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168 KENJIRO YANAGI

=

(∫ 1

0
f(a▽vt b)dt

)
▽v

(∫ 1

0
f((1− v)(b− a)t+ a▽v b)dt

)
for a convex Riemann integrable function, a, b > 0 and v ∈ [0, 1]. By elemen-
tary calculations, we find that the inequalities given in (1.3) recover the standard
Hermite-Hadamard inequalities:

(1.5) f

(
a+ b

2

)
≤ 1

b− a

∫ b

a
f(t)dt ≤ f(a) + f(b)

2
.

Recently Furuichi and Minculete [7] obtained refined Hermite-Hadamard inequality
and gave the extended inequalities for weighted logarithmic mean. In this paper we
extend the results of [7] by using the more refined Hermite-Hadamard inequality.

2. Refined Hermite Hadamard inequality

We give the refined Hermite Hadamard inequality.

Theorem 2.1. Let f(x) be a convex function on [a, b]. Then for any n ∈ N ∪ {0}

1

2n

2n∑
k=1

f(a+ (2k − 1)
hn
2
) ≤ 1

b− a

∫ b

a
f(x)dx(2.1)

≤ 1

2n+1
{f(a) + f(b) + 2

2n−1∑
k=1

f(a+ khn)},

where hn = b−a
2n . By putting n = 0 in (2.1), (1.5) is obtained.

The proof is omitted.

Proposition 2.2. The following properties hold.

(1)
1

2n−1

2n−1∑
k=1

f

(
a+ (2k − 1)

hn−1

2

)
≤ 1

2n

2n∑
k=1

f

(
a+ (2k − 1)

hn
2

)

(2)
1

2n+1

{
f(a) + f(b) + 2

2n−1∑
k=1

f(a+ khn)

}

≤ 1

2n

f(a) + f(b) + 2
2n−1−1∑
k=1

f(a+ khn−1)


Proof. (1)

RHS =
1

2n

{
f

(
a+

hn
2

)
+ f

(
a+

3

2
hn

)
+ f

(
a+

5

2
hn

)
+ · · ·+ f

(
a+

2n+1 − 1

2
hn

)}
≥ 1

2n−1
{f(a+ hn) + f(a+ 3hn) + · · ·+ f(a+ (2n − 1)hn)}

=
1

2n−1

{
f

(
a+

hn−1

2

)
+ f

(
a+

3

2
hn−1

)
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+ · · ·+ f

(
a+

2n − 1

2
hn−1

)}
= LHS.

(2) Since

f(a) + f(a+ 2hn) ≥ 2f(a+ hn),

f(a+ 2hn) + f(a+ 4hn) ≥ 2f(a+ 3hn),

f(a+ (2n − 2)hn) + f(b) ≥ 2f(a+ (2n − 1)hn),

we obtain

LHS =
1

2n+1
{f(a) + 2f(a+ hn) + 2f(a+ 2hn) + 2f(a+ 3hn)

+ · · ·+ 2f(a+ (2n − 1)hn) + f(b)}

≤ 1

2n+1
{f(a) + f(a) + f(a+ 2hn) + 2f(a+ 2hn) + f(a+ 2hn)

+f(a+ 4hn) + · · ·+ f(a+ (2n − 2)hn) + f(b) + f(b)}

=
1

2n
{f(a) + f(b) + 2f(a+ 2hn) + 2f(a+ 4hn)

+ · · ·+ 2f(a+ (2n − 2)hn)}

=
1

2n
{f(a) + f(b) + 2f(a+ hn−1) + 2f(a+ 2hn−1)

+ · · ·+ 2f(a+ (2n−1 − 1)hn−1)}
= RHS.

□

3. Main results 1

We give the refined inequalities for (1.3) by repeating use of the refined Hermite
Hadamard inequalities given in (2.1).

Theorem 3.1. For every convex Riemann integrable function f : [a, b] → R and
v ∈ [0, 1], we have

f(a▽v b) ≤ R
(1)
f,v(a, b) = R

(1)
f,v,0(a, b)(3.1)

≤ R
(1)
f,v,1(a, b) ≤ R

(1)
f,v,2(a, b) ≤ · · · ≤ R

(1)
f,v,n(a, b)

≤ Cf,v(a, b)

≤ R
(2)
f,v,n(a, b) ≤ R

(2)
f,v,n−1(a, b) ≤ · · · ≤ R

(2)
f,v,1(a, b)

≤ R
(2)
f,v,0(a, b) = R

(2)
f,v(a, b) ≤ f(a)▽v f(b),

where hn =
v(b− a)

2n
, ℓn =

(1− v)(b− a)

2n
,

R
(1)
f,v,n(a, b)(3.2)

=
1

2n

2n∑
k=1

{
(1− v)f

(
a+ (2k − 1)

hn
2

)
+ vf

(
(1− v)a+ vb+ (2k − 1)

ℓn
2

)}
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=
1

2n

2n∑
k=1

f(a▽ (2k−1)v

2n+1
b)▽v f(a▽

v+
(2k−1)(1−v)

2n+1
b)

and

R
(2)
f,v,n(a, b)(3.3)

=
1

2n+1
{(1− v)f(a) + vf(b) + f((1− v)a+ vb)}

+
1

2n

2n−1∑
k=1

{(1− v)f(a+ khn) + vf((1− v)a+ vb+ kℓn)}

=
1

2n+1
{f(a)▽v f(b) + f(a▽v b)}

+
1

2n

2n−1∑
k=1

{
f(a▽ kv

2n
b)▽v f(a▽

v+
k(1−v)

2n
b)
}

=
1

2n

{
(f(a)▽v f(b))▽1/2 (f(a▽v b))

+
2n−1∑
k=1

f(a▽ kv
2n

b)▽v f(a▽
v+

k(1−v)
2n

b)
}
.

In the case of n = 0 in (3.1), we have the results of ([7], Theorem 2.1).

Proof. Applying the refined Hermite Hadamard inequalities (2.1) on two intervals
[a, (1− v)a+ vb] and [(1− v)a+ vb, b], we obtain respectively

1

2n

2n∑
k=1

f

(
a+ (2k − 1)

hn
2

)
≤ 1

v(b− a)

∫ (1−v)a+vb

a
f(x)dx(3.4)

≤ 1

2n+1

{
f(a) + f((1− v)a+ b) + 2

2n−1∑
k=1

f(a+ khn)

}
and

1

2n

2n∑
k=1

f

(
(1− v)a+ vb+ (2k − 1)

ℓn
2

)
(3.5)

≤ 1

(1− v)(b− a)

∫ b

(1−v)a+vb
f(x)dx

≤ 1

2n+1

{
f((1− v)a+ vb) + f(b) + 2

2n−1∑
k=1

f((1− v)a+ vb+ kℓn)

}
.

Multiplying (1 − v) and v to the both sides in (3.4) and (3.5) respectively and
summing each side, we obtain

1

2n

2n∑
k=1

{
(1− v)f

(
a+ (2k − 1)

hn
2

)
+ vf

(
(1− v)a+ vb+ (2k − 1)

ℓn
2

)}
(3.6)
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≤ 1− v

v(b− a)

∫ (1−v)a+vb

a
f(x)dx+

v

(1− v)(b− a)

∫ b

(1−v)a+vb
f(x)dx

≤ 1

2n+1
{f(a)▽v f(b) + f(a▽v b)▽v f(a▽v b)}

+
1

2n

2n−1∑
k=1

{(1− v)f(a+ khn) + vf((1− v)a+ vb+ kℓn)},

which is equivalent to

(3.7) R
(1)
f,v,n(a, b) ≤ Cf,v(a, b) ≤ R

(2)
f,v,n(a, b),

by replacing the variables such as x = v(b − a)s + a in the first term and x =
(1 − v)(b − a)u + (1 − v)a + vb in the second term of the integral parts in (3.6).

Finally we estimate R
(1)
f,v,n(a, b) and R

(2)
f,v,n(a, b). By the same method in Proposition

2.2, it is easy to sow

R
(1)
f,v,n−1(a, b) ≤ R

(1)
f,v,n(a, b),

and

R
(2)
f,v,n(a, b) ≤ R

(2)
f,v,n−1(a, b).

□

Corollary 3.2. For a, b > 0 and v ∈ (0, 1), we have

1

2n

2n∑
k=1

(a♯ (2k−1)v

2n+1
b)▽v (a♯v+ (2k−1)(1−v)

2n+1
b)(3.8)

≤ Lv(a, b)

≤ 1

2n

[
(a▽v b)▽1/2 (a♯vb) +

2n−1∑
k=1

(a♯ kv
2n
b)▽v (a♯v+ k(1−v)

2n
b)

]
In the case of n = 0 in (3.8), we have the results of ([7], Corollary 2.2).

Proof. Applying the convex function f(t) = et in Theorem 3.1, we have for a, b > 0

1

2n

2n∑
k=1

{
(1− v)e(1−

(2k−1)v

2n+1 )ae
(2k−1)v

2n+1 b

}
(3.9)

+
1

2n

2n∑
k=1

{
ve(1−v− (2k−1)(1−v)

2n+1 )ae(v+
(2k−1)(1−v)

2n+1 )b

}
≤ 1− v

v(b− a)
{e(1−v)a+vb − ea}+ v

(1− v)(b− a)
{eb − e(1−v)a+vb}

≤ 1

2n+1

{
(1− v)ea + veb + e(1−v)aevb

}
+

1

2n

2n−1∑
k=1

{(1− v)e(1−
kv
2n

)ae
kv
2n

b + ve(1−v− k(1−v)
2n

)ae(v+
k(1−v)

2n
)b}.
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Replacing ea and eb with a and b respectively, we obtain the inequalities (3.8) for
b ≥ a > 0 and v ∈ (0, 1). □

We give the inequalities on the weighted identric mean which was defined in [10]
as

(3.10) Iv(a, b) =
1

e
(a▽v b)

(1−2v)(a▽vb)
v(1−v)(b−a)

(
b

vb
1−v

a
(1−v)a

v

) 1
b−a

, v ∈ (0, 1).

It is easy to check that I1/2(a, b) recovers the usual identric mean I(a, b) = 1
e

(
bb

aa

) 1
b−a

,

with limv→0 Iv(a, b) = a and limv→1 Iv(a, b) = b.

Corollary 3.3. For a, b > 0 and v ∈ (0, 1), we have{
(a♯vb)♯1/2(a▽v b)

2n∏
k=1

(a▽ kv
2n

b)♯v(a▽ v+k(1−v)
2n

b)

} 1
2n

(3.11)

≤ Iv(a, b)

≤
2n∏
k=1

{
(a▽ (2k−1)v

2n+1
b)♯v(a▽

v+
(2k−1)(1−v)

2n+1
b)

} 1
2n

.

In the case of n = 0 in (3.11), we have the results of ([7], Corollary 2.3).

Proof. We apply the convex function f(t) = − log t in Theorem 3.1. Since

−(1− v) log

{(
1− (2k − 1)v

2n+1

)
a+

(2k − 1)v

2n+1
b

}
−v log

{(
1− v − (2k − 1)(1− v)

2n+1

)
a+

(
v +

(2k − 1)(1− v)

2n+1

)
b

}
= − log

{(
1− (2k − 1)v

2n+1

)
a+

(2k − 1)v

2n+1
b

}1−v

{(
1− v − (2k − 1)(1− v)

2n+1

)
a+

(
v +

(2k − 1)(1− v)

2n+1

)
b

}v

,

we have

− 1

2n

2n∑
k=1

log

{(
1− (2k − 1)v

2n+1

)
a+

(2k − 1)v

2n+1
b

}1−v

(3.12) {(
1− v − (2k − 1)(1− v)

2n+1

)
a+

(
v +

(2k − 1)(1− v)

2n+1

)
b

}v

= − 1

2n
log

2n∏
k=1

{(
1− (2k − 1)v

2n+1

)
a+

(2k − 1)v

2n+1
b

}1−v

{(
1− v − (2k − 1)(1− v)

2n+1

)
a+

(
v +

(2k − 1)(1− v)

2n+1

)
b

}v
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= − log

2n∏
k=1

{
(a▽ (2k−1)v

2n+1
b)♯v(a▽

v+
(2k−1)(1−v)

2n+1
b)

} 1
2n

.

Since

−(1− v) log a− v log b− log((1− v)a+ vb)

−2

2n−1∑
k=1

{
(1− v) log

((
1− kv

2n

)
a+

kv

2n
b

)
+v log

((
1− v − k(1− v)

2n

)
a+

(
v +

k(1− v)

2n

)
b

)}
= − log a1−vbv((1− v)a+ vb)

−2

2n−1∑
k=1

log

{(
1− kv

2n

)
a+

kv

2n
b

}1−v

{(
1− v − k(1− v)

2n

)
a+

(
v +

k(1− v)

2n

)
b

}v

,

we have

− 1

2n+1
log a1−vbv((1− v)a+ vb)(3.13)

− 1

2n

2n−1∑
k=1

log

{(
1− kv

2n

)
a+

kv

2n
b

}1−v

{(
1− v − k(1− v)

2n

)
a+

(
v +

k(1− v)

2n

)
b

}v

,

= − 1

2n
log a

1−v
2 b

v
2 ((1− v)a+ vb)1/2

− 1

2n
log

2n−1∏
k=1

{(
1− kv

2n

)
a+

kv

2n
b

}1−v

{(
1− v − k(1− v)

2n

)
a+

(
v +

k(1− v)

2n

)
b

}v

= − log

{
(a♯vb)♯1/2(a▽v b)

2n∏
k=1

(a▽ kv
2n

b)♯v(a▽
v+

k(1−v)
2n

b)

} 1
2n

.

We calculate the following

− 1− v

v(b− a)
{(a▽v b) log(a▽v b)− a▽v b− a log a+ a}(3.14)

− v

(1− v)(b− a)
{b log b− b− (a▽v b) log(a▽v b) + a▽v b}

= − log{(1− v)a+ vb}
(1−2v)((1−v)a+vb)

v(1−v)(b−a) b
vb

(1−v)(b−a)a
− (1−v)a

v(b−a) − 1
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= − log
1

e
{(1− v)a+ vb)}

(1−2v)((1−v)a+vb)
v(1−v)(b−a)

(
b

vb
1−v

a
(1−v)a

v

) 1
b−a

.

Thus we complete the proof for any a, b > 0 by the similar way to the proof of
Corollary 3.2. □

4. Main results 2

We give the refined inequalities for (1.3) by repeating use of the refined Hermite
Hadamard inequalities given in (2.1). The obtained inequalities are different from
the inequalities in Theorem 3.1.

Theorem 4.1. For every convex Riemann integralble function f : [a, b] → R and
v ∈ [0, 1], we have

f(
a+ b

2
) ≤ r

(1)
f,v(a, b) = r

(1)
f,v,0(a, b)(4.1)

≤ r
(1)
f,v,1(a, b) ≤ r

(1)
f,v,2(a, b) ≤ · · · ≤ r

(1)
f,v,n(a, b)

≤ 1

b− a

∫ b

a
f(x)dx

≤ r
(2)
f,v,n(a, b) ≤ r

(2)
f,v,n−1(a, b) ≤ · · · ≤ r

(2)
f,v,1(a, b)

≤ r
(2)
f,v,0(a, b) = r

(2)
f,v(a, b) ≤

f(a) + f(b)

2
,

where hn =
v(b− a)

2n
, ℓn =

(1− v)(b− a)

2n
,

r
(1)
f,v,n(a, b)(4.2)

=
1

2n

2n∑
k=1

{
vf

(
a+ (2k − 1)

hn
2

)
+ (1− v)f

(
(1− v)a+ vb+ (2k − 1)

ℓn
2

)}

=
1

2n

2n∑
k=1

f(a▽
v+

(2k−1)(1−v)

2n+1
b)▽v f(a▽ (2k−1)v

2n+1
b)

and

r
(2)
f,v,n(a, b)(4.3)

=
1

2n+1
{vf(a) + (1− v)f(b) + f((1− v)a+ vb)}

+
1

2n

2n−1∑
k=1

{vf((a+ khn) + (1− v)f((1− v)a+ vb+ kℓn)}

=
1

2n+1
{f(b)▽v f(a) + f(a▽v b)}

+
1

2n

2n−1∑
k=1

f(a▽
v+

k(1−v)
2n

b)▽v f(a▽ kv
2n

b)
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=
1

2n
{(f(b)▽v f(a))▽1/2 (f(a▽v b))

+
2n−1∑
k=1

f(a▽
v+

k(1−v)
2n

b)▽v f(a▽ kv
2n

b)}.

Proof. Multiplying v and (1 − v) to the both sides in (3.4) and (3.5) respectively
and summing each side, we obtain

1

2n

2n∑
k=1

{
vf

(
a+ (2k − 1)

hn
2

)
+ (1− v)f

(
(1− v)a+ vb+ (2k − 1)

ℓn
2

)}
(4.4)

≤ 1

b− a

∫ (1−v)a+vb

a
f(x)dx+

1

b− a

∫ b

(1−v)a+vb
f(x)dx

≤ 1

2n+1
{f(b)▽v f(a) + vf(a▽v b) + (1− v)f(a▽v b)}

+
1

2n

2n−1∑
k=1

{vf(a+ khn) + (1− v)f((1− v)a+ vb+ kℓn)},

which is equivalent to

(4.5) r
(1)
f,v,n(a, b) ≤

1

b− a

∫ b

a
f(x)dx ≤ r

(2)
f,v,n(a, b).

Finally we estimate r
(1)
f,v,n(a, b) and r

(2)
f,v,n(a, b). By the same method in Proposition

2.2, it is easy to sow

r
(1)
f,v,n−1(a, b) ≤ r

(1)
f,v,n(a, b),

and

r
(2)
f,v,n(a, b) ≤ r

(2)
f,v,n−1(a, b).

□

Corollary 4.2. For a, b > 0 and v ∈ (0, 1), we have

1

2n

2n∑
k=1

(a♯
v+

(2k−1)(1−v)

2n+1
b)▽v (a♯ (2k−1)v

2n+1
b)(4.6)

≤ L1/2(a, b) =
b− a

log b− log a

≤ 1

2n

[
(b▽v a)▽1/2 (a♯vb) +

2n−1∑
k=1

(a♯
v+

k(1−v)
2n

b)▽v (a♯ kv
2n
b)

]

Proof. After we apply the convex function f(t) = et in Theorem 4.1, we replace ea

and eb with a and b respectively. Then we obtain the inequalities (4.6) for b > a > 0
and v ∈ (0, 1). □
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Corollary 4.3. For a, b > 0 and v ∈ (0, 1), we have{
(b♯va)♯1/2(a▽v b)

2n∏
k=1

(a▽
v+

k(1−v)
2n

b)♯v(a▽ kv
2n

b)

} 1
2n

(4.7)

≤ I1/2(a, b) =
1

e

(
bb

aa

) 1
b−a

≤
2n∏
k=1

{(a▽
v+

(2k−1)(1−v)

2n+1
b)♯v(a▽ (2k−1)v

2n+1
b)}

1
2n .

Proof. Applying the convex function f(t) = − log t in Theorem 4.1, we obtain in-
equalities (4.7) for b > a > 0 and v ∈ (0, 1). □

5. Related results

Our obtained results in this paper can be extended to the operator inequalities.
We give operator inequalities corresponding to Corollary 3.2 and 4.2. For strictly
positive operators A and B, the weighted geometric operator mean and arithmetic
operator mean are defined as

A♯vB = A1/2
(
A−1/2BA−1/2

)v
A1/2, A▽v B = (1− v)A+ vB.

It is known that an operator mean M(A,B) is associated with the representing
function f(t) = m(1, t) with a mean m(a, b) for positive numbers a, b, in the follow-
ing

M(A,B) = A1/2f
(
A−1/2BA−1/2

)
A1/2

in the general operator mean theory by Kubo-Ando [8]. Thus it is understood that
the weighted logarithmic operator mean AℓvB is defined by through the representing
function Lv(1, t) for v ∈ (0, 1).

Theorem 5.1. For any v ∈ (0, 1) and strictly positive operators A and B, we have

1

2n

2n∑
k=1

[
(A♯ (2k−1)v

2n+1
B)▽v (A♯v+ (2k−1)(1−v)

2n+1
B)

]
(5.1)

≤ AℓvB

≤ 1

2n

[
(A♯vB)▽1/2 (A▽v B) +

2n−1∑
k=1

(A♯ kv
2n
B)▽v (A♯v+ k(1−v)

2n
B)

]

Proof. After we divide a in the both sides of the inequalities (3.8) and we put
b
a = t, we replace t by A−1/2BA−1/2 and multiply A1/2 from the both sides. Then
we obtain the results. □
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Theorem 5.2. For any v ∈ (0, 1) and strictly positive operators A and B, we have

1

2n

2n∑
k=1

[
(A♯

v+
(2k−1)(1−v)

2n+1
B)▽v (A♯ (2k−1)v

2n+1
B)

]
(5.2)

≤ Aℓ1/2B

≤ 1

2n

[
(B♯vA)▽1/2 (A▽v B) +

2n−1∑
k=1

(A♯
v+

k(1−v)
2n

B)▽v (A♯ kv
2n
B)

]

Proof. We obtain the results by the same method of Theorem 5.1. □
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