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EFFICIENCY OF INEXACT FIXED POINT QUASICONVEX
SUBGRADIENT METHOD

KAZUHIRO HISHINUMA AND HIDEAKI IIDUKA

ABSTRACT. This paper considers the efficiency of the fixed point quasiconvex
subgradient method for solving constrained quasiconvex optimization problems.
In particular, it focuses on the case when errors and noise appear in the compu-
tation. This paper presents two convergence rate analyses: one in terms of the
objective functional value; the other in terms of the degree of approximation to
the fixed point set. Numerical examples show that the effect of the computa-
tional inexactness on the obtained solution can be controlled in accordance with
the convergence rate analysis.

1. INTRODUCTION

This paper considers the efficiency of the fixed point quasiconvex subgradient
method [5] in the case where errors and noise appear in the computation. The fixed
point quasiconvex subgradient method solves optimization problems whose objec-
tive functional is quasiconvex and whose constraint set is expressed as the fixed
point set of some nonexpansive mapping. The fixed point quasiconvex subgradi-
ent method solves optimization problems whose objective functional is quasiconvex
and whose constraint set is expressed as the fixed point set of some nonexpansive
mapping. The class of optimization problems that the fixed point quasiconvex sub-
gradient method can deal with includes many important instances appearing in
various applied sciences [5, 6, 7, 8].

Reference [6] discusses the efficiency of the inexact quasiconvex subgradient
method and provides a detailed analysis of the rate of convergence and numeri-
cal examples showing the effect of inexactnesses such as computational errors and
noise on the quasiconvex subgradient method. However, the object of consideration
in [6] is the quasiconvex subgradient method [6, 9], which assumes the constraint
set is expressed as a metric projection that directly projects a given point onto the
nearest point in the constraint set. Inspired by the idea of the Krasnosel’skii-Mann
algorithm [10, 11], which generates the sequence converging to a fixed point of a
given nonexpansive mapping, Reference [5] provides a modification called the fixed
point quasiconvex subgradient method. The fixed point quasiconvex subgradient
method can be applied to optimization problems whose constraint set is not limited
to one onto which the metric projection can be easily computed; instead, its con-
straint set can be expressed as the fixed point set of some nonexpansive mapping.
However, the discussion in [5] does not consider cases in which computational errors

2010 Mathematics Subject Classification. 65K05, 90C26, 90C32.
Key words and phrases. Quasiconvex optimization, convergence rate analysis, inexact fixed point
quasiconvex subgradient method.



36 K. HISHINUMA AND H. IIDUKA

and noise exist. Reference [4] performs a convergence analysis of the fixed point
quasiconvex subgradient method including the effect of inexactness of its computa-
tion. However, to the best of the author’s knowledge, there are no studies on the
rate of convergence of (or experiments on) the fixed point quasiconvex subgradient
method when computational errors and noise exist.

In this paper, we discuss the rate of convergence of the fixed point quasiconvex
subgradient method including the effect of the inexactness in its computation. Two
analyses are presented: the rate of convergence of the sequence generated by the
fixed point quasiconvex subgradient method in terms of the objective functional
value and the degree of approximation to the fixed point set. These analyses are
extensions of the analyses presented in [5], which does not consider the effect of
computational inexactness. Furthermore, this paper presents numerical examples
including computational errors and noise. Through these discussions, this paper
unravels the effect of the computational inexactness on the efficiency of the fixed
point quasiconvex subgradient method.

This paper is organized as follows. Section 2 gives the mathematical preliminar-
ies and defines the inexact fixed point quasiconvex subgradient method. Section 3
discusses the convergence rate analysis of the inexact fixed point quasiconvex sub-
gradient method. Section 4 numerically compares the behaviors of the proposed
method and the existing ones. Section 5 concludes this paper.

2. MATHEMATICAL PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) : H x H — R and its
induced norm ||-|| : H — R. N is the set of natural numbers without zero, and R
is the set of real numbers. A functional f : H — R is called quasiconvez if f(ax +
(1 —a)y) < max{f(x), f(y)} for every x,y € H and « € [0,1] [1, Definition 5.1],
[3, Definition (4.4)]. The effective domain of a functional f : H — R is defined as
dom(f):={x € H: f(x) < oc0}.

Here, let f : H — R be a quasiconvex, continuous functional, and let X C H be
a nonempty, closed, convex set. Then, the main problem of this paper is to

(2.1) minimize f(x) subject to z € X.

We define the set of minima and the minimum value of Problem (2.1) by X* :=
argmin .y f(z) and f, := inf e x f(z), respectively.

Let us define other terms and notations that will be used in the later discussion.
B :={z € H : ||z|| < 1} is the unit ball in this Hilbert space, and S := {z € H :
|z|| = 1} is the unit sphere in that space. Id is the identity mapping of H onto
itself, and the closure of a set C' C H is denoted by clC.

The metric projection onto a closed, convex set C' C H, denoted by Pg, and
is defined as Pc(x) € C such that ||z — Po(x)|| = infyec ||z —y|| for any x € H.
For any a € R, the a-slice of a functional f : H — R is defined as leve, f =
{r € H: f(r) < a}. A mapping T : H — H is said to be nonexpansive if
|T(z) —T(y)|| < ||z — y| for any =,y € H, and it is said to be firmly nonexpansive if
IT(z) —T(y)|* + |(Id =T)z — Id =T)y||* < || — y||* for any x,y € H. Obviously,
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a firmly nonexpansive mapping is also a nonexpansive mapping [2, Subchapter 4.1].
The properties of these nonexpansivities are described in detail in [2, Chapter 4],
[12, Chapter 6]. The fixed point set of a mapping T : H — H is defined as
Fix(T) :=={x € H : T'(z) = x}.

The distance of a vector x € H from a set Z C H is defined as dist(z, Z) :=
inf,ez ||z — 2| [6, Subsection 2.1]. A functional f : H — R is said to satisfy
the Holder condition of order p > 0 with modulus g > 0 on H if f(x) — fr <
p(dist(x, X*))P holds for all z € H [6, Assumption 2]. For given a point z € H and
for a nonnegative real € > 0, we call the set 9*f(x) :={g € H : {9,y —2) <0 (y €
lev ¢(z)—c f)} the e-subdifferential of the quasiconvex functional f at a point x € H
[6, Definition 2.4]. We also call any of its elements a subgradient.

In this paper, we consider the fixed point quasiconvex subgradient method incor-
porating three kinds of computational inexactness, as shown in Algorithm 1. The

Algorithm 1 Inexact fixed point quasiconvex subgradient method [4, Algorithm 1]

Require:
f+ H—>R, T: H— H.
{vr} € (0,00), {ag.} C (0,1]. > Hyperparameters
{ex} C [0, 00), {r};} CH,{rl} c H. > Inexactness
Ensure:
This algorithm generates a sequence {z}} C H.
1: x1 € H.
2: for k=1,2,...do
3: gk € 8:kf(zl:k) ns.
4: Gk ::gk+r£, Ty ::T—}—rg.
5: Tyl = QT + (1 — ak)Tk(ajk — ngk)
6: end for

difference from the original fixed point quasiconvex subgradient method [5, Algo-
rithm 1] is the appearance of the sequences {eg}, {7“,{ }, and {rl'}. The sequences
{er} and {r,{ } are from [6], and they express the computational errors and noises
respectively. In addition to these sequences, the other sequence {rg} we consider
expresses the noise appearing in the computation of the nonexpansive mapping.
The following assumption and propositions will be used in the later discussion.

Assumption 2.1 ([4, Assumption 2.1]). We suppose that

(A1) the effective domain dom(f) := {x € H : f(x) < oo} coincides with the whole
space H,

(A2) there exists some firmly nonexpansive mapping 7' : H — H whose fixed point
set Fix(T') coincides with the constraint set X;

(A3) the constraint set X is nonempty, and there exists at least one minimum, i.e.
X*#£0;

(A4) the generated sequence {zj} is bounded [6, Assumption 1]J;
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(A5) the functional f satisfies the Holder condition of order p > 0 with modulus
>0 on H [6, Assumption 2J;

(A6) the sequence {ax} C (0,1] satisfies 0 < liminfy_, o o < limsup,_,o o < 1
[5, Assumption 3.1];

(A7) there exist some Ry, Rp,e > 0 such that Hr};H < Ry for all

k e N, limsup;,_, Hr%” = Ry, and limsup,,_, ., € = € [6, Assumption 3];

(A8) the sequence {vy} C (0,00) converges to some nonnegative real v € [0, 00),
22021 v = 00, and there exists a nonnegative real ¢ > 0 such that HT{H < cuy,
for all £ € N.

Proposition 2.2 ([9, Lemma 6.(b)]). If & + 7B C cl(lev(u)—e, f) for some
z € H and 7> 0, then (gi,xr —Z) > T holds.

Proposition 2.3 ([4, Lemma 2.3]). Let {z)} be the sequence generated by Algo-
rithm 1, and suppose that Assumption 2.1 holds. If f(xg) > fi + ur? + € holds for
some T >0, then (g, — x*) > T for all x* € X*.

Proposition 2.4 (]2, Corollary 2.15]). Let x,y € H, and let o € R. Then,
2 2 2 2
[az+ (1 —a)y|” = alzl|”+ (1 —a) [[y|” — a(l — a) |z — yl|
holds.
3. CONVERGENCE RATE ANALYSIS

Before performing the convergence rate analyses, let us show the fundamental
inequalities for evaluating the objective functional value and the degree of approxi-
mation to the fixed point set. We can use the lemma in [4, Lemma 3.1] for the first
purpose. However, we must reexamine the degree of approximation to the fixed
point set here, because the lemma shown in [4, Lemma 3.2] does not contain the
term v7, which is used in the convergence rate analysis.

Lemma 3.1 ([4, Lemma 3.1]). Let {x} be the sequence generated by Algorithm 1,
and let Assumption 2.1 hold. Suppose that * € X* and M := ||z*||4+supgey ||z <
oo. Then,

1
ks — ¥ < fla —2*2 — (1 - o) (2vk(<gk,xk —2*) = ReMi = Sui(Ry +1)°

~rE N g+ 1)) = W (] + 200 ).
holds for all k € N.

Lemma 3.2. Let {xy} be the sequence generated by Algorithm 1, and let Assump-
tions (A1-7) hold. Suppose that x* € X*, and assume that the sequence {vy} is
bounded from above. Then, a constant My > 0 exists such that

- 2
o ir = a1 < llaw = o> = ax (L = o) [an = Tilwn — v

+ (1= ap)vp(L+ Rp)* + (1 — o) (2up Ry My + ||ri || (2M2 + ||7F]])) -
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for all k € N which satisfies fr < f(xg) — €.
Proof. Fix * € X* and k € N arbitrarily, and suppose that f, < f(zx) — €x. By
using Proposition 2.4, we obtain

o1 = a1 = oy — o) + (1 = @) (Tular - vedn) — )|

(3.) = o ok = @I + (1 - o) || Tuon = vidin) — |

- 2
— (1 — a) Hfﬂk — Tjp(wy — vk?}k)H :
Let us further evaluate the term ||Tj (s, — vigi) — 2*||? appearing on the right side
of the above inequality. Since T}, is defined as T := T + rk, we expand the term

| Tk (21 — vrdr) — 2*|)? into

. 2
HT(% — Ukgk) — x*H = || (xr — vrgr) — 2* + 74 H
(32) = || T(xx — vrgs) — 2|
+ 2 <rkT, (xp — vpgr) — 2~ —|— Hrk H

Now let us furthermore proceed to evaluate the term ||T'(zj — vigi) — 2*[|*>. The
nonexpansivity of the mapping T and the Cauchy-Schwarz inequality lead to

T (2r — vrdin) — 2*[|* < o — 2% — vrdi®
< log — 2*)* + o 13
— 20 (gr, o1, — ) + 203, HT,J:H |ze — 2|
< lzg — 2*|® + R (1 + Ry)?
— 20, (gr, T — &%) + 205 Ry ||l — 2¥] .

Here, the definition of the constant M; in Lemma 3.1 guarantees ||z — z*|| < My;
thus, the above inequality can be simplified as

T (xk — vid) — 2*|* < [log, — 2*|” + v (1 + Ry)?
— 20k (Gk, Tk — @) + 2v Ry M.

The assumption of this lemma states that f(z*) = fo < f(ap) — e, ie., a* €
lev_ ¢(z),—e,) f- Hence, the definition of g; € 9, f(7x) ensures that 0 < (gx, 7y — %),
and we have

Tp — Vpdk) — X <|lzp — =« v, Vg, 1.
17°( ) -2 |* < | I+ 0f (1 + Ryp)? + 20, Rp M
Hence, together with inequality (3.2), we have

~ 2
Tlag = o) = || < llow = I + 0F(1+ Bp)? + 20 Ry My

. 2
+2{r{, T(z — vpgr) — =*) + HTgH
Here, Assumption (A4) implies that there exists a constant M > 0 such that ||| <
M for all k € N, and the sequence {||z* — T'(zx, — vkgr)||} is also bounded, because
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l* = T2k — vegi) | < ¥+ [zl + vk |Gell < [l + M+ (supjen v;) (Rp +1) < 00
for all £ € N. Let us define the constant M as this upper bound. Using the Cauchy-
Schwarz inequality, we can simplify the above inequality as follows:
- 2
|7 @n = vngi) = 2| < llow = ¥ + w21+ Rp)? + 20 Ry My
+ [l @ IT (@ = vegi) — 2% + || ])
<l — 2*|> +vE(1 + Rp)? 4 2u, R My
+ [ril] (2022 + || )
Thus, together with inequality (3.1), we have

i — 2 < i — 22 — (1 — ) [l — D — v
+ (1= )il + Ry)?
+(1— o) (20801 + o (2082 + [F])
This completes the proof. O

Let us discuss the efficiency of Algorithm 1. First, we will examine the rate of
convergence in terms of the objective functional value. For this, we introduce two
notions: the sequence of best approximate points {z}} C H and the inradius of the
slice defined by these points {r;y} C RU {—o00, c0}.

Definition 3.3 ([6, Definition (5.3)], [5, Definition Appendix G.1]). Let {x} be
the sequence generated by Algorithm 1. Suppose that the minimum z* € X* is
fixed in context. Then, we define

(k) := max {z <k:f(x;)—e€ = m<1£1 (f(z;) — ej)} ,
i<
T} 1= Tr(k)s
ri :=sup{r >0:2"+rB C lev<f(w2)_ﬁr(k) f}
for each k£ € N.

The following theorem shows the rate of convergence of the sequence generated
by Algorithm 1 in terms of the inradius {ry}.

Theorem 3.4. Let {x} be the sequence generated by Algorithm 1, and let Assump-
tion 2.1 hold. Then, a number kg € N exists such that

e mgat (g1 ) 40+ 5 (s 1)+ 200)
J=

2 — 2*[| + (Ry + 1)2 X5, (1 — ay)v?
223':@'( — o;)v;
for any x* € X*, k > ko, and i € {1,2,...,k}.

In particular, kg = 1, i.e., the above inequality holds for any k € N when {ay} C
(0,1).
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Proof. Before proving the theorem, let us give the number kg, which is the lower
bound of usable numbers for k. In the following, we will use the property that
0 < 1— ay for (at least) a fixed number k € N. If {ag} C (0,1), 0 < 1 — o holds
for all £ € N. Hence, we can set ky := 1 in this case. In the opposite case, i.e.,
ai € {0,1} for some k € N, Assumption (A6) guarantees a number kg € N exists
such that 0 < (1 — limsup,_,, ax)/2 < 1 — oy holds for all k& > ky. Hence, we use
this beginning number kg in this case. In both cases, 0 < 1 — oy, is guaranteed for
all k > k.

Fix 2* € X*, k > ko, and 7 € {1,2,...,k} arbitrarily. If r; is nonpositive, the
statement obviously holds. Therefore, let us consider the case where r} is positive.
Fix 0 € (0,7x) arbitrarily. Then, the definition of r, implies that

2"+ 6B C leV<f($r(k))_6F(k) f

Cleves(a)—c; I-
for all j < k. Hence, from Lemma 2.2, we have
6 < (gj,zj —a")

for all j < k. Together with Lemma 3.1, we have

ks — 2*|* < Jlag — 2"

—(1—ay) (2% ( (gr, Tp — %) — Ry My

- gonCRy + 17 = [T Gy + 1) = [E ) (1o +200) )

k
< i — 2| =26 (1 — o)
j=1
k
1 2 T
+y (1-ay) (203' <RfM1 + (R + 1)+ || || (R + 1)>

I (I + 208) )

Here, Assumption (AS8) states that ||7“JT|| < cvj. Hence, we can simplify the above
inequality as follows:

k k
[pgr — a2 < s — ¥ =26 Y (1= az)vj + (Rp + 1) > (1= )0

j=i j=i

+2 (RfM1 + (sup Hrﬂ}) (Ry+1)
j>i

k
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Here, the discussion on the number k¢ at the beginning of this proof ensures 0 <
(1—ag)v < Z;?:Z-(l — a;)v;. Hence, the nonnegativity of the left side of the above

inequality and positivity of the term 2 Z?Zi(l — oyj)v; leads to

0 < Ry My + (sup Hrf“) (Rf+1) + ¢ ((sup Hrf“) + 2M1>
j>i 2\ \j>i

s — 2| + (By +1)* 751 — )0

k
2 Zj:i(l — ;)v;
The arbitrariness of 6 € (0,7,) implies that this theorem holds. This completes the
proof. O

If there are no errors or noise, i.e., € := 0, r,{ =0, r,z: =0, and ¢ := 0 for all
k € N, Theorem 3.4 coincides with the existing theorem [5, Lemma Appendix G.1]
for the exact fixed point quasiconvex subgradient method. This implies that this
theorem is an extension of the existing result.

The following proposition shows the relationship between the inradius of the slice
and the objective functional value.

Proposition 3.5. Let {xy} be the sequence generated by Algorithm 1, and let As-
sumption 2.1 hold. Then,

f@g) = fo < prp, + epgy
holds for any k € N such that f. < f(x) — ep-

Proof. Fix x* € X* arbitrarily. The continuity of the functional f and the assump-
tion fi < f(x}) — er) guarantees there exists an open ball of nonzero radius and

center z* contained in the slice lev FED)—erg f. This implies that r; has a positive

value. Since ry, is the supremum of the set {r > 0:2* 4+ rB C leV<f(w2)—er(k> I},

o + ( + j) B0 fH(f(2F) — epg, 00)) # 0

holds for all j € N. Here, we pick a point u; from this intersection for each j € N
and define them as the sequence {u;} C f~'([f(2}) — ep(k), 00)). Then, we have

1
2% — wyl| <7 +;

for all j € N. Since Assumption (A5) guarantees that the functional f satisfies the
Holder condition of order p > 0 with modulus g > 0, we have

fxg) — f+ < f(u]) — fet €D (k)
< pullug — 2|7 + epgy

1 p
S p (7“1.: + j) + €r(k)
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for all j € N. The arbitrariness of j € N in the above inequality implies that the
statement of this proposition holds. This completes the proof. O

The following theorem gives the convergence rate in terms of the degree of ap-
proximation to the fixed point set with respect to the averaged norm. Similarly to
Theorem 3.4, this theorem is an extension of the existing result [5, Theorem Ap-
pendix G.2].

Theorem 3.6. Let {xy} be the sequence generated by Algorithm 1, and let Assump-
tions (A1-7) hold. Suppose that f. < f(zg) — ek for all k € N and Y 32, v} < .
Then, a constant M > 0 and a monotone increasing function R : [0,00)% — [0, 00)
exist such that R(0,0) =0 and

i M
=y =T < — + R supllr] ||, Ry
k 4 k jEN
Jj=1
holds for all k € N.

Proof. Assumption (A6) guarantees the existence of a number ky € N such that

1 1

0 < zliminfo; <o < £ | 1+limsupa; | <1
2 j—oo 2 j—oo

for all £ > kg. For the later discussion, we define these lower and upper bounds

as o := liminfy ,o ar and @ := (1 + limsup,_,,, ax)/2, respectively. Fix k € N

arbitrarily, and let us consider the case of k > ko. Using the convexity of ||-||?, we

have

88) ey~ TP =43 (o~ Ty ~ 53) + 3 (Fes — )~ )|

~ 2 ~ 2
<2 H% = Tj(z) — ngj)H +2 HTJ‘(%‘ —v;gj) — T(ﬂfj)H :

for all 7 € N. Here, by using the Cauchy-Schwarz inequality, the term HT](x] —
v;G;) — T(x;)||* appearing on the right side of the above inequality for j € N can
be expanded into

Hfj(ﬂﬁj —v;G;) — T(l‘j)H2 = ||T(zj = v;g;) = T(x;) + 77 |
< |1 T(x5 — v;d5) — T(a)|
+ T (I (s = vi85) = T+ [|r] )
< o 1g1° + [l || (os Nl + |75 (1)
<o (L4 Ry)? + [y || (0 (L + By) + |7 ]])
Together with inequality (3.3), we have
lay — T(a;)| < 2 2y — Ty — vy + 230 + Ry
+2|rf | (03 (1 + Ryp) + [ )
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for 5 € N. Summing the above inequalities for j € {1,2,...,k} and dividing both
sides by k, we obtain

1 _2
(34) >z = T(ay)l E
j=1

+2 Sug(HroH w0+ Ry + o))

1+Rf200
s = Ty — g + G
7j=1

Mw

Next, let us evaluate the term S°% |; — Tj(x; — v;g;)||>. From Lemma 3.2, we

have

Jj=ko

~ 2
lon =t < llag = 2| = i1 = ) [y = Tty —v3d)|| + (1= a)ef(L+ Ry)?
+ (1= ay) (2vsRpMy+ [[rf]| (202 + [r7[]))

for all j € {ko,ko +1,...,k}. Here, oj € (a, &) C (0,1) holds for all j € {ko, ko +
., k}. Hence, the above inequality implies that

s — a1 < llog — a1 — a1 ) [lzy — Tyt — vgdp)| + 1+ By
+ 20 R My + ||| (2M2 + |77 ]])

2
< llzw, — a1 - 1—aZHxJ Ty(a; - v535)|
Jj=ko

J
+ (1+ Ry)? Z v?

J=ko
= ko 1) sup (2R + ] (208 + 7))
J>ko

for all j € {ko,ko+1,...,k}. Thus, we have

2 _ ||lzgy —a*|? L A+ Ry -
ZH% Ty(o; — vidy)| < ali-o) Tai—a Y
Jj=ko J=1
k
+ ———~sup (20;Ry My + ||r] || (2Ma + ||r]
S s A [ o+ ).
Together with inequality (3.4), we obtain
1 k ko—1 2
%Zij —T(x] < - (Z Hazj (2 —vjf]j)H
j=1
||33ko_55*” 2 1 .- 2
Wko — = 4 (q 14— :
T ) +(1+ Ry) T ol a) ;v]

+2sup (75 11 (o L+ R+ [I751]))

2
el —a) b (205 Ry My + ||| (202 + [|77]])) -
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Since the assumption of this theorem ensures the convergence of Z;’il UJ2-, the co-
efficient of 1/k is finite and constant with respect to k. Hence, we define the larger
of this value and Z?OZ?H:U]- — T(z;)||? (for the case where k < kg) as M. Further-
more, the remaining part of the right side of the above inequality is bounded from
above by the value related to supjeNHrJTH and Ry. In particular, it becomes zero if
supjeNHr;fFH = Ry = 0. Therefore, the desired inequality holds. This completes the

proof. O

4. NUMERICAL EXAMPLES

We examined the behavior of Algorithm 1 under different step-size rules, noise
levels, and errors. We applied it to the following N-dimensional constrained qua-
siconvex optimization, called the Cobb-Douglas production efficiency problem [5,
Problem 4.1], [6, Problem (6.1)].

Problem 4.1 ([5, Problem 4.1]). Suppose that H := R™. Let ag,co > 0, and let
a,c € (0,00)" such that > ; a; = 1. Furthermore, let b; € [0,00)", p, € [0,00)",

and p; € (0,00]™ for i = 1,2,...,m. Then, we would like to
_ n 4
minimize f(x) := % (2 € [0,00)"),
0 (otherwise),
subject to p, < (b, z) <p; (i=12,...,m),
x € [0, M]",
where M > 0.

Here, the objective functional is quasiconvex [6, Section 6], and the subgradient
g € (i*k f(x) for an arbitrarily given point x € H can be computed [9, Lemma 4].
Furthermore, we can construct a firmly nonexpansive mapping whose fixed point
set coincides with the intersection of all constraint sets [5, Section 4]. Hence, we
can use Algorithm 1 to solve this problem.

We used a Mac Pro (Late 2013) computer with a 3 GHz 8 Cores Intel Xeon E5
CPU and 32GB 1800MHz DDR3 ECC memory. The experimental code was written
in Python 3.7 with NumPy 1.18.1. To construct a firmly nonexpansive mapping
expressing the desired constraint set, we used the fpmlib! toolbox for Python 3.

The parameters of Problem 4.1were set as follows: n := 100; m := 100; ag, ¢y €
(0,10}, a € (0,1]™, ¢ € (0,10]" were chosen randomly; a := a/Y ;" a;; b €
[0,1)", p, € [0,25][b])), p; € (75]|bi]l,100|b;|] were chosen randomly for each
i =1,2,...,m; and M := 100. These parameter settings are the same as those
used in [5, Subsection 4.2]. (Refer to [5] for a detailed evaluation of the behavior of
the exact fixed point quasiconvex subgradient method.)

We ran Algorithm 1 under the following conditions:

C1: v, := 1073, r,{ := 0 and 7{ =0 for all Kk € N;
C2: v, := 1073, ||r]|| <1073 and ||#T]| < 1073 for all k € N;

Lpmlib: https://github.com/kazh98/fpmlib
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D1: v, := 1073/k, r,]; := 0 and r% ;=0 for all Kk € N;
D2: vy == 1073/k, [|r]]| <1073 and ||#T]| <1073 for all k € N;
D3: vy == 1073/k, [|r]|| <1073 and |#T|| < 1073/k for all k € N.

Conditions C1 and D1 mean that no noise or error affects Algorithm 1, and the algo-
rithm coincides with the existing exact fixed point quasiconvex subgradient method.
Condition C2 expresses the case where Algorithm 1 runs with a constant step size
and with noise added to it. Since the added noise is bounded, Assumptions (A7)
and (A8) are satisfied. Hence, we can use Theorem 3.4 in this case. However, the
constant sequence {v;} violates the assumption Y o, v < oo of Theorem 3.6 in
this case. Condition D2 and D3 express the case where Algorithm 1 runs with a
diminishing step-size and with added noise. Condition D2, unfortunately, violates
the assumption of Theorem 3.6 because of its decreasing step size. In contrast to
Condition D2, Condition D3 overcomes this violation by introducing a new assump-
tion of decreasing added noise. In addition, we set the other parameters ag, := 10716
and € := 0 for all kK € N.

We evaluated the behavior of Algorithm 1 from two viewpoints: the objective
functional value f(zy) and the degree of approximation to the fixed point set
|lxx — T'(xg)|| in each iteration k € N. We gave xg := 0 as the initial point.

First, let us see the results for constant step size (Figure 1). The x-axes of
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(A) Behavior of the objective functional (B) Behavior of ||xx — T'(zk )| in each iteration k

FiGURE 1. Experimental results for a constant step size

these graphs show the number of iterations, while the y-axes show the measured
values. Conditions C1 and C2 stably decrease both the objective functional value
and the degree of approximation to the fixed point set until about 100 iterations.
However, the values begin to oscillate after that. This behavior is reasonable because
Theorem 3.4 states that the error term is proportional to the step size vy (and it
does not converge to zero in the case of a constant step size).

Figure 2 shows the results in the case of a diminishing step size. Under Con-
dition D3, both the objective functional value and the degree of approximation to
the fixed point set decrease, similarly to the existing case (Condition D1). Under
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FIGURE 2. Experimental results for a diminishing step size

Condition D2, the objective functional value diverges and the degree of approxima-
tion to the fixed point set oscillates. These results imply that Assumption (A8) is
important for obtaining stable convergence.

5. CONCLUSION

This paper discussed the efficiency of the fixed point quasiconvex subgradient
method under the condition that errors and noise appear in the computation. The
convergence rate analysis showed how much improvement can be expected relative
to the number of iterations in terms of both the objective functional value and the
degree of approximation to the fixed point set. The numerical examples showed that
the proposed algorithm behaves in accordance with the convergence rate analysis,
and it revealed the importance of the assumption used in the convergence rate
analyses.
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