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(a) The points x, y, z ∈ X are said to be 2-collinear if there exists t ∈ R such
that z − x = t(y − x).

(b) The points x0, x1, . . . , xn are said to be n-collinear if for every 0 ≤ i ≤ n,
the elements {xj − xi : 0 ≤ j ̸= i ≤ n} are linearly dependent.

Remark 1.3. If the points x0, x1, ..., xn in X are n-collinear, then there are n scalars
λ0, λ1, ..., λn, where not all λi are equal to zero, such that

x0 =

∑n
i=1 λixi∑n
i=1 λi

.

2. Main results

Wasfi Shatanawi and M. Postolache [13] gave the following representation for
n-collinear maps.

Theorem 2.1 (see [13, Proposition 3.1]). Let X be a real n-normed spaces and
x1, x2, . . . , xn ∈ X, then u = t1x1+t2x2+...+tnxn

t1+t2+...+tn
for some scalars t1, t2, ..., tn, which

are not all equal to 0, satisfies the property: for all j ∈ {2, 3, ..., n − 1} and some
c ∈ X with ||x1 − c, x2 − c, ..., xn − c|| ̸= 0, we have that

||x1 − c, x2 − c, . . . , xj−1 − c, xj − u, xj+1 − c, . . . , xn − c||

=
|
∑n

i=1,i ̸=j ti|
|
∑n

i=1 ti|
||x1 − c, x2 − c, . . . , xn − c||,(2.1)

||x1 − u, x2 − c, . . . , xj−1 − c, xj − c, xj+1 − c, . . . , xn − c||

=
|
∑n

i=2 tj |
|
∑n

i=1 ti|
||x1 − c, x2 − c, . . . , xn − c||,(2.2)

and

||x1 − c, x2 − c, . . . , xn−1 − c, xn − u||

=
|
∑n−1

i=1 tj |
|
∑n

i=1 ti|
||x1 − c, x2 − c, . . . , xn − c||,(2.3)

Open Problems: Whether u is the unique element satisfying the above relations
(2.1)-(2.3)?

In the following, we show the answers are positive.

Lemma 2.2. Let λ1, λ2 and t1, t2 are real numbers with

|λi|
|λ1 + λ2|

=
|ti|

|t1 + t2|
, ∀ i = 1, 2.

Then there exists a positive number κ > 0 such that either

(i) λi = κti for all i = 1, 2
or

(ii) λi = −κti for i = 1, 2.
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Proof. For some i = 1, 2, it is obviously that λi = 0 if and only if ti = 0. So the
result is true when some λi = 0. We next assume that λi, ti ̸= 0 for all i = 1, 2.

Let κ = |λ1+λ2|
|t1+t2| , then κ|t1+ t2| = |λ1+λ2| and |λi| = κ|ti|, λi = κξiti for i = 1, 2,

where ξi = 1 or −1. So we have that

|t1 + t2| = |t1 + ξ1ξ2t2|.

If ξ1ξ2 = −1, we have that t2 = 0, which is impossible. This shows that ξ1ξ2 = 1.
This implies that λi = κti for all i = 1, 2 or λi = −κti for i = 1, 2.

□

Remark 2.3. The above Lemma is not true for n ≥ 3.

Example 2.4. Let t1, t2, . . . , tn and λ1, λ2, . . . , λn are real numbers with t2 =
−t1, λ1 = −t1, λ2 = t1, λi = ti for each i = 3, 4, . . . , n. It is obviously

|λj |
|λ1 + λ2 + . . .+ λn|

=
|tj |

|t1 + t2 + . . .+ tn|
for any j = 1, 2, . . . , n.

Theorem 2.5. Let X and Y be two real n-normed spaces and x, y ∈ X with x ̸= y,
then u = λ1x+λ2y

λ1+λ2
is unique element such that u, x, y are 2-collinear and it satisfies

the following relations:

(2.4) |x− c, y − u, x3 − c, . . . , xn − c|| = |λ1|
|λ1 + λ2|

||x− c, y − c, x3 − c, . . . , xn − c||

and

(2.5) ||x− u, y− c, x3 − c, . . . , xn − c|| = |λ2|
|λ1 + λ2|

||x− c, y− c, x3 − c, . . . , xn − c||

for some c, x3, . . . , xn ∈ X with ||x− c, y − c, x3 − c, ..., xn − c|| ̸= 0.

Proof. Choose c, x3, . . . , xn ∈ X with ||x− c, y− c, x3− c, . . . , xn− c|| ̸= 0, it follows

from Theorem 2.1 that u = λ1x+λ2y
λ1+λ2

satisfies equations (2.4) and (2.5). So it suffices
to show the uniqueness.

Assume that v is an element in X with v, x, y are 2-collinear with

||x− c, y − v, x3 − c, . . . , xn − c|| = |λ1|
|λ1 + λ2|

||x− c, y − c, x3 − c, . . . , xn − c||.

When write v = t1x+t2y
t1+t2

, we can have that

||x− c, y − v, x3 − c, . . . , xn − c|| = |t1|
|t1 + t2|

||x− c, x2 − c, x3 − c, ..., xn − c||,

and hence |λ1|
|λ1+λ2| =

|t1|
|t1+t2| . Similarly, we can derive that |λ2|

|λ1+λ2| =
|t2|

|t1+t2| . Therefore,

by Lemma 2.2, there exists κ > 0 such that λi = κti (for each i = 1, 2) or all
λi = −κti (for each i = 1, 2). This implies that v = u. □
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Theorem 2.6. Let X be a real n-normed spaces, if u, x1, x2, . . . , xn are n-collinear
elements, then u = x1+x2+...+xn

n is the unique element satisfying the following rela-
tions:

||x1−c, x2−c, . . . , xj−1−c, xj−u, xj+1−c, xn−c|| = n− 1

n
||x1−c, x2−c, . . . , xn−c||

for all j = 2, 3, . . . , n− 1,

||x1 − u, x2 − c, . . . , xj−1 − c, xj − c, xj+1 − c, . . . , xn − c||

=
n− 1

n
||x1 − c, x2 − c, x3 − c, . . . , xn − c||,

and

||x1 − c, x2 − c, . . . , xn−1 − c, xn − u|| = n− 1

n
||x1 − c, x2 − c, x3 − c, . . . , xn − c||

for some c ∈ X with ||x1 − c, x2 − c, x3 − c, . . . , xn − c|| ̸= 0.

Proof. Suppose that ||x− c, x2− c, x3− c, . . . , xn− c|| ̸= 0. To prove the uniqueness,
assume that v, x1, x2, . . . , xn are n-collinear satisfying the equations in the theo-
rem. Since x1 − v, x2 − v, . . . , xn − v are linearly dependent, there are n scalars
λ1, λ2, . . . , λn such that

v =
λ1x1 + λ2x2 + ...+ λnxn

λ1 + λ2 + ...λn
.

It follows from the equations (2.1)-(2.3) that

||x1 − c, x2 − c, . . . , xj−1 − c, xj − v, xj+1 − c, xn − c||

=
|
∑n

i=1,i ̸=j λi|
|
∑n

i=1 λi|
||x1 − c, x2 − c, . . . , xn − c||(2.6)

for all j = 2, 3, . . . , n− 1,

||x1 − v, x2 − c, . . . , xj−1 − c, xj − c, xj+1 − c, . . . , xn − c||

=
|
∑n

i=2 λj |
|
∑n

i=1 λi|
||x1 − c, x2 − c, x3 − c, . . . , xn − c||,(2.7)

and

||x1 − c, x2 − c, . . . , xn−1 − c, xn − v||

=
|
∑n−1

i=1 λj |
|
∑n

i=1 λi|
||x1 − c, x2 − c, x3 − c, . . . , xn − c||.(2.8)

Therefore, for any j = 1, 2, . . . , n, we have that

n|
n∑

i=1,i ̸=j

λi| = (n− 1)|
n∑

i=1

λi| = |(n− 1)λ1 + (n− 1)λ2 + ...+ (n− 1)λn|

= |
n∑

j=1

n∑
i=1,i ̸=j

λi|.
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This implies that |
∑n

i=1,i ̸=j λi| = |
∑n

i=1,i ̸=k λi| for any k, j = 1, 2, . . . , n and

n|
n∑

i=1,i ̸=j

λi| ≤
n∑

j=1

|
n∑

i=1,i ̸=j

λi| = n|
n∑

i=1,i ̸=j

, λi|.

This implies that

|
n∑

j=1

n∑
i=1,i ̸=j

λi| =
n∑

j=1

|
n∑

i=1,i ̸=j

λi|.

So we get that
∑n

i=1,i ̸=j λi, j = 1, 2, . . . , n are all positive or all negative, which

together with |
∑n

i=1,i ̸=j λi| = |
∑n

i=1,i ̸=k λi| for all j, k = 1, 2, . . . , n, implies that

n∑
i=1,i ̸=j

λi =
n∑

i=1,i ̸=k

λi ∀ k, j = 1, 2, . . . , n.

Therefore, for any j = 1, 2, . . . , n, it follows from (n− 1)
∑n

i=1 λi = n
∑n

i=1,i ̸=j λi

and (n− 1)λj =
∑n

i=1,i ̸=j λi that

λ1 = λ2 = . . . = λn.

This shows that v = x1+x2+...+xn
n . □

Theorem 2.7. Let X be a real n-normed spaces, if u, x1, x2, . . . , xn are n-collinear
elements, then u = x1+x2+...+xn

n is the unique element satisfying the following rela-
tions:

(1). ||x1 − c, x2 − c, . . . , xj−1 − c, xj − u, xj+1 − c, . . . , xn − c|| = (n − 1)||x1 −
c, x3 − c, . . . , xj−1 − c, x1 − u, xj+1 − c, . . . , xn − c|| for all j = 2, 3, . . . , n;

(2). ∥x2 − u, x2 − c, . . . , xn − c∥ = (n− 1)∥x1 − u, x2 − c, . . . , xn − c∥;
(3). ∥x1−c, x2−c, · · · , xn−1−c, xn−u∥ = (n−1)∥x1−u, x1−c, x2−c, . . . , xn−1−c∥

for some c ∈ X with ||x1 − c, x2 − c, x3 − c, . . . , xn − c|| ̸= 0.

Proof. Suppose that ||x1−c, x2−c, x3−c, . . . , xn−c|| ̸= 0. To prove the uniqueness,
assume that v, x1, x2, . . . , xn are n-collinear. Since x1 − v, x2 − v, . . . , xn − v are
linearly dependent, there are n scalars λ1, λ2, ..., λn such that

v =
λ1x1 + λ2x2 + . . .+ λnxn

λ1 + λ2 + . . .+ λn
.

It follows from [13, Corollary 3.5] that the elements v, x1, x2, . . . , xn satisfy the
following

(i) |λj | · ||x1 − c, x2 − c, . . . , xj−1 − c, xj − v, xj+1 − c, xn − c|| = |
∑n

i=1,i ̸=j λi| ·
||x1 − v, x2 − c, . . . , xn − c|| for all j = 2, 3, ..., n− 1;

(ii) |λ1|∥x2 − v, x2 − c, . . . , xn − c∥ = |
∑n

i=2 λi|∥x1 − v, x2 − c, . . . , xn − c∥;
(iii) |λn|∥x1−c, x2−c, . . . , xn−1−c, xn−v∥ = |

∑n−1
i=1 λi|∥x1−v, x1−c, . . . , xn−1−

c∥.
Then we can derive that

|λj |(n− 1) = |
n∑

i=1,i ̸=j

λi|
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for all j = 1, 2, 3, . . . , n. Thus we have that

(n− 1)
n∑

j=1

|λj | =
n∑

j=1

|
n∑

i=1,i ̸=j

λi| ≤
n∑

j=1

n∑
i=1,i ̸=j

|λi|

=

n∑
i=2

|λi|+
n∑

i=1,i ̸=2

|λi|+ . . .+

n∑
i=1,i ̸=j

|λi|+ . . .+

n−1∑
i=1

|λi|

= (n− 1)(|λ1|+ |λ2|+ . . .+ |λn|

= (n− 1)
n∑

i=1

|λi|.

This implies that
∑n

i=1,i ̸=j |λi| = |
∑n

i=1,i ̸=j λi| for any j = 1, 2, . . . , n, and thus
λi, i = 1, 2, ..., n, i ̸= j are all positive or all negative. This shows that

(n− 1)λj =

n∑
i=1,i ̸=j

λi

and

nλj =

n∑
i=1

λi = nλ1 = . . . = nλn,

which implies that v = u. Therefore, we showed that u is the unique element
satisfying equations (1)-(3) and complete the proof. □
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