T'a(t1,to;w) = w.
For n > 3,we define T, : [0,1]" x A,, — A,, by induction as follows. Assume that
I';,—1 is defined. Define an n x n matrix U = [u;;] depending on t, w and I';,_; by
Fn—l(t;én;w?éj)i—l(l - tnwj)7 i > j;
Uij = tnwj, 1= 7;
anl(t¢n;w¢j)i(1 — tnwj), 1< 7.
Then U is a regular stochastic matrix, because all columns of U are probability
vectors and all elements of U? are positive (all entries of its off-diagonal are positive).

By Theorem 3.4, there exists a unique positive probability vector z such that Uz =
z. We define ', (t;w) := 2.

Theorem 3.6 ([10]). For each n > 2, the map Ty, : [0,1]" X A,, — A, defined in
Definition 3.5 satisfies
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(1) T'n(0p;w) = gp(w) for allw € Ap;
(2) I'y(1y;w) =w for allw € Ay;
(3) Tp(t; 11,) = 11,

n
The weighted geometric means &(t;w;A) fulfill the weighted version of Ando-
Li-Mathias 10 properties. For a = (aq,...,a,) € (0,00)", w = (w1,...,wy) € Ay,
A = (Ay,...,A,) € P", a nonsingular matrix M, and a permutation o € S™ on
n-letters, we denote

a-A = (a141,a242...,0,4,)
ATL = (AL A A
Wy (We(1) We(2) - -+ s We(n))
A, (A1), As() s Aon))

M*AM = (M*AM,M*AoM, ..., M*A,M).

Theorem 3.7 ([10]). The map &, : [0,1]" x A, x P" — P satisfies the following
properties

(P1) &,(t;w; A) =112, Af”(t;w)i for commuting A;’s;

(P2) (Joint homogeneity) &, (t;w;a-A) = (H?:l af”(t;w)") &, (t;w; A);

(P3) (Permutation invariance) G, (t;wy; Ay) = B, (t;w; A);

(P4) (Monotonicity) If B; < A; for all1 <1i <mn, then &, (t;w;B) < &, (t;w;A);

(P5) (Continuity) The map &, (t;w;-) is continuous;

(P6) (Congruence invariance) &, (t;w; M*AM) = M*&,,(t;w; A)M;

(P7) (Joint concavity) &, (t;w;-) is jointly concave;

(P8) (Self-duality) &, (t;w; A=)~ = &, (t;w; A);

(P9) (Determinantal identity) det &, (t;w; A) = [, (det A;) 't
n -1 n

(P10) (AGH mean inequalities) (Z F(t;w)iAi_1> < Bu(tw; A) < > T (tw) As

i=1 i=1

By Remark 3.2, the following definition for weighted ALM and BMP geometric
means looks natural.

Definition 3.8 (Weighted ALM and BMP geometric means). Forw = (wy,...,w,) €
A, we define

Almy(w;A) = 6,(0,;w; A),
Bmpp(w;A) = &,(1,;w;A)

4. HADAMARD AND TENSOR PRODUCTS FOR THE WEIGHTED GEOMETRIC MEANS
&,

We show the property of weighted geometric means &,,(t; w; A) for tensor product
®. For convenience, we denote

AB:= (A1 ®By,...,4,® B,),
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where A = (Ay,...,A4,),B=(By,...,B,) € P".

Proposition 4.1. Let A = (A,...,A,),B = (B1,...,By) € P" and w =
(w1, ws, ..., w,) a positive probability vector. Then

(4.1) G (t;w; A) @ B, (t;w; B) = &, (t;w; A @ B).
Proof. We first show that the identity (4.1) hold for n = 2. Let t € [0,1]?, w
(w1, ws) € Ag and let A = (A1, Ay),B = (By, By) € P2. By Lemma 2.3, we have
Ga(t;wiA) @ Ga(t;w;B) = (Ar#fw, A2) @ (Bi#fw, B2)
= (A1 ® B1)#uw,(A2 ® Bs)
= Gy(t;w;A®B).

We complete the proof of (4.1) by induction on n. Suppose that @,,_;(t; ;) satisfies
(4.1) for any t € [0,1]""! and & € A,_;.

Let {A(T 122 be the positive definite matrix sequences defined in (3.1) and let
{B iy o (resp. {C; r)} 0 = {(A; ® B;)M}22,) be defined in the same fashion as
{A }T o » but starting from B; (resp.A; ® B;). Suppose that for some r, AET) ®
B™ = CZ( ") for all 4. Then for each i=12...,n

(@2 AD@BO=CO ad (A0, B0, =€)y
and by the inductive assumption
oY = esnfl(t#n;w#;(@(?"))#)

= Gt 0pys (AT 5 ® (BD) )
= Gt Dpgs (AD) 25) © B (b3 G5 (BD) )
_ AU+ g gD
= A By
Since Ci(o) =A;®B; = AZ(O) ® Bfo) for all 4, (4.2) holds for any j = 1,...,n and
r € N.

From the inductive assumption, the continuity of weighted geometric mean (P5)
and (4.2), we have

G (t;w; A) @ G (t;w;B)
= ((Jim G (tns @5 (A0)2)) @ (Tim Gy (tsns wis (B) 1))
<Q5n—1(t7én; Gzis (AT) ) ® By (bpn Dops (B(T));éz'))
<®n—1(t7én; Ggi; (AM) 2 ® (B(T));éi))
= lim ((’5n,1(t¢n;d)¢i; (A(T) ® IB%(T));M))
(

B 1 (bon; Wi (C(T));éi))
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0

We simply denote as ¥,, the collection of all n—tuples (o1, 09,...,0,) of permu-
tations on n letters satisfying

(4.3) {01(4),02(4),...,on(4)} ={1,2,...,n}

for each j = 1,2,...,n. We now show that the Hadamard products of weighted
geometric means of A,,, A,,, ..., A, for any n-tuple of permutations (o1,...,0,) €
Yn is bounded by the Hadamard products of Aq,..., A,. One can see that it is an
extension of Ando’s result in the equation (1.1).

Theorem 4.2. Let A = (Ay,...,Ay) € P, t = (t1,...,tn) € [0,1]" and let w =
(wi,...,wy) € Ay. For any n-tuple of permutations (o1,...,0p) € 3y,

(Al_l O OA;Ll)il < ®n(t;w;AU1) 00 QS”(t;w;AUn) < Ajo---ody.

Proof. There is a positive linear map ® from My,» := My pn to M, satisfying the
equation (2.1). Indeed, for any n-tuple of permutations (o1, ...,0,) € I'y,

(B, (t;w; Ap,) @ - @B, (t;w; Ay, )) = B (t;w; Ay, ) 0 0 B (tw; Ay, ).

By Proposition 4.1, the arithmetic-geometric mean inequality (P10) in Theorem
3.7, and the linearity of ®, we obtain

Gp(t;w;As) o 08, (tiw;Ay) = P(B,(tw;Ayy) @ @ B,(tyw; Ag,))
= P(B,(t;w; Ay, @ -®A,,))

—~

L(t;w); (Agy () @ - @ Ag, ()

IA
KA

o

I¥ s

Jj=1
= ) T(tw); (Agyy o+ 0 Ag,(i)
j=1
= ) T(tiw);(Ajo---0A,)
j=1
= Al O-+-+0 An

The sixth equality follows from the condition (4.3).
Applying the above argument to AZ1, AZL . ,A;nl, we have

o1 o9 )

Al oo A > &, (tws Al o 0 By (tyws ALY,
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Taking the inverse on both sides, using Choi’s inequality in Theorem 2.2, Lemma
2.1 (2), and the self-duality of weighted Karcher means (P8) in Theorem 3.7 yield

[Aflo---oAgl]_l

< [Baltiwi Az o0 0 Bu(twi A7)
= [@ (Bultiws Ayl) @+ @ Bu(tiwi A, 1))
<o ([Butiwiaz!) ® - 0 Gu(tiwiaz])] )
(Bn(t;w; AT @ @ B (6w A1)
(B (t;w;Ag, ) @+ @ By (t;w; Ay, )
n(t;w;Aol) 0:--0 ®n(t;W;A0n)'
Il
Corollary 4.3. Let A = (Ay,...,Ay) € P", t = (t1,...,tn) € [0,1]" and let
w=(wy,...,w,) €A,. Then
(AT 00 A7) ™) € B(t:wi 4) 0By (t5055 Ag) 00 B, (i A1) < Ayo---0 A,
for any n-cyclic permutation o on {1,2,...,n}.
Proof. Since o is an n-cyclic permutation, the family of permutations {o%, 01,02, ...,

o™~ 1} satisfies the condition (4.3) for each j, where o is the identity map. By The-
orem 4.2 the desired inequality is proved. O

Corollary 4.4. Let A = (Aq,...,A,) € P". Then

1 1
(Aflo'--oA_l)_l <6, <t;1n;A> o---0&, <t;1n;A> <Ajo---odp.
n n

n

Proof. For a uniform probability vector %ln = (1/n,...,1/n) in R™ and any per-
mutation o on {1,...,n}, we have

e (s3] )0 (s (22) )

because of permutation invariance (P3) in Theorem 3.7. By Theorem 4.2 the desired
inequality is obtained.

O
Corollary 4.5. Let A = (Ay,...,A,) € P*. Then
(AT o0 ANV < ALM,, (w3 A) o0 ALM,(w; A) < Ajo---0 Ay,
(A7t o0 AT P < BMP,(w;A)0---0 BMP,(w;A) < Ajo---0 A,
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