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POSSIBLE CAUSAL RELATIONSHIP EXTENSIONS AND
PROPERTIES OF RCI

GENNARO FRANCO AND GIUSEPPE MARINO

ABSTRACT. In this paper, the causality relationship between pairs of events in
Minkowski space-time is extended to the General Relativity in the context of the
tangent spaces of pseudo-Riemannian manifolds. Here the space-time interval
between events is inferred from the simmetric bilinear forms induced from linear
self-adjoint operators. Strong causal isomorphisms are introduced and studied
here. Underline that by expansivity of the symmetric bilinear form in the range
of an of strong casual isomorphism f with respect to the symmetric bilinear form
in the domain of f, it follows the nonexpansivity of f. At least, we show, with an
example, that in the setting of General Relativity the causal automorphisms are
structurally different from the case of Special Relativity Theory.

1. INTRODUCTION

Following E. M. Howard [7],

"Roughly speaking, we define causality as the relation between two events correlated
m a reqular pattern or between a cause an an effect. All physical theories assume
causa-tion as an inherent fundamental assumption. In relativity,an event can influ-
ence another event only if there is a causal (timelike or null) curve connecting the
two space-timepoints”.

However, there is currently no single precise definition of the causal structure of
space-time.
For example, in addition to the usual causality, which we will see shortly, we have
K-causality (introduced by Sorkin and Woolgar in [11| and also the stable causality
[5], both studied extensively by Minguzzi [10]. A celebrated interesting survey con-
taining causality relationships is given in [3], see also [12] [6] : here we approach the
issue from a more mathematical than physical point of view and try to introduce
causal relationships induced by bounded self-adjoint operators in spaces with inneer
product. Our interest will be devoted above all to the study of causal isomorphisms
Let’s start with the usual causality relationship in special relativity.

In the context of Special Relativity Theory, in Minkowski space-time, given two
events, represented by the 4-vectors X = (xg,x1,x2,23) and Y = (yo,y1, Y2, y3)we
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say that X is causally related to Y if and only if it holds

3
AS? = (g — y0)* — Z(l‘z —yi)? >0
i=1
Here the zg and g9 components of the two 4-vectors have the meaning of temporal
coordinates, i.e. xg = ctx and yg = cty , where ¢ is the speed of light in the vacuum
and tx,ty are the moments of time in which the X and Y events, respectively, take
place. The components x1, s, x3 and yi,¥ys,ys are instead the spatial coordinates
of the points where the two events take place compared to an orthogonal Cartesian
reference frame. The physical interpretation of the relationship introduced is as
follows:
X and Y events are causally related (we will write X C Y ) if and only if the space
cltx — ty| that a ray of light travels through in the time At = |tx — ty| is greater
1

or equal than the spatial distance S = (Z?zl (z; — y@)2> * between the points at
which the events take place. We observe that this relation can be expressed in the
following way:

let Ty : R* — R? be the self-adjoint bijective operator represented in the canonic
base of R* by the diagonal matrix diag(1; —1; —1; —1) of order 4; it is

(AS)? = (X — Y, Ty X —TpY) >0

where with the parentheses (-,-) we represented the usual scalar product of R?.

So we can write X C Y if and only if (X — Y, Ty X — TyY) > 0.

A bijective map f : R* — R* that preserves, with its inverse, the causal relationship,
will be called causal automorphism. Therefore a causal automorphism, in the context
of Special Relativity Theory, is a bijective map f such that

VX, Y eRY X CY = f(X)cCf(Y)
ie.
(X =Y, TuX =TyY) 20 < (f(X) = f(YV), Tu(f(X) = f(¥))) =0
An important result about causal automorphisms was obtained by mathematicians

Alexandrov and Zeemann who proved in [13| and [1] the following statement, known
as Alexandrov-Zeemann theorem:

Theorem 1.1. All the causal automorphisms of Minkowski’s space-time towards
itself are the elements of the group generated by Lorentz’s transformations, homoth-
eties and translations.

This group of transformations is nothing else than the Poincaré group P(R*);
a mapping f in P(R*) has the shape f(X) = AL(X) + vg where L is a Lorentz
transformation, A a real number and vy a constant vector of linear space R*.

Remark 1.2. The causality relationship is reflexive and symmetric but not transi-
tive, as is shown by the following example.
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Example 1.3. In space R? let be P = (z1, 2, 23) a point from which two rays of
light are emitted, at time ¢, in opposite directions along a line that passes through
Px; besides let be Py = (y1,y2,y3) and Pz = (z1, 22, z3) two points placed along that
line, from opposite parts of P and equidistant from it. We have Y = (¢t y1, y2,y3)
and Z = (ct', 21, z9, 23), where t’ is the time when the two rays of light arrive at the
Py and Pz points. We have Y C X and X C Z, being

3
A=t = (wi—p)>=0
=1
and
3
At—1)? =) (zi—2)>=0
=1
but it is not Y C Z being
3 3
At =) - Z(yi —z)’=- Z(yi —2)% <0
=1 =1

Our aim (in Section 2 and 3) will be now to extend, in a purely formal way, the
causality relationship from the Minkowski’s space-time, to a more general context,
in order to achieve the coherent definition of a causal relationship in the context
of the General Relativity Theory. Then sets of strong causal isomorphisms and
causal isomorphisms will be introduced highlighting some of their notable formal
properties.

2. EXTENSION OF THE CAUSALITY RELATIONSHIP TO PAIRS OF POINTS OF A
SEPARABLE INNER PRODUCT SPACE

Consider here a separable real field linear space E with inner product (-, -) definite
positive; then let T : E — FE be a self-adjoint bijective linear operator. As well
known the form 7(z,y) := (x,Ty) is a bilinear form (generally degenerate and not
definite positive). Relations of causality induced by self-adjoint bijective operators,
formally identical to that introduced in Minkowski’s space-time can be defined in
these spaces, i.e.

xCry < (r—y,T(x—y)) >0 Va,ye€kE.

Of course, according to Example 1.3, these binary relationships are reflexive and
symmetric, but generally not transitive.

In this setting, analogously to the case of Special Relativity Theory, we can in-
troduce the notion of causal isomorphism.

Definition 2.1. Let (E1,(-,-)1,Cr) be an inner product space E; endowed with
the causality relationship Cr induced by self-adjoint bijective operator T'. Let
(E9,(-,)2, Cg) be an inner product space F5 endowed with the causality relationship
Cg induced by self-adjoint bijective operator S. A bijective mapping f : F4 — FEs is



222 G. FRANCO AND G. MARINO

called an causal isomorphism if the images of vectors causally related they are also
casually related

zCry < f(x) Cs f(y).
That is, equivalently

(x—y,T(x—y) >0 <= (f(z)— f(y),S(f(x) = f(y))2 >0

Note that, as in Special Relativity Theory, f can be not linear. However this
can not happen if f is a strong causal isomorphism in the sense of the following
definition:

Definition 2.2. Let (E4,(-,-)1,Cr) be an inner product space F; endowed with
the causality relationship C7 induced by self-adjoint bijective operator T'. Let
(E2, (-, )2, Cg) be an inner product space E2 endowed with the causality relationship
Cg induced by self-adjoint bijective operator S. A bijective mapping f : E1 — E»
is called a strong causal isomorphism if

(z, Ty = (f(x),S(fW))2,  Va,y € E

Of course a strong casual isomorphism is a casual isomorphism. But there is more.
Indeed, we show the following results:

Theorem 2.3. Let (E1,(-,-)1) , (E2,(-,-)1) be two separable inner product spaces
on the complex number field C having the same dimension, finite or countable. Let
G1 : E1 — Ei, G :9: Ey — FEy be two bijective linear operators. Moreover, let
f: E1 — Es be a bijective map such that Va,y, € Ey, it results

(z, Gy = (f(2), G2(f(Y)))2-

Then f is linear. It follows that any strong causal isomorphism is a linear operator.

Proof. For all y € E, let v € E} and w € E3 be such that Gow = y and f(v) = w.
In the following, for convenience of notation we will not specify whether the vectors
we consider are in Eq or F5. And we do not want even specify if wea are considering
(+,-)1 or (-,-)o . All of this is very clear.
(flax),y) = (flax),Gaw) = (f(ax),G2f(v)) = (ax, Giv)
= ofz,Grv) = af(2),G2f (v)) = a(f(z), Goaw) = a(f(2),y)
>From which f(ax) = af(z) for all scalar o and for all vectors x. Besides,
<f(]?1 +.’L’2),y> = <f(1171 +.’L‘2),G2f(v)> = <ZE1+$2,G1’U>
= (f(z1), G2f (v)) + (f(22), G2 f(v)) = (f(z1) + f(x2),)
that gives f(z1 + x2) = f(21) + f(z2). O
But there is even more. We can show that f is also continuous under the assump-
tions of continuity of G1 and G5. For this, we use the following celebrate result that

a linear mapping between normed spaces is continuous if and only if it is weakly
continuous. Following [4],

The weak continuity of a bounded linear operator was as first noticed by Banach in
his 1922 masterpiece: the converse was proved by Dunford.
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Theorem 2.4. A linear mapping F' : N — M between the normed linear spaces N
and M is norm-to-norm continuous if and only if F' is weak-to-weak continuous.
Proof. A Proof complete can be found in [4], page 12. O
So now we have the tools to prove the result announced above:

Theorem 2.5. Let (E1,(-,-)1) , (Ea2,(-,-)1) be two separable inner product spaces
on the complex number field C having the same dimension, finite or countable. Let
Gi1: E1 — Ei, Gy : E5 — FE5 be two bijective linear operators. Moreover, let
f: E1 — Es be a bijective map such that Vx,y, € E1, it results

(2.1) (z,Giy)1r = (f(x), G2(f ()2
If Giand Gy are continuous, then the map f is continuous with the bound
1G4l
11l <
G2

It follows that any strong causal isomorphism is a linear bounded operator.

Proof. Step 1. Thanks to Theorem 2.5, to show the continuity of f it is equivalent
to show its weak continuity.

Let thus (z,,y) — 0, for all y € E;. We need to show that (f(x,),z) — 0 for all
z € Fs.

Indeed, any z € Fy can be written as z = Gof(y), w € Ej, and so

(f(zn), 2)) = (f(2n), G2f(y)) = by (2.1) = (zn, G1y)) = 0.

Thanks the bijectivity of G the thesis follows.
Step 2. Show now the bound of ||f]|. Indeed, we can write the equality || f(z)

(f(x),G2(Gy f(2)))2 as [|f(2)* = (f(x),G2(f(y)))2, where y € E is such that
fly) = Gy f(@) e,
(2:2) y=[f"1Gy' f(z)

So we obtain

I* =

If@)|> = (f(z),Gaf(y))s = (since f is a strong causal isomorphism)
= (z,Guy) < |[lz[lllGry| = (by (2.2))
= ellGif Gt f @) < llzllGuf G L ()]
that yields || f(z)|| < ||=|||G1f 'G5 || hence f is bounded and

o iy -Gl
Al <665 < G < S
A<l o <G G EIEN
And so, finally
G
i< /1]

g

Corollary 2.6. Under the assumptions of Theorem 2.5 and if moreover Gy is ex-
pansive with respect to Gy (i.e. if |Ga|| > ||G1||) then f is nonexpansive.
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3. EXTENSION OF THE CAUSALITY RELATIONSHIP TO PAIRS OF POINTS OF A
PSEUDO-RIEMANNIAN MANIFOLD.

Now we want to extend the causal relationship in the context of the General
Relativity Theory.
In this setting, the linear spaces introduced can be interpreted as tangent spaces of
a 4-dimensional pseudo-Riemannian manifold in two particular points of it. In this

manifold, fixed a point P(X) and an open set 7T (P), if Pi(X) and P»(X) are in
T (P), (with X, X, Y we denoted local coordinates of P, P, P»), we will say that the

event X is causally related to event Y if and only if / Gi,jdxidzz;j > 0; in this last

formula Gj ; is the metric tensor defined in the open sez T (P) and ~ is the geodesic
that has as extremes P; and Ps.

(dS)? = Gmdxidxj is the square of the space time interval that separates two
indefinitely neighgboring events, expressed in differential form [8],[2],[9]. So that if
P’ is a point distinct from P and 7 (P’) is its open set, let

[:T(P)— T(P)

be a one-to-one map that preserves, with its inverse, the causal relationship intro-
duced above, that is, an application such that Vz,y € T(P) X CY < f(X) C
f(Y). Then the map f is called causal isomorphism.

In our approximation we consider, in place of open sets T (P), T (P’) of the manifold,
the tangent spaces in the points P and P’ with associated inner products induced
by operators T" and S, whose matrices elements are coincident with the values of
components of metric tensor G; ; in points P and P’ respectively [2, 9].

Thus, in place of the causal relationships expressed above in the integral form, we
consider those defined from the bilinear forms induced by the operators T'and .S. This
is a reasonable approximation that will allow us to draw formal properties of consid-
erable interest of the corresponding sets of causal isomorphisms. Let (Eq,(-,-)1,7)
and (Es, (-, )2,5) be real linear separable spaces with associated bilinear forms in-
duced by linear self-adjoint bijective operators 1" and S.

Let L(E1, E2) be the set of strong isomorphisms from E; to Es.

We know that any L € L(FE1, E») is linear (Theorem 2.3) and also continuous if T’
and S are (Theorem 3.1). Show now that £(E, Es) is closed with respect to the
invertibility.

Theorem 3.1. L € L(E1, Eo) implies that L= € L(Es, E1)
Proof. (L™'v, TL™'w) = (LL™'v, SLL™w) = (v, Sw) O

Let then IC(E1, E2) be the set of causal isomorphisms from F; to Es.

Of course L(Eq, F2) € K(E1, Es) and also is closed with respect to the inverti-
bility.
Finally we want to see that K(E1, E9) is a larger set than the analogous set of causal
isomorphisms in the Special Relativity Theory, that is the Poincaré group P(R?), i.e
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the set of mappings f in P(R*) has the shapef(X) = AL(X) +vo. For this purpose,
define P(El, EQ) = {f B — E2|f(a:) = ALz 4+ vy, \#0,L € ,C(El, EQ)}

The first result is expected.
Theorem 3.2. P(E1, Fy) C K(E1, Es).
Proof. f € P(FE7, Es) implies that f(x) = ALz + vg. See that f is a causal isomor-
phism, that is
rCry < f(z)Cs f(y)
ie.
(r—y,T(@-y)h 20 — (f(z) = f(y),S(f(x) = f(y)))2 = 0.

Suppose thus (x —y,T(x —y))1 > 0.
Then

(@) = f(y),S(f(@) = f(y)))2 = (ALa— ALy, S(ALz — ALy))
= MLz — Ly, S(Lx — Ly))
= Mz —y,T(x—y)) >0.

O
We see now that also P(FE7, Es) is closed with respect to the invertibility.
Theorem 3.3. f € P(Ey, Ey) implies that f~! € P(FEs, E).
Proof. We show that if f(x) = v, then it results
1 1
-1 -1 -1
=—-L7"——-L
f 3 Lo
Indeed, this follows by the two formulas
1 1 1 1
(f o (}\Ll — )\le())) (v) = AL (ALlfu — )\le()) + vy =
and
1 1 1 1
) et S = (= t—=71 L
<<)\ b\ U0>Of> (l’) (/\ b\ Vo ()\ $+U0)
1L*1(AL:1; + vp) L T
= —_ Ko} —_— Vo =
) D N
O

Corollary 3.4. If By = Ey = E, then L(E) C P(E) C K(E) are non abelian
transformations groups respect to the composition.

Finally, we underline another difference between the Special and General Relativ-
ity Theory. We know that in the Special Relativity Theory it results P(E1, E2) =
K(E1, Es).

The last our result shows that this does not hold in the General Relativity Theory.

Theorem 3.5. . In general P(E1, Es) # K(E1, E2).
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Proof. Tt is enough to give a counterexample. Indeed, let be Fy = Fo = R. Fix a
positive number a and take the linear, bijective, self-adjoint operator T" defined by
Tz := ax. The relationschip causality induced is given by

tCry —= (z—yalz—y)=alz—y)?>>0 Vx,y € R.

So in this context a causal isomorphism is any bijective map from R to R. For

example f(x):= x3 is such a map, but it has not the form f(z) = Az = b. O
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