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GENERALIZED ACUTE POINT THEOREMS FOR
GENERALIZED PSEUDOCONTRACTIONS
IN A BANACH SPACE

TOSHIHARU KAWASAKI

ABSTRACT. Acute point theorems require more assumptions on parameters than
fixed point theorems. In this paper we generalize the concept of acute point
and we introduce some acute point type theorems that holds under the same
assumptions as fixed point theorems. Furthermore we show that fixed point
theorems are derived from acute point type theorems.

1. INTRODUCTION

Let H be a real Hilbert space and let C' be a nonempty subset of H. A mapping
T from C into H is said to be generalized hybrid [20] if there exist a, 8 € R such
that

alTe = Tyl* + (1 - a)llz = Ty|* < BTz — y|* + (1 = )|z -yl

for any x,y € C. Such a mapping is said to be (a, 3)-generalized hybrid. The class
of all generalized hybrid mappings is a new class of nonlinear mappings including
nonexpansive mappings, nonspreading mappings [21] and hybrid mappings [23]. A
mapping 1" from C' into H is said to be nonexpansive if
[Tz =Tyl < [l —yll
for any z,y € C; nonspreading if
2Tz — Ty|* < | Tz — y|* + | Ty — 2|
for any x,y € C; hybrid if
3Tz — Tyl|* < |l — yl* + | Tz — ylI” + || Ty — |?
for any z,y € C. Any nonexpansive mapping is (1,0)-generalized hybrid; any
nonspreading mapping is (2, 1)-generalized hybrid; any hybrid mapping is (%, %)—
generalized hybrid.

Motivated these mappings, in [17] Kawasaki and Takahashi introduced a new very
wider class of mappings, called widely more generalized hybrid mappings, than the
class of all generalized hybrid mappings. A mapping T from C into H is widely
more generalized hybrid if there exist «, 8,7, 9,¢,(,n € R such that

al|Tz = Ty|* + Blla = Tyl* + 1Tz — y[|* + dllz — y|*
tella — Tal2 + Cly — Tyll? +nll(z — Ta) — (y — Tyl < 0
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for any z,y € C. Such a mapping is said to be (o, 3,7,9,¢,(,n)-widely more
generalized hybrid. This class includes the class of all generalized hybrid mappings
and also the class of all k-pseudocontractions [3] for k € [0,1]. A mapping T from
C into H is called a k-pseudocontraction if

1Tz = Tyl* < |l = ylI* + kll(x — Tz) — (y = Ty)|I?

for any xz,y € C. Any (a, §)-generalized hybrid mapping is (o,1 — o, —3,8 — 1,
0,0, 0)-widely more generalized hybrid; any k-pseudocontraction is (1,0,0,—1,0,0,
—k)-widely more generalized hybrid. Furthermore they proved some fixed point
theorems [6-11,16-19] and some ergodic theorems [6,7,16-18].

There are some studies on Banach space related to these results. In [25] Taka-
hashi, Wong and Yao introduced the generalized nonspreading mapping and the
skew-generalized nonspreading mapping in a Banach space. Let E be a smooth
Banach space and let C be a nonempty subset of E. A mapping T from C into E
is said to be generalized nonspreading if there exist «, 3,7, 6, &, € R such that

ad(Tz,Ty) + Bé(x, Ty) +v¢(Tx,y) + 6¢(z, y)
for any z,y € C, where J is the duality mapping on £ and

$u, v) = [ul|* = 2(u, Jv) + [Jv]|*.

Such a mapping is said to be («, /3,7, d,¢,()-generalized nonspreading. A map-
ping T from C into FE is said to be skew-generalized nonspreading if there exist
a, B3,7,90,¢,( € R such that

ad(Tz,Ty) + Bé(x, Ty) + vo(Tx, y) + dé(z, y)
< €(¢(Ty7 Tl’) - ¢(y7 T.T)) + C(¢(Ty7 x) - ¢(y7 .CE))

for any z,y € C. Such a mapping is said to be («, 3,7, 9, ¢, ()-skew-generalized
nonspreading. These classes include the class of generalized hybrid mappings in
a Hilbert space, however, it does not include the class of widely more generalized
hybrid mappings.

Motivated these results, we introduced a new class of mappings [12-15] on Banach
space corresponding to the class of all widely more generalized hybrid mappings on
Hilbert space. Let E be a smooth Banach space and let C' be a nonempty subset of
E. A mapping T from C into E is called a generalized pseudocontraction if there
exist a1, a9, 81, B2, 71, V2,01, 02, €1, €2, (1, (2 € R such that

a19(Tx, Ty) + a2p(Ty, Tw) + fr1d(z, Ty) + B29(Ty, x)
+e19(Tw, ) + ead(w, Tw) + C1o(y, Ty) + Cp(Ty, y)
<0

for any z,y € C. Such a mapping is called an (a1, ag, 81, 82,71,72, 01, 02, €1, €2, C1,
(2)-generalized pseudocontraction. Let E* be the topological dual space of a strictly
convex, reflexive and smooth Banach space E and let C* be a nonempty subset of
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E*. A mapping T* from C* into E* is called a *-generalized pseudocontraction if
there exist aq, a2, /Bla ﬁ?v 71,72, 617 527 €1,€2, Cla CQ € R such that

19Tz, T*Y") + aapu(T7y", T72") + 194 (2", T*Y") + Bagpu (T y", 27)
T (T72", y") + 7204 (y", T72™) + 5104 (27, y") + G204 (y", 27)
+e10.(T7 2", %) + €20, (a7, T"a") + Qo (Y™, T7Y") + Qo (T7y", y")
<0
for any z*,y* € C*, where
Gu(a*,y") = llz* | = 200y, %) + [ly* |12

for any x*,y* € E*. Such a mapping is called an (a1, as, f1, 82,71, 72,01, 02, €1, €2,
(1, (2)-*-generalized pseudocontraction.

On the other hand, in [24] Takahashi and Takeuchi introduced a concept of
attractive point in a Hilbert space. Let H be a real Hilbert space, let C' be a
nonempty subset of H and let T be a mapping from C into H. z € H is called an
attractive point of T if

|z =Tyl < |z -yl
for any y € C'. Let
AT) ={z e H |||z =Tyl < |z —y|| for any y € C}.

Furthermore they proved that the Baillon type ergodic theorem [2] for generalized
hybrid mappings without convexity of C.

In [25] Takahashi, Wong and Yao introduced some extensions of attractive point
and proved some attractive point theorems on Banach spaces. x € F is an attractive
point of T if

oz, Ty) < ¢(z,y)
for any y € C; x € E is a skew-attractive point of T if
¢(Ty,z) < ¢(y,x)
for any y € C. Let
A(T) = {z€E|d(x,Ty) < ¢(z,y) for any y € C};
B(T) = {ze€FE|¢(Ty,z) < ¢(y,x) for any y € C}.

In [1] Atsushiba, Iemoto, Kubota and Takeuchi introduced a concept of acute
point as an extension of attractive point in a Hilbert space. Let H be a real Hilbert
space, let C' be a nonempty subset of H and let T' be a mapping from C into H and
k €[0,1]. x € H is called a k-acute point of T if

lz = Tyl < |l = ylI* + klly — Tyl
for any y € C. Let
A(T) ={x € H | ||z = Ty|* < ||z — y||* + klly — Ty||* for any y € C}.
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Furthermore, using a concept of acute point, they proved convergence theorems
without convexity of C.

We introduced some extensions of acute point [12-15]. Let E be a smooth Banach
space, let C be a nonempty subset of E, let T' be a mapping from C into E and let
k.l € R. x € E is called a (k, £)-acute point of T if

¢(z, Ty) < d(z,y) + kd(y, Ty) + (5(Ty, y)
for any y € C. x € E is called a (k, ¢)-skew-acute point of T if

o(Ty,z) < d(y, ) + ko(y, Ty) + Lp(Ty,y)
for any y € C. Let
, o(T)

={z € E|¢(x,Ty) < ¢(x,y) + kd(y, Ty) + Lp(Ty,y) for any y € C'}f;
Bry(T)

={r e B |¢(Ty,z) < d(y,x) + ko(y, Ty) + Lp(Ty,y) for any y € C}.

Furthermore we proved some fixed point and acute point theorems [12, 14], and
some convergence theorems [13,15]. However, acute point theorems require more
assumptions on parameters than fixed point theorems.

In this paper we generalize the concept of acute point and we introduce some
acute point type theorems that holds under the same assumptions as fixed point
theorems. Furthermore we show that fixed point theorems are derived from acute
point type theorems.

2. PRELIMINARIES

We know that the following hold; for instance, see [4,5,22].

(T1) Let E be a Banach space, let E* be the topological dual space of E and let
J be the duality mapping on F defined by

J(@) ={a" € B* | ||2|* = (z,27) = [l2"*}

for any x € E. Then F is strictly convex if and only if J is injective, that
is,  # y implies J(z) N J(y) = 0.

(T2) Let E be a Banach space, let E* be the topological dual space of F and
let J be the duality mapping on E. Then F is reflexive if and only if J is
surjective, that is, (J,cp J(z) = E*.

(T3) Let E be a Banach space and let J be the duality mapping on E. Then FE
is smooth if and only if J is single-valued.

(T4) Let E be a Banach space and let J be the duality mapping on E. If J is
single-valued, then J is norm-to-weak™ continuous.

(T5) Let E be a Banach space and let J be the duality mapping on E. Then E
is strictly convex if and only if

1—(z,y") >0
for any z,y € E with = # y and ||z|| = ||y|| = 1 and for any y* € J(y).
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(T6) Let E be a Banach space and let E* be the topological dual space of E.
Then F is reflexive if and only if £* is reflexive.

(T7) Let E be a Banach space and let E* be the topological dual space of E.
If E* is strictly convex, then FE is smooth. Conversely, E is reflexive and
smooth, then E* is strictly convex.

(T8) Let E be a Banach space and let E* be the topological dual space of E.
If E* is smooth, then F is strictly convex. Conversely, E is reflexive and
strictly convex, then E* is smooth.

Let E be a smooth Banach space, let J be the duality mapping on F and let ¢
be the mapping from F x E into [0, c0) defined by

¢(x,y) = [|l=l* — 2{z, Jy) + [ly||*
for any x,y € E. Since by (T3) J is single-valued, ¢ is well-defined. It is obvious
that © = y implies ¢(x,y) = 0. Conversely, by (T5)
(T9) If E is also strictly convex, then ¢(z,y) = 0 implies z = y.

Let E be a strictly convex and smooth Banach space. By (T1) an (T3) J is a
bijective mapping from E onto J(FE). In particular, if E is also reflective, then by
(T2) J is a bijective mapping from F onto E*. Suppose that FE is strictly convex,
reflective and smooth. Let ¢, be the mapping from E* x E* into [0, 00) defined by

Gu(a*,y*) = llz*| = 20Ty, ) + [y |12
for any z*,y* € E*. Then

(2.1) du(a*,y*) = ¢(Jy*, T )
holds. Therefore
(T9)*  ¢u(z*,y*) = 0 if and only if z* = y*.

Let ¢>° be the Banach space consists of all bounded sequences and u € (£°°)*.
Sometimes we denote by pnxy, the value pu({x,}02 ). If p € (€°°)* satisfies p(e) =
||l =1, where e = {1}2°, then p is called a mean. If a mean u satisfies pp 2,41 =

UnTn, then p is called a Banach limit. We know that there exists some Banach
limits. If {x,,}72; € ¢ and p is a mean, then the following holds:

inf{x, | n € N} < ppz, <sup{z, |n € N}.
The following lemma is introduced in [25]; see also [12-15].

Lemma 2.1. Let E be a Banach space, let E* be the topological dual space of E,
let {x,, | n € N} be a bounded sequence in E and let i be a mean on €>°. Then there
exists a unique zp € co{xy | n € N} such that p,(xy, x*) = (20, 2*) for any «* € E*.

The following lemmas are shown in [13-15].

Lemma 2.2. Let E be a smooth Banach space, let C be a nonempty subset of E,
let D be a nonempty convex subset of E, let T be an (a1, a2, f1, B2, 71,72, 01,02, €1,
€9, (1, C2)-generalized pseudocontraction from C into D and let X € [0,1]. Then T is
a ((1 — )\)061 + )\062), Ao + (1 — )\)042, (1 — )\)51 + Ay, Ay + (1 — )\)52, (1 — )\)’71 + ABa,
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AB1 + (1 — )\)’)/2, (1 — )\)51 + A2, A6 + (1 — )\)52, (1 — )\)61 + Ao, M1 + (1 — )\)82,
(1 = A)C1 + e, Aeqr + (1 — A)(2)-generalized pseudocontraction from C' into D.

Lemma 2.3. Let E* be the topological dual space of a strictly convex, reflexive
and smooth Banach space E, let C* be a nonempty subset of E*, let D* be a
nonempty convexr subset of E*, let T* be an (a1, s, b1, 82,71, 72,01, 02, €1, €2, (1,
(2)-*-generalized pseudocontraction from C* into D* and let A € [0,1]. Then T* is
a ((1 — )\)al + )\ag), )\al + (1 — )\)052, (1 — /\)ﬁl +)\"yg, )\"}/1 + (1 — /\)52, (1 — )\)"}/1 +)\,32,
AB1 + (1 — /\)’yg, (1 — )\)(51 + Adg, Ay + (1 — )\)(52, (1 — A)é‘l + A2, A(1 + (1 — )\)52,
(1 = A)C1 + e, Aeqp + (1 — A\)(2)-*generalized pseudocontraction from C* into D*.

Lemma 2.4. Let E be a strictly convez, reflexive and smooth Banach space, let E*
be the topological dual space of E, let C and D be nonempty subsets of E and let
T be an (a1, g, b1, B2, 71,72, 01,02, €1, €2, (1, C2) -generalized pseudocontraction from
C into D. Put T* = JTJ™, where J is the duality mapping on E. Then T* is an
(a9, a1, B2, B1,72, 71, 02, 01, €2, €1, C2, C1)- *-generalized pseudocontraction from J(C')
into J(D).

3. GENERALIZED ACUTE AND SKEW-ACUTE POINT

Let E be a smooth Banach space, let C' be a nonempty subset of F, let T be a
mapping from C into E and let k,/,s € R. = € E is called a (k, ¢, s)-generalized
acute point of T if

(3.1) s(¢(z, Ty) — ¢(z,y)) < kd(y, Ty) + Ld(Ty,y)
for any y € C. = € E is called a (k, ¢, s)-generalized skew-acute point of T" if
(3.2) s(¢(Ty, x) — d(y, 2)) < ko(y, Ty) +Ld(Ty,y)
for any y € C. Let
Hyo0,5(T)

={z € E|s(d(x,Ty) — d(z,y)) < kd(y, Ty) +Lp(Ty,y) for any y € C'};
Biop,s(T)

={z € E|s(¢(Ty,z) — ¢(y, 7)) < ko(y, Ty) + Lp(Ty,y) for any y € C}.
It is obvious that
52{k1,41781(T) C '524212782 (T)a ’%khzl,sQ (T) C ggkz,b,sz (T)
for any ki, ko, 01,02 € R and for any s1, s2 € (0, 00) with % < ’;—; and % < %;
%1!1781 (T) ) %2,62,52 (T), ’%k17£1752 (T) i %k2,€2782 (T)

for any ki, ko, 01,02 € R and for any s1,s2 € (—00,0) with % < % and % < %.
Furthermore

Mk,K,O(T) = @/ﬁg,o(T) =F
for any (k, /) € [0,00) x [0, 00);
o 0(T) = Bruo(T) =0
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for any (k, £) € (—00,0] x (—00,0] \ {(0,0)}; otherwise,
%k}&o(T) = F or @, %k}&o(T) = F or @7

however, it is generally unknown which case holds. In this way, @ ¢0(7) and
B 00(T) may be empty. However, in later discussions, under some assumptions,
such cases will be properly ruled out.

The following lemmas are important property characterizing them.

Lemma 3.1. Let E be a smooth Banach space, let C be a nonempty subset of E,
let T be a mapping from C into E and let k,{,s € R. Then o7, ¢ +(T) is closed and
convet.

Proof. Since
(3.3) d(u,v) = ¢(u, w) + p(w,v) + 2(u —w, Jw — Jv)
for any u,v,w € E, (3.1) is equivalent to
2s(z, Jy — JTy) < (k = s)¢(y, T'y) + Ld(Ty,y) + 2s(y, Jy — JTy).
Therefore 7, ¢ s(T) is closed and convex. O

Lemma 3.2. Let E be a smooth Banach space, let C be a nonempty subset of E,
let T be a mapping from C into E and let k,{,s € R. Then By ¢ s(T) is closed.

Proof. (3.2) is equivalent to
2s(y — Ty, Jx) < ko(y, Ty) + (£ — 5)p(Ty, y) + 2s(y — Ty, Jy)

from (3.3). Furthermore by (T4) J is norm-to-weak™ continuous. Therefore %, s s(T")
is closed. O

Let E* be the topological dual space of a strictly convex, reflexive and smooth
Banach space E, let C* be a nonempty subset of E*, let T* be a mapping from C*
into E* and let k,/,s € R. 2* € E* is called a (k, ¢, s)-generalized-*-acute point of
T* if
(34)  s(9u (@ Ty") = du(a™,y")) < ko (v, T7y") + Lo (T, ")
for any y* € C*. z* € E* is called a (k, ¢, s)-generalized-*-skew-acute point of 7% if
(3.5)  s(ou(T7y", 2") — duly™, 27)) < ki (y™, T7y") + Lo (T7y", y")
for any y* € C*. Let

g s(T7)

_ e pr | S@@NTTY) = du(2ty7) < ku(yt, THy") + L0 (T7y",y7)
for any y* € C* ’
Bra,s(T7)
_ e pr | ST %) = du(y", 27)) < ku(yT, THY") + Lo (T7y", y)
for any y* € C* '
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Lemma 3.3. Let E* be the topological dual space of a strictly convex, reflective and
smooth Banach space E, let C* be a nonempty subset of E*, let T* be a mapping
from C* into E* and let k,{,s € R. Then &, (™) is closed and convex.
Proof. (3.4) is equivalent to
2S<J—1y* _ J_lT*y*,l'*>

< (k= 8)bu(y*, T Y) + Lo (T*y" %) + 25(JHy" = T T y", ")
from (3.3) and (2.1), @7, ,(T™) is closed and convex. O
Lemma 3.4. Let E* be the topological dual space of a strictly convez, reflexive and
smooth Banach space E, let C* be a nonempty subset of E*, let T* be a mapping
from C* into E* and let k,{,s € R. Then %;, , (T™) is closed.
Proof. (3.5) is equivalent to

2670y~ T)

<k (", T y*) + (€= 8)ou(THy" y") + 25(T1y* g — T*y")

from (3.3) and (2.1). Furthermore by (T4) J~! is norm-to-weak* continuous. There-

fore %y , (T™) is closed. O

Lemma 3.5. Let E be a strictly convex, reflective and smooth Banach space, let
C' be a nonempty subset of E, let T be a mapping from C into E, let T* = JTJ "
and let k, 0, s € R. Then

D0 s(T7) = I Bus(T))y By s(T7) = J( Ao ps(T))-
In particular, J(PBrs(T)) is closed and convex and J( 0 5(T)) is closed.
Proof. Let 2* € @7, (T*). Then
s(@«(2", T7y") = ¢ul@®, ")) < ku (Y™, THy") + L (T, ")
for any y* € J(C). From (2.1)
S(GVT Y, T ) — oI Yy T )
< k(T Ty, Ty ) + Lo(J Ty, T Ty
for any y* € J(C). Since J~'T* = TJ~!, putting y = J~'y*, we obtain
s($(Ty, J ™ a") = ¢y, J~'a")) < Lo (y, Ty) + k$(Ty. ).
Therefore J~'2* € %, s(T) and hence Gy (T7) = J(Buk,s(T)).
B s(I™) = J (A j,s(T')) can be shown similarly.

Furthermore, by Lemma 3.3 J(%, ¢,s(T)) is closed and convex and by Lemma 3.4
J (et 0,5(T)) is closed. O

Lemma 3.6. Let E be a strictly convex and smooth Banach space, let C be a

nonempty subset of E, let T' be a mapping from C into E and let k,{,s € R. Then

the following hold.

(1) If (k,£) € (—o0,s] x (—00,0]\ {(5,0)}, then C' N o4 +(T) is a subset of the
set of all fixed points of T';
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(2)  If (k,€) € (—00,0] x (—00,s] \ {(0,s)}, then C N By s(T) is a subset of the
set of all fized points of T.

Proof. Let x € C N 0 5(T). Then (3.1) holds for any y € C. Putting y = z, we
obtain (s — k)p(x, Tx) —Lp(Tx,xz) < 0. If (k,¢) € (—o0,s] x (—o0,0]\ {(s,0)}, then
by (T9) we obtain z = T'z.

Let x € CNPByps(T). Then (3.2) holds for any y € C. Putting y = x, we obtain
—ko(x,Tz) + (s — O)p(Tx,x) < 0. If (k,¢) € (—00,0] x (—o0,s] \ {(0,s)}, then by
(T9) we obtain z = T'z. O

Lemma 3.7. Let E* be a strictly convexr and smooth topological dual space of a
Banach space, let C* be a nonempty subset of E*, let T* be a mapping from C* into
E* and let k,0 € R. Then the following hold.
(1) If (k,£) € (=00, s] x (—=00,0] \ {(5,0)}, then C N, (T*) is a subset of the
set of all fixed points of T™; -
(2)  If (k,£) € (—00,0] x (—o0,s] \ {(0,1)}, then C N A}, (T*) is a subset of the
set of all fized points of T™. -
Proof. Let z* € C* ﬂ.ﬁfk"’&s(T*). Then (3.4) holds for any y* € C*. Putting y* = z*,
by we obtain (s — k)¢, (z*, T*z*) — L (T*x*, 2*) < 0. If (k,£) € (—00, s] x (—00,0]\
{(s,0)}, then by (T9)* we obtain x* = T*x*.
Let x* € C*N ,%27678(T*). Then (3.5) holds for any y* € C*. Putting y* = z*, by
we obtain —k¢.(z*, T*x*) + (s — £)p.(T*x*, 2*) < 0. If (k,£) € (—00,0] x (—o0,s] \
{(0,s)}, then by (T9)* we obtain z* = T*z*. O

4. GENERALIZED ACUTE AND SKEW-ACUTE POINT THEOREMS

Theorem 4.1. Let E be a reflexive and smooth Banach space, let C be a nonempty
subset of E and let T' be an (a1, a2, 1, B2, 71,72, 01, 02, €1, €2, C1, (2) -generalized pseu-
docontraction from C' into itself. Suppose that there exists z € C' such that {T"z |
n € NU{0}} is bounded and suppose that there exists A € [0, 1] such that

(1=M)(ar+ B4y +01) + Aaz + B2 + 72 + 62) = 0;

Maa +m) + (1 = A)(az + B2) > 0;

A(Bi+01) + (1 = A) (72 + d2) = 0;

(I —=XNe1+A¢ > 0;

A+ (1= A)eg > 0.
Then there exists a (—((1—N)C1+Ae2), —(Ae1 + (1= A)C2), (1 =) (o1 + B1) + A2+
v2))-generalized acute point.
Proof. Suppose that there exists z € C such that {T"z | n € NU{0}} is bounded.
By Lemma 2.2 T'is a ((1-X)ai+Aae), Aar+(1—X)az, (1-X)B1+Ay2, Ay1+(1—X) 5o,
(1= X714+ AB2, ABr + (1 = A)ya, (1 — A)d1 + Ad2, Ad1 + (1 — A)dz2, (1 — Ner + Ao,
A+ (1=XN)eg, (1= A)C1+ Aea, Ae1 + (1 — M) (2)-generalized pseudocontraction. From
(3.3) we obtain

(L =XNai + Aa2)p(Tz, Ty) + (Aag + (1 — Nag)op(Ty, Tx)
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(1= N)p1 +Me)o(x, Ty) + (A1 + (1 = A)B2)p(Ty, x)
+((1 =M + AB2)d(Tz,y) + (A1 + (1 — A)y2)o(y, Tx)
+

_l’_

¢

—ANe1 +A0)o(Tx,z) + (A + (1 — Nea)o(z, Tx)

— NG+ Ae2)d(y, Ty) + (Aer + (1 — A)G2)d(Ty, y)

(I =XNai + Aa2)p(Tz, Ty) + (Aar + (1 — Nag)p(Ty, Tx)

( ANag + Aag)é(z, Ty)

(1= N(aa + B1) + Aoz +72))(o(z,y) + ¢y, Ty) + 2(x — y, Jy — JTy))
71+ (L= A)B2)9(Ty, x)

(1 =X)m + AB2)é (T%’ y) + (AB1+ (1 = A)y2)e(y, Tx)

(1= A)d1 + Ad2)o(z,y) + (Ad1 + (1 — A)d2)(y, x)

(1-X)

(1—=A)¢

_l’_

((T=A)
((T=A)
(1 =A)01 + Ad2)o(2,y) + (A1 + (1 = A)d2)¢(y, x)
(1=2)
((1=2)

—~

1-
1-

++++

)o(
Ner + A2 (T:U )+ (A + (1= Neg)p(x, Tx)
A+ Ae2)d(y, Ty) + (Aer + (1 = N)¢2)d(Ty, y)
(1= Nar + Aa2)o(Tz, Ty) + (Aar + (1 = N)az)p(Ty, Tz)
—((1 = Aax + Aaz)p(x, Ty) + (A1 + (1 = A)B2)¢(Ty, )
(L =X+ AB2)o(Tz,y) + (AB1 + (1 = A)v2)é(y, Tz)
(I =X)(a1+ B1+01) + Mag + v2 + 02))o(x,y)
51 + (1 = A)d2)d(y, z)
)
+ (1

+ +

—(
(
(A
(
(
(
(
1

—~

— N1 +A@)¢(Tz, ) + (MG + (1 — Ne2)d(z, Tx)
)\)(041 + 681+ 1) + AMaz + 72 +€2))9(y, Ty)
= NG2)o(Ty, y)

= A1+ B1) + Maz + 7))z —y, Jy — JTy).
Since
= A)(on + B+ 61) + Moz + B2 4 02) > =((1 = M)y + A2);
(L =A)f2 = —=(Aax + (1 = Nag);

(1 =A)d2 > —=(AB1 + (1 = A)y2);
(1=2)
A+ (1

€1+ )\42 > 0;

—Aeg >0,
we obtain

(L= XNar + Aag)p(Tz, Ty) + (Aon + (1 = A)az)p(Ty, Tx)

—((L = Aa1 + Aa2)(z, Ty) + (M + (1 = N)B2)o(Ty, x)
(L =)+ AB2)(Tz, y) + (AB1 + (1 = A)r2)o(y, T'x)
(1= XN (a1 + 81+ 61) + AMaz +v2 + 02))d(x, y)
( (1-
( )

_|_

(
(
(

_|_

+(\o1 + A)62)p(y, x)
(1 =XNe1 + A)o(Tx,x) + (A + (1 — Ne2)op(x, Tx)

+
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(1= A)(a1 + 81+ G) + Aoz + 72 +€2))d(y, Ty)
+(Ae1 + (1 = A)G)o(Ty, y)
+2((1 = A)(a1 + B1) + Maz +72) )z —y, Jy — JTy)
> (1= Nar + daz)(¢(Tz, Ty) — ¢(z, Ty))
+(Aar + (1 = Naz)(¢(Ty, Tz) — ¢(T'y, z))
(1 =X+ AB2)(¢(Tx,y) — ¢(x,y))
(AB1+ (1 = N2)(o(y, Tx) — ¢y, x))
( )
(

+ 4+ +

(1 =N (a1+ B1+ 1) + Aaz + 2 +€2))9(y, Ty)
Aer+ (1= N)o(Ty, y)
2((1 = A)(a1 + B1) + Maz +72)(z — y, Jy — JTy).

o+

Therefore

(1= Naa + Aaz)(¢(Tz, Ty) — ¢(x, Ty))
+(Aa1 + (1 = Naz)(¢(Ty, Tz) — ¢(T'y,z))
(1 =Ny +AB2)(¢(Tz, y) — d(,y))
(AB1+ (1= Ny2)(9(y, Tx) — ¢(y, x))
(1 =M1+ B1+ ) + Aaz + 72 +£2))o(y, Ty)
(Ae1+ (1 = N)R)o(Ty,y)
2((1 = AN (a1 + B1) + Mag + 7))z —y, Jy — JTy)

S 4+ +

<
Replacing x by Tz, we obtain

(1= XNax + Aa) (T2, Ty) — ¢(T"2,Ty))
+(Aar + (1= Naa)(¢(Ty, T 2) — ¢(Ty, T"2))
H((1 = X7 + AB2) (T 2,y) — (T2, y))
+(ABL+ (1= M72)(o(y, T 2) — ¢(y, T"2))
= A)(a1+ b1+ ) + AMaz + 72 +€2))9(y, Ty)
e1+ (1= NG)o(Ty,y)
2((1 = A)(a1 + B1) + Maz + )(T"z —y, Jy — JTy)

+

(1
(A
((
(A

+

_|_

<

o

Applying a Banach limit p to both sides of this inequality, we obtain

(1 =M1 + b1+ C1) + AMag + 72 +€2))d(y, Ty)
+(Ae1 + (1 = A)¢2)o(Ty, )
+2((1 = A)(a1 + B1) + Maz +72) ) un(T"2z — y, Jy — JTy)
<0.
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By Lemma 2.1 there exists a unique zg € ¢o{T"z | n € N} such that
pn(T"z =y, Jy — JTy) = (20 — y, Jy — JTy).
Therefore we obtain

(1= A) (a1 + b1+ 1) + AMaz + 72 +€2))o(y, Ty)
+(Ae1 + (1 = A)G)d(Ty, y)
+2((1 = N (a1 + B1) + Maz +72))(20 — y, Jy — JTy)
<0.

for any y € C. From (3.3) we obtain

(1 =N(o1 + B+ G) + Moz + 72 + €2))d(y, T'y)
+(Ae1 + (1= A)R)o(Ty,y)
+2((1 = A)(a1 + B1) + Maz +72)){z0 — y, Jy — JTy)
= ((1 = N(aa + B1) + AMaz +72))d(20, Ty)
—((1 =) (a1 + 1) + Maz +12))9(20,y)

(1 =)+ Ae2)o(y, Ty) + (Aer + (1 = A)2)o (T, y)
<.

Therefore we obtain

(1 =AM + B1) + AMaz +72))9(20, Ty) — é(20,9))
< —((1 =N+ Ae2)o(y, Ty) — (Aer + (1 = N)C)o(Ty, y)

and hence zg is a (—((1=A)(1+Ae2), —(Ae1+(1=A)C2), (1—=A) (a1 +B1) + A (a2 +72))-
generalized acute point. (|

Theorem 4.2. Let E* be the topological dual space of a strictly convez, reflexive and
smooth Banach space E, let C* be a nonempty subset of E* and let T* be an (a1, ag,
B1, B2,71, 72, 01,02, €1, €2, (1, (2)- *-generalized pseudocontraction from C* into itself.
Suppose that there exists z* € C* such that {(T*)"z* | n € NU{0}} is bounded and
suppose that there exists A € [0, 1] such that

(I =X)(oa + B1 471+ 01) + Maz + B2 + 72 + d2) > 0;
AMar+m) + (L= A) (a2 + B2) = 0;

A(Br+01) + (L= N)(y2 + d2) > 0;

(1= Ne1+ A > 0;

A+ (1= A)eg > 0.

Then there exists a (—((1—=X)(1+Aea), —(Ae1+ (1= N)C2), (1= A) (a1 +51) + A(az +
v2))-generalized *-acute point.

Proof. By Lemma 2.3 T* is a ((1—\)a1 +Aa2), Aai+(1—XN)az, (1—=X)B14+Ay2, Ay +
(1—)\)[32, (1—)\)'}/14-)\52, )\ﬁl—i-(l—)\)’}/g, (1—)\)(51+)\(52, )\51—1—(1—)\)52, (1—)\)€1+)\<2,
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A+ (1= XNeg, (1 — M)+ Aeg, Aeg + (1 — A)(2)-*-generalized pseudocontraction.
From (2.1) and (3.3) we obtain

(4.1) ¢u(u,v%) = du(u*, w*) + o (w*, v*) + 2(J Tw* — T 1" u* —w*)
for any u*,v*, w* € E*. Similarly to the proof of Theorem 4.1 we obtain

(1= Naa + Aag)(¢«(T72", T"y") — ¢ (2™, T"y"))
+(Aa1 + (1 = Nag)(¢«(T*y", T*z") — ¢u(T*y", x7))

+((1 = )71+ AB2) (¢(T72", y*) — du(2™,y7))
(AB1+ (1 = N2) (9« (y", T72™) — duly™, 27))
(X =A) (a1 + B+ 1) + AMaz + 72 +€2)) o (y", Ty")
+(Ae1 + (1 = A)GR)e(THy", y7)

+2((1 = N)(oa + B1) + Aag +72))(J 'yt — T 1Ty 2" — o)

<0.

+ +

Replacing z* by (T%)"z*, we obtain

(1= Nar + Aa2) (¢ (T7)" 12", T ") — 6. ((T)"2", T"y"))
+(Aar + (1= Naa)(¢u(T™y", (T*)"H2") = 6. (T7y", (T7)"27))
(

H((1 = X)71 + AB2) (@ (TH) 127, y*) — 0 ((T)"2", "))
+(ABL+ (1= N72) (da (", (TH)"127) — gy, (T*)"27))
+((1 =M1+ B1+ 1) + Maz + 72 +€2)) o (y*, T y")
+(Ae1 + (1 = A)G)o(Ty", y")

+2((1 = Mg + B1) + Mag +72))(J Ly* — T 1T y* (T*)"2* — )
<0.

Applying a Banach limit p to both sides of this inequality, we obtain

(L =N)(ea + B+ G) + Moz + 72 + €2)) o (¥ T7Y7)
+(Aer + (1= A)¢)e(T7y", y")
+F2((L = N)(a1 + B1) + Maz +72))ua (T 1y" = T Ty (TF)"2" — y*)
<0.
By Lemma 2.1 there exists a unique 2 € co{(T™)"z* | n € N} such that
pnlJ Ty = T (T =y = (T = T 2 — ).
Therefore we obtain

(T =X)(a1 + 1+ (1) + Mag + 72 + €2)) o« (¥, T"y")
+(Ae1 + (1 = N)G)ox(T™y", y")
+2((1 = M) (a1 + B1) + Moz + 7)) (J 'y = T Ty 25 — y")
<0.
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for any y* € C*. By (4.1) we obtain

(1 =M1+ B+ Q) + Moz + 72+ €2)) b (y", T7yY7)
+(Ae1 + (1 = A)G)e(T7y", y")
+2((1 = M1 + B1) + Moz + ) (I 7y = T Ty, 25 — o)
= (1 = M) (a1 + B1) + Maz +72)) b« (25, T*y")
—((T =N (a1 + B1) + Maz +72)) ¢« (25, ¥7)
(1= NG +Ae2)du(y™, T7y") + (Aer + (1 = N)G) o (T™y", y")
<0.

Therefore we obtain

(1T =A)(a1 + B1) + AMaz +72))(9«(20, T"Y") — ¢«(20, 7))
< —((1 =N+ Ae2)u (v, TTy") — (Aer + (1 = A)2)o (T, y)

and hence zj is a (—((1=A)(1+Ae2), —(Ae1+(1=A)C2), (1 =) (a1 +B1) + A (a2 +72))-
generalized *-acute point. O

By Theorem 4.2 we obtain the following.

Theorem 4.3. Let E be a strictly convex, reflexive and smooth Banach space, let
C' be a nonempty subset of E and let T be an (aq, 2, f1, B2, V1,72, 01,02, €1, €2, (1,
(2)-generalized pseudocontraction from C into itself. Suppose that there exists z € C
such that {T"z | n € NU{0}} is bounded and suppose that there exists \ € [0, 1]
such that

(I —=X)(ag+ B2+ vy2+02) + Mag + B1 + 71 + 01) > 0;
Maz +72) + (1 = A) (e + B1) = 0;

)\(ﬁQ + 52) + (1 — )\)(’71 + 51) > 0;

(1=XNe2+ X >0;

Ao + (1 — )\)61 > 0.

Then there exists a (—(Aea+(1—X)C1), —(L—=AN) G2+ Ae1), (L= X) (a2 + B2) + A(aq +
~1))-generalized skew-acute point.

Proof. Let T* = JTJ~!'. By Lemma 2.4 T* is an (a2, a1, Be, 81,72, 71,62, 01, €2,
€1, (2, C1)-*-generalized pseudocontraction from J(C) into itself. By Theorem 4.2,
T* has a (—((1 = )G + Ae1), —(Aea + (1 = X)), (1 = M) (az + B2) + A(ea +1))-
generalized *-acute point 2z € co{(T*)"Jz | n € N}. By Lemma 3.5 J !z} is a
(—(Aea + (L= XN)C1), —((T = NG+ Aer), (1 — ) (a2 + B2) + A(aq + 71))-generalized
skew-acute point of T'. O

Remark 4.1. In the proof by using the concept of acute or skew-acute point we
needed the assumption (1 — A)(a1 + 1) + A(ag +72) > 0 or (1 — A)(ag + B2) +
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AMag +71) > 0 in addition to

(1 =X (a1 4+ B1+71+0) + Aag + B2 + 72 + d2) > 0;
AMar+m) + (1= A)(az + B2) = 0;

A(Br+01) + (1 = A)(y2 + d2) > 0;

(1=XNe1 + A > 0;

MG+ (1= XN)eg >0,

or

(1 =X)(a2 + B2 4+ 72 + 02) + A(a1 + B1 + 71 + 01) > 0;
Aoz +72) + (L = A) (o + B1) = 0;
A(B2 +62) + (1 = A) (31 +61) = 0;
(1= A2 + A¢1 > 0;
AG+ (1= A)er =0
see [14]. However, by using the concept of generalized acute and skew-acute point

we do not need the assumptions (1 — \)(a1 + 51) + A(az +72) > 0 and (1 —\)(ag +
B2) + Ao +71) > 0.

5. FIXED POINT THEOREMS

In this section we show that fixed point theorems, introduced in [14], are derived
from generalized acute and skew-acute point theorems.

Theorem 5.1. Let E be a strictly convex, reflexive and smooth Banach space, let
C be a nonempty, closed and convexr subset of E and let T be an (aq, s, f1, Po,
V1,72, 01, 02, €1, €2, (1, (2)-generalized pseudocontraction from C into itself. Suppose
that there exists \ € [0, 1] such that

(1 =XM1+ B1+ 71+ 61) + Mag + B2 + 92 + 52) > 0;

Mag +71) + (1= N) (a2 + 52) > 0;

A(Br+61) + (1= A)(y2 + 62) = 0;

(1 =Xer+ A& > 0;

/\Cl + (1 — )\)62 >0

and suppose that one of the following holds:
(1) Q=N +B81+C)+Maz+72+e2)>0and Aey + (1 =) > 0;
(2) (1 — )\)(041 + 61+ Cl) + )\(042 + v + 62) >0 and Ae1 + (1 - )\)CQ > 0.
Then T has a fized point if and only if there exists z € C such that {T"z | n €
NU{0}} is bounded.

Furthermore, if (1 — X)(a1 + 81+ 71 + 61) + AMag + B2 +v2 + 62) > 0 or Moy +
Bi+71+61)+ (1 —A) (a2 + P2+ v2 + d2) > 0, then the fixred point of T is unique.

Proof. If T has a fixed point z, then {T"z | n € NU{0}} is bounded.
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Conversely, suppose that there exists z € C such that {T"z | n € NU {0}}
is bounded. By Theorem 4.1 there exits z9 € co{T"z | n € N} C C such that
it is a (=((1 = A)q + Ae2), —=(Aer + (1 = A)C2), (1 = A)(en + B1) + Aoz + 12))-
generalized acute point. Furthermore, if (1) holds, then —((1 — \){1 + Xe2) <
(I = X)(a1 + B1) + Mag + 12) and —(Aeg + (1 — AN)¢2) < 05 if (2) holds, then
—((1=A)¢1 +Aez) < (1= A)(a1 + B1) + Alaz +72) and —(Aer + (1 — A)¢2) < 0. By
Lemma 3.6 (1) zq is a fixed point of T'.

Suppose that z; and zo are fixed points of T. Then we obtain

(1= XNa1g +A)d(Tz1,Tz) + (Aar + (1 — N ag)d(Tz2, T'21)

+((1 = A)B1 + M2)d(21, Tz2) + (A1 + (1 — A)B2) (T 22, 21)
+((T = X)71 + AB2)d(T'21, 22) + (AB1 + (1 — A)y2) (22, T21)
+((1 = A)d1 + Ad2)d(z1, 22) + (A1 + (1 — A)d2)d(22, 21)
+((1=Ner + A2)p(Tz1,21) + (MG + (1 — Ne2)p(z1,Tz1)
+((1 = NG+ Ae2)d(22, T22) + (Ae1 + (1 — A)C2)p(T 22, 22)

= (T =XN)(a1 + 1 +71 + 1) + Maz + B2 + 72 + 62)) (21, 22)

+(AMar + B +71+01) + (1 = A)(az + B2 + 72 + 02))¢(22, 21)

IA
o

By assumption (1 —\)(aq 4+ 51 +71+ 1) + Mag+ 2 +v2+02) > 0 and A(a; + 1+
y1+61)+ (1 —=N)(a2+ B2 +72+d2) > 0 hold. Furthermore, if (1 —\)(a1+ 51 +71 +
01)+AMag+Ba+v2+3d2) > 0or AMag+ 51 +v1+01)+ (1 —A)(ae+ P2 +72+d2) > 0,
then by (T9) we obtain z; = z2 and hence the fixed point of T' is unique. O

Theorem 5.2. Let E be a strictly convex, reflexive and smooth Banach space, let
C be a nonempty subset of E satisfying J(C) is closed and convex and let T' be an
(a1, g, B1, B2, 71,72, 01, 02, €1, €2, (1, C2)-generalized pseudocontraction from C' into
itself. Suppose that there exists X € [0, 1] such that
(1=XN)(a2+ B2 +92+02) + AMa1 +B1+91+01) >0
Mag +72) + (1 = A)(aq + B1) > 0;
A(B2 +62) + (1 = A) (71 + 61) > 0;
(1—=XNeg + A > 0;
Ao + (1 — )\)61 >0
and suppose that one of the following holds:
(1) (1 — )\)(012 + B9 + Cz) + )\(041 + 71+ 51) > 0 and Aeg + (1 — )\)Cl >0,
(2) (1 — /\)(042 + By + CQ) + )\(041 +7 + 61) >0 and ey + (1 — /\)Cl > 0.
Then T has a fized point if and only if there exists z € C such that {T"z | n €
NU{0}} is bounded.
Furthermore, if (1 — X)(ag + B2 +v2 + 02) + Mg + B1 +71 + 1) > 0 or Mg +
B2+ v2 4+ 02) + (1 — A) (a1 + 1 + 71 + 01) > 0, then the fized point of T is unique.

Proof. If T has a fixed point z, then {T"z | n € NU{0}} is bounded.
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Conversely, suppose that there exists z € C such that {T"z | n € NU {0}} is
bounded. By Theorem 4.3 there exits zo € J~1(co{(T*)"Jz | n € N}) C C such
that it is a (—()\82 + (1 — /\)Cl), —((1 - )\)CQ + )\81), (1 — )\)(042 + Bg) + )\(041 -+ ’)/1))—
generalized skew-acute point. Furthermore, if (1) holds, then —(Ae2 4+ (1 — A)(1) <
0 and —((1 — X\)G2 + Xe1) < (1 — X)(ag + B2) + M1 + m1); if (2) holds, then
—(Ae2+(1=XN)¢1) <0and —((1 =N+ Aey) < (1 —N) (e + B2) + A(ag +71). By
Lemma 3.6 (2) 2 is a fixed point of T

Furthermore, if (1 — X)(aq + 51 + 71 + 1) + AMag + B2 + 72 + 62) > 0 or A1 +
Br+ 7 +61) + (1= AN)(aa2+ B2+ 72 + d2) > 0, then we can show similarly to the
proof of Theorem 5.1 that the fixed point of T is unique. O
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