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HALPERN ITERATION WITH TWO KINDS OF MAPPINGS IN
A COMPLETE GEODESIC SPACE WITH CURVATURE
BOUNDED ABOVE

YASUNORI KIMURA, KOICHI NAKAGAWA, AND HIDEYUKI WADA

ABSTRACT. In this paper, we show a strong convergence theorem for a Halpern
iteration procedure with two kinds of mappings. The proposed method is dif-
ferent from known procedures with respect to the order of taking the convex
combination.

1. INTRODUCTION

The fixed point approximation has been studied in a variety of ways and its
results are useful for the other studies. In 1967, Halpern [4] introduced an itera-
tion procedure for approximating fixed points of a nonexpansive mapping. In 1992,
Wittmann [14] obtained that a Halpern iteration with nonexpansive mapping con-
verges strongly to a fixed point in a Hilbert space. Later, this iteration method
has been extended to Banach spaces and Hilbert spaces by many mathematicians;
see [9, 12] for instance. In 2010, Saejung [10] introduced this iteration in CAT(0)
spaces. In 2011, Piatek [8] proposed strong convergence theorems with single map-
ping in CAT(1) spaces. In 2013, Kimura and Sat6 [7] supplemented its proof and
completed it. They also proved the convergence theorems in CAT(1) spaces with
two mappings.

On the other hand, in 2016, Wada [13] proved the strong convergence theorem
for two kinds of mappings in a complete CAT(0) space:

Theorem 1.1. Let X be a complete CAT(0) space. Let R be a nonexpansive map-
ping from X into itself and S, T strongly quasinonerpansive and A-demiclosed map-
pings from X into itself with F = F(R)NF(S)NF(T) # 0. Forr €]0,1/2, let
{an} C [r,1 =7 C 0,1, {Bn}, {1} C ]0,1] be real sequences satisfying Bp, — B €
10,1, v — 0, and >_77 | vn = 00. Define {z,} C X by x1,u € X and

Sp =Yt & (1 — v,)Sxp,

tn = Yu ® (1 — v,) Ty,

Tnt1 = nZpn ® (1 — apn)R(Bpsn @ (1 — Bn)tn)

for alln € N. Then {x,} converges to a point in F.

In this paper, we show this result in the setting of complete CAT(1) spaces.
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2. PRELIMINARIES

Let X be a metric space. For x,y € X, a mapping c: [0,]] — X is said to be a
geodesic if ¢ satisfies ¢(0) = z,¢(l) = y and d(c(s),c(t)) = |s — t| for all s,t € [0,1].
The image [z, y] of ¢ is called a geodesic segment joining x and y. For r > 0, X is
said to be an r-geodesic metric space if, for any z,y € X with d(z,y) < r, there
exists a geodesic segment [z,y]. In particular, if a segment [z,y] is unique for any
x,y € X with d(z,y) < r, then X is said to be a uniquely r-geodesic metric space.
In what follows, we always assume d(z,y) < 7/2 for any x,y € X. Thus, we say X
is a geodesic metric space instead of a 7/2-geodesic metric space. For more general
cases, see [2].

Let X be a uniquely geodesic metric space. A geodesic triangle is defined by
A(z,y,z) = [z,y] U [y, 2] U [z,z]. Let M be the two-dimensional unit sphere
in R3. For Z,7,Z € M, a triangle A(Z,9,2) C M is called a comparison trian-
gle of A(x,y,2) if d(z,y) = du(Z,9), d(y,z) = dp(y, 2), and d(z,z) = dy(Z, ).
Further, for any z,y € X and ¢ € ]0,1[, if z € [z, y] satisfies d(z,2) = (1 — t)d(z,y)
and d(z,y) = td(x,y), then z is denoted by z = tx @ (1 — t)y. A point z € [Z, 7]
is called a comparison point of z € [z,y] if d(z, z) = dp(Z,z). X is said to be a
CAT(1) space if, for any z,y,z € X and p,q € A(z,y,z) C X and their comparison
points p,q € A(Z,y,z) C M, the inequality d(p, q) < dy (P, q) holds.

Let X be a geodesic metric space and {x,} a bounded sequence of X. For z € X,
we put r(z,{z,}) = limsup,,_, d(z,x,). The asymptotic radius of {z,} is defined
by r({zn}) = infyex r(x,{x,}). Further, the asymptotic center of {x,} is defined
by AC({zn}) = {z € X : r(z,{z,}) = r({zn})}. If, for any subsequence {z,, }
of {x,,}, AC({zn,}) = {x0}, i.e., their asymptotic center consists of the unique
element xg, then we say {x,} A-converges to ¢ and we denote it by z, A Zo.

Let X be a metric space. A mapping T : X — X is said to be nonexpansive
if T' satisfies d(Tx,Ty) < d(z,y) for any z,y € X. The set of fixed points of T’
is denoted by F(T) = {z € X : Tz = z}. Further, a mapping 7 : X — X with
F(T) # 0 is said to be strongly quasinonexpansive if, for any 2 € X and z € F(T),
d(Tx,z) < d(z,z) and if d(zy, Tx,) — 0 for any bounded sequence {z,} C X and
z € F(T) satisfying lim,,_,~c cosd(xy, z)/ cosd(Tx,, z) = 1. Moreover, T is said to
be A-demiclosed if xg € F(T) for any bounded sequence {z,} C X and zp € X
satisfying d(zy, Tx,) — 0 and z, EN xg. Let C be a nonempty closed convex subset
of X. A mapping P¢ is said to be metric projection from X onto C' if Pp satisfies
d(u, Pou) = inf e d(u, ) for any u € X.

In a Hilbert space, such Pg is also nonexpansive. On the other hand, in a complete
CAT(1) space, P¢ is not nonexpansive in general. It is strongly quasinonexpansive
and A-demiclosed in a complete CAT(1) space. Thus, P is an example which our
main result can be applied.

3. TOOLS FOR THE MAIN RESULT

In this section, we introduce some tools for the main theorem.
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Theorem 3.1 (Kimura and Sato [6]). Let A(z,y,z) be a geodesic triangle in a
CAT(1) space such that d(x,y) + d(y, z) + d(z,z) < 2w. Let uw =tz & (1 —t)y for
some t € [0,1]. Then

cosd(u, z)sind(x,y) > cosd(z, z) sintd(x,y) + cosd(y, z) sin(1l — t)d(x,y).
Corollary 3.2 (Kimura and Satd [7]). Let A(z,y,z) be a geodesic triangle in a

CAT(1) space such that d(x,y) + d(y, z) + d(z,z) < 2mw. Let uw =tz & (1 —t)y for
some t € [0,1]. Then

cosd(u, z) > tcosd(z,z) + (1 —t) cosd(y, 2).

Theorem 3.3 (Espinola and Ferndndez-Leén [3]). Let X be a complete CAT(1)
space and {xp} a sequence in X. If r({zp}) < 7/2, then the following hold.

(1) AC({zn}) consists of exactly one point;
(73) {zn} has a A-convergent subsequence.

Lemma 3.4 (Aoyama, Kimura, and Kohsaka [1], Saejung and Yotkaew [11]). Let
{an} C [0,00[,{dn} C R and {yn} C ]0,1[ such that Y .7 v, = co. Define a set
@ = {p : N — N, nondecreasing and lim;_,~ ¢(i) = co}. Suppose that

Anp+1 < (1 - "Yn)an + 'Yndn

for any n € N. If lim;_o0 dyiy < 0 for any ¢ € P satisfying himiﬁoo(aw(i)_s_l —
p(iy) = 0, then limy, o an = 0.

Lemma 3.5 (Kimura and Sato [7]). Let X be a complete CAT(1) space such that
d(v,v") < /2 for every v,v' € X. Let a € [0,1] and u,y,z € X. Then

1 —cosd(au® (1 —a)y, z)

< (1-B)(1 —cosd(y,2)) + B (1 = cosd(u, 2) ) ,

sind(u,y) tan ($d(u,y)) + cosd(u,y)
e (1~ a)d(u. )
sin((1 — a)d(u,y
1- : (u#y),
8= sind(u, y)

o (u=y).
Lemma 3.6 (He, Fang, Lopez, and Li [5]). Let X be a complete CAT(1) space
and uw € X. If a sequence {x,} in X satisfies that lim, oo d(u,x,) < 7/2 and
Tn Are X, then

lim d(u,x,) > d(u, ).
n—oo
Lemma 3.7 (Kimura and Saté [7]). Let X be a CAT(1) space with d(u,v) < 7/2
for any u,v € X. Let S and T be strongly quasinonexpansive and A-demiclosed
mappings from X into itself with F(S)N F(T) # 0. For 8 € ]0,1[, put U =
BS @ (1 — B)T. Then the following conditions hold;
e F(U)=F(S)NF(T),
o U 1is strongly quasinonexpansive,
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o U is A-demiclosed.

Lemma 3.8 (Kimura and Sato [7]). Let X be a CAT(1) space with d(u,v) < 7/2
for any u,v € X and A(z,z,y) C X. Fort € ]0,1], put u = tz ® (1 — t)z and
v=1z® (1 —t)y. Then the following inequality holds:
sin(1 —¢)M
d < —
(u,0) < sin M

where M = sup,, .« x d(p, q) < 7/2.
Lemma 3.9. Let {s,} and {t,} C ]—00,0]. Suppose that lim,_,oc(sy, + t) = 0.
Then lim,, o0 Sp = limy, o0 t, = 0.

Lemma 3.10. Let {s,} and {t,} C [0,00[. Then

d(z,y),

lim (s, - t,) > lim s, - lim t,.
n—oo n—oo n—o00

Lemma 3.11. Let {D,} C ]0,7/2[ and t € ]0,1[. Suppose
sin(tDy,) + sin((1 — ¢)Dy,)
00 sin D,,
Then lim,, o D, = 0.

= 1.

Proof. Assume {D,,} does not converge to 0, i.e., there exist a subsequence {D,,, } C
{D,} and Dy > 0 such that D,,, — Dy. Then we get

1= lim sin(tD,,) +'s1n((1 —t)Dy,)
n—o00 S1n Dn
— lim sin(tDy,; ) + sin((1 —¢)Dy,)
i—00 sin Dy,
sin(tDg) + sin((1 — ¢)Dy)

sin Do
Further, we have

sin Dy = Sin(tDo) + Sin((l — t)Do)

D 2t —1)D
:2sin2ocos(2)0

9 i Dy |1 — 2t| Dy
= 2sin — cos ——.

2 2
Since sin@ = 2sin 2 cosg and Dy > 0, we obtain

2
Dy 11— 2¢| Dy
COS — = COS #

Then we get
Do |1—2t{Dy
2 2
and we have
(1 —11—2t])Dy = 0.
Since ¢ € |0, 1], we have 1 — |1 — 2¢| > 0 and hence Dy = 0. This is a contradiction.
Thus, we obtain {D,,} converges to 0. O
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4. THE MAIN RESULT

In this section, we show the main result.

Theorem 4.1. Let X be a complete CAT(1) space with M = sup,, ,c x d(p,q) < 7/2.
Let R be a nonexpansive mapping from X into itself and S, T strongly quasinon-
expansive and A-demiclosed mappings from X into itself with F = F(R) N F(S) N
F(T) #0. Forr €]0,1/2], let {a,} C [r,1 —7] C10,1[, {Bn}, {7} C]0,1] be real
sequences satisfying Bn, — B €10,1[, o — 0, and Y 2 | vn = 00. Define {z,} C X
by z1,u € X and

Sp = Yntt ® (1 — v) Sy,

tn = u® (1 —v,)Txy,

Yn = Bnsn @ (1 - Bn)tnv

Tpt+l = QpZn (1 - an)Ryn

for alln € N. Then {x,} converges to Pru € F'.

Proof. Let p= Pru € F and put

an =1 — cosd(zp,p),

cosd(u,p)
bn =1- . ’
sind(u, Szy,) tan (4-d(u, Szy)) + cos d(u, Szy,)

o =1 cosd(u,p)

* sind(u, Tx,) tan (%d(u, Tzy)) + cosd(u, Txy,)’
sin(1 — v, )d(u, Sxp)

1 n)s
oy = sin d(u, Sxy,) (u # S2n)
Y (u = Sx,),
sin(1 — 7y, )d(u, Txy,)
1- T nj
Th = sind(u, Txy,) (u 7 Tan)
Yn (u=Tz,)

for n € N. Then, by Lemma 3.5 and Corollary 3.2, we have
ap+1 =1 —cosd(xpt1,p)
<1— (ancosd(xn,p)+ (1 — ay)cosd(Ryn,p))
< anap + (1 — an)(1 — cosd(yn, p))
< anap + (1 — an)(1 = (Br cosd(sp,p) + (1 — By) cosd(tn,p)))
< anp + (1 — an)(Bn((1 — on)an + opby)
+ (1= B)((1 = 1)an + Then))
= (an + (1 —an)(Ba(l —on) + (1 = Bp)(1 — ™)) an
+ (1 — a)(Bronby, + (1 — Br)Tnen)
= (1= (1= an)(Bnon + (1 = Bn)7n))an

n nbn 11— n)'ntn
+ (1 - Oén)(,@nO'n + (1 - Bn)Tn)ﬁ ;no'n 1 El - gniznc .
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To apply Lemma 3.4 to our sequence, we will show the following:
oo

(i) Z(l — o) (Bnon + (1 = Bn)n) = o0,

n=1
i) (%) 7 + 7
(i) Tm Be@Tembet) + (1 = Bo@) om0
1—00 ng(z (i) + ( 590 (3) ) Tep(4)
for any nondecreasmg functions ¢ : N — N satisfying lim (i) = oo and
1—00

lim (ag(i)+1 = ap(i)) = 0.
1—00
First, we show (i). If u = Sz, then we have o,, = v, > v, cos M. For any n € N
satisfying d(u, Sz,) > 0, we get
_ sind(u, Szy,) —sin(1 — yy,)d(u, Szy,)
" sind(u, Sxy,)
2 n
= sind(u, Sa) sin (72 d(u, an)) cos ((1 - %) d(u, Sazn)>

sind(u, Sz,

> 7Yp, COS ((1 — %) d(u, an))
> 7yp cos M.

Thus, we have o, > v, cos M for any n € N. We also get 7,, > v, cos M. Therefore,
we obtain

(1 — an)(Bron + (1 = Bp)1n) = r(Bpnyncos M + (1 — By)yn cos M)
> Yp - rcos M
for any n € N. Then (i) holds.
Next, we consider (ii). Let n; = ¢(i) for any ¢ € N. For any ¢ € N satisfying

lim, , (an;+1 — an,;) > 0, from Corollary 3.2 and the definition of strong quasinon-
expansiveness, we have

0 < lim (an,+1 — an,)
1—00
= lim (c0s d(w,,,p) — €0 d(ar,1,))
1—00
< lim (cosd(zp,,p) — (an,; cosd(zn,,p)

+ (1 - ani) cos d(Ryniap)))
= hirn (11— Ozni)(COS d(xnﬂp) — COs d<Rym7p))

1—00

< hirn (1 - Oéni)(COS d(xni’p) — COs d(yniap))
i—00

S him (1 - Oéni)(COS d(xnz;p) - (6717, COS d<3n17p)
1—00

+ (1 = Bp;) cosd(tn,;,p)))
= lim (1 — am,)(Bn, (cos d(zy,, p) — cosd(sn,,p))

1—00

+ (1= Bn,)(cos d(xn,, p) — cosd(tn;; p)))
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< h7m (1 - Oéni)(ﬁni(COS d(xni7p) - (7”1 cos d(u,p)
1—00
+ (1 - 7711') CO8 d(anwp)))
+ (1 - ﬂni)(COS d({L‘m,p) ('77%‘ COs d(u,p)
+ (1 - 77’11’) CO8 d<T$m7p))))
< lim (1 - ay,)(B(cos d(xn,, p) — cos d(Szy,.p))

+ (1 = B)(cosd(xn,,p) — cosd(Tzp,,p)))
< liim (1 - ani)(ﬁ(cos d(xniﬂp) — COs d(Sl'nl,p))

+ (1 — B)(cosd(zp,,p) — cosd(Txn,,p)))
<0.

lim (1 — a, ) (5(cos d(wn,, p) — cos d(Szp,, p))

1—00

+ (1 — B)(cosd(zp,,p) — cosd(Txn,,p))) =

From Lemma 3.9, we have

lim (cos d(zp,,p) — cosd(Szyp,,p)) =0 and lim (cos d(zy,,p) — cosd(Txy,,p))
1— 00

It follows that

11— 00

hm COSd(x’ni?p) _ hm COSd(xni’p)

= ——=1.
i—oo co8d(STy,,p)  i—oo cosd(Txy,,p)

Since S and T are strongly quasinonexpansive, we get

(4.1)

lim d(xy,, Sty,) = lim d(zy,, Tzy,) = 0.
1—00 1—>00

On the other hand, by Corollary 3.2, we have
cos d(Yn;,p) > Bn, cosd(sn,,p) + (1 — By,) cosd(ty,, p)

To show lim;_,eo d(zn,, Ryn,)

2 Bnl(’Ym COs d(uup) + (1 - rynz) COS d(anwp))

+ (1 = Bn;)(n,; cos d(u, p) + (1 — vp,) cos d(Txp,;,p))

= Yn, COS d(u,p) + (1 - 'Vni) COs d(:l:nz.,p).

Theorem 3.1 and Corollary 3.2 again, we get

COs d(xni-l-l ) p) sin d(.ﬁn” Rym)

> cos d(p,, p) sin ap, d(Tn,;, Ryn,;) + cos d(Ryn,,p) sin(1 — oy, )d(xy,, Ryn,)
> cosd(p,, p) sin ap, d(Tn,;, Ryn,;) + cos d(yn,, p) sin(l — ay, )d(xn,, Ryn,)
> cosd(Tn,, D)

(’Ym cosd(u,p) + (1 — ’Vni) COs d(xni,p)) sin(1 — O‘m)d(xnia Ryni)

sin o, d(xn,, Ryn,)

= cosd(zn,, p)(sin ay,d(xp,, Ryn,) + sin(1 — ap,)d(xn,, Ryn,))
+ Yn; sin(1 = ap, )d(2n,, Ryn, ) (cos d(u, p) — cos d(xn,;,p)).

97

=0.

= 0, we may assume d(zp,;, Ry,,) > 0. Then, by
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Thus, we obtain

cosd(Tn,,p)  Sinay,d(Tn,, Ryn,) + sin(l — ay,)d(xn,, Ryn,)

1>

cos d(Tn,+1,D) sin d(xn,, Ryn,)
sin(1 — ay,)d(zn,, Ryn,) 1
n; ° - - = : d ) - d (78]
U Snd(ze, Run) | condamrp) (AP T cosdlin, p)
cosd(@p,,p)  sinan,d(n,, Ryn,) +sin(l — an,)d(@n,, Ryn,)
~ cos d($ni+17p) sin d(xnm Rym)

sin(1 — r)d(zp,, Ryn,) 1
" sin d(xp,, Ryn,) " cos M
cosd(Tn,,p)  sinay,d(Tn,, Ryn,) + sin(l — ay,)d(xn,, Ryn,)
~ cosd(Tp,4+1,p) . sin d(xn,, Ryn,)
. d(xnmRynz) . Sin(l — T)d(:l?m, Rym) . 1 )
sind(xn,, Ryn;) (1 —r)d(zpn,, Ryn;,) cosM

- |cos d(u, p) — cos d(zy,, p)|

ng

_77%"(1_7“)

Since 7, — 0 and lim, ,__(cosd(zy,,p) — cosd(xn,+1,p)) > 0, or equivalently,

i 2% 4@np)
i—o0 COS A(Tn,;+1,D)

by Lemma 3.10, we get

1> lim cos d(xn“p) sin a”id(xnﬂ Ryni) + Sin(l - am)d(xm'a Rym’)
im .
~ i—o00 \ COS d(xni—i-lap) sin d(xn” Rynz)
>l 084 p) | sin o, (@, Ryn) + sin(l — an,)d(@n,, Ryn,)
im0 €08 d(@n1,p) o sind(zy,, Ryn,)
> Tom SO Un, Ryn,) +$i0(1 = O, )d(n,, Ryn,)
i—00 sind(xn,, Ryn,)
i—00 sind(zn,, Ryn,)
>1

Since {an,} C [r,1 —r] and by Lemma 3.11, we have

lim d(zp,, Ryn,) = 0.

1—+00
Let U = S @& (1 — 5)T. Then U satisfies three conditions in Lemma 3.7 and
from Lemma 3.8, we get
d(Yn,, Uzp,)
=d(Bn;Sn; ® (1 — Bn;)tn,;, BSTn, ® (1 — B)Txy,)
< d(Bn;sn; © (1= Bny)tn,, Bn; STn, ® (1 — B, )tn,)
+ d(Bn; Sy, ® (1 — Bu,)tn;, By Sxn;, ® (1 — Bpn,)Txp,)
+ d(Bn; Sz, ® (1 — Bn,)Txn,, BSTn, & (1 — B)Txy,)
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sin B, M sin(1 — B, )M
< _ _ _ 7 Tz, o — Tz,
— SinM d(snﬂ anz) + SinM d<tnz7 mnz) + ‘ﬂnz B’d(sxnw xnz)
sin By, M sin(1l — B, )M
< | — ) —_—_— ) — ) ).
— ’Y’I’LZ ( SIDM d(u’ S:’an) + SlnM d(u’ TJUnl) + |/6nz /B‘d(s‘,rnz7 Tﬁnz)

Hence we have lim;_,o0 d(yn,, Uyn,) = 0. Further, since
d(xp,;, RUZy,) < d(Xn,;, Ryn;) + d(Ryn,, RUxy,) < d(xp,, Ryn,) + d(yn,, Uzny,),
we also get lim; o d(zy,, RUxy,;) = 0. Moreover, since
d(zp,;,p) < d(xpn,, RUzp,) + d(RUzp,,p) < d(xpn,, RUZy,) + d(Uxy,, p)
for p € F, we obtain

0 < |cosd(zn,,p) — cosd(Uznp,,p)|

d(xnﬂp) + d(anNp) sin Cl((l?ni,p) — d(anwp>
2 2
d(zp,, RUxy,)
2

= 2sin

< 2sin M sin

—0

as i — oo. It follows lim; ,o cosd(zy,,p)/ cosd(Uxy,,,p) = 1. Since U is strongly
quasinonexpansive, we get lim; oo d(xy,,, Uzy,) = 0. Thus, we have

(4.2) d(xn,, Rrn,) < d(zp,, RUzy,) + d(Uxy,, n,) =0

as 1 — 00.
Furthermore, there exists a subsequence {xnlj} C {xn,} such that

m /an On, bm‘ + (1 - 5711')7—711‘ Cn; — lim Bnij Unij bnij + (1 B Bnij )Tnij Cnij .
i—00 /Bnio'ni + (]- - /Bnl)Tnz Jj—roo /Bnij O'nij + (]- - /an )Tnij

J

From Theorem 3.3(ii), there exists a subsequence {zx} C {fmj} such that it A-

converges to zo € X. Then from the definition of A-demiclosedness with (4.1) and
(4.2), we have x¢ € F. Further, we can take a subsequence {zx,} C {2} satisfying

(4.3) 0= llim d(u, zg,) = lim d(u, z) > d(u, o) > d(u, p)
—00

k—o0

by Lemma 3.6. Moreover, we get

ok, _ sind(u, Szx,) — sin(1 — g, )d(u, Sz,

Ve Vi, sind(u, Sz, )
1 —cosy,d(u, Szr,) d(u,Sz,)  sinygd(u, Sz,)
Yk, tan d(u, Szy,) Yk, d(u, Sz,)
) J
— 0+ 1=

tano tan d
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as | — oo. Similarly, we have 7y, /v, — 0/tand. Then we obtain oy, /7, — 1.
Thus, using (4.3), we get

i Bewo + (1 = Bo(i)) (i) Co(i)
i—o00 @o(i) W-) + (1= Bo@) o)
. m 5ni0'nibnz + ( - /Bni)Tnicni
o 1—00 ﬂnio-nz (1 /an)Tnz
i PRk A (= Br) T e

l—oo B0k + (1- Bk’l)Tk’l

/Bkl Tkl bkl (1 Bkl)ckl
= lim
( )

l—00 ﬁkz U’W +(1— Bkl

=ﬁ<1—COSd(%p)>+(1—ﬁ)<1_COSd(“’p)>

cos cosd
cos d(u,p)
cos d(u, xg)
<0
for any ¢ satisfying hmz_mo(a(p(i)ﬂ — ay(;)) > 0. Therefore, from Lemma 3.4, we
obtain that a,, — 0 i.e., {z,,} converges to p = Ppu € F. O
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