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2. Preliminaries

Let X be a metric space. For x, y ∈ X, a mapping c : [0, l] → X is said to be a
geodesic if c satisfies c(0) = x, c(l) = y and d(c(s), c(t)) = |s− t| for all s, t ∈ [0, l].
The image [x, y] of c is called a geodesic segment joining x and y. For r > 0, X is
said to be an r-geodesic metric space if, for any x, y ∈ X with d(x, y) < r, there
exists a geodesic segment [x, y]. In particular, if a segment [x, y] is unique for any
x, y ∈ X with d(x, y) < r, then X is said to be a uniquely r-geodesic metric space.
In what follows, we always assume d(x, y) < π/2 for any x, y ∈ X. Thus, we say X
is a geodesic metric space instead of a π/2-geodesic metric space. For more general
cases, see [2].

Let X be a uniquely geodesic metric space. A geodesic triangle is defined by
△(x, y, z) = [x, y] ∪ [y, z] ∪ [z, x]. Let M be the two-dimensional unit sphere
in R3. For x̄, ȳ, z̄ ∈ M , a triangle △(x̄, ȳ, z̄) ⊂ M is called a comparison trian-
gle of △(x, y, z) if d(x, y) = dM (x̄, ȳ), d(y, z) = dM (ȳ, z̄), and d(z, x) = dM (z̄, x̄).
Further, for any x, y ∈ X and t ∈ ]0, 1[, if z ∈ [x, y] satisfies d(x, z) = (1− t)d(x, y)
and d(z, y) = td(x, y), then z is denoted by z = tx ⊕ (1 − t)y. A point z̄ ∈ [x̄, ȳ]
is called a comparison point of z ∈ [x, y] if d(x, z) = dM (x̄, z̄). X is said to be a
CAT(1) space if, for any x, y, z ∈ X and p, q ∈ △(x, y, z) ⊂ X and their comparison
points p̄, q̄ ∈ △(x̄, ȳ, z̄) ⊂ M , the inequality d(p, q) ≤ dM (p̄, q̄) holds.

Let X be a geodesic metric space and {xn} a bounded sequence of X. For x ∈ X,
we put r(x, {xn}) = lim supn→∞ d(x, xn). The asymptotic radius of {xn} is defined
by r({xn}) = infx∈X r(x, {xn}). Further, the asymptotic center of {xn} is defined
by AC({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}. If, for any subsequence {xnk

}
of {xn}, AC({xnk

}) = {x0}, i.e., their asymptotic center consists of the unique

element x0, then we say {xn} ∆-converges to x0 and we denote it by xn −∆⇀ x0.
Let X be a metric space. A mapping T : X → X is said to be nonexpansive

if T satisfies d(Tx, Ty) ≤ d(x, y) for any x, y ∈ X. The set of fixed points of T
is denoted by F (T ) = {z ∈ X : Tz = z}. Further, a mapping T : X → X with
F (T ) ̸= ∅ is said to be strongly quasinonexpansive if, for any x ∈ X and z ∈ F (T ),
d(Tx, z) ≤ d(x, z) and if d(xn, Txn) → 0 for any bounded sequence {xn} ⊂ X and
z ∈ F (T ) satisfying limn→∞ cos d(xn, z)/ cos d(Txn, z) = 1. Moreover, T is said to
be ∆-demiclosed if x0 ∈ F (T ) for any bounded sequence {xn} ⊂ X and x0 ∈ X

satisfying d(xn, Txn) → 0 and xn−∆⇀ x0. Let C be a nonempty closed convex subset
of X. A mapping PC is said to be metric projection from X onto C if PC satisfies
d(u, PCu) = infx∈C d(u, x) for any u ∈ X.

In a Hilbert space, such PC is also nonexpansive. On the other hand, in a complete
CAT(1) space, PC is not nonexpansive in general. It is strongly quasinonexpansive
and ∆-demiclosed in a complete CAT(1) space. Thus, PC is an example which our
main result can be applied.

3. Tools for the main result

In this section, we introduce some tools for the main theorem.
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Theorem 3.1 (Kimura and Satô [6]). Let △(x, y, z) be a geodesic triangle in a
CAT(1) space such that d(x, y) + d(y, z) + d(z, x) < 2π. Let u = tx ⊕ (1 − t)y for
some t ∈ [0, 1]. Then

cos d(u, z) sin d(x, y) ≥ cos d(x, z) sin td(x, y) + cos d(y, z) sin(1− t)d(x, y).

Corollary 3.2 (Kimura and Satô [7]). Let △(x, y, z) be a geodesic triangle in a
CAT(1) space such that d(x, y) + d(y, z) + d(z, x) < 2π. Let u = tx ⊕ (1 − t)y for
some t ∈ [0, 1]. Then

cos d(u, z) ≥ t cos d(x, z) + (1− t) cos d(y, z).

Theorem 3.3 (Esṕınola and Fernández-León [3]). Let X be a complete CAT(1)
space and {xn} a sequence in X. If r({xn}) < π/2, then the following hold.

(i) AC({xn}) consists of exactly one point;
(ii) {xn} has a ∆-convergent subsequence.

Lemma 3.4 (Aoyama, Kimura, and Kohsaka [1], Saejung and Yotkaew [11]). Let
{an} ⊂ [0,∞[ , {dn} ⊂ R and {γn} ⊂ ]0, 1[ such that

∑∞
n=1 γn = ∞. Define a set

Φ = {φ : N → N,nondecreasing and limi→∞ φ(i) = ∞}. Suppose that

an+1 ≤ (1− γn)an + γndn

for any n ∈ N. If limi→∞ dφ(i) ≤ 0 for any φ ∈ Φ satisfying limi→∞(aφ(i)+1 −
aφ(i)) ≥ 0, then limn→∞ an = 0.

Lemma 3.5 (Kimura and Satô [7]). Let X be a complete CAT(1) space such that
d(v, v′) < π/2 for every v, v′ ∈ X. Let α ∈ [0, 1] and u, y, z ∈ X. Then

1− cos d(αu⊕ (1− α)y, z)

≤ (1− β)(1− cos d(y, z)) + β

(
1− cos d(u, z)

sin d(u, y) tan
(
α
2 d(u, y)

)
+ cos d(u, y)

)
,

where

β =

 1− sin((1− α)d(u, y))

sin d(u, y)
(u ̸= y),

α (u = y).

Lemma 3.6 (He, Fang, Lopez, and Li [5]). Let X be a complete CAT(1) space
and u ∈ X. If a sequence {xn} in X satisfies that limn→∞ d(u, xn) < π/2 and

xn −∆⇀ x ∈ X, then

lim
n→∞

d(u, xn) ≥ d(u, x).

Lemma 3.7 (Kimura and Satô [7]). Let X be a CAT(1) space with d(u, v) < π/2
for any u, v ∈ X. Let S and T be strongly quasinonexpansive and ∆-demiclosed
mappings from X into itself with F (S) ∩ F (T ) ̸= ∅. For β ∈ ]0, 1[, put U =
βS ⊕ (1− β)T . Then the following conditions hold;

• F (U) = F (S) ∩ F (T ),
• U is strongly quasinonexpansive,
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• U is ∆-demiclosed.

Lemma 3.8 (Kimura and Satô [7]). Let X be a CAT(1) space with d(u, v) < π/2
for any u, v ∈ X and △(z, x, y) ⊂ X. For t ∈ ]0, 1[, put u = tz ⊕ (1 − t)x and
v = tz ⊕ (1− t)y. Then the following inequality holds:

d(u, v) ≤ sin(1− t)M

sinM
d(x, y),

where M = supp,q∈X d(p, q) < π/2.

Lemma 3.9. Let {sn} and {tn} ⊂ ]−∞, 0]. Suppose that limn→∞(sn + tn) = 0.
Then limn→∞ sn = limn→∞ tn = 0.

Lemma 3.10. Let {sn} and {tn} ⊂ [0,∞[. Then

lim
n→∞

(sn · tn) ≥ lim
n→∞

sn · lim
n→∞

tn.

Lemma 3.11. Let {Dn} ⊂ ]0, π/2[ and t ∈ ]0, 1[. Suppose

lim
n→∞

sin(tDn) + sin((1− t)Dn)

sinDn
= 1.

Then limn→∞Dn = 0.

Proof. Assume {Dn} does not converge to 0, i.e., there exist a subsequence {Dni} ⊂
{Dn} and D0 > 0 such that Dni → D0. Then we get

1 = lim
n→∞

sin(tDn) + sin((1− t)Dn)

sinDn

= lim
i→∞

sin(tDni) + sin((1− t)Dni)

sinDni

=
sin(tD0) + sin((1− t)D0)

sinD0
.

Further, we have

sinD0 = sin(tD0) + sin((1− t)D0)

= 2 sin
D0

2
cos

(2t− 1)D0

2

= 2 sin
D0

2
cos

|1− 2t|D0

2
.

Since sin θ = 2 sin θ
2 cos

θ
2 and D0 > 0, we obtain

cos
D0

2
= cos

|1− 2t|D0

2
.

Then we get
D0

2
=

|1− 2t|D0

2
,

and we have
(1− |1− 2t|)D0 = 0.

Since t ∈ ]0, 1[, we have 1− |1− 2t| > 0 and hence D0 = 0. This is a contradiction.
Thus, we obtain {Dn} converges to 0. □
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4. The main result

In this section, we show the main result.

Theorem 4.1. Let X be a complete CAT(1) space with M = supp,q∈X d(p, q) < π/2.
Let R be a nonexpansive mapping from X into itself and S, T strongly quasinon-
expansive and ∆-demiclosed mappings from X into itself with F = F (R) ∩ F (S) ∩
F (T ) ̸= ∅. For r ∈ ]0, 1/2[, let {αn} ⊂ [r, 1 − r] ⊂ ]0, 1[, {βn}, {γn} ⊂ ]0, 1[ be real
sequences satisfying βn → β ∈ ]0, 1[, γn → 0, and

∑∞
n=1 γn = ∞. Define {xn} ⊂ X

by x1, u ∈ X and 
sn = γnu⊕ (1− γn)Sxn,

tn = γnu⊕ (1− γn)Txn,

yn = βnsn ⊕ (1− βn)tn,

xn+1 = αnxn ⊕ (1− αn)Ryn

for all n ∈ N. Then {xn} converges to PFu ∈ F .

Proof. Let p = PFu ∈ F and put

an = 1− cos d(xn, p),

bn = 1− cos d(u, p)

sin d(u, Sxn) tan
(γn

2 d(u, Sxn)
)
+ cos d(u, Sxn)

,

cn = 1− cos d(u, p)

sin d(u, Txn) tan
(γn

2 d(u, Txn)
)
+ cos d(u, Txn)

,

σn =

 1− sin(1− γn)d(u, Sxn)

sin d(u, Sxn)
(u ̸= Sxn),

γn (u = Sxn),

τn =

 1− sin(1− γn)d(u, Txn)

sin d(u, Txn)
(u ̸= Txn),

γn (u = Txn)

for n ∈ N. Then, by Lemma 3.5 and Corollary 3.2, we have

an+1 = 1− cos d(xn+1, p)

≤ 1− (αn cos d(xn, p) + (1− αn) cos d(Ryn, p))

≤ αnan + (1− αn)(1− cos d(yn, p))

≤ αnan + (1− αn)(1− (βn cos d(sn, p) + (1− βn) cos d(tn, p)))

≤ αnan + (1− αn)(βn((1− σn)an + σnbn)

+ (1− βn)((1− τn)an + τncn))

= (αn + (1− αn)(βn(1− σn) + (1− βn)(1− τn)))an

+ (1− αn)(βnσnbn + (1− βn)τncn)

= (1− (1− αn)(βnσn + (1− βn)τn))an

+ (1− αn)(βnσn + (1− βn)τn)
βnσnbn + (1− βn)τncn
βnσn + (1− βn)τn

.
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To apply Lemma 3.4 to our sequence, we will show the following:

(i)

∞∑
n=1

(1− αn)(βnσn + (1− βn)τn) = ∞,

(ii) lim
i→∞

βφ(i)σφ(i)bφ(i) + (1− βφ(i))τφ(i)cφ(i)

βφ(i)σφ(i) + (1− βφ(i))τφ(i)
≤ 0

for any nondecreasing functions φ : N → N satisfying lim
i→∞

φ(i) = ∞ and

lim
i→∞

(aφ(i)+1 − aφ(i)) ≥ 0.

First, we show (i). If u = Sxn, then we have σn = γn ≥ γn cosM . For any n ∈ N
satisfying d(u, Sxn) > 0, we get

σn =
sin d(u, Sxn)− sin(1− γn)d(u, Sxn)

sin d(u, Sxn)

=
2

sin d(u, Sxn)
sin
(γn
2
d(u, Sxn)

)
cos
((

1− γn
2

)
d(u, Sxn)

)
≥ γn cos

((
1− γn

2

)
d(u, Sxn)

)
≥ γn cosM.

Thus, we have σn ≥ γn cosM for any n ∈ N. We also get τn ≥ γn cosM . Therefore,
we obtain

(1− αn)(βnσn + (1− βn)τn) ≥ r(βnγn cosM + (1− βn)γn cosM)

≥ γn · r cosM

for any n ∈ N. Then (i) holds.
Next, we consider (ii). Let ni = φ(i) for any i ∈ N. For any i ∈ N satisfying

limi→∞(ani+1 − ani) ≥ 0, from Corollary 3.2 and the definition of strong quasinon-
expansiveness, we have

0 ≤ lim
i→∞

(ani+1 − ani)

= lim
i→∞

(cos d(xni , p)− cos d(xni+1, p))

≤ lim
i→∞

(cos d(xni , p)− (αni cos d(xni , p)

+ (1− αni) cos d(Ryni , p)))

= lim
i→∞

((1− αni)(cos d(xni , p)− cos d(Ryni , p))

≤ lim
i→∞

(1− αni)(cos d(xni , p)− cos d(yni , p))

≤ lim
i→∞

(1− αni)(cos d(xni , p)− (βni cos d(sni , p)

+ (1− βni) cos d(tni , p)))

= lim
i→∞

(1− αni)(βni(cos d(xni , p)− cos d(sni , p))

+ (1− βni)(cos d(xni , p)− cos d(tni , p)))
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≤ lim
i→∞

(1− αni)(βni(cos d(xni , p)− (γni cos d(u, p)

+ (1− γni) cos d(Sxni , p)))

+ (1− βni)(cos d(xni , p)− (γni cos d(u, p)

+ (1− γni) cos d(Txni , p))))

≤ lim
i→∞

(1− αni)(β(cos d(xni , p)− cos d(Sxni , p))

+ (1− β)(cos d(xni , p)− cos d(Txni , p)))

≤ lim
i→∞

(1− αni)(β(cos d(xni , p)− cos d(Sxni , p))

+ (1− β)(cos d(xni , p)− cos d(Txni , p)))

≤ 0.

Hence we get

lim
i→∞

(1− αni)(β(cos d(xni , p)− cos d(Sxni , p))

+ (1− β)(cos d(xni , p)− cos d(Txni , p))) = 0.

From Lemma 3.9, we have

lim
i→∞

(cos d(xni , p)− cos d(Sxni , p)) = 0 and lim
i→∞

(cos d(xni , p)− cos d(Txni , p)) = 0.

It follows that

lim
i→∞

cos d(xni , p)

cos d(Sxni , p)
= lim

i→∞

cos d(xni , p)

cos d(Txni , p)
= 1.

Since S and T are strongly quasinonexpansive, we get

lim
i→∞

d(xni , Sxni) = lim
i→∞

d(xni , Txni) = 0.(4.1)

On the other hand, by Corollary 3.2, we have

cos d(yni , p) ≥ βni cos d(sni , p) + (1− βni) cos d(tni , p)

≥ βni(γni cos d(u, p) + (1− γni) cos d(Sxni , p))

+ (1− βni)(γni cos d(u, p) + (1− γni) cos d(Txni , p))

≥ γni cos d(u, p) + (1− γni) cos d(xni , p).

To show limi→∞ d(xni , Ryni) = 0, we may assume d(xni , Ryni) > 0. Then, by
Theorem 3.1 and Corollary 3.2 again, we get

cos d(xni+1, p) sin d(xni , Ryni)

≥ cos d(xni , p) sinαnid(xni , Ryni) + cos d(Ryni , p) sin(1− αni)d(xni , Ryni)

≥ cos d(xni , p) sinαnid(xni , Ryni) + cos d(yni , p) sin(1− αni)d(xni , Ryni)

≥ cos d(xni , p) sinαnid(xni , Ryni)

+ (γni cos d(u, p) + (1− γni) cos d(xni , p)) sin(1− αni)d(xni , Ryni)

= cos d(xni , p)(sinαnid(xni , Ryni) + sin(1− αni)d(xni , Ryni))

+ γni sin(1− αni)d(xni , Ryni)(cos d(u, p)− cos d(xni , p)).
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Thus, we obtain

1 ≥ cos d(xni , p)

cos d(xni+1, p)
· sinαnid(xni , Ryni) + sin(1− αni)d(xni , Ryni)

sin d(xni , Ryni)

+ γni ·
sin(1− αni)d(xni , Ryni)

sin d(xni , Ryni)
· 1

cos d(xni+1, p)
· (cos d(u, p)− cos d(xni , p))

≥ cos d(xni , p)

cos d(xni+1, p)
· sinαnid(xni , Ryni) + sin(1− αni)d(xni , Ryni)

sin d(xni , Ryni)

− γni ·
sin(1− r)d(xni , Ryni)

sin d(xni , Ryni)
· 1

cosM
· |cos d(u, p)− cos d(xni , p)|

≥ cos d(xni , p)

cos d(xni+1, p)
· sinαnid(xni , Ryni) + sin(1− αni)d(xni , Ryni)

sin d(xni , Ryni)

− γni · (1− r) · d(xni , Ryni)

sin d(xni , Ryni)
· sin(1− r)d(xni , Ryni)

(1− r)d(xni , Ryni)
· 1

cosM
· 2

Since γn → 0 and limi→∞(cos d(xni , p)− cos d(xni+1, p)) ≥ 0, or equivalently,

lim
i→∞

cos d(xni , p)

cos d(xni+1, p)
≥ 1,

by Lemma 3.10, we get

1 ≥ lim
i→∞

(
cos d(xni , p)

cos d(xni+1, p)
· sinαnid(xni , Ryni) + sin(1− αni)d(xni , Ryni)

sin d(xni , Ryni)

)
≥ lim

i→∞

cos d(xni , p)

cos d(xni+1, p)
· lim
i→∞

sinαnid(xni , Ryni) + sin(1− αni)d(xni , Ryni)

sin d(xni , Ryni)

≥ lim
i→∞

sinαnid(xni , Ryni) + sin(1− αni)d(xni , Ryni)

sin d(xni , Ryni)

≥ lim
i→∞

sinαnid(xni , Ryni) + sin(1− αni)d(xni , Ryni)

sin d(xni , Ryni)

≥ 1.

Since {αni} ⊂ [r, 1− r] and by Lemma 3.11, we have

lim
i→∞

d(xni , Ryni) = 0.

Let U = βS ⊕ (1 − β)T . Then U satisfies three conditions in Lemma 3.7 and
from Lemma 3.8, we get

d(yni , Uxni)

= d(βnisni ⊕ (1− βni)tni , βSxni ⊕ (1− β)Txni)

≤ d(βnisni ⊕ (1− βni)tni , βniSxni ⊕ (1− βni)tni)

+ d(βniSxni ⊕ (1− βni)tni , βniSxni ⊕ (1− βni)Txni)

+ d(βniSxni ⊕ (1− βni)Txni , βSxni ⊕ (1− β)Txni)
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≤ sinβniM

sinM
d(sni , Sxni) +

sin(1− βni)M

sinM
d(tni , Txni) + |βni − β|d(Sxni , Txni)

≤ γni

(
sinβniM

sinM
d(u, Sxni) +

sin(1− βni)M

sinM
d(u, Txni)

)
+ |βni − β|d(Sxni , Txni).

Hence we have limi→∞ d(yni , Uyni) = 0. Further, since

d(xni , RUxni) ≤ d(xni , Ryni) + d(Ryni , RUxni) ≤ d(xni , Ryni) + d(yni , Uxni),

we also get limi→∞ d(xni , RUxni) = 0. Moreover, since

d(xni , p) ≤ d(xni , RUxni) + d(RUxni , p) ≤ d(xni , RUxni) + d(Uxni , p)

for p ∈ F , we obtain

0 ≤ | cos d(xni , p)− cos d(Uxni , p)|

= 2 sin
d(xni , p) + d(Uxni , p)

2

∣∣∣∣sin d(xni , p)− d(Uxni , p)

2

∣∣∣∣
≤ 2 sinM sin

d(xni , RUxni)

2
→ 0

as i → ∞. It follows limi→∞ cos d(xni , p)/ cos d(Uxni , p) = 1. Since U is strongly
quasinonexpansive, we get limi→∞ d(xni , Uxni) = 0. Thus, we have

d(xni , Rxni) ≤ d(xni , RUxni) + d(Uxni , xni) → 0(4.2)

as i → ∞.
Furthermore, there exists a subsequence {xnij

} ⊂ {xni} such that

lim
i→∞

βniσnibni + (1− βni)τnicni

βniσni + (1− βni)τni

= lim
j→∞

βnij
σnij

bnij
+ (1− βnij

)τnij
cnij

βnij
σnij

+ (1− βnij
)τnij

.

From Theorem 3.3(ii), there exists a subsequence {zk} ⊂ {xnij
} such that it ∆-

converges to x0 ∈ X. Then from the definition of ∆-demiclosedness with (4.1) and
(4.2), we have x0 ∈ F . Further, we can take a subsequence {zkl} ⊂ {zk} satisfying

δ = lim
l→∞

d(u, zkl) = lim
k→∞

d(u, zk) ≥ d(u, x0) ≥ d(u, p)(4.3)

by Lemma 3.6. Moreover, we get

σkl
γkl

=
sin d(u, Szkl)− sin(1− γkl)d(u, Szkl)

γklsin d(u, Szkl)

=
1− cos γkld(u, Szkl)

γkl
+

d(u, Szkl)

tan d(u, Szkl)
· sin γkld(u, Szkl)

γkld(u, Szkl)

→ 0 +
δ

tan δ
· 1 =

δ

tan δ
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as l → ∞. Similarly, we have τkl/γkl → δ/ tan δ. Then we obtain σkl/τkl → 1.
Thus, using (4.3), we get

lim
i→∞

βφ(i)σφ(i)bφ(i) + (1− βφ(i))τφ(i)cφ(i)

βφ(i)σφ(i) + (1− βφ(i))τφ(i)

= lim
i→∞

βniσnibni + (1− βni)τnicni

βniσni + (1− βni)τni

= lim
l→∞

βklσklbkl + (1− βkl)τklckl
βklσkl + (1− βkl)τkl

= lim
l→∞

βkl
σkl
τkl

bkl + (1− βkl)ckl

βkl
σkl
τkl

+ (1− βkl)

= β

(
1− cos d(u, p)

cos δ

)
+ (1− β)

(
1− cos d(u, p)

cos δ

)
≤ 1− cos d(u, p)

cos d(u, x0)

≤ 0

for any φ satisfying limi→∞(aφ(i)+1 − aφ(i)) ≥ 0. Therefore, from Lemma 3.4, we
obtain that an → 0 i.e., {xn} converges to p = PFu ∈ F . □

References

[1] K. Aoyama, Y. Kimura and F. Kohsaka, Strong convergence theorems for strongly relatively

nonexpansive sequences and applications, J. Nonlinear Anal. Optim.: Theory and Applications

3 (2012), 67–77.

[2] M. R. Bridson and A. Haefliger, Metric Spaces of Non–Positive Curvature, vol. 319 of

Grundlehren der. Mathematischen Wissenschaften, Springer, Verlag, Berlin, Germany, 1999.
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