S
Livear and Wonliear \)@aﬁeﬁ& S’ SN 2ieaaler CoPyriant 2020

Volume 6, Number 1, 2020, 135-141

THE REPRESENTATION OF n-COLLINEARITY IN n-NORMED
SPACE

YUMEI MA AND LEI LI

ABSTRACT. In a n-normed space X, for the n-colinear elements u, z1,...,x,, we
prove the uniqueness of u such that u,x1,...,z, satisfy some inequalities. This
answers two open questions given by W. Shatanawi and M. Postolache [13].

1. INTRODUCTION

Let X and Y be metric spaces, a mapping f : X — Y is called an isometry if f
satisfies dy (f(z), f(y)) = dx(z,y) for all z,y € X, where dx (-,-) and dy (-, -) denote
the metrics in the spaces X and Y, respectively.

The classical Mazur-Ulam Theorem [9] tells us that every surjective isometry
between real normed spaces must be a linear mapping up to a translation. In 1970,
Aleksandrov [1] posed the following problem:

For a mapping f between two metric spaces preserving a single con-
servative distance, whether it is an isometry.

The n-normed spaces was introduced by Misiak [10] in 1989. Since 2004, many
people start to study the Aleksandrov problem and Mazur-Ulam theorem in n-
normed spaces (see the reference [2-8,11,12]). The representation of n-collinearity
and 2-collinearity play a major role on the problem of conservative distance and
other geometric properties (see [5-8]). Many interesting results on n-collinearity
have been proved, for example preserving n-collinearity is equivalent to preserving
the n-distances (see [8]).

This paper will study the representation of n-collinearity and prove the unique-
ness of representation of n-collinearity, which answers two open problems given by
W. Shatanawi and M. Postolache [13] in 2016.

Definition 1.1. Assume that X is a real linear space with dimX > n and |-, ..., || :
X" — R is a non-negative function satisfying:

(1) ||z1,..., 2] = 0 if and only if z1,...,z, are linearly dependent;
(2) lz1, .- znll = ||lzjy, - - -, 25, || for every permutation (ji,...,Jn) of (1,...,n);
(3) |laxi, ..., xznl| = |a||z1, .. z0l;
(4) ||z +y,zo,..., 20l < ||lx, 20, 20| + ||y, 2, - oy 20|
for any o € R and any z1,...,2, € X. Then the function |-,...,| is called the
n-norm on X, and (X, ||-,...,||) is called a linear n-normed space.

Definition 1.2. Let X be a real n-normed spaces, we can define the following;:
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(a) The points x,y,z € X are said to be 2-collinear if there exists t € R such
that z —x = t(y — z).

(b) The points zg,x1,...,z, are said to be n-collinear if for every 0 < i < n,
the elements {z; —z; : 0 < j # i < n} are linearly dependent.

Remark 1.3. If the points xg, x1, ..., z, in X are n-collinear, then there are n scalars
A0, AL, -.-, Ap, Where not all \; are equal to zero, such that

Dy AiTi
E?:l Ai '

2. MAIN RESULTS

g =

Wasfi Shatanawi and M. Postolache [13] gave the following representation for
n-collinear maps.

Theorem 2.1 (see [13, Proposition 3.1]). Let X be a real n-normed spaces and
T1,%9,...,Tn € X, then u = tlxltjft“’;f ﬁznx" for some scalars ty,to, ..., t,, which
are not all equal to 0, satisfies the property: for all j € {2,3,...,n — 1} and some

c € X with ||xy — c,x9 — ¢, ..., xp — ¢|| # 0, we have that

l|z1 —c,z0—c, .., Tj1 — €, ) — U, Tjp1 — €y ..., Ty — (]
n
(2.1) WHml—c,mg—c,...,mn—cH,
llx1 —u, 22 —¢,...,Tj—1 — ¢, Tj — ¢, Tjp1 — €, ..., Ty — (]
n
(2.2) = %ﬂHxl—c,xz—c,...,xn—cH,
and
||lz1 —c,wo — ¢y X1 — ¢, 0 — U]

=
23) = IS

Open Problems: Whether « is the unique element satisfying the above relations

(2.1)-(2.3)?

In the following, we show the answers are positive.

|21 — c,xe — ¢y .. xn — €],

Lemma 2.2. Let A\, Ay and tq,ts are real numbers with
Al ]
‘)\1+)\2| ‘tl +t2|7

Vi=1,2.

Then there exists a positive number k > 0 such that either

(i) \i = Kty for alli=1,2
or
(il) N\j = —kt; fori=1,2.
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Proof. For some i = 1,2, it is obviously that \; = 0 if and only if ; = 0. So the
result is true when some A; = 0. We next assume that \;,¢; % 0 for all i = 1, 2.

Let k = ‘Qiii\;“, then K|t1 —|—7f2| = |)\1 —I—)\2| and |)\1| = I€|ti|, A = k&t fori =1, 2,
where & =1 or —1. So we have that

[ty + to| = |t1 + &1atal.

If £1€5 = —1, we have that t9 = 0, which is impossible. This shows that £1&3 = 1.
This implies that A\; = kt; for all = 1,2 or \; = —kt; for i =1, 2.

O
Remark 2.3. The above Lemma is not true for n > 3.
Example 2.4. Let ty,t2,...,t, and Ay, Ao,..., A, are real numbers with to =
—t1, A1 = —t1, Ao = t1, \; = t; for each i = 3,4,...,n. It is obviously
il _ 12

M A+ A it
forany j =1,2,...,n.

Theorem 2.5. Let X and Y be two real n-normed spaces and x,y € X with x # y,

then u = 2EE22 4 unique element such that u,x,y are 2-collinear and it satisfies
A1+A2 >

the following relations:

(24) |x —c,y—u,x3—c,..., o —c|| = ‘)\1‘)\_1_1|)\2|||a:—c,y—c,1:3—c,...,:cn—c||

and

(2.5) ||z —u,y—c,x3—c,...,xn—c|| = &Hw—c,y—c,xg—c,...,xn—cH
|A1 4+ A2

for some ¢, x3,...,x, € X with ||z — ¢,y — ¢,x3 — ¢, ...,z — || # 0.

Proof. Choose ¢, x3,...,x, € X with ||[x —c,y—c,z3—c,..., 2z, — || # 0, it follows

from Theorem 2.1 that v = % satisfies equations (2.4) and (2.5). So it suffices

to show the uniqueness.
Assume that v is an element in X with v, z,y are 2-collinear with

A
|z —c,y —v,x3—c,...,xp —c|| = ﬂ“m—c,y—c,xg—c,...,xn—cH.
‘)\1 —|—)\2|
When write v = tf”“’, we can have that
1412
t
|z —c,y —v,x3 —c,...,zp — || = i||a:—c,:z2—c,xg—c,...,xn—cH,
|t1 + o
and hence | /\l’}:)l\z‘ = tl‘tiz'le' Similarly, we can derive that I A‘l)fl\ﬂ = t1|ﬂ2‘. Therefore,

by Lemma 2.2, there exists £ > 0 such that \; = xt; (for each ¢ = 1,2) or all
\i = —kt; (for each i = 1,2). This implies that v = u. O
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Theorem 2.6. Let X be a real n-normed spaces, if u, x1, 9, ..., T, are n-collinear
elements, then u = W is the unique element satisfying the following rela-
tions:

n—1
llz1—c,za—c,...,xj_1—C,xj—u,Tjr1—C,xn—c|| = ||z1—c,xa—c,. .., xn—C||
forallj=2,3,...,n—1,

l|lx1 —u, 20 —¢,...,zj-1 —c,xj — ¢, Tj41 — €. Ty — ]
n—1
= ||lx1 —c,x9 —c,x3 — ey ..o xn — ],
n
and
n—1
l|lz1 —c,ma — ¢y X1 —c,xn —ul| = l|lt1 — ¢, w9 —c, w3 — ¢,y ...,y — ]|
for some ¢ € X with ||x1 — ¢,x9 — c,x3 — ¢,...,xy, — || #0.
Proof. Suppose that ||x — ¢, 22 —c,x3—¢,...,x, —c|| # 0. To prove the uniqueness,
assume that v,z1,xo,...,x, are n-collinear satisfying the equations in the theo-
rem. Since x1 — v,X2 — V,...,T, — v are linearly dependent, there are n scalars

A1, A2, ..., Ay such that
Y AT+ Aoxo + ...+ )\nmn'
VIS VAT
It follows from the equations (2.1)-(2.3) that

llz1 — ¢,z —c,...,xj1 — ¢, xj — v, Tjqy1 — C, Ty, — ]
| 2 i1z il
2.6 =7 — —c,... —
forall j=2,3,...,n—1,
llz1 —v, 22 — ¢, ..., Zj—1 — €, Tj — €, Tjy1 — Cy ..., Ty — ]
n
D ¥
(2.7) me—c,:pg—c,xg—c,...,xn—cH,
=17\
and
[|lx1 —c,xa — ¢y oy Xp_1 — ¢, 2 — V|
n—1
ST
(2.8) = MH.’Q—c,xg—c,xg—c,...,wn—cH.

| > i Al

Therefore, for any j = 1,2,...,n, we have that

nl > Al=n=DD) A = (=DM + =D+ ..+ (n— 1A
=1

i=1,i#j
= 1> 2 Al

i=li=Li#]
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This implies that | Y31, Al = |21 ;4 Aif for any k,j =1,2,...,n and

n n n n
Do NS0 Ml=nl YAl
i=1,i#j J=1 i=L,i#j i=1,i#j
This implies that
n n n n
20 2 Ml=21 ) Al
J=1i=1,i#j J=1 i=L,i#j
So we get that ZZL:l,i;«éj Ai, 7 = 1,2,...,n are all positive or all negative, which
together with [ 377, Nil = [ D00, i Al for all j,k =1,2,...,n, implies that

Zn: \ = zn: N Yk j=1,2

i=1,i#j i=1,i#k
Therefore, for any j =1,2,...,n, it follows from (n — 1) 37 A =nd L, i A
and (n—1)A\; =370 A that

AM=Xd=...= A\
This shows that v = W O
Theorem 2.7. Let X be a real n-normed spaces, if u,x1,xa,...,xTy are n-collinear

elements, then u = W is the unique element satisfying the following rela-
tions:

(). Jjxer —e,x2 — €y i1 — €T — U Tjg1 — Cy oy Ty — || = (= 1)||21 —
C, T3 —Cpuo Tjm] — C X1 — Uy Tyl — Cy .o, Ty — || forall j =2,3,...,n
(2). ||ze —uyz0 — ¢y yxy —cf| = (n—1)||Jz1 — w20 — ¢, ...,y — |5
(3). lz1—c,x2—c, -+ s ana—c,wn—ul| = (n=1)[|x1—u,21—c, 32—C, ..., TP1—C|
for some c € X with ||z1 — c,x2 —c,x3 — ¢, ...,y —c|| #0.
Proof. Suppose that ||z1 —c,x9—c,z3—c,...,z, —c|| # 0. To prove the uniqueness,
assume that v,z1,x9,...,x, are n-collinear. Since z1 — v,T9 — v,..., T, — U are

linearly dependent, there are n scalars Ay, A9, ..., A, such that
CAm Ao+ Ay
AMF+X+. o+ A '

It follows from [13, Corollary 3.5] that the elements v,x,xo,...,x, satisfy the
following

(1) |AJ| : ||I’1 —CX2—C ..., Tj1 —CTj; =V, Tj41 — CTp _CH = |Z?:17Z7£j )\l| :
|21 —v,:UQ—c,...,:L‘n—cH for all j =2,3,...,n —1;
(i) [Arlllzz — v, 22 — —cl =12 A llz1 = v, 22 =, =]
(iii) [An|llz1—c,za—c, ..., 2p_1—c,zpn—0| = | > 1 \illzr—v,z1—c, .o a1 —
cll.

Then we can derive that

INl(n—1) = ZM

i=1,i#j
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for all j =1,2,3,...,n. Thus we have that

DY o DEYED b ot
=1 i=1,i#j 7=1i=1;
= Z\)\\+ Z N[+ ) \M+...+Z\)\,~]
i=1,i#2 i=1,i#j i=1
= (n—l)(’)\l‘+’)\2‘+...+‘)\n|
= (=1 |nl
=1

This implies that 31, ;0 [Ni| = [ 2231, Al for any j = 1,2,...,n, and thus
Ai,i=1,2,...,n,1 # j are all positive or all negative. This shows that

(n—1)A Z i

i=1,i#7j
and
n
nAj =3 A=nh=...=nk,
which implies that v = wu. Therefore, we showed that u is the unique element
satisfying equations (1)-(3) and complete the proof. O
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