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GENERIC PROPERTIES OF NORMAL MAPPINGS

KAY BARSHAD, SIMEON REICH*, AND ALEXANDER ZASLAVSKI

ABSTRACT. The notion of a normal mapping with respect to a continuous con-
vex function was first introduced by Gabour, Reich and Zaslavski in 2001 for
bounded, closed and convex sets. This notion has turned out to be useful in
solving minimization problems. In this paper we consider further properties of
normal mappings under various assumptions for arbitrary nonempty, closed and
convex sets, as well as introduce a more general notion of weak normality, and
investigate the properties of normal and weakly normal sequences of mappings.
We also present some applications to the minimization of convex functions.

1. INTRODUCTION AND BACKGROUND

Suppose that (X, [|-]|) is a normed space with norm ||-||, K C X is a nonempty,
closed and convex subset of X, and that f: K — R is a convex function which is
bounded from below and uniformly continuous on K. Set

inf f:=inf{f(x): z€ K}.
Denote by 2 the set of all bounded self-mappings A : K — K such that
(1.1) f(Az) < f(z) foreachx € K

and by 2. the set of all continuous mappings A € 2. For the set 2 define a metric
p:AXxA—=R by

p(A,B): =sup{||Ax — Bzx| : x € K}, A,B € .

Clearly, the metric space 2 is complete if (X, ||-||) is a Banach space, and the metric
space 2. is a closed subset of 2. Denote by 91 the set of all sequences of elements
in 2 and by 9. the set of all sequences of elements in .. For the set 9 we
consider the following two uniformities and the topologies induced by them. The
first uniformity is determined by the following basis:

Er(N,e) = {({An}2, B} ) €M x M: p(Ap, By) <e,n=1,...,N},

where N = 1,2... and € > 0. This uniformity induces a uniform topology on 1,
which we denote by 7 and call the weak topology.
The second uniformity is determined by the following basis:

By (e) = {({An}22, B} ) €M M: p(An, By) <e,m=1,2,...},
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where € > 0. This uniformity induces a uniform topology on 20, which we denote
by 1 and call the strong topology. It is clear that 7 is indeed stronger than 7.

It is not difficult to see that the uniform spaces (9, 71) and (9N, 72) are metrizable
(by metrics p; and po, respectively) and complete if (X, [|-||) is a Banach space.

Clearly, M, is a closed subset of 9t with respect to the weak topology (and
therefore with respect to the strong topology) and hence complete with respect to
both the strong and weak topologies. Denote by 991, the set of all bounded sequences
of elements in 2 and by 91, the set of all bounded sequences of elements in 2.
It can easily be verified that 9%, and 97, are closed subsets of 9T with respect to
the strong topology. Evidently, the relative strong topology on 91, is determined
by the metric d : 91, x M, — R defined by

d ({An}ff:l ) {Bn}le) := sup {p (An, Bn)}fzozl {An}le 7{Bn}20=1 € My,

Definition 1.1. A mapping A : K — K is called normal with respect to f if given
e > 0, there is 6 (¢) > 0 such that for each x € K satistying f (z) > inf (f) + ¢, the
inequality

f(Az) < f(x) = 6(e)
is true. A sequence {A,} , of operators A, : K — K is called normal with
respect to f if given € > 0, there is 0 (¢) > 0 such that for each z € K satisfying
f(x) > inf (f) + € and each integer n = 1,2, ..., the inequality

f(Anz) < f(2) =0 (e)
holds.

Example 1.2. Let X = R and K = [0,00). Define A: K — K by Az := 27! |sin x|
for each z € K. Let f: K — R be defined by

CC2 X
7 (@) :—{ =!

20 —1 z>1

for each z € K. Clearly, A € 2., that is, . C A # @ and therefore 9. C M # (.
Let € > 0 be given and assume x € K satisfies f (r) > e. Choose § (¢) := 3-8 le.
Then

f(Az) =47 sin’x < f(z) =6 (e).
We conclude that A is normal with respect to f.

It was shown in [1] that if K is a bounded, closed and convex set in (X, ||-||),
where (X, ||-]|) is a Banach space, then a generic element taken from the spaces
A, Ae, M and M, is normal with respect to f, and that the sequence of values of
the function f along any trajectory of such an element tends to the infimum of f
on K. These results demonstrate the importance of normal mappings for convex
minimization problems. We present analogous results, where the set K is a general
nonempty, closed and convex set, which is not necessarily bounded. To this end,
we introduce the following weaker notion of normality.

Definition 1.3. A sequence {A,} -, of operators A, : K — K is called weakly

normal with respect to f if given e > 0, there exists a sequence {0, },, of positive
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numbers such that lim sup,,_,, nd, = oo, and for each positive integer n, each x € K
satisfying f (z) > inf (f) + € and each integer k = 1,2, ..., n, the inequality

f(Agz) < f(2) —bn
holds.

Remark 1.4. It is not difficult to see that for each a € (0,1) and each
{A 2 ABr}o2, € M, their convex combination, a{A,}r-; + (1 —a){B,},2,
is also an element of M and if one of them is normal, then the sequence o {4, }77 | +
(1 — &) {By},—, is also normal. Evidently, each normal sequence of mappings is, in

particular, weakly normal, but not vice versa, as is shown in the following example.

Example 1.5. Let X =R and K = (—o0,1]. Let g : K — R be defined by
z x>0
g(x) = {

0 otherwise

for each x € K. For each positive integer n, define A,, : K — K by

_1n27!
Apx = (1 —n?2 1) g (x)
for each x € K. Let f : K — R be defined by

.'1:2 X
f<w>:{ >0

0 otherwise

for each x € K. Clearly, f is convex. Let € > 0 be arbitrary. For each positive
integer n, set 6, := n~2 '&. Then inf (f) = 0 and for each z € K such that f (z) > ¢
and each £k =1,2,...,n, we have

f(Apz) = (1-/&2‘1) F@)<fx)—k2"e=f(z) =0, < f(z)— 6p.

Clearly, lim,, oo 10, = 00. Therefore the sequence {4y} 7 | is weakly normal with
respect to f, but it is not normal with respect to f because lim,, o f (Apx) = f (2)
for each z € K such that f () > e. As a matter of fact, we also have {A,}>2; € M,
that is, M. C M # 0.

In the sequel we assume that the function f is clearly understood and therefore
use the notions of normality and weak normality without referring explicitly to f.
We also assume that (X, [|-||) is a Banach space.

The rest of the paper is organized as follows. In Section 2 we state our main
theorems. Several auxiliary results are presented in Section 3. Section 4 is devoted
to results concerning the existence of residual sets of normal mappings, normal
sequences of mappings and of weakly normal sequences of mappings. In Section 5
we provide some applications of the concepts of normality and weak normality to
solving certain minimization problems. Finally, the proofs of our main theorems,
which are stated in Section 2, are provided in Section 6.
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2. STATEMENTS OF THE MAIN RESULTS

In this section we state our three main theorems. We establish them in the last
section of our paper.

Theorem 2.1. There exist sets F C M, Fp, C FNMy, Fo C F NM. and Fp. C
Fp NM. of weakly normal sequences of mappings which are countable intersections
of open (in the relative weak topology) and dense (respectively, in the weak topology,
in the relative strong topology, in the relative weak topology and in the relative strong
topology) sets in, respectively, M, My, M. and M. such that for each {An} 2| € F,
the following assertion holds:

For each € > 0 and each By € 2, there exists a neighborhood U (in the weak
topology) of {A,}>2 | and a positive integer N satisfying

f (BN .. Blng) < inf (f) +e
for each {By},>, € U and each x € K.

Theorem 2.2. There exist a set F C A of normal mappings, which is a countable
intersection of open and dense sets in 2, and a set F. C FNA, of normal mappings,
which is a countable intersection of open and dense sets in 2., such that for each
A € F, the following assertion holds:

For each € > 0, there exists a meighborhood U of A in A such that for each
By € A, there is a positive integer N satisfying

f(BYByz) <inf (f) +¢

for each B € U and each x € K. In particular, for each B € U, there is a positive
integer N such that we have

f(BNz) <inf(f) +¢
for each x € K.

Theorem 2.3. There exist sets Fp, C My and Fpe C FpNIM,. of normal sequences of
mappings, which are countable intersections of open (in the relative strong topology)
and dense (in the relative strong topology) sets in, respectively, My and My, such
that for each {An},2 | € F, the following assertion holds:

For each e > 0, there exists a neighborhood U (in the strong topology) of {An}"
such that for each By € 2 there is a positive integer N satisfying

f (B’I‘(N) e BT(I)B()IL‘) <inf(f)+e

for each {By},>, € U, each mapping r : {1,2,...} —{1,2,...} and each z € K.
In particular, for each {Bp},2 | € U and each mapping
r:{1,2,...} ={1,2,...}, there is a positive integer N such that

f (Br(N) ce Br(l)x) < inf (f) +e€
for each x € K.

These theorems generalize the corresponding results in [1] and [4].
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3. AUXILIARY RESULTS

We first prove that there exists a continuous and normal operator A, : K — K.
Our proof follows in the footsteps of the proof of Proposition 2.1 of [1]. In this
connection, see also [4].

Proposition 3.1. There exists an operator A, : K — K which is continuous,
normal and satisfies (1.1).

Proof. Without loss of generality we may assume that f does not attain its minimum
on K. Define a set-valued map a : K — 2 as follows: for each z € K, denote by
a (z) the closure (in the relative topology induced by the norm [|-||) of the set

{ye K: f(y)<27'(f(z) +inf ()}

It is clear that for each x € K, the set a (z) is nonempty, closed and convex. We
claim that a is lower semi-continuous. Let U be an arbitrary open set in K. We
have to show that the set V = {z € K : a(x)NU # (0} is open. To this end, let
xg € V. Then there exists a point yg € a (zg) N U. By definition of a (xg), there
also exists a point y; € U such that

f () <271 (f (zo) +inf (f)).
Since the function f is continuous, there is a number § > 0 such that for each x € K
satisfying ||z — xo|| < d, we have

fy) <271 (f (2) +inf (f)).

Hence y; € a(x) NU for each x € K satisfying ||z — zo|| < ¢, and therefore x
is an interior point of V. Thus V is indeed open and therefore a is lower semi-
continuous, as claimed. By Michael’s selection theorem, there exists a continuous
mapping A, : K — K such that A,x € a(x) for each x € K. It follows from the
definition of a that for each point x € K, we have

f(Awx) <271 (f (2) +inf (f)) .

Given ¢ > 0, choose § (¢) = 471e. Then for each x € K satisfying f (z) > inf (f) +
g, we have f(A.z) < f(x) —d(e). Hence A, is normal and satisfies (1.1), as
asserted. 0

Lemma 3.2. Let {A,},", € M be normal and let € > 0 be given. Then there exist
a number & > 0 and a neighborhood U of {A,},2, in M with the strong topology
such that for each {Byn},> | € U and each x € K satisfying f (z) > inf (f) + ¢, we
have f (Bpz) < f(x) — 6 for eachn=1,2,....

Proof. Since {A,},~ is normal, there is dp > 0 such that for each n =1,2,... and
each z € K satisfying f (z) > inf (f) + ¢, we have

(3.1) F (Auz) < £ (2) — 6o
Since f is uniformly continuous, there is § € (0,2710y) such that |f (y) — f ()] <
2715y for each y, z € K satisfying ||y — z|| < 6. Set

U= {{Bu};Z1 : {Bnloly {An}nl) € B2 ()}
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It is clear that U is a neighborhood of {A4,}>2; in M with the strong topology.
Assume that {B,},~, € U and that = € K satisfies f (z) > inf (f) + . Then by
(3.1) we have

(3.2) f(Anz) < f(z) —do
for each n =1,2,.... The definitions of 6 and U imply that |4,z — Byz|| < § and
|f (Apx) — f (Buz)| < 2716 for each n = 1,2,.... When combined with (3.2), this
implies that

f(an) < f(l') + 2_150 — 0 < f(ac) -0
for each n = 1,2,..., as asserted. O

Lemma 3.3. Let {A,},2 | € 9 be weakly normal and let € > 0 be given. Then there
exist a sequence of positive numbers {On}x_; and a sequence {Un}y_, of neigh-
borhoods of {An}or | in I with the weak topology such that limsupy_,., NN = 0o
and for each positive integer N, the following assertion holds:

For each {By}>2, € Un and each x € K satisfying f (x) > inf (f) 4+ ¢, we have

n=1

f(Bnx) < f(x) —0n for eachn=1,2,...,N.

Proof. Since {Ay},;2, is weakly normal, there is a sequence {0y }5_, of positive
numbers such that limsupy_,. 0N = oo and for each z € K satisfying f (z) >
inf (f) + ¢, we have

(3.3) f(Anz) < f (2) =y
forall N=1,2... andeachn=1,2,..., N.
Let N be a positive integer. Set dy := 2_1(%\,. Since f is uniformly continuous,

there is a number 6%, > 0 such that |f (y) — f (2)| < dn for each y, z € K satisfying
ly — 2| < 6%. Set

Uy = {{Bn}ff:l t({Bntaly AAntn2y) € B1 (N7 ‘%(7)}
Clearly, Uy is a neighborhood of {A4,},7, in 9 with the weak topology. Assume

that {B,}.., € Un and that z € K satisfies f (x) > inf (f) + . Then by (3.3) we
have

(3-4) f(Apz) < f(2) = Oy

for each n =1,2,..., N. The definitions of 6%, and Uy imply that ||A,z — Byz| <
o% and |f (Anz) — f (Bpz)| < dn for each n = 1,2,..., N. When combined with
(3.4), this implies that

fBnx) < f(z)+0n — 0y = f(2) —on

for each n = 1,2,..., N. In this way we have constructed two sequences {dn}x_;
and {Un}{_;. Using the weak normality of {4, },- ; and the definition of {dx}_;,
we obtain that limsupy_,., oNN = co. Hence we see that the sequences {dn}x_;
and {Un}3_; have all the asserted properties. O

Let A, be the mapping the existence of which is guaranteed by Proposition 3.1
and let {A4,},7, be an arbitrary sequence in 9. For each v € (0,1), we define a
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sequence of mappings {A7},~;, A} : K — K, by
(3.5) A =1 —v) A, + 7414, n=1,2,....
By (1.1) and Proposition 3.1, A1 A, € 2 and A; A, is normal. By Proposition 3.1
and Remark 1.4, the sequence {47}~ € 9M. For each v € (0,1) and for each
N =1,2..., we have

N
(3.6) (Vne{l,....N})p(A4}, A,) < 2ymax {sup HAka:H}
rzeK k=1
If, in addition, {A,},2, € My, then we also have
(3.7) (€ (1,2.0.1)p (43, 4n) < 2ysup {sup e}
zeK k=1

where sup {sup,cx || Arz|/}ro; < co. For an arbitrary operator A € 2, we define
A, = (1—7)A+~AA,.

Evidently,

(3.8) p(Ay,A) <2y sup | Az]].

Lemma 3.4. For each € > 0, there exists a positive number § such that for each
{An}2, € M and each v € (0,1), there is a sequence {Un}3_, of neighborhoods
of {A3}>" 1 in 9 with the weak topology such that the following assertion holds for
each positive integer N:

For each {Byn},” € Un and each v € K such that f (x) > inf (f) + €, we have
f(Bpz) < f(x) —~0 for eachn=1,2,...,N.

Proof. Let € > 0. Since A, is normal, there is a positive number ¢’ such that for
each x € K satisfying f (z) > inf (f) + &, we have

J (Auz) < [ (x) ~ 8.
Set § :=271¢". Let {A4,}22, € 9 and 7 € (0,1). By the convexity of f, we have

(3.9) f(AJz) < f () —~d’

for each n =1,2.... Let N be a positive integer. Since f is uniformly continuous,
there is a number 6” > 0 such that |f (y) — f (2)| < 79 for each y, z € K satisfying
ly— 2] < 6. Set

Un = {{Bn}yly € M: ({4015 {Bu}2y) € Br (N, 07) ]

Clearly, Uy is a neighborhood of {A47},7 in M with the weak topology. Assume
that {B,} -, € Uy and that z € K satisfies f (x) > inf (f) + e. The definitions
of 8" and Uy imply that [|A,z — Bpz|| < 8" and |f (A)z) — f (Bpz)| < vd for each
n=1,2,..., N. When combined with (3.9), this implies that

f(Bpz) < f(x)+70 =~ = f(x) =~
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for each n = 1,2,..., N. In this way we have found a number § and constructed a
sequence {Upy}x—; which have all the asserted properties. O

4. RESIDUAL SETS OF NORMAL MAPPINGS, NORMAL SEQUENCES OF MAPPINGS
AND OF WEAKLY NORMAL SEQUENCES OF MAPPINGS

Recall that a subset Z of a topological space Y is called residual if it contains a
countable intersection of open and dense subsets of Y. In the case where the space
Y is completely pseudo-metrizable, the Baire category theorem guarantees that Z
is also a dense subset of Y. In this section we prove that there exist residual sets of
normal mappings, normal sequences of mappings and weakly normal sequences of
mappings.

Theorem 4.1. There exist sets F C M, Fp, C FNMy, F. C FNM. and Fpe C
Fp N M., which are countable intersections of open (in the relative weak topology)
and dense (respectively, in the weak topology, in the relative strong topology, in the
relative weak topology and in the relative strong topology) sets in, respectively, I,
My, M. and My such that each sequence {BN}ZO:1 € F s weakly normal.

Proof. Define
T := {7 €(0,1): v= N=2"" for some positive integer N}
and for each positive integer N, define
Ty = {VET: 7<N‘271}.

By (3.6) and Proposition 3.1, for each N =1,2..., the set

AN = {{AD} ) {ALL, €M, v € T}
is dense in 971 with the weak topology and the set

AV = {02 {Ae, € Me, v € T}

is dense in 9. with the relative weak topology. By (3.7) and Proposition 3.1, for
each N =1,2..., the set

AY = AV {A)2, €I, v € T}
is dense in 9, with the relative strong topology, and the set
Al = {{A0)02,  {An)l, € My, v € T}

is dense in 9. with the relative strong topology.

Let ¢ be an arbitrary positive integer. By Lemma 3.4, there exists a num-
ber d(q) > 0 such that for each ({An},—;,7) € M x T, there is a sequence
{Un ({An}071,7) (@)} x—, of open neighborhoods of {A7}° | with the weak topol-
ogy such that the following assertion holds for each positive integer N:

For each {B,},>, € Un ({An},2;.7)(¢) and each x € K satisfying f (z) >
inf (f) 4+ 279, we have

(4.1) f(Bnx) < f(x) =76 (q)
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foreachn=1,2..., N.
For each positive integers ¢ and N, let

DQvN = U({An}le,’y)emXTN (U -2 ({An}’?zoz:l 77) (q)) ?

b
Dq,N - U({A had 177)69ﬁb><TN v ({A }n 1 ay)( )mmba
Dq,N = ({An}i‘;l,v)emtchN 7*2 ({An}nzl 77) (Q) nMm,

and
be
Dq’N - ({A boe 1»7)€5mbc><TN v ({A”}n 1 77)( )mmbc-

Clearly, the sets Dy n, DZ N Dq N and pbe L.\ are open (in the relative weak topology)
and dense (respectively, in the weak topology, in the relative strong topology, in the
relative weak topology and in the relative strong topology) sets in, respectively,
M, Ny, M. and My, for each pair of positive integers ¢ and N, because these
sets contain, respectively, AV, A, Aév and Aé\é. Define F = Ng2y NF—1 Dy,
Fo = M52 N¥=1 DY s Fe = M52y Ny DSy and Fie = M52 N3_; Diy. Evidently,
F, Fy, Fe and Fp. are countable intersections of open (in the relative weak topology)
and dense (respectively, in the weak topology, in the relative strong topology, in the
relative weak topology and in the relative strong topology) sets in, respectively, 901,
My, M. and M.

Assume now that {B,} ", € F and let € > 0 be an arbitrary positive number.
Choose a positive integer qg such that 279 < ¢. Then for each positive integer N,
there exists a pair ({A,},—,,7n) € M x Ty such that

{Bu}os € U'mz {An}oZi ) (q0) s

and it follows from (4.1) that for each point x € K satisfying f () > inf (f)+¢, we
have

(4.2) f (Bnz) < f(x) = N6 (q0)
for each n = 1,2...,7;]2.

Consider the sequences {yn}7_; and {7;,2}?\,0:1. Since for each positive integer
N we have 7;,2 > N, it is clear that there exists a strictly increasing subsequence

[e.e]
{'y]?,z}k of {WEQ}N 1~ For each positive integer M, set dp = ’)/len{k VN2>M}
k
Since vy° > M, we conclude from (4.2) that for each point z € K
min{k:’y;{izM}

satisfying f (z) > inf (f) + ¢, we have
S (Bpz) < f(x) = 0m6 (q0)

for each n=1,2..., M. Since for each £k =1,2..., we have
5 -2 = = R
FVNk 7Nmin{i: "/;,f 2'\/;]2 } ’YNk

it follows that

lim 25 5 = lim = 0.
n—o0 ’yNk Ny, n—o0 ’YN
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Hence {By},-, is weakly normal. This completes the proof of Theorem 4.1. O

Theorem 4.2. There exist a set F C My, which is a countable intersection of open
and dense sets in A, and a set F. C F N ™A, which is a countable intersection of
open and dense sets in ., such that each mapping B € F is normal.

Proof. By (3.8) and Proposition 3.1, the set

A={A,: AcA ~€(0,1)}
is dense in 2, and the set

Ac={A,: AeU, v€(0,1)}

is dense in 2.

By Remark 1.4, for each (A4,~) € 2Ax (0,1), the mapping A, is normal. Assume
q is an arbitrary positive integer. By Lemma 3.2, for each (A,~) € 2x (0, 1), there
exist a number J4 (A4,7) > 0 and an open neighborhood U, (4,~) of A, in 2 such
that the following assertion holds:

For each B € U, (A,~) and each x € K satisfying f (z) > inf (f) + 279, we have

(4.3) f(Bx) < f(x) - b,
For each positive integer ¢, set
Dy = Ugayyeaxo,nUq (4,7)
D; = U(A,'y)tecx(O,l)Uq (A7 7) N 2Ae.

It is clear that the sets D, and Dy are open and dense sets in, respectively, 2 and
A, for each ¢ = 1,2,..., since these sets contain, respectively, A and A.. Define
F =0N21Dy and Fe = N2, Dy. Evidently, F and F. are countable intersections of
open and dense sets in, respectively, 2l and 2.

Assume now that B € F. Let € > 0 be an arbitrary positive number and choose
a positive integer go such that 279 < ¢. There exists a pair (4,7) € 2A x (0,1)
such that B € U, (A, 7). It follows from (4.3) that for each point z € K satisfying
f(x) > inf (f) + ¢, we have

f(Bz) <inf (f) — dg,-
Hence B is normal. This completes the proof of Theorem 4.2. O
Theorem 4.3. There exist sets Fp, C FOMy and Fpe C Fp N My, which are
countable intersections of open (in the relative strong topology) and dense (in the

relative strong topology) sets in, respectively, My, and My, such that each sequence
{Bn}2, € F is normal.

Proof. By (3.7) and Proposition 3.1 the set
Ap = {{AN 12 {An)ily €D, v € (0,1)}
is dense in 9N, with the relative strong topology and the set
Ape = {{A;YL}'ZO:I : {An}ffﬂ € My, v € (0,1)}

is dense in 9. with the relative strong topology.
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By Remark 1.4, for each pair ({A,}re,7) € Mx (0,1), the sequence {A}} 7,
is normal. Let ¢ be an arbitrary positive integer. By Lemma 3.2, for each pair
({An}2,,7) € Mx (0,1), there exist a number &, ({A,},—;,7) > 0 and an open
neighborhood U, ({A,}02,7) of {A7},~; in 9 with the strong topology such that
the following assertion holds:

For each {B,},~, € Uy ({An},—,,7) and each z € K satisfying f (x) > inf (f) +
271, we have

(4.4) f(Bnz) < f(z) =4,

for each n =1,2,.... For each positive integer ¢, set

b 0o
Dy =Y(tanyzz, m)emxonUa {Anknzy - 7) 0D,
DZC — U({An}zozl,’Y)Ech(O,l)Uq ({An}zozl ,"}/) m mbc

Clearly, the sets Dg and qu’c are open and dense sets in, respectively, 9, M.
for each ¢ = 1,2..., since these sets contain, respectively, A, and Ap.. Define
F = ﬂgil’Dg and Fp. = ﬂgill?gc. Evidently, 7 and F. are countable intersections
of open and dense sets in, respectively, 91, and DMMp.

Assume now that {B,},-; € F. Let ¢ > 0 be an arbitrary positive number.
Choose a positive integer go such that 277 < e. There exists a pair ({An}oo;,7) €
My, x (0,1) such that {By},2, € Uy ({An}rey,7). It follows from (4.4) that for
each point x € K satisfying f (z) > inf (f) + ¢, we have

f(Bpz) <inf (f) — dg,

for each n = 1,2,.... Hence {B,} -, is normal. This completes the proof of
Theorem 4.3. U

5. APPLICATIONS OF NORMALITY AND WEAK NORMALITY TO THE MINIMIZATION
OF CONVEX FUNCTIONS

In this section we present several applications of the concepts of normality and
weak normality to solving certain minimization problems.

Theorem 5.1. Let {A,} 7, € M be weakly normal and let € > 0. Then for each
By € 2, there exist a neighborhood U of {Ayn}oo, in 9 with the weak topology and
a positive integer N such that for each {By},~, € U, we have

f (BN ... BlBo.I') < inf (f) +e€
for each x € K.
Proof. Let By € 2. Set dy = sup{|f (Boz)| : € K}. Evidently, dy is finite because
[ is uniformly continuous. Since {4y}, is weakly normal, employing Lemma 3.3,
we see that there exist a positive integer IV, a positive number dy > 0 satisfying
dNN > dy — inf (f), and a neighborhood Uy of {A4,} 7, in 9 with the weak

n=1
topology such that the following assertion holds:
For each {By},2; € Uy and each = € K satisfying f (z) > inf (f) + ¢, we have

(5.1) f(Bnz) < f(2) = dn
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foreach n=1,2,..., N.
Let {By}o-; € Uy. We claim that

(5.2) f(BN...BlB()JL‘) < inf (f) + e

for each z € K. Suppose to the contrary that this is not true. Then there exists
x € K such that

f(Bn...B1iBoz) > inf (f) +¢, n=0,...,N.
By (5.1) and by induction it follows that for each n =1,..., N,
f(Bpn...B1Bozx) < f(Boz) —noy.
This implies that
f(BNn...B1Bozx) < f (Boxr) — Non < do — (do — inf (f)) = inf (f),

a contradiction. Therefore, (5.2) is, in fact, valid and Theorem 5.1 is proved. [

Theorem 5.2. Let A € A be normal and let ¢ > 0. Then there exists a neighborhood
U of A in A such that for each By € A, the following assertion holds:
There is a positive integer N such that for each B € U, we have

f(BYByz) <inf (f) +¢

for each x € K. In particular, for each B € U, there is a positive integer N such
that we have

f(BNz) <inf (f) +¢
for each x € K.

Proof. By Lemma 3.2, there exist a neighborhood U of A in 2 and a number § > 0
such that the following property holds:
For each B € U and each x € K satisfying f (z) > inf (f) + £, we have

(5.3) f(Bx) < f(a) 6
Let By € 2. Choose a positive integer N such that
ON > dy —inf (f),

where dy = sup {|f (Boz)| : © € K}. It is clear that dj is finite because f is uniformly
continuous. Assume that B € U. We claim that

(5.4) f(BYByz) <inf (f) +e
for each z € K. Suppose to the contrary that this is not true. Then there exists
x € K such that
f(B"Bozx) > inf (f)+¢, n=0,...,N.
By (5.3) and by induction it follows that for each n =1,..., N,
f(B"Byx) < f (Box) — nd.
This implies that
f (BN Boz) < f(Byx) — N < dy — (do — inf (f)) = inf (f),
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a contradiction. Therefore, (5.4) is indeed valid, as claimed, and Theorem 5.2 is
proved. O

Theorem 5.3. Let {A,}o2, € M be normal and let € > 0. Then there exists a
neighborhood U of { A, },2, in 9 with the strong topology such that for each By € A,
the following assertion holds:
There is a positive integer N such that for each {By},~, € U and each mapping
r:{1,2,...} ={1,2,...}, we have
f (Br(N) R Br(l)Bol‘) < inf (f) +e

for each x € K. In particular, for each {Byp},., € U and each mapping
r:{1,2,...} ={1,2,...}, there is a positive integer N such that

f (BT(N) - Br(l)x) < inf (f) +e
for each x € K.

Proof. By Lemma 3.2, there exist a neighborhood U of {A,} 7, in 9 with the
strong topology and a number § > 0 such that the following property holds:

For each {B,},2, € U and each point = € K satisfying f (z) > inf (f) + ¢, we
have

(5.5) f(Bpz) < f(z) -6
foreachn=1,2,....
Let By € 2. Choose a positive integer N such that

SN > dy — inf (f),

where dy = sup{|f (Boz)|:x € K}. Clearly, dy is finite because f is uniformly
continuous. Now assume that {Bp}>~, € U and r : {1,2,...} — {1,2,...}. We
claim that

(5.6) f (BT‘(N) oo Br(l)Bo.’L') <inf(f)+e

for each x € K. Suppose to the contrary that this is not true. Then there exists
x € K such that

f (Bry - -~ BryBoz) > inf (f) +&, n=0,...,N.
Using (5.5) and induction, we see that for each n =1,..., N,
f (Bry - - - BryBoz) < f (Box) — nd.
This implies that
f By -+ ByyBox) < f (Box) — N& < do — (do — inf (f)) = inf (f),

a contradiction. Therefore, (5.6) is indeed valid, as claimed, and Theorem 5.3 is
established. O
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6. PROOFS OF THE MAIN RESULTS

Theorem 2.1 is a direct consequence of Theorems 4.1 and 5.1. Theorem 2.2 is a
direct consequence of Theorems 4.2 and 5.2. Theorem 2.3 is a direct consequence
of Theorems 4.3 and 5.3.
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