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SOME ALGORITHMS FOR THE CLOSEST POINT TO THE
COMMON SOLUTION SET OF PSEUDOMONOTONE
EQUILIBRIUM PROBLEMS AND FIXED POINTS OF

QUASI-NONEXPANSIVE MAPPINGS PROBLEMS

MANATCHANOK KHONCHALIEW, ALI FARAJZADEH, AND NARIN PETROT

ABSTRACT. This paper presents two hybrid extragradient algorithms for finding
the closest point to the intersection of the solution set of equilibrium problems
for pseudomonotone bifunctions and the set of fixed points of quasi-nonexpansive
mappings in a real Hilbert space. Under some constraint qualifications of the
scalar sequences, we show a strong convergence of the introduced algorithms.
Some numerical experiments are also provided.

1. INTRODUCTION

The equilibrium problem and the fixed point problem are very useful tools for
studying physics, chemistry, engineering and economics in different mathematical
models, for instance, see [15, 19, 20, 23], and the references therein. Besides, they
have applications in many important problems, such as optimization problems, vari-
ational inequality problems, minimax problems, Nash equilibrium problems, saddle
point problems, and others, see [6, 7, 14, 34, 40|, and the references therein. The
equilibrium problem is a problem of finding a point z* € C such that

(1.1) f(z*,y) > 0,Vy € C,

where C' is a nonempty closed convex subset of a real Hilbert space H, and f :
C x C — R is a bifunction. The solution set of the equilibrium problem (1.1) will
be represented by EP(f,C). In the most appeared papers, the proposed method
for solving the equilibrium problem is the proximal point method. This method was
first introduced by Martinet [30] for solving variational inequality problems and it
was extended by Moudafi [33] to monotone equilibrium problems. In the case of the
proximal point method, at each iteration, we need to solve a regularized equilibrium
problem:

1
(1.2) find x€C suchthat f(x,y)+ r—(y —z,x—xp) > 0,Vy € C,
k

where {r;} C (0,00), {xx} C C, and f is a monotone bifunction. Note that the
existence of the solution of the problem (1.2) is guaranteed, see [7, 13]. However,
if f satisfies a weaker assumption as pseudomonotone, the proximal point method
cannot be applied in this situation. To overcome this drawback, the extragradient
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method was introduced for solving pseudomonotone equilibrium problems instead
of the proximal point method. The extragradient method was first introduced by
Korpelevich [28] for solving saddle point problems and it was extended by Noor [36]
to pseudomonotone variational inequality problems. Later, Tran et al. [42] pro-
posed the following extragradient method for solving the equilibrium problem when
the bifunction f is pseudomonotone and Lipschitz-type continuous with positive
constants L and Lo:

xg € C,
(1.3) yr = argmin{pf(zx, y) + 3llzx — yl|* 1 y € C},
T1 = argmin{pf(yx, y) + 5llzk — yl|> 1 y € C},

where 0 < p < min{i, ﬁ} They proved that the sequence {zj} generated by
(1.3) converges weakly to a solution of the equilibrium problem (1.1).

On the other hand, for a nonempty closed convex subset C of H, and a mapping
T :C — C, the fixed point problem is a problem of finding a point = € C such that
Tz = x. The set of fixed points of the mapping 7" will be denoted by Fix(T).

A famous iterative method for finding fixed points of a nonexpansive mapping T’
was proposed by Mann [29] as followed:

(1.4) {“Ea

Tht1 = (1 — Otk).%'k =+ OékTJJk,

where {ai} C (0,1). In [39], the author proved that if 7" has a fixed point and
Y pe o ak(l—ay) = oo, then the sequence {zj} generated by (1.4) converges weakly
to a fixed point of T'. Besides, Park and Jeong [37] presented that if 7" is a quasi-
nonexpansive mapping with I — T demiclosed at 0, then the sequence which is
generated by (1.4) also converges weakly to a fixed point of 7.

In order to obtain a strong convergence result for Mann iterative method (1.4),
Nakajo and Takahashi [35] proposed the following hybrid method for finding fixed
points of a nonexpansive mapping 71"

'1‘0 eC,

yr = apzy + (1 — o) Ty,

(15) Ch={z € C: llys — 2l < llzx — 2]},
Qr={x€C: (xg—xp,x—x) <0},

Th4+1 = PCkﬂQk (xo)a

where {a;} C [0,1] such that oy, < 1 — @, for some @ € (0,1], and Pr, g, is the
metric projection onto Cy N Q. They proved that the sequence {zj} generated by
(1.5) converges strongly to Ppjz(7)(0)-
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Furthermore, Ishikawa [25] proposed the following method for finding fixed points
of a Lipschitz pseudocontractive mapping 71"

xo € C,
(1.6) yr = (1 — ag)zp + Ty,
i1 = (1 = Br)xk + BTy,

where 0 < B, < ap < 1, limg00 a = 0, and Y7 aifBi = co. In [25], the author
proved that if C' is a convex compact subset of H, then the sequence {x} generated
by (1.6) converges strongly to fixed points of T'. It was noted that Mann iterative
method may not, in general, be applicable for finding fixed points of a Lipschitz
pseudocontractive mapping in a Hilbert space, for instance, see [12].

In recent years, many algorithms have been proposed for finding a point in the
intersection of the solution set of the equilibrium problems and the solution set of the
fixed point problems, for instance, see [1, 11, 18, 32] and the references therein. In
2016, by using the ideas of extragradient and hybrid methods together with Ishikawa
iterative method, Dinh and Kim [15] proposed the following algorithm for finding the
closest point to the intersection of the set of fixed points of a symmetric generalized
hybrid mapping 71" and the solution set of equilibrium problem, when a bifunction
f is pseudomonotone and Lipschitz-type continuous with positive constants Ly, Lo:

(950 e C,

yr = argmin{py f (zx,y) + llzx —yl* : y € C},
2 = argmin{px f(yk,y) + sllzr —yl? : y € C},
te = gz + (1 — ag) Ty,

ug = Bty + (1 — Br)T 2,

Cp={z € H: ||z —wl| <l[lz— =z},
Qr={z € H:(z — z, 70 — 1) < 0},

Tr41 = Po,nQune (o),

(1.7)

where {pr} C [p,p] with 0 < p < p < min{i,ﬁ}, {ar} C [0,1] such that
limg 00 = 1, and {Bx} C [0,1 — B], for some 3 € (0,1). They proved that the
sequence {xy} generated by (1.7) converges strongly to Pgp(f,c)nriz(T)(Z0)-

In 2016, Hieu et al. [20] considered the following problem:

(1.8) find a point * € C' such that Tjz* =z*,7=1,..., M,
' and fi(z*,y) >0,Vye C,i=1,...,N,

where C'is a nonempty closed convex subset of H, T; : C — C, j =1,..., M, are
mappings, and f; : C xC — R, i=1,..., N, are bifunctions satisfying f;(xz,z) =0,
for each x € C. By using the ideas of extragradient and hybrid methods together
with Mann iterative method and parallel splitting-up techniques, see [2, 3], Hieu
et al. [20] proposed the following algorithm for finding the closest point to the
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solution set of problem (1.8), when mappings are nonexpansive, and bifunctions are
pseudomonotone and Lipschitz-type continuous with positive constants L1 and Ls:

o € C,
v, = argmin{pfi(zr,y) + zllo —yll* :y € Ci=1,2,... N,
z = argmin{pf;(yi,y) + sz —y|? 1y € C}i=1,2,... N,

z = argmax{||z), — x| :i=1,2,...,N},
(1.9) wl = gy, + (1 — ap)TjZk,j = 1,2,..., M,
ay, = argmax{|ul — i) : 7 =1,2,..., M},

Cr={z € C:[lz =l < ||z — =},
Qr={x€C:(x— a0 — x) <0},

xk+1 - PCkﬂQk (xo)v

where 0 < p < min{ﬁ,i}, and {ax} C (0,1) such that limsup,_,. o < 1.
They proved that the sequence {z}} generated by (1.9) converges strongly to Ps(xg),
where § := (ﬂjj\ilex(T])) N (NY,EP(f;,C)) is the solution set of problem (1.8).
From now on, the algorithm (1.9) will be called PHMEM.

In this paper, we will still focus to the methods for finding the solutions of prob-
lem (1.8). That is, we will introduce some new iterative algorithms for finding
the closest point to the intersection of the solution set of pseudomonotone equilib-
rium problems and the set of fixed points of quasi-nonexpansive mappings. Some
numerical examples and comparison of the introduced methods with well-known
algorithms will be considered.

This paper is organized as follows: In Section 2, some necessary definitions and
properties will be reviewed. Section 3, two hybrid extragradient algorithms and
prove their convergence will be considered. Finally, in Section 4, we discuss the per-
formance of introduced algorithms and compare it with some appeared algorithms
via the numerical experiments.

2. PRELIMINARIES

This section will present the definitions and some important basic properties that
will be used in this work. Let H be a real Hilbert space with inner product (-,-),
and norm || - [|. The symbols — and — will be denoted for the strong convergence
and the weak convergence in H, respectively.

First, we will recall the concerned definitions of nonlinear mappings.

Definition 2.1 ([9, 41]). A mapping T': C' — C is said to be:
(i) pseudocontractive if
1Tz = Tyl* < |l —ylI* + |( = D)z — (I = T)yl*, Va,yeC,

where I denotes the identity operator on C.
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(ii) Lipschitzian if there exists L > 0 such that
[Tz —Ty|| < Lz — y||, Va,y€C.
In particular, if L = 1, then T is said to be nonexpansive.
(iii) quasi-nonexpansive if Fiz(T') is a nonempty set and
|72 = pll < o — pll, Va € C,p € Fia(T).
(iv) (a, B,7,0)-symmetric generalized hybrid if there exists «, 5,7,d € R such
that
af|Te = Tyl + B(lz — Tyll* + lly — Tz ]?) + ]z — y|?
(|l = Tz|* + |y — Ty|]*) <0, Yo,y € C.
Remark 2.2. A nonexpansive mapping with at least one fixed point is a quasi-
nonexpansive mapping, but the converse is not true in general, for instance, see [16].

Moreover, Fiz(T) is closed and convex when T is a quasi-nonexpansive mapping,
see [24].

Definition 2.3 (see [8]). Let C' be a nonempty closed convex subset of H. A
mapping T': C' — H is said to be demiclosed at y € H if for any sequence {xx} C C
with xp — 2% € C and Tx, — y imply Tz* = y.

Remark 2.4. It is well-known that if 7" is an (a, 3,7, d)-symmetric generalized

hybrid mapping satisfies (1) « +28+~v >0, (2) a+ > 0, and (3) § > 0, then T
is quasi-nonexpansive and I — T demiclosed at 0, see [21, 27].

Now, we will recall the facts that are related to the equilibrium problems.

Definition 2.5 ([7, 31, 34]). A bifunction f: C x C — R is said to be:
(i) monotone on C' if
fle,y) + fly, ) <0,Ve,y € C;
(ii) pseudomonotone on C' if
flz,y) 2 0= f(y,2) <0, Va,y € C;
(iii) Lipshitz-type continuous on C' with constants L; > 0 and Lo > 0 if
fl@,y) + fy,2) = f(z,2) — Lallz — y|* = Lally — 2], Va,y,2 € C.

Remark 2.6. From Definition 2.5, we note that a monotone bifunction is a pseu-
domonotone bifunction. However, the converses may not be true, for instance, see
[26].

Let C be a nonempty closed convex subset of H. The following assumptions on

the bifunction f : C' x C' — R will be considered in this paper:

(A1) f is weakly continuous on C' x C' in the sense that, if x € C, y € C,
and {x} C C, {yr} C C are two sequences converge weakly to x and y
respectively, then f(zy,yr) converges to f(x,y);

(A2) f(z,-) is convex and subdifferentiable on C for each fixed = € C;
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(A3) f is psuedomonotone on C and f(x,z) = 0 for each = € C;
(A4) f is Lipshitz-type continuous on C' with constants L; > 0 and Lo > 0.

Remark 2.7. It is well-known that the solution set EP(f,C) is closed and convex
when the bifunction f satisfies the assumptions (A1) — (A3), see [5, 38, 42] and the
references therein.

The following lemma will be useful in order to obtain the main results.

Lemma 2.8 ([1]). Let f : C x C — R be satisfied (A2) — (A4). Assume that
EP(f,C) is a nonempty set and 0 < pg < min{i, i} Let oy € C, and construct
Yo and zg by

yo = arg min{po f (xo, w) + %Hw —xol? :w e C},
20 = arg min{po f (yo, w) + %Hw —xo|?:w € C}.
Then,

(i) po [f(xo,w) — f(xo,y0)] = (Yo — 0, y0 — w), Yw € C;
(i) lzo — qll* < llwo — qlI*> = (1 = 2poL1)|lzo — yoll* — (1 — 2poL2)|lyo — 2ol|?,
Vg € EP(f,C).

We end this section by recalling some basic facts in the functional analysis which
are needed in this paper.

Let C be a nonempty closed convex subset of H. For each z € H, we denote the
metric projection of x onto C' by Px(x), that is

lz = Po(x)| < lly — [, vy € C.

Lemma 2.9 (see [10, 16]). Let C' be a nonempty closed convex subset of H. Then

(i) Po(x) is singleton and well-defined for each x € H;
(ii) z = Po(x) if and only if (x — z,y — z) <0, Vy € C.

Now, the weak limit set of the sequence {xx} will be denoted by w,,(xy), that is,
ww(zr) = {z € H : there is a subsequence {xy, } of {x} such that z;, — z}.

The following lemmas are very important in order to obtain the main results.

Lemma 2.10 ([43]). Let C' be a nonempty closed convex subset of H. Let {xy} be
a sequence of H and w € H. If ||z, — ul| < |lu — Po(u)||,Vk € N, and wy(xr) C C,
then x — Po(u).

For a function g : H — R, the subdifferential of g at z € H is defined by
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9g(z) ={w € H : g(y) — g(2) = (w,y — 2),Vy € H}.
The function g is said to be subdifferentiable at z if dg(z) # 0.

Theorem 2.11 (see [10]). For any z € H, the subdifferentiable dg(z) of a contin-
wous convex function g is a nonempty, weakly closed and bounded convex set.

3. MAIN RESULTS

In this section, we propose two hybrid extragradient algorithms for finding the
closest point to the solution set of problem (1.8), when each mapping 7} : C —

C,j=12,...,M, is quasi-nonexpansive with I — T demiclosed at 0, and each
bifunction f;, ¢ =1,2,..., N, satisfies the assumptions (A1) — (A4). We start with
some observations. If each bifunction f;, ¢ = 1,2,..., N, is Lipshitz-type continuous

on C with constants L > 0 and L} > 0, then
filz,y) + fily,2) = fiw,2) = Lillz — yl” = Lylly — =|?
> filw,2) = Liflz — y||* = Lally — 2|,

where L1 = max{L} :i =1,2,...,N}, and Ly = max{L} : i = 1,2,..., N}. This
means the bifunctions f;, i = 1,2,..., N, are Lipshitz-type continuous on C with
constants L; > 0 and Lo > 0.

From now on, for each N € N and k¥ € NU {0}, a modulo function at k& with
respect to N will be denoted by [k]y, that is,

[k]n = k(mod N) + 1.

Now, the cyclic method is presented as following:
Cyclic Hybrid Extragradient Method (CHEM)

Initialization. Choose parameters {py} with 0 < inf pp < sup pp < min{Til, ﬁ},
{ar} C [0, 1] such that limg oo oy = 1, and {SBx} C [0, 1) with 0 < inf B < sup Sk <
1. Pick z¢ € C.

Step 1. Solve the strongly convex program

. 1
yk = argmin{py i) (zx,y) + 5 lly — zel? 1y € C}.

Step 2. Solve the strongly convex program

2 = arg min{ pg fix)  (Yk, y) + %H?/ —zl]*:y € C}.
Step 3. Compute
te = agrg + (1 — ag)Tip),, Tk,
ug = Brtr + (1 — Br) Ty, 2k-
Step 4. Construct two closed convex subsets of C

Cr ={z € O |lz —ugl| < [l — wl]},
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Qr={r € C:{xyg— zp,x — 1) <0}
Step 5. The next approximation xj,; is defined as the projection of zy onto
Cr N Qg, i.e.,

Trt1 = Po,nq. (Zo)-
Step 6. Put k:= %k + 1 and go to Step 1.

Before going to prove the strong convergence of the CHEM Algorithm, we guar-
antee the well-definedness of the constructed sequence by the following lemma.

Lemma 3.1. Suppose that the solution set S is nonempty. Then, the sequence {z}
which is generated by CHEM Algorithm is well-defined.

Proof. To get the conclusion, it suffices to show that Cy N Qy is a nonempty closed
convex subset of H, for each k € NU {0}. First, we will assert the non-emptiness
by showing that S C Cj, N Qy, for each k € NU {0}.
Let k € NU{0} be fixed and let ¢ € S. Then, by Lemma 2.8 (ii), we have
lze — all* < [k — all® = (1 = 2pxLo) 2 — yll* — (1 = 2p1L2) |yx — 2|
This implies that
(3.1) Iz = qll < llzx — ql|-
Since for each j € {1,2,..., M}, we also have ¢ € Fiz(T}), it follows from the
quasi-nonexpansivity of each T} that
It —all < awller —qll + (1 — an) | Tigy,, 5 — 4l
< agller — gl + (1 — ap)llzr — 4

(3.2) = |lox —qll,
and
lur —all < Brlite — all + (1 = Bi) 1Tk 2 — all
< Belltk —all + (1 = Be)llze — qll-

Thus, in view of (3.1) and (3.2), we get

luk =gl < Brllzr = all + (1 = Be)llzx — gl

(3.3) ok — -

Using this relation, in view of the definition of Cj, we see that ¢ € C}. Since
k € NU {0} is arbitrary, we can conclude that S C Cy, for each k € NU {0}.

Next, we will show that S C Qy, for each k € NU {0}, by induction. Let g € S.
It is obvious S C g = C. Now, suppose that S C Q. Observe that, since
zpy1 = Poyno, (20), by Lemma 2.9 (ii), we have

(ro — Tpy1, @ — Tpy1) <0, Vo € Cp N Q.

It follows that
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(o — Tpy1,9 — 2p41) <0,V € S.

This implies that ¢ € Qg+1, and so S C Qg41. Thus, by induction, we conclude
that S C Qy, for each k € NU{0}. Then, since S is a nonempty set, it follows that
Cr N Qg is a nonempty closed convex subset, for each k¥ € NU {0}. Consequently,
we can guarantee that {zj} is well-defined. O

Now, we are ready to prove the strong convergence theorem of the sequence {xzy}
which is generated by the CHEM Algorithm.

Theorem 3.2. If the solution set S is nonempty, then the sequence {xy} which is
generated by CHEM Algorithm converges strongly to Ps(xo).

Proof. Let q € S be picked. By the definition of @ and Lemma 2.9 (ii), we observe
that x, = Pg, (z0), for each k € NU {0}. Thus, since S C Qj, we have

(3-4) [z = 2ol < llg = o,

for each k € NU {0}. This implies that the sequence {xj} is bounded. Thus, by

the relations (3.1), (3.2), and (3.3), we have {z}, {tx}, and {ux} are also bounded.
Next, consider,

ks = zell* = llepser — @ol® + llzo — 2xl® + 2(zk11 — 20,20 — 21)

= |lorsr —ol|* + [|lzo — zkl® + 2wppr — wp, 20 — @) — 2[|w0 — 2]

(3.5) = |lzgsr = 2ol® = llwo — wkll* + 2(zpr1 — 2k, 20 — 28),

for each k € NU {0}. Note that, since z, = Py, (v0) and zj41 € Qj, we have

(Tht1 — g, w0 — 1) <0,

for each k € NU{0}. Thus, from (3.5), we have

(3.6) 21 = zxl® < 2k — zol* — [lzo — 2%,

for each k € NU{0}. This implies that

[ — ol < [l — oll,

for each £k € NU {0}. This means that {||zx — o]/} is a nondecreasing sequence.
Consequently, by using this one together with the boundness property of {||zx—zo||},
we can conclude that {||zx — x|} is a convergent sequence. Thus, in view of (3.6),
we also have

(3.7) [zk+1 — zx] = 0.

lim
k—o0
By the definition of Cj, and xy11 € Cy, we see that
k41 — wll < lzrtr — 2l
for each k € NU {0}. It follows that
lue — 2zl < llue — Tl + [lzee1 — 2
< @k — @l + lzrr — o

= 2xppr — zill,
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for each k € NU{0}. Thus, by applying (3.7) to the above inequality, we get
(38) lim Huk — 5UkH =0.
k—o00

Next, for each j € {1,2,..., M}, by (3.2) and the quasi-nonexpansivity of T}, we
see that

181tk — a) + (1 = Be) (T, 26 — @)1
Bellte — all” + (1 = Be) [Ty 2 — all® = Br(L = Br) itk — Ty, 26l
< Belte — all* + (1 = Bl Tk, 2k — all®,
< Bellzr —all® + (1= Be)ll2r — all?,
for each k € NU{0}. So, by applying Lemma 2.8 (ii) to the vector z, we have
lug —al* < Brllax —all® + (1= Be)llex — all* — (1 = 2pkLa) zx — vl
—(1 = 2pL2)llyk — 2]
< g =gl = (1= Be)[(1 = 2prL1) |z, — il
(3.9) +(1 = 2pp L) lyk — 2117,
for each k € NU {0}. This means
(1= Bu)[(1 = 2 L) |z, — wsll® + (1 = 205 L2)llys — 2l?) < g — wgl|([|2 — g
+luk —qll),

for each k € NU {0}. Then, by (3.8) and the properties of the control sequences
{Br}, {pr}, we obtain

k. — al®

(3.10) lim |z — yxl| =0,
k—o0

and

(3.11) lim ||yx — 2| = 0.
k—o0

These imply that

(3.12) lim ||z — zx|| = 0.
k—o0

Using this one together with (3.7), we have

(3.13) |zk+1 — 2| = 0.

lim
k—o0
Now, for each fixed j € {1,2,..., M}, we consider
12645 = 2kl < Nzkts = 2t -0l + |2kt G-1) = 264 G2 | + - -+ 2041 — 28],
for each k € NU{0}. Thus, by using (3.13), we have

(3.14) Hm 2 — 2] =0,

for each fixed j € {1,2,..., M}.
From the definition of uy, we see that

(1= BTk 26 — 2kl = luk — 2 — Btk — 21)||
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[k — 2]l + Bellte — 2
lue — 2kl + Billte — zxll + (1 + Be)llzx — 2]l
|ur — 2|l + Brllarzr + (1 — ag) T, ok — 2|
+(1 4 Br)llzw — 2l
= lue =il + Be(X — o)k — Tiy e

+(1 4 Bi)llzw — 2l
for each k € NU {0}. Then, by using the assumption on {ay} together with (3.8),
and (3.12), we get

(3.15)

ININ

kli)ﬂ;o ||T[k]MZk — Zk” = 0.

Next, since {x} is a bounded sequence, we can find a subsequence {xy, } of {zy}
and p € H such that z;,, — p, as m — co. We now show that p € S.

First, we show that p € ﬂjj\ilex(T]) We know that, by using (3.12), the sub-
sequence {z,, } of {z;} also weakly converges to p. This together with (3.14), for
each j € {1,2,..., M}, we have z;,,4; — p, as m — oo.

Now, let j € {1,2,...,M} be fixed. For m = 0, we see that there is A%E
{1,2,..., M} such that [ko+ Ag]M = j. Put rg = ko+ A%. Again, for m > 1,
there is Al € {1,2,..., M} such that [k, + A%]M =j. Put rl, = minAZn_l, where
Afnfl = {k;+ Ag: ki+ A{> rfnfl'and I>m— 1}. Then, for each j € {1,2,..., M},
we can choose a subsequence {r7,} such that [r},]a; = j, and Z,4 — D, as m — 0.
This together with (3.15) implies that

(316) 0= 77’}1_{1100 ||T[T%L]MZT¥” - ZTZnH = n’}gnoo HT']ZTZVL — ZTZVLH,

for each j € {1,2,...,M}. Combining with 2z, — p, as m — oo, by the demi-
closedness at 0 of I — Tj, implies that

Tjp = p,
foreach j=1,2,..., M.

Next, we show that p € N, EP(f;,C). Similarly, by using (3.7), for each fixed
ie€{l,2,...,N}, we get that limy_,oo || Zk+i — zx]| = 0. It follows from zj,, — p,
as m — oo, that for each i € {1,2,..., N}, we have zx,; — p, as m — oc.
Then, for each i € {1,2,..., N}, we can choose a subsequence {r!} such that
[riln = i, and z,; — p, as n — oo. This together with (3.10) implies that for

each i € {1,2,..., N}, we obtain y,; — p, as n — oo. By Lemma 2.8 (i), for each
i€ {1,2,...,N}, we have

Pri [f1ri 1 (@i s ) = Firi gy (s s Yps )] = (Yps — 201, Yps — ), Vy € C.
This implies that, for each i € {1,2,..., N}, we have
1
Sy (@i s y) = frei gy (T ypi ) > - yri, — i [lyrs — yll, Yy € C.

i
Tn
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By using (3.10) and the weak continuity of each f; (i € {1,2,...,N}), we obtain
that

filp,y) > 0,¥y € C,
for each i = 1,2,..., N. Then, we had shown that p € S, and so wy(zx) C S.

Finally, we show that the sequence {z}} converges strongly to Pg(zo).
In fact, since z, = Py, (o), it follows from Pg(zg) € S C Q) that

[z — oll < [|Ps(20) — @oll;

for each k& € NU {0}. Then, by Lemma 2.10, we can conclude that the sequence
{1} converges strongly to Pg(xg). This completes the proof. O

Next, we consider the parallel type method as following:

Parallel Hybrid Extragradient Method (PHEM)

Initialization. Choose parameters {p}} with 0 < inf p} < sup p}, < min{ﬁ, 2%2},
i=12,....,N, {ag} C [0,1] such that limy_,,c ax = 1, and {Bx} C [0,1) with
0 <inf B < sup B, < 1. Pick g € C.

Step 1. Solve N strongly convex programs

, o 1 .
yllc = argmln{pafi('%k‘vy) + 5”1/ - ka2 VRS C}vl =12,...,N
Step 2. Solve N strongly convex programs
. o 1 .
2z, = argmin{p;. fi(y},v) + §Hy —a|?:yeC}i=1,2,...,N.
Step 3. Find the farthest element from x; among z,i, 1=1,2,...,N, ie.,
Zp = argmax{|zf — x| :i=1,2,...,N}.
Step 4. Compute
ti = QLTE + (1 —Ozk)zjk,j =12,...,M,
ui = Bkti + (1 —ﬁk)Tjgk,j =1,2,...,M.
Step 5. Find the farthest element from x; among ui, i=12,...,M,ie.,
Uy = argmax{Hui —xll:j=1,2,...,M}.
Step 6. Construct two closed convex subsets of C

Cr ={z € C:[lo —w|| < [l — 2},
Qr={zx€C: {(xo—zp,xz—x) <0}
Step 7. The next approximation xpy; is defined as the projection of zy onto
Cr N Qg, i.e.,
Trt1 = Po,nq. (Zo)-
Step 8. Put k£ : =k + 1 and go to Step 1.
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Theorem 3.3. Suppose that the solution set S is nonempty. Then, the sequence
{z} which is generated by PHEM Algorithm converges strongly to Ps(xg).

Proof. Let ¢ € S. By the definition of Z;, we suppose that i, € {1,2,..., N} such
that 2" =z = argmax{||2, — k|| : : = 1,2,..., N}. Then, by Lemma 2.8 (ii), we
have
12— gll* < llox — gl* = (1 = 20 L)l — g3 1* = (1 = 29} Lo) |y — 2%,
for each k € NU {0}. This implies that
(3.17) 1Zk = all < [lzk — 4,
for each k € NU {0}. Since for each j € {1,2,..., M}, we also have ¢ € Fiz(T}), it
follows from the quasi-nonexpansivity of each T} that
I~ al < oullas— gl + (1~ 0w Ty — gl
< agller — gl + (1 — o) llzk — 4l
(3.18) 2y — qll,
for each & € NU {0}. Besides, by the definition of wuy, we suppose that ji. €
{1,2,..., M} such that u)" = uy, = argmax{|juj, —zxl| : j =1,2,..., M}. It follows
from the quasi-nonexpansivity of each T3, j € {1,2,..., M}, that
[m—all < Bl = all+ (1 - BOIT; 2 —al
< Bl —all+ (1= Bz~ all
for each k € NU{0}. Thus, in view of (3.17), and (3.18), we get
i —all < Bellaw —all + (1 Bl —al
(3.19) = |lzx — 4|,

for each k € NU {0}. Following the proof of Lemma 3.1 and Theorem 3.2, we can
show that S C Cp N Qy, for each k € NU {0}. Moreover, we can check that the
sequence {xy} is bounded, and

(3.20) lim ||z — x| = 0.
k—o0

By the definition of Cj, and xy11 € C, we see that
[rr1 = ll < flzrer — 2l
for each k € NU {0}. It follows that
e —zell < [ — zpga || + lzrs — z]
< ek — ol + lze41 — 2l

2”1.k+1 - l’k”,

(3.21)
for each k € NU {0}. Thus, applying (3.20) to the above inequality, we get

lim Hﬁk — :BkH = 0.
k—o0
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From the definition of @, we have

(3.22) lim [ju], — x| = 0,
k—o00

foreach j=1,2,..., M.

Next, for each j =1,2,..., M, by (3.18) and the quasi-nonexpansivity of T}, we
see that

18k (t], — q) + (1 = Be)(Tjzr — )|
Billt] — all* + (1 = BTz, — all* — Br(1 — Bi)|1t], — Tzl
< Bilith —al® + (1 = BTz — gl
< Buller — all* + (1= Bo)lIZx — all?,
for each k € NU{0}. So, by applying Lemma 2.8 (ii) to the vector Zx, we have
luf, —al® < Billzk — all> + (1= Br)lllzx — all* = (1= 20 Lo) [l — 1
—(1 = 208 Lo) ly — )
2 — qll> = (1= BR)[(1 = 29} L) |z — g ||
+(1 =20 Lo) Iy — Zll?),
for each k € NU{0}. This means
(1= B[ =20 Lo)l|zr =yt 1P + (1= 200" L)l — Zkl®] < ok — wpl|(flex —
[t — all)

for each k € NU {0}. Then, by (3.22) and the properties of the control sequences
{Br}, {p.}, we obtain

e, — all®

N

(3.23) lim |z -y =0,
k—o0

and

(3.24) lim |jy}* — %] = 0.
k—o0

These imply that

(3.25) lim ”LL’k — Ek” = 0.
k—o0

Then, by the definition of Zi, we have

(3.26) lim ||z — 2L|| = 0,
k—o00

for each i = 1,2,..., N. Moreover, by Lemma 2.8 (ii), for each i = 1,2,..., N, we
get that

Iz = gl <z — all* = (1= 20 L) e — will® = (1 = 204 L2) lwi, — 2117,
for each k € NU {0}. It follows that, for each i = 1,2,..., N, we have
(1 = 2p3L)[lzx — will® + (1 = 203 Lo)llyi — 201> < llew — all® = 125 — alf?
= |lzg — 2 |||z — all + |21, — al)
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for each k € NU {0}. This together with (3.26) implies that

(3.27) lim ||z — yL|| = 0,
k—o0
and
(3.28) lim |yt — 24| = 0,
—00

for each i = 1,2,..., N. From the definition of ui, for each j =1,2,..., M, we see
that

(1 = Bi)ITyzx — Zk||

[uf, — 2 — Bi(t], — Z1) |

[, — Zell + Bellt], — Zkl

g, — @ll + Brllt], — zall + (1 + Br)llzw — Zx|

g, — @]l + Brllowar + (1 — ag)Tjzy, — 2|

+(1+ B lzk — Z ||

= |luf, — ]l + Be(1 — )|z — Thael + (1 + Bi)llzw — 2k,

for each kK € NU {0}. Then, by using the assumption on {ay} together with (3.22)
and (3.25), we get

(3.29) lim HT]§]C - ?kH =0,
k—o0

VARV

foreach j =1,2,..., M.

Next, since {x}} is a bounded sequence, we can find a subsequence {xy, } of {zy}
and p € H such that x, — p, as m — oco. We now show that p € S.

We know that, by using (3.25), the subsequence {Zj, } of {Zi} also weakly con-
verges to p. This together with (3.29), by the demiclosedness at 0 of I — T}, implies
that

Tjp = p,
for each j =1,2,..., M.
On the other hand, by using (3.27), for each i € {1,2,...,N}, we get that

)

Y — p, as m — oo. Thus, by Lemma 2.8 (i), for each i € {1,2,..., N}, we have

Pl i@y ¥) = Fi@hns Ui, )] 2 Yk = Tl Ui — )5y € C.
This implies that, for each i =1,2,..., N, we get

4 1 . .
km

It follows from (3.27) and the weak continuity of each f; (i € {1,2,..., N}) that

fz(p7y) > O,Vy € Cv

for each i =1,2,..., N. Then, we had shown that p € S, and so wy(z;) C S.
The rest of the proof is similar to the arguments in the proof of Theorem 3.2, and
it leads to the conclusion that the sequence {zy} converges strongly to Pg(zp). O
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Remark 3.4. We observe that if ap = 1, for each k¥ € NU {0}, then the PHEM
Algorithm reduces to the PHMEM Algorithm, which was presented in [20]. We
point out that, by Remark 2.2, we know that the class of quasi-nonexpansive map-
ping is larger than the class of nonexpansive mapping. The PHEM Algorithm can
solve quasi-nonexpansive mappings meanwhile the PHMEM Algorithm may not be
applied in this situation.

The next result is an improvement version of Algorithm (1.7) in the reference
[15]. Notice that, in this paper, we consider the class of quasi-nonexpansive map-
ping while in [15] the authors considerd the class of symmetric generalized hybrid

mapping.

Corollary 3.5. Let T be a quasi-nonexpansive self-mapping on C with I —T demi-
closed at 0 and let f be a bifunction satisfies the assumptions (A1) — (A4). Suppose
that the solution set S = EP(f,C) N Fix(T) is nonempty. Pick xo € C, choose
parameters {px} with 0 < inf p;, < sup pp < min{i, ﬁ}, {ar} C [0,1] such that
limg ooy = 1, {8k} C [0,1) with 0 < inf By < sup B < 1, and the sequences {xy},
{yr}, {zr}, {tx}, {ur} are defined by

yr = argmin{py f (z1,y) + 3lly — zxl® 1y € C},

2 = argmin{py.f (yr,y) + 3lly — zx|* 1 y € C},

tr = agzr + (1 — ag)Txy,

(3.30) u, = Brtr + (1 — Br) T2,

Cr={z € C: |lz —up|| < ||z — zp[},
Qr={x€C:(xvg—xp,x—x) <0},

zr41 = Poyng, (o).

Then, the sequence {xy} converges strongly to Ps(xq).

From now on, the algorithm (3.30) will be called Hybrid Extragradient Method
(HEM).

4. NUMERICAL EXPERIMENTS

In this section, we consider some examples and numerical results to support
the main theorems. Additionally, we will compare the two introduced algorithms,
CHEM and PHEM, with the PHMEM Algorithm, which was presented in [20].
In the case M = N = 1, we will compare the HEM Algorithm (3.30) with the
algorithm that was presented in [19]. The numerical experiments are written in
Matlab R2015b and performed on a Desktop with AMD Dual Core R3-2200U CPU
@ 2.50GHz and RAM 4.00 GB.

Example 4.1. Consider a real Hilbert space H = R"™, and C' = H. The bifunctions
fi,t=1,2,..., N, which are given by the form of Nash-Cournot equilibrium model



SOME ALGORITHMS FOR THE CLOSEST POINT TO THE COMMON SOLUTION SET 471

[42], are defined by
fl(xvy) = <B3«"+sz,y—x>; V%Z/ € Rn? i = 1727"'7N7

where P; € R™*™ and Q; € R™*™ are symmetric positive semidefinite matrices such
that P;—@); are also positive semidefinite matrices. We know that the bifunctions f;,
i=1,2,..., N, satisfy conditions (A1) — (A4), see [42]. Notice that the bifunctions
fi,i=1,2,..., N, are Lipshitz-type continuous with constants L} = L} = %HPZ -
Qi]- Choose L1 = Ly = max{L}{ : i = 1,2,...,N}. Then, the bifunctions f;,
i =1,2,..., N, are Lipshitz-type continuous with constants L; and Ls. On the
other hand, for the boxes D;, j = 1,2,..., M, which are given by

Dj:{xeRn:—djSI’[de,VlZl,Q,...,n}, 7=12..., M,

where d; are the positive real numbers, we will consider the nonexpansive mappings
T;, j=1,2,..., M, which are defined by

Tj=Pp,, j=1,2,...,M.

The numerical experiment is considered under the following setting: for each
i = 1,2,..., N, the matrices F;, and @Q; are randomly chosen from the interval
[—5, ] such that they satisfy the above required properties. Besides, for each j =
1,2,..., M, the real numbers d; are randomly chosen from the interval (0,3). We
will concern with these parameters: pp = %, for the CHEM Algorithm, and
ph = %, i =1,2,...,N, for the PHEM Algorithm, when n = 10, N = 10, and
M = 20. The following five cases of the parameters oy, and fj are considered:

1 1
1. =1- = .
Case 1. mkt3) T Ere
1 1
C 2. = 0.5+ —
ase 2. ap = 1=y gy =05+
Case 3. =1, 06k = PEE 1
Case 4. ak:L 5k 05+k73

Case 5. ap =1, B =0.

The function quadprog in Matlab Optimization Toolbox was used to solve vectors
Yk, 2k, for the CHEM Algorithm; y,’;, z,i, 1=1,2,...,N, for the PHEM Algorithm.
Note that the solution set S is nonempty because of 0 € S. The PHMEM Algorithm
was tested by using the starting point zg as (1,1,...,1)7 € R”, and the stopping
criteria ||z;y1 — | < 107* for approximating solution x* € S. After that, the
CHEM and PHEM algorithms were tested along with the PHMEM Algorithm by
using the starting point zg as (1,1,...,1)7 € R”, and the stopping criteria ||z —
x*|| < 107*. Notice that the metric projection of a point ¢ onto the set Cy N Qy
was computed by using the explicit formula as in [17].

Table 1 shows that the number of iterations of the PHEM Algorithm in case 1
is better than other all considered cases. Meanwhile, the CPU times of the CHEM
Algorithm in case 3 is better than other all considered cases. We would like to
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CPU times (sec) Number of iterations
Cases CHEM PHEM PHMEM CHEM PHEM PHMEM
1 147.8594 218.0156 216.6094 13255 5824 6154
2 471.0000 777.5313 818.4531 43265 21811 21577
3 108.0156 216.6094 216.6094 13631 6154 6154
4 343.0000 818.4531 818.4531 42921 21577 21577
5 108.7500 217.9375 - 13481 5925 -
TABLE 1. The numerical results for five different cases parameters
oy and S
remind that we solve y,i, z,i, i=1,2,...,N, by using N bifunctions and compute

ti, ui, j=1,2,..., M, by using M mappings for the PHEM Algorithm. On the
other hand, we solve only yi, 2z, by using a bifunction and compute only g, ug, by
using a mapping for the CHEM Algorithm. This should be a reason for the results
that the number of iterations of the PHEM Algorithm is better than the CHEM
Algorithm, while the CPU times of the CHEM Algorithm is better than the PHEM
Algorithm in all considered cases.

Example 4.2. In the case M = N = 1, we will compare the HEM Algorithm
(3.30) with the following algorithm (4.1), which was presented by Hieu [19], when
T is a quasi-nonexpansive mapping and f is a pseudomonotone and Lipschitz-type
continuous bifunction with positive constants L1, Lo:

X € H,

yr = argmin{py. f (zx,y) + 3llox —y[* : y € C},

2, = argmin{py.f (yr, y) + sllex — yl* 1y € C},

Tep1 = (1 — o — Br)zk + BTz,

where {py} C [p,p] with 0 < p < p < min{i,i}, {ar} C [0,1] such that
limp o0 ag = 0, Y gy o = +00, and {8} C [B,B] C (0,1), for some 8 > 3 > 0.
Hieu [19] proved that the sequence {zj} generated by (4.1) converges strongly to
an element in the solution set S = EP(f,C)N Fiz(T). In this paper, the algorithm
(4.1) will be called NH Algorithm.

Consider a real Hilbert space H = R™, and C' = H. Recall that the quadratic
function h : R® — R is defined by

(4.1)

1
h(z) = iarTQ:c + bz,

where b € R"”, Q € R™™™ is a symmetric positive semidefinite matrix. Here, we will

focus on the case (I,, — QQT)b = 0, when I,, is the identity matrix, and Q* € R"*"

is a pseudoinverse matrix of Q. We consider the bifunction f, which is defined by
fla,y) = h(y) = h(z), Yo,y e R".

It is clear that
flz,y) + f(y,x) =0, Va,y € R".
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Thus, the bifunction f is monotone, and so is pseudomonotone. Moreover, it is easy
to see that

fla,y) + £y, 2) = fl2,2) > —llz = yl® = [ly = 2II>, Va,y,z € R

Then, the bifunction f is Lipschitz-type continuous with constants Ly = Lo = 1.
On the other hand, for a convex function g : R®™ — R such that there is z € R™
satisfied g(x) < 0, we consider a mapping 7 : R™ — R", which is defined by

T — T — %zx, if g(x) >0,
T, otherwise,

where z, € Jg(x). Then we know that T is a quasi-nonexpansive mapping with
I — T demiclosed at 0, and Fiz(T) = {x € R" : g(z) < 0}, see [4, 22].

The numerical experiment is considered under the following setting: @1 € R™*"
is an orthogonal matrix and its entries are randomly chosen from the interval (0, 5).
The matrix Q2 = (¢;;) € R™" is defined by ¢;; = a, if ¢ = j = 1; ¢ = 0,
otherwise, where the real number a is randomly chosen from the interval (4,5).
The positive semidefinite matrix @ is constructed by Q = Q1Q2QT. Besides, we
consider g(z) = max{0, (c,z) + d}, where the real number d is randomly chosen
from the interval (—2,—3), and the vector ¢ € R" is randomly chosen from the
interval (0,2). Note that the solution set S is nonempty because of —Q7b € S. We
will concern with these parameters: pr = %, ap =1-— k%ﬂ, and G = 0.5+ ,%H,),
when n = 10. The function quadprog in Matlab Optimization Toolbox was used
to solve vectors yg, and zg. Again, the metric projection of a point xg onto the
set Cx N Qr was computed by using the explicit formula as in [17]. The HEM
Algorithm is compared with the NH Algorithm by using the starting point zg as
(0,0,...,0)7 € R", and the stopping criteria ||zz41 — 2| < 1076, The following
results were presented as averages calculated from 10 tested problems.

Average CPU Times (sec)  Average Iterations
HEM NH HEM NH
0.2953 2.1360 91.8 805.3

TABLE 2. The numerical results for N =1and M =1

Table 2 shows that the HEM Algorithm yields better both the CPU times and the
number of iterations than the NH Algorithm. We notice that, in this experiment,
the starting point o := 0 € R™ means that the solution Ps(0) has the minimum
norm over the set S. Furthermore, we observe that, if the starting point zg € S,
the HEM Algorithm will be stopped at the iteration z1, but the NH Algorithm may
not.

5. CONCLUSION

We present two algorithms for finding the closest point to the intersection of
the set of fixed points of a finite family for quasi-nonexpansive mappings and the
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solution set of equilibrium problems of a finite family for pseudomonotone bifunc-
tions in a real Hilbert space. We consider both extragradient and hybrid methods
together with Ishikawa iterative method for introducing sequence which is strongly
convergent to a solution of the considered problems. Some numerical experiments
are performed to illustrate the convergence of introduced algorithms and compare
them with some appeared algorithms.
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