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SPLITTING ALGORITHMS OF COMMON SOLUTIONS
BETWEEN EQUILIBRIUM AND INCLUSION PROBLEMS ON
HADAMARD MANIFOLDS

KONRAWUT KHAMMAHAWONG, POOM KUMAM*, AND PARIN CHAIPUNYA

ABSTRACT. The aim of this article is to introduce an iterative algorithm for find-
ing a common solution from the set of an equilibrium point for a bifunction and
the set of a singularity of an inclusion problem on a Hadamard manifold. We
also discuss some particular cases of the problem by the proposed algorithm. The
convergence of a sequence generated by the proposed algorithm is proved under
appropriate assumptions. Moreover, we apply our results for solving minimiza-
tion problems and minimax problems.

1. INTRODUCTION

Equilibrium problem (EP) was firstly introduced by Fan [11] and extensively
developed later by Blum and Oettli [3]. Let H be a real Hilbert space, K a nonempty
closed convex subset of H and F : K x K — R a bifunction satisfying F(x,z) = 0,
for all x € K. The equilibrium problem for a bifunction F'is to find x € K such
that

(1.1) F(z,y) >0, VyeK.

Herein, F' is said to be the equilibrium bifunction. The theory of equilibrium prob-
lems plays a vital role in nonlinear problems, e.g., variational inequalities, optimiza-
tion problems, Nash equilibrium problems, complementarity problems and so on,
(see, for example [14,17,20,27] and the references therein).

In 1976, Rockafellar [22] considered the following inclusion problem:

(1.2) find x € K such that 0 € A(z),

where A : K — 2 is a maximal monotone operator. The classical method for solv-
ing inclusion problem (1.2) is the proximal point method. The proximal method was
firstly introduced by Martinet [19] for convex minimization and further generalized
by Rockafellar [22]. Many problems in nonlinear analysis, optimization problem,
convex programming problem, variational inequality problem, PDESs, economics are
reduced to finding a singularity of the problem (1.2), see for example [6-8,13, 18]
and the references therein.

During the last decade, many issues in nonlinear analysis such as fixed point
theory, convex analysis, variational inequality, equilibrium theory, and optimization
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theory have, been magnified from linear setting, namely, Banach spaces or Hilbert
spaces, etc., to common solution because the problems cannot be posted in the linear
space and require a manifold structure (not necessary with linear structure). The
main advantages of these extensions are that non-convex problems in the general
sense are transformed into convex problems, and constraint problems also transform
into unconstraint problems. Eigenvalue optimization problems [24] and geometric
models for the human spine [1] are typical examples of the situation. Therefore,
many authors have focused on extension and development of nonlinear problems
techniques on the Riemannian manifold, see for examples [9,12, 16, 25] and the
reference therein.

In 2012, Calao et al. [9] studied the equilibrium problems on a Hadamard mani-
fold. Let M be an Hadamard manifold, 7'M the tangent bundle of M, K a nonempty
closed geodesic convex subset of M, and F': K x K — R a bifunction satisfying
F(z,z) = 0, for all x € K. Then, the equilibrium problem on the Hadamard
manifold is to find z € K such that

(1.3) F(z,y) >0, VyeK.

We denote by EP(F) the set of equilibrium points of the equilibrium problem (1.3).
They [9] studied the existence of an equilibrium point for a bifunction under suitable
conditions and applied their results to solve mixed variational inequality problems,
fixed point problems and Nash equilibrium problems in Hadamard manifolds. The
authors also introduced Picard iterative method to approximate solutions of the
problem (1.3). However, Wang et al. [28] found some gaps in the existence proof of
the mixed variational inequalities and the domain of the resolvent for the equilibrium
problems in [9].

The inclusion problem (1.2) is generalized by Li et al. [15] in Hadamard manifolds,
and it reads as follows:

(1.4) find x € K such that 0 € A(x),

where A : K — 27M ig a multivalued vector field on Hadamard manifolds and 0

denotes the zero section of TM. We denote by A~1(0) the set of singularities of
the inclusion problem (1.4). The authors also extended the general proximal point
method from Euclidean spaces to Hadamard manifolds for solving the inclusion
problem (1.4).

Motivated by above results, we introduce iterative algorithm for finding a com-
mon solution of the equilibrium problem (1.3) and the inclusion problem (1.4) on
Hadamard manifolds. Our proposed algorithm can be regraded as the double-
backward method for the two underlying problems.

The rest of this paper is organized in the following: In Section 2, we give some
basic concepts and fundamental results of Riemannian manifolds as well as some
useful results. In Section 3, we introduce the problem of finding z € EP(F) N
A~1(0), which is a common solution of the sets of equilibrium points and singularlity
of an inclusion problem. We propose an iterative algorithm for finding a common
solution of the proposed problem, and establish convergence results of a sequence



SPLITTING ALGORITHMS OF COMMON SOLUTIONS TO EQUILIBRIUM AND INCLUSION 229

generated by the proposed algorithm converges to a solution of the proposed problem
on Hadamard manifolds. In the last section, we devote our results to minimization
problems and minimax problems on Hadamard manifolds.

2. PRELIMINARIES

In this section, we recall some fundamental definitions, properties, useful results,
and notations of Riemannian geometry. Readers refer to some textbooks [5,23,26]
for more details.

Let M be a connected finite-dimensional manifold. For p € M, we denote T, M
the tangent space of M at p which is a vector space of the same dimension as M,
and by TM = UpeM T,M the tangent bundle of M. We always suppose that M
can be endowed with a Riemannian metric (-, -),, with corresponding norm denoted
by || - ||p, to become a Riemannian manifold. The angle /,(u,v) between u,v €
TpM (u,v # 0) is set by cos Zp(u,v) = m If there is no confusion, we denote
(o) =G =1 lp and Z(u,v) = Zp(u,v). Let v : [a,b] — M be a
piecewise smooth curve joining v(a) = p to v(b) = ¢, we define the length of the
curve v by using the metric as

b
L) = [ @)l

Minimizing the length function over the set of all such curves, we obtain a Rie-
mannian distance d(p, ¢) which induces the original topology on M.

Let V be a Levi-Civita connection associated to (M, (-, -)). Given a smooth curve
v, a smooth vector field X along ~ is said to be parallel if VV/X = 0. If 5 itself

is parallel, we say that ~ is a geodesic, and in this case ||y'|| is a constant. When
|7l = 1, v is said to be normalized. A geodesic joining p to ¢ in M is said to be a
minimal geodesic if its length equals to d(p, q).

A Riemannian manifold is complete if for any p € M all geodesic emanating
from p are defined for all ¢ € R. From the Hopf-Rinow theorem we know that if
M is complete then any pair of points in M can be joined by a minimal geodesic.
Moreover, (M,d) is a complete metric space and every bounded closed subset is
compact.

Let M be a complete Riemannian manifold and p € M. The exponential map
exp, : Ty,M — M is defined as exp,v = v,(1,p), where v(-) = (-, p) is the
geodesic starting at p with velocity v (i.e., 7,(0,p) = p and ’y;((),p) = v). Then,
for any value of ¢, we have exp,tv = 7,(t,p) and exp,0 = v,(0,p) = p. Note
that the exponential exp,, is differentiable on T, M for all p € M. It is well-known
that the derivative D exp,(0) of exp,(0) is equal to the identity vector of T}, M.
Therefore, by the inverse mapping theorem, there exists an inverse exponential map
exp]j1 : M — T, M. Moreover, for any p,q € M, we have d(p,q) = || exp}j1 ql-

A complete simply connected Riemannian manifold of non-positive sectional cur-
vature is said to be an Hadamard manifold. Throughout the remainder of the paper,
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we always assume that M is a finite-dimensional Hadamard manifold. The following
proposition is well-known and will be useful.

Proposition 2.1 ([23]). Let p € M. The erponential map exp,, : TyM — M is a
diffeomorphism, and for any two points p,q € M there exists a unique normalized
geodesic joining p to q, which is can be expressed by the formula

~y(t) = expptexp;1 q, Vtel0,1].

This proposition yields that M is diffeomorphic to the Euclidean space R™. Then, M
has same topology and differential structure as R"™. Moreover, Hadamard manifolds
and Euclidean spaces have some similar geometrical properties. One of the most
important properties is illustrated in the following propositions.

A geodesic triangle A(p1, p2, p3) of a Riemannian manifold M is a set consisting
of three points p1, p2 and p3, and three minimal geodesics 7; joining p; to p; 1 where
i=1,2,3 (mod 3).

Proposition 2.2 ([23]). Let A(p1,p2,p3) be a geodesic triangle in M. For each
i =1,2,3 (mod 3), given ~; : [0,l;] — M the geodesic joining p; to piy1 and set
li == L(vi), i := Z(7;(0), —v,_1(li=1)). Then,

(2.1) o) + o+ as <,

(22) l? + li2+1 — 2llip1 cos iy < lz'Q—l'

In the terms of the distance and the exponential map, the inequality (2.2) can be
rewritten as

(2.3) @i pit1) + & (i1, Div2) — 2(expy,, pis expyL, Diva) < dX(pie1, ),
where (exp, ! pi,exp, ., Pir2) = d(pi, pir1)d(pit1, Pit2) COS Qiy1.

The following relation between geodesic triangles in Riemannian manifolds and
triangles in R? can be referred to [4].

Lemma 2.3 ([4]). Let A(p1,p2,p3) be a geodesic triangle in M. Then, there exists

a triangle A(p1, P2, P3) for A(p1, pe, p3) such that d(p;, pi+1) = ||Pi — Pixill, indices
taken modulo 3; it is unique up to an isometry of R2.

The triangle A(p1, Pz, p3) in Lemma 2.3 is said to be a comparison triangle for
A(p1,p2,p3). The geodesic side from x to y will be denoted [x,y]. A point T €
[P1,P2] is said to be a comparison point for x € [p1,p2] if || — pi|| = d(z,p1). The
interior angle of A(p1,p2,P3) at p1 is said to be the comparison angle between pa
and p3 at py and is denoted Zp;(pz,p3). With all notation as in the statement of
Proposition 2.2, according to the law of cosine, (2.2) is valid if and only if

(2.4) (P2 — P1.P3 — P1)r2 < (exp,, p2,exp,, ps3)
or,

aq < épil(p?a 173)
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or, equivalently, A(p1,p2,p3) satisfies the CAT(0) inequality and that is, given a
comparison triangle A C R? for A(p1, p2,p3) for all z,y € A,

(2.5) d(z,y) < ||z -y,

where Z,7 € A are the respective comparison points of z, y.

A subset K is called geodesic convez if for every two points p and ¢ in K, the
geodesic joining p to ¢ is contained in K, that is, if v : [a,b] — M is a geodesic
such that p = vy(a) and ¢ = v(b), then v((1 — t)a + tb) € K for all t € [0, 1].

A real function f: M — R is called geodesic conver if for any geodesic vy in M,
the composition function f o+ : [a,b] — R is convex, that is,

(foy)(ta+ (1 —1)b) <t(fov)(a)+ (1 —1)(foy)(b)
where a,b € R, and ¢ € [0, 1].

Proposition 2.4 ([23]). Let d : M x M — R be the distance function. Then,
d(-,-) is a geodesic convex function with respect to the product Riemannian metric,
that is, for any pair of geodesics v1 : [0,1] — M and 73 : [0,1] — M the following
inequality holds for all t € [0,1]

d(v1(t),72(t)) < (1 = t)d(71(0),72(0)) + td(71(1),2(1))-

In particular, for each y € M, the function d(-,y) : M — R is a geodesic convex
function.

The following notion and lemma are crucial in establishing our main convergence
results.

Definition 2.5. [12] Let K be a nonempty subset of M and {z,} be a sequence
in M. Then, {z,} is said to be Fejér convergent with respect to K if for all p € K
and n € N,

d(xn-‘rlap) S d(xnap)
Lemma 2.6 ([12]). Let K be a nonempty subset of M and {x,} be a sequence in M
such that {x,,} be a Fejér convergent with respect to K. Then, the following hold:

(i) For every p € K, d(xy,p) converges;
(ii) {xn} is bounded;
(iii) Assume that every cluster point of {x,} belongs to K.
Then, {x,} converges to a point in K.

Recall that for all z,y € R?,
[tz + (1 = t)y)|? = =l + (1 = )yl = t(1 = )|z — yl?, vt e[0,1],

Next, let us present the concepts of the monotonicity of vector fields.

Given K be a nonempty subset of M. Let X(K) denote to the set of all multi-
valued vector fields A : K — 27M gsuch that A(z) C T, M for each z € K, and
denote D(A) the domain of A defined by D(A) = {x € K : A(z) # 0}.

Definition 2.7 ([10]). A vector field A € X(K) is said to be
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(i) monotone if for all z,y € D(A)
(u,exp, L y) < (v, —exp;1 x), Yue€ A(zr) and Vv € A(y);

(ii) maximal monotone if it is monotone and for all x € K and u € T, K, the
condition

(u,expyly) < (v,—expyla), Wy e D(A) and Vo € Afy),
implies that u € A(z).

The concept of Kuratowski semicontinuity on Hadamard manifolds was intro-
duced by Li et al. [15].

Definition 2.8 ([15]). Let a vector field A € X(K) and zp € K. Then A is said to be
upper Kuratowski semicontinuous at xg if for any sequences {z,} C K and {v,} C
TM with each v, € A(x,), the relations lim,, o 2, = z¢ and lim,, v, = vo
imply that vy € A(xp). Moreover, A is said to be upper Kuratowski semicontinuous
on K if it is upper Kuratowski semicontinuous for each = € K.

The definition of the resolvent of a multivalued vector field and firmly nonexpan-
sive mappings on Hadamard manifolds was introduced by Li et al. [16].

Definition 2.9 ([16]). Let a vector field A € X(K) and A € (0,00). The A-resolvent
of A is a multivalued map J f : K — 2% defined by

JMz) = {2 € K 2 cexp, \A(2)}, VzeK.

Remark 2.10 ([16]). Let A > 0. By the definition of the resolvent of a vector field,

then the range of the resolvent J{' is contained the domain of A and Fix(J{!) =
A7L(0).

Definition 2.11 ([16]). Let K be a nonempty subset of M and T : K — M be
a mapping. Then T is called firmly nonexpansive if for all z,y € K, the function
@ : [0,1] — [0, 00) defined by

®(t) := d(exp, texp, ' Tz, exp, texp;1 Ty), Vtel0,1],
is nonincreasing.

A mapping T : K — K is called nonexpansive if d(T(z),T(y)) < d(z,y), for all
x,y € K, where d(z,y) is a Riemannian distance. It turns out that the monotonicity
and nonexpansivity are closely related.

Theorem 2.12 ([16]). Let a vector field A € X(K). Then, for any X\ > 0, the vector
field A is monotone if and only if Jf 18 single-valued and firmly nonexpansive.

Proposition 2.13 ([16]). Let K be a nonempty subset of M and T : K — M be
a firmly nonexpansive mapping. Then

<exp;; x, exp;; y)y <0
holds for any x € Fix(T) and for ally € K.

The following lemma which is useful in establishing our main result.
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Lemma 2.14 ([2]). Let K be a nonempty closed subset of M and a vector field
A € X(K) be a mazimal monotone. Let {\,} C (0,00) be a real sequence with
lim,— 00 Ap = A > 0 and a sequence {x,} C K with lim, oo x, = x € K such
that lim,, J;f‘n (zn) = y. Then, y = J{(x).

We then turn towards the theory of bifunctions, their resolvents and the related
equilibrium problems.

Let K be a nonempty closed geodesic convex set in M and F' : K x K — R be
a bifunction. We suppose the following assumptions:

(Al) for all z € K, F(z,z) > 0;

(A2) F is monotone, that is, for all z,y € K, F(x,y) + F(y,z) < 0;
(A3) For every y € K, x — F(x,y) is upper semicontinuous;
(A4) For every x € K, y — F(x,y) is geodesic convex and lower semicontinuous;
(A5) = — F(z,x) is lower semicontinuous;
(A6) There exists a compact set L C M such that

x € K\ L= [Jy € KN L such that F(z,y) <0].

Calao et al. [9] introduced the concept of resolvent of a bifunction on Hadamard
manifold as follows: let F' : K x K — R, the resolvent of a bifunction F' is a
multivalued operator TF : M — 2% such that for all x € M

1
T (z) = {z e K:F(z,y) — ;(expz_1 z,exp, ty) >0, Yy € K}

Let us end the preliminary section with the following results which discuss the
regularization of a given bifunction.

Theorem 2.15 ([9,28]). Let FF : K x K — R be a bifunction satisfying the
following conditions:

(1) F is monotone;
(2) for all v > 0, TF is properly defined, that is, the domain D(TL) # ().
Then for any r > 0,

(i) the resolvent TF is single-valued;
(i) the resolvent TF is firmly nonexpansive;
(iii) the fived point set of T is the equilibrium point set of F,

Fix(TF') = EP(F).
Moreover, if F satisfying conditions (A1)—(A4). Then, D(TF) = M.

3. MAIN RESULTS

In this paper, K always denotes a nonempty closed geodesic convex subset of
Hadamard manifold M, unless explicitly stated otherwise. Let A € X(K) be a
vector field and F : K x K — R be a bifunction. We consider the problem of
finding € K such that

(3.1) x € EP(F)n A~1(0),
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that is, x is simultaneously an equilibrium point of F' and a singularity of A. We
suppose that Q := EP(F) N A~1(0) # 0.

We first introduce the following iterative algorithm for computing the approxi-
mate solutions of problem (3.1).

Algorithm 3.1. Let A € X(K) be a vector field and F' : K x K — R be a
bifunction. Choose an initial point g € K and define {x,}, {y,} and {z,} as
follows:

(3.2) Yn i= €XPy, Op exp;n1 an (zn),
1

(3.3) zn, € K such that F(z,,t) — —(expz_nl g,/n,exp;n1 t)y >0, Vtek,
T'n

(3.4) Tpi1:=exp, Bn exp;n1 Zn, Vn €N,

where {a, },{6n}, {\n} and {r,} are given real positive sequences such that
(i)0<a<apB,<b<l VneN,
(i) 0< A<\, <A<o0, VneN,
(iii) liminf,, o7y > 0.
When F = 0, the Algorithm (3.1) becomes the following algorithm for finding a
solution of the problem (1.4).

Algorithm 3.2. Let A € X(K) be a vector field. Choose initial point z¢ € K and
define {x,} as follows:

Tp+1 1= €XP, Oy €XPy ijln (xn), VneN,
where {a,} C (0,1) and {\,} C (0,00) are the same as in Algorithm 3.1.

When A = 0, the Algorithm (3.1) becomes the following algorithm for finding a
solution of the problem (1.3).

Algorithm 3.3. Let F': K x K — R be a bifunction. Choose initial point x¢p € K
and define {z,} and {z,} as follows:
1
zn € K such that F(z,,t) — —(exp, ! 7y, exp,'t) >0, VteK,
T'n

Tpi1 = exp, Bn exp;n1 Zn, VneN,
where {#,} C (0,1) and {r,} C (0,00) are the same as in Algorithm 3.1.

Now we prove the convergence of any sequences generated by Algorithm ?? to a
common solution of problem (3.1).

Theorem 3.4. Suppose that a vector field A € X(K) be a maximal monotone and
F : K x K — R be a bifunction satisfying assumptions (A1)—(A6) with Q # 0.
Then, the sequence generated by Algorithm 3.1 converges to a solution of problem
(3.1).

Proof. 1t is sufficient to show by Lemma 2.6 that {z,} is Fejér convergent with
respect to  and the cluster points of {z,} belongs to 2. We divide the proof into
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the following four steps.

’ Step I. We show that {z,} is Fejér convergent with respect to 2.

Let w € Q. Then w € EP(F) and w € A71(0). By Theorem 2.15, we have
zn = TF (yn) and

d(znaw) = d(TrIZ(yn) TF(W))

sy Lorp

(3.5) < d(yn,w), forw e Q.

Since w € A71(0), Remark 2.10 gives w = an (w). Set u, = an () and
let A (w,Zn,u,) € M be a geodesic triangle with vertices w,z, and wu,, and let
A (@, T, Upn) € R? be the corresponding comparison triangle. Then, we have
(3.6) d(zn,w) = [Tn —ll, d(zn,un) = [[Tn — ]l and d (un,w) = |[un — .
Recall from (3.2) that y,, = exp, on exp;n1 Up, then we have
Yn = (1 - an)ﬁ"' QpUp.
From (2.4) and (2.5), we get
(37) m (una mn) < Zz (Tna ﬁ)
and
d(yn, w) < [[Yn — @l
From the last inequality, (3.7) and «;, € (0,1), then
& (yn,w) < g — @l
= [I(1 ~ )T + an — |
= |I(@n ~ @) — on (@0 — )"
= |70 — @I + o} [T — Tll” — 200170 — & |70 — G| cos £z (@, T)
< @ @l + an 7w — Tall* — 200170 — G 170 — all cos Zz (@, Tn)

= |[Zn — @) + an [T — Tll* — 200 (T — @, Ty — Tn)ge

[0 — @[> + (an — 200) [T = Tn|* + 2000 (@ — Uy, Ty — T ez

(3.8) < Az, w) — apd® (Tn, un) + 200 <exp;n1 w, exp;} :vn> .

On the other hand, since u,, := an (z,,) and an is firmly nonexpansive, it follows
from Proposition 2.13 that

<exp;n1 w, exp;n1 xn> <0.
This together with (3.8) yields that

(3.9) & (yn, w)
(3.10)

dz(:cn, w) — apd? (T un)

d? (2, w).

IAIN
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Recall from (3.2) that y, = exp, an exp;: Up, We get d(Tpn,Yn) = nd (Tp,uy).
From (3.9), we obtain this

1
(3.11) P (yp,w) < d*(zn,w) — —d? (Tn, yn) -

Qp

For n € N, let 7, : [0,1] — M be a geodesic joining v,(0) = z,, to y,(1) = 2.

Then, (3.4) can be written as x,+1 = V,(8r). By using geodesic convexity of
Riemannian distance, (3.5) and (3.10), we get

d(zni1,w) = d(yn(Bn)w)
< (1= Bn)d(1n(0), w) + Brd(n (1), w)
= (1= Bn)d(zn,w) + Bpd(zn,w)
< (1-=B)d(zn,w) + Bnd(yn, w)
< (1= Bu)d(zn,w) + Bnd(zn, w)
(3.12) = d(zn,w).

Therefore, {x,} is Fejér convergent with respect to €.

’ Step II. We show that lim, o d(xpt1,2,) = 0. ‘

Fix n € N. Let A(zy, 2, w) be a geodesic triangle with vertices z,, z, and w, and
A (Ty, Zn,w) be the corresponding comparison triangle. Then, we have
d(zn,w) = [[Tn =@,  d(zn,w) = |70 — @l and d(zn, zn) = |70 — T
Recall that z,41 = exp, [n exp;n1 Zn, SO its comparison point is Tp11 = (1 —
Bn)Tn + BnZn. Using (2.5), (3.5), and (3.10), we get
& (@ns1,0) < Tt — @
= (1 = Ba)Tn + BuZa — @I
(1 = Bn) (@n — @) + Bz — @)
(1= Bu)llzs = @1 + Bullzn — @l* — Bu(1 — Bu)l|zw — Zl?
(1 = Bn)d* (n, w) + Bnd® (20, w) — 5n<1 — Bn)d?(wn, 2n)

(3.13) < (1- Bn)dz(xm w) + Bnd (ym ) — Bn(1— ﬂn)dg(xm Zn)
< (1 - /Bn)d2 (l'n, ) + Bnd2 (:L'ny ) ( - Bn)d2($na Zn)
(3.14) = d° (zn,w) — Bn(1 Bn)d2 (Tn, 2n)-

From (3.14), we also obtain

/Bn(]- - /Bn)dQ(xnyzn) < d (-Tna ) d2(xn+1,w),

and we further have

2 — # 2;{; w) — 2:(; w
d(mn,zn) = ,Bn(l_ﬁn)(d(n’ ) d( n+1, ))

< a(ll_ b) (d2(1‘n,w) - d2($n+1,w)>.




SPLITTING ALGORITHMS OF COMMON SOLUTIONS TO EQUILIBRIUM AND INCLUSION 237

Since {x,} is Fejér convergent with respect to  implies that lim, . d(z,,w)
exists. By letting n — oo, we have

(3.15) lim d(zp,zn) = 0.

n—»—o0

Recall that x,11 = v,(Bn) for all n € N, using the geodesic convexity of Rie-
mannian distance, we obtain

d(Tn+1,%n) = d(¥n(Bn);zn)

(1= Bn)d(y(0), 2n) + Brd(yn(1), zn)
(1 = Bn)d(zn, xn) + Bnd(2zn, Tn)
Brnd(2n, 2n)

bd(zp, zn).

Letting n — oo and using (3.15), we get

(3.16) lim d(zp41,2,) =0.

n——oQ

IN

IN

’ Step III. We show that lim,,— o d(zp, yn) = 0. ‘

Using (3.11) and (3.13), we obtain
d2($n+17w) < (1 - ﬁn)dZ(xrww) + /Bn(dQ(xnvw)
= (s ) = B~ )2, 70)

= (1 - ﬁn)dQ(xmw) + ﬁndQ(xnyw)

D () — B~ B (2, 2)
= d2($nvw) - ildQ (ZL'nvyn) - /Bn(l - Bn)d2($n, Zn)'

With some rearrangements we obtain

a n
gdz(-rm yn) < %dQ (xm yn> < dQ(xm w) - dQ(xn+1a w) - Bn(l - Bn)dQ(xm zn)

Since {xy,} is Fejér convergence of with respect to © and (3.15) together imply that
(3.17) nhll}loo d(xn, yn) = 0.

’ Step IV. We show that the cluster points of {z,} belongs to Q. ‘

Since the sequence {x,,} is Fejér convergent, by (ii) of Lemma 2.6, {z,} is bounded.
Hence, there exists a subsequence {xy,} of {x,} which converges to a cluster point
x* of {z,,}. From (3.17), we get y,, — x* as i — oo. Also from (3.15), we have
Zp, — X as i —» 00.

We firstly prove that 2* € EP(F). By z, = T (y,), we get

1 _ _
F(Zmy) - 7<6szn1 yn,eXPznl y> Z 07 vy € K.

n
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Since the bifunction F' is monotone, we obtain

1 -1 -1

—{exp, yns exp ) = F(y, zn)-

n

Replacing n by n;, we get
1 _ _

(3.18) ——(eponli Y, s eponli y) > F(y, zn,).

ng

Recall that
lim || exp;nlv Yn; || = Hm d(yn,, zn,) =0,
71— 00 3 11— 00

so we get exp;i Yn, — 0 as i — oo. Using liminf;, ,7r,, > 0 and y — F(z,y)

is lower semicontinuous, and letting i — oo into (3.18), we get

0 > liminf F(y, zn,) > F(y,2"), Yye€ K.
71— 00

Let v : [0,1] — M be the geodesic joining v(0) = z* to y(1) = y € K. Since
K is geodesic convex, then v(t) € K and F(v(t),z*) < 0 for all t € [0,1]. From
y — F(z,y) is geodesic convex, we have, for t > 0, the following

0="F(y(t),7(t) < tF(y(t),y) + (1 - t)F(y(t),z")
< tF(y(1),y)
Dividing by ¢ and since = — F'(z,y) is upper semicontinuous, we see that

0 < limsup F(y(¢),y)

t—0t
< F(a%y).
Since y € K is chosen arability, z* € EP(F).
Next, we prove that z* € A71(0). Since {a,,} C (0, 1) satisfying 0 < a < a,, <
b<1, éd(mn, Yn) = d(zp, uyn), and lim,, o d(zp, yn) = 0, we may see that

(3.19) lim d(zp,u,) = 0.

n—aoo

Since \ <\, < 5\, we may assume without the loss of generality that lim; ..o Ay, =
X for some subsequence {\,,,} of {\,} and some X € [\, A]. Recall that u,, = J j\t ().
Then by (3.19) and Lemma 2.14, we obtain lim;_,+ u,, = z* and that z* = J;f‘(:r:*).
From Remark 2.10, we obtain x* € A~1(0). Therefore, we get z* € Q. By a (iii) of
Lemma 2.6, the sequence {z,} generated by Algorithm 3.1 converges to a solution
of the problem (3.1). The proof is therefore completed. O

Next, we have the following results of Theorem 3.4 as follows:

Corollary 3.5. Suppose that a vector field A € X(K) be a mazimal monotone with
A~Y(0) # (). Then, the sequence generated by Algorithm 3.2 converges to a solution
of problem (1.4).

Corollary 3.6. Suppose that F : K x K — R be a bifunction satisfying assump-
tions (A1)-(A6) with EP(F) # (. Then, the sequence generated by Algorithm 3.3
converges to a solution of problem (1.3).
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4. APPLICATIONS

In this section, we derive our algorithm for finding minimizers of minimization
problems, and also give the algorithm for finding saddle points of minimax problems
in Hadamard manifolds.

4.1. Minimization problems. Let g : M — R U {400} be a proper lower semi-
continuous and geodesic convex function. Consider the minimization problem:

(4.1) min g(z).

We denote S the solution set of (4.1), that is,
Sg={xeM:g(x) <g(y), VyeM}

Definition 4.1. Let ¢ : M — R be a geodesic convex and x € M. A vector
s € T, M is called a subgradient of g at x if and only if

(4.2) 9(y) > g(z) + (s,exp,y), Vye M.

The set of all subgradients of g, denoted by dg(x) is called the subdifferential of g
at z, which is closed geodesic convex (possibly empty) set.

Lemma 4.2. [15] Let g : M — R U {400} be a proper lower semicontinuous and
geodesic convex function. Then, the subdifferential Og of g is a mazxiaml monotone
vector field.

It is easy to see that
x €8y = 0¢€dg(x).
Recall that dg is maximal monotone if g : M — R U {400} is proper lower

semicontinuous and geodesic convex. Applying Algorithm 3.1 to the multivalued

vector field g, we obtain the following results for the convex minimization problem
(4.1).

Theorem 4.3. Suppose that g : M — R be a proper lower semicontinuous and
geodesic convex function and F' : KX K — R be a bifunction satisfying assumptions
(A1)-(A6) with EP(F)N Sy # (. Let {xy,} be a sequence in D(g) generated as

-1 40
UYn i= €XD,, Op exXp, ka(xn),

1
zn € K such that F(zy,,t) — —(expz_nl Yn, expz_n1 t)y >0, VteK,
r

n
Tpi1 = exp, Bn exp;iL Zn, VYn €N,
where {an}, {Bn}, { n} and {r,} are real positive sequences such that
(i)0<a<ayB,<b<l1l, VneN,
(i) 0< A<\, <A<o0, VneN,
(iii) liminf,, 7y > 0.

Then, the sequence {x,} converges to a solution of the problem EP(F)NSy.
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Corollary 4.4. Let g : M — R be a proper lower semicontinuous and geodesic
convez function with Sq # 0. Let {x,} be a sequence in D(g) generated as

-1 70
Tny1 = exXp,, anexp,. Jy/(zn), Vn €N,

where {an} and {\,} are real positive sequences such that
(i)0<a<a,<b<1l VneN,
(i) 0<A <A <A<oo, VneN.

Then, the sequence {xy} converges to a solution of the problem (4.1).

4.2. Saddle points in minimax problems.

In this subsection, we first recall the formulation of saddle point problems in the
frame work of Hadamard manifolds. Then, we derive the proposed algorithm for
finding the saddle point.

Let M7 and M, be the Hadamard manifolds, and K7 and K5 the geodesic convex
subset of M7 and Ms, respectively. A function H : K1 x Ko — R is called a saddle
function if

(a) H(z,-) is geodesic convex on Ky for all z € K and
(b) H(-,y) is geodesic concave, i.e., —H(-,y) is geodesic convex on K; for all
y € Ko.
A point Z = (Z,7) is said to be a saddle point of H if

H(l‘,ﬂ)ﬁH({ﬁ,ﬂ)SH(i’,y), VZ:(.Z‘,y)GK1XK2.

We denote SPP to the set of saddle points of H. Let Vi : K1 x Ky — 2TM1 5 9T M2
be a multivalued vector field associated with saddle function H, defined by

(4.3)  Vu(z,y) = 0(-H(,,y))(x) x O(H(z,"))(y), V(z,y)€ K1 x K>.
The product space M = M; x M is a Hadamard manifold and the tangent space

of M at z = (x,y) is T,M = T, My x T,M>. For further details, see [23, Page 239].
The corresponding metric given by

(w,w'y = (u,u) + (v,0"), Yw = (u,v),w = (v, v") € T, M.

A geodesic in the product manifold M is the product of two geodesic in M; and
M. Then, for any two point z = (x,y) and 2’ = (2/,y') in M, we have
exp; 2’ = expl ) (2,y) = (exp; ' @, exp,ty).

A vector field V : My x My —3 2TM1 « 9TM2 g g4id to be monotone if and only if
for any z = (z,y),2 = (2/,y),w = (u,v) € V(z) and v’ = (v/,v") € V(2'), we have
(u,exp, o) + (v, eprl y') < (W, —expl ) + (v, — exp;,1 Y).
Theorem 4.5. [15] Let H be a saddle function on K = K; x Ko and Vi the

multivalued vector field defined by (4.3). Then, Vi is mazimal monotone.

One can check that a point Z = (Z,9) € K is a saddle point of H if and only if
it is a singularity of V. Applying Algorithm (3.1) to multivalued vector field Vi
associated with the saddle function H, we get the following result.
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Theorem 4.6. Suppose that H : K = K; x Ko — R be a saddle function and
Vir : Ky x Ko — 2TM1 5 9TM2 e the gssociated mazimal monotone vector field.
Assume that F : K x K — R be a bifunction satisfying assumptions (A1)-(A6)
with EP(F)NSSP # (0. Choose initial point xg € K x K and define {x,}, {yn} and
{zn} as follows:

—1 7V
Yn 1= XD, anexp, Jy! (zn),

1
zn € K such that F(z,,t) — —(exp, yn,exp, ' t) >0, VteK,

Tn

— -1
Tp+1 = €XPy ﬁn €XPy,, #n, Vn € N)

where {an}, {Bn}, { n} and {r,} are real positive sequences such that
(i)0<a<apBL<b<l, VneN,
(i) 0< A< A\, <A<o0, VneN,
(iii) liminf,, oo 7 > 0.

Then, the sequence {x,} converges to a solution of the problem EP(F)N SPP.

Corollary 4.7. Suppose that H : K = K1 Xx K9 — R be a saddle function and
Vi : K1 x Ky — 2TM1 5 9TM2 pe the gssociated mazimal monotone vector field
with SSP # 0. Choose initial point zo € K and define {x,} as follows:

—1 7V,
Tnt1 1= €Xpy, oy expy Sy (2y), Vn €N,

where {ayand {\,} are real positive sequences such that
(i)0<a<a,<b<l VneN,
(i) 0< A< A\, <A<o0, VneN.

Then, the sequence {x,} converges to a saddle point of H.
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