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HIERARCHICAL MINIMAX PROBLEMS IN LOCALLY CONVEX
HAUSDORFF TOPOLOGICAL VECTOR SPACES

YEN-CHERNG LIN

ABSTRACT. The minimax theorems have been studied by single-valued functions
or vector-valued functions for a long time. Since the beginnings of the century,
thanks to many pioneer scholars, the fields have developed the framework for
studying the set-valued mappings. In this paper, new minimax theorems for
non-continuous set-valued mappings under locally convex Hausdorff topological
vector spaces settings are introduced. First, the validity of scalar minimax the-
orems for five scalar set-valued mappings are introduced. Second, three versions
of minimax theorems for non-continuous set-valued mappings that possess hier-
archical structures are also proposed. Finally, some examples are proposed and
serve to illustrate our theorems.

1. INTRODUCTION AND PRELIMINARIES

Minimax theorems are crucial in the methods and techniques of several mathe-
matical applications, such as optimization theory, calculus of variations, mathemat-
ical programming, game theory, control theory, convex analysis, functional analysis,
nonlinear analysis, nonsmooth analysis, set-valued analysis and variational analysis.

Recently, minimax theorems have been developed in the methodology of several
non-continuous set-valued mappings which are so-called hierarchical structures. We
refer the readers to [3, 4, 5, 6, 7, 8] which discuss the minimax theorems for hierarchi-
cal structures. The environment where several non-continuous set-valued mappings
can work well to successfully express the hierarchical structures can be stated as fol-
lows: Let X, Y be two nonempty sets in two Hausdorff topological vector spaces, W
be a Hausdorff topological vector space, and C' C W be a closed convex and pointed
solid cone with apex at the origin; that is, C' is a closed set with nonempty interior,
satisfying A\C' C C, VA >0, C+ C C C, and C N (—C) = {0}. The relationship be-
tween hierarchical minimax theorems and scalar hierarchical minimax theorems has
been discussed by several authors[3, 4, 5, 6, 7, 8]. Notably, scalarization technology
is a critical in explaining this relationship.

In order to discuss the validity of scalar minimax theorems, we state a variant
form, Lemma A, of alternative principle due to Balaj[2].

Lemma A ([2]). Let X,Y be two nonempty convexr subsets, each in a locally
convex Hausdorff topological vector spaces, one of them compact. Let F; : X =Y,
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1 <i <5, be set-valued mappings with F;(x) C Fiy1(x) for each x € X and for
1 <1 <3 such that
(1) F1_1 Y = X and F§ : X 3Y are upper semi-continuous mappings;
(i) Fy '(coA) C F5'(A) for each finite subset A of Y, where coA means the
convex hull of the set A;
(iii) Fy *(y) is convex for each y € Y, and the both sets Fy *(y) and F§(x) are
compact for each x € X and for each y € Y.

Then either there is a yo € Y such that F{ *(yo) = 0, or

) F5 ' () #0.

yey

Here, the notations S~! and S¢ for a mapping S : X =2 Y are defined by
x € S (y) if and only if y € S(z)

and
S(x) =Y\ 5(x)
for some suitable x € X and y € Y. The Lemma A uses some slight different

descriptions from Lemma 2.3[8]. The following alternative principle is a variant
form of Lemma A.

Lemma B. Let X,Y be two nonempty convex subsets, each in a locally convex
Hausdorff topological vector spaces, one of them compact. Let F; : X =Y, 1<i<
5, be set-valued mappings with F;(x) C Fiy1(x) for each x € X and for 1 <i <3
such that
(i) 1 : X =Y and (Fs_l)c 1Y = X are upper semi-continuous mappings;
(ii) Fy(coA) C F5(A) for each finite subset A of X, where coA means the convex
hull of the set A;
(iif) Fy(x) is convex for each x € X, and the both sets F(z) and (Fy1)(y) are
compact for each x € X and for each y € Y.

Then either there is an xo € X such that Fy(xg) =0, or

ﬂ Fy(z) # 0.

zeX

On the basis of Lemma A and Lemma B, some hierarchical minimax theorems
for non-continuous set-valued mappings under locally convex Hausdorff topologi-
cal vector space settings are introduced in this paper. In addition, the following
notations and some established facts are applied throughout this paper.

Definition 1.1 ([5]). Let X be a nonempty convex subset of a vector space, Z a
vector space, C' C Z a closed convex and pointed solid cone with apex at the origin.
The mapping S : X == 7 is
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(i) above-C'-quasi-conver on X if the set
Levg<(z) ={x € X :S(z) C2—C}

is convex for all z € Z.
(ii) above-properly C-quasi-convez (above-properly C-quasi-concave, respectively)
on X if for any 1, x9 € X and any A € [0, 1], either

S(Az1 4+ (1 = Nzxg) C S(xy) — C

(S(z1) € S(Az1 + (1 — A)z2) — C, respectively)
or

S()\xl + (1 — )\):L’Q) C S(l’g) - C.
(S(xz2) € S(Ax1 + (1 — X)) — C, respectively)

(iii) above-naturally C-quasi-conver (above-naturally C-quasi-concave, respec-
tively) on X if for any z1, xo2 € X and any \ € [0, 1],

S()\IEl + (1 — )\)l‘g) C CO{S(IEl) U S(.TQ)} - C.
(co{S(x1) U S(z2)} C S(Az1 + (1 — N)ax2) — C,respectively)

Definition 1.2 ([5]). Let A be a nonempty subset of Z, then a point z € A is called

(i) a minimal point of A if AN (z — C) = {z}; MinA is the set of all minimal

points of A;

(ii) a mazimal point of A if AN (z+ C) = {z}; MaxA is the set of all maximal
points of A;

(iii) a weakly minimal point of A if AN (2 —intC) = 0; Min, A is the set of all
weakly minimal points of A; and

(iv) a weakly mazimal point of A if AN (z + intC) = (; Max,, A is the set of all
weakly maximal points of A.

Whenever C = R, and all mappings are single-valued, the Definition 1.1-1.2 can
be reduced to the original ones. In this case, both MaxA and Max,A (MinA and
Min,, A, respectively) can be denoted by max A (min A, respectively).

Definition 1.3 ([1]). Let U, V be Hausdorff topological spaces. A set-valued map
S : U =V with nonempty values is said to be

(a) upper semi-continuous at xo € U if for every zp € U and for every open
set N containing S(xg), there exists a neighborhood M of zy such that
S(M) := Uyen S(x) C N;

(b) lower semi-continuous at xo € U if for every xy € U and for every open
set N with S(zg) NN # (), there exists a neighborhood M of xy such that
S(z) NN #( for all x € M; and

(¢) continuous at xy € U if S is upper semi-continuous as well as lower semi-
continuous at xg.

(d) closed if its graph is closed.
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The following example includes two such types of semi-continuous set-valued
mappings, which will be used again in the sequel.

Example 1. Let X =Y = [0,1] and C = R4, and set-valued mappings U,V :
X XY = R be defined by

{t:te]0,2]}, x=0,y=0,
{t:te[l,2]}, z=00<y<I,
{t:te]0,1]}, 0<z<1l,y=0,
{1}, O0<z,y<l

U(Iay) =

V<$7y) = [.,L.?) -1+ y2,$2]~
Thus U is upper semi-continuous mapping on X X Y and V is a lower semi-
continuous mapping on X x Y.

Proof. We first claim that U is upper semi-continuous on X x Y. If (z,7) = (0,0).
For any open set N D U(z,y) = [0, 2], we choose an open set M = [0,0) x [0,¢), for
some small numbers 0 < 6, < 1. Then, for any (z,y) € M,

{t:te0,2]}, x=0,y=0,
{t:tell,2]}, z=0,0<y<e¢,
{t:te]0,1]}, O0<z<dy=0,
{1}, 0<z<dl<y<e.

U(‘Tay) =

We can see that, for any cases, U(z,y) C U(z,y). Hence U(x,y) C N. If z =
0,0 < g < 1, then for any open set N D U(z,y) = [1,2], we choose an open set
M =10,6) x (§ —€/2,5 + €/2), for some small numbers 0 < § < 1 and 0 < ¢ <
min{1,2y,2(1 — y)}. Then, for any (z,y) € M,

[ {tite2),  w=0yc(F-c/27+¢/2),
U(”’w_{ {1}, O<z<dye(y—e/2,9+¢e/2),

Hence, U(z,y) C N. If £ =0,y = 1, then for any open set N D U(z,y) = [1,2], we
choose an open set M = [0, J) x (e, 1], for some small numbers 0 < §,¢ < 1, such that
for all (z,y) € M, U(x,y) C N. Hence, U is upper semi-continuous on {0} x (0, 1].
By similar arguments for the both cases, 0 <z <1,y =0and 0 < Z,y < 1, we can
get that U is upper semi-continuous at (Z, 7).

Next, we claim that V is lower semi-continuous on X x Y. Indeed, for any
(z,9) € X x Y and for any open set N with NNV (Z,%) # (). First, if 22 € N, there
exists a positive number ¢ such that (22 —¢,z%2+¢) C N. Since the mapping z + 22
is continuous, there exists a positive number § such that, for all z with |z — Z| < 4,
|z2 — 22| < e. We choose an open neighborhood M = (Z — §,% + §) x (§ — 6,9 + )
of (Z,y) such that for all (xz,y) € M, the intersection N N V(z,y) is nonempty
because 12 € (72 — ¢,7? + ¢). Secondly, if 23 — 1 + y? € N, there exists a positive
number ¢ such that (23 — 1+ ¢? —&,2% — 1+ 9% + &) C N. Since the mapping
(x,) + 23 — 1+ is continuous on X x Y, there exist positive number § and open
set M = (T — 6, +0) x (§ — 0,7 + 0) such that |22 —1+y? — (22 -1+ 7%)| < e.
Hence N NV (z,y) # 0. Thirdly, if 2> — 1+ 7?> € N and 2° — 1 + 3> € ON, where
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ON means the boundary of N. For any ¢ > 0 with 2> — 1+ 424+ & N. Then
we choose an open set as the same as in the second step, then for all (z,y) € M,
NNV (x,y) # 0. Fourthly, if 23 — 1+ 4% ¢ N but 23 — 1 +¢* € 9N. We can choose
an open set Ny C N with Ny NV (Z,9) # 0 and 2% — 1 + 5? ¢ Ny UON;. Then the
same process of third step is followed by N NV (z,y) D N1 NV (z,y) # 0. Finally,
for the both cases, 22 ¢ N UON and 22 € ON \ N, we can see N NV (z,y) # 0
by using a similar method of third or fourth step. From above argument, we prove
that V' is lower semi-continuous on X x Y. g

Note that S is upper semicontinuous at xg and S(z¢) is compact, then for any net
{z,} C U, x, = x, and for any net y,, € S(x,) for each v, there exists yy € S(z0)
and a subnet {y,, } such that y,, — yo. Furthermore, S is lower semicontinuous at
xo if for any net {z,} C U, z, — w0, yo € S(zp) implies that there exists subnet
Yy, € S(zy,) such that y,, — yo. For more details, we refer the reader to [1].

The following lemma clarifies the relationship of quasi-convexities between the G
and max G(x) mappings.

Lemma 1.4 ([6], Lemma 1). Suppose that X is a nonempty convex subset of a
topological vector space, with a set-valued mapping of G : X — R where max G(z)
exists for each x € X, then the mapping G : X — R is above-R,-quasi-convex if
and only if the mapping x — max G(z) is a quasi-convex function.

The preceding notable properties indicate that above-properly C-quasi-concave
mapping (above-naturally C-quasi-convex mapping, respectively) is more general
than above-naturally C-quasi-concave mapping (above-properly C-quasi-convex map-
ping, respectively).

Lemma 1.5. Let X be a nonempty convexr subset of a wvector space, Z a vector
space, and C C Z be a closed convex and pointed solid cone with an apex at the
origin. If the set-valued mapping S : X = Z s above-naturally C-quasi-concave on
X, then S is above-properly C-quasi-concave. Furthermore, every above-properly
C'-quasi-conver mapping is an above-naturally C-quasi-conve.

The proof of Lemma 1.5 can be directly derived from definitions.

2. HIERARCHICAL STRUCTURES FOR SCALAR SET-VALUED MAPPINGS
The following scalar minimax theorem is based on Lemma A.

Theorem 2.1. Let X,Y be two nonempty compact convexr subsets of locally
convexr Hausdorff topological vector spaces, respectively. Furthermore, let G; : X X
Y = R, for i = 1,2,3,4,5, be a set-valued mapping, where maxG;(x,y)
and min|J,x Gs(x,y) exist for each (v,y) € X xY, such that max G;(z,y) <
max Gi11(z,y) for all (x,y) € X XY and for i = 1,2,3,4. Finally, suppose that
the following conditions are satisfied:
(i) either y — Gi(z,y) or y — Ga(z,y) is above-properly R -quasi-concave on
Y for each x € X, whereas x — Gy(x,y) is above-R, -quasi-convex on X
for eachy €Y;
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(ii) (z,y) — Gi(x,y) is an upper semi-continuous mapping on X XY and
y — Ga(z,y) is an upper semi-continuous mapping on 'Y for each v € X;
meanwhile, x — G1(x,y) and x — Gs(xz,y) are lower semi-continuous map-
pings on X for eachy € Y, and (z,y) — Gs(x,y) is a lower semi-continuous
mapping on X XY ; and

(iii) for each w €Y, there is an x,, € X such that

max G5 (2w, w) < max U min U Gs(x,y).
yey zeX

Thus, the following relationship holds:

(S—H) min U max U Gi(z,y) < max U min U Gs(x,y).

zeX yey yey reX
Proof. For any t1,ts,t3,t4 € R with t1 < t9 < t3 < t4. Define F; : X = Y by
(2.1) Fi(z) ={y €Y :maxGs(x,y) < t1}

for all z € X, and Fy, F3, Fy, F5 are similarly, with the triples (G5, <,t;) inside
the braces in (2.1) replaced by (Gy, <,t2), (G3,<,t3), (G2, <,t4) and (G1,<,t4),
respectively. Because max G;(x,y) < maxG;11(z,y) for all (z,y) € X x Y and for
i=1,2,3,4, Fi(z) C Fiy1(z) for i =1,2,3,4.

Note that the graphs of both mappings F| L and F¥ are closed. Indeed, for any
sequence (yn, T) € Graph(F{h) == {(y,z) : maxGs(x,y) < t1} with (yn,zn) —
(Y0, o). Then, for all n, max G5(xy,y,) < t1. From the lower semi-continuity of G5
and Lemma 2.5[5], max G5 is lower semi-continuous on X x Y and max G5(zo, y0) <
t1. Hence, (yo,x0) € Gmph(Fl_l) and the mapping Fl_1 is closed. By a similar
argument, the mapping F¥ is also closed. Therefore, these two mappings are upper
semi-continuous.

Next, for any finite subset A of Y, we claim that F, *(coAd) C Fy'(A). As-
sume that for each x € X, the mapping y — Gi(z,y) above-properly R -quasi-
concave on Y. Let w € Fj'(coA), then w € F; ' (327, cuy;) for some y; € A,

€ [0,1], for ¢ = 1,2...,n and Y ;" o = 1. Then, maxGi(w,y i o) <
max Ga(w, >, a;y;) < tsg. By the fact of Proposition 3.5[5], the mapping y
max G1(z,y) is properly quasi-concave for each x € X. Hence, at least one i €
{1,2,...n} such that maxGi(w,y;) < maxGi(w,Y ;,a;y;) holds. That is, at
least one i € {1,2,...n} such that max G1(w,y;) < t4 holds. Hence, w € F5_1(A).
Therefore, F; ' (coA) C F5 '(A).

Finally, let us to claim that condition (iii) of Lemma A is valid. Indeed, because
the mapping = +— G4(z,y) is above-R -quasi-convex on X for each y € Y, the
mapping x — max G4(x,y) is quasi-convex on X for each y € Y by Lemma 1.4.
This implies that the set F; 1(y) is convex for each y € Y. Finally, we can deduce
the following situation without difficulty that, for all z € X and y € Y, the both
sets Fgl(y) and Fj(x) are compact from the facts that the mapping y — Ga(z,y)
is upper semi-continuous on Y for each z € X, the mapping = — G3(z,y) is lower
semi-continuous on X for each y € Y and Lemma 2.5[5].
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Then, all conditions of Lemma A are satisfied, and hence we know that either
there is a yo € Y such that F, *(yo) = 0, or

) F5 () #0.

yey
That is, either there is a yp € Y such that max G5(z,y9) > t1 for all z € X, or there
exists an xgp € X such that max G1(xg,y) < t4 for all y € Y. Nevertheless, the first
assertion does not hold because of condition (iii) and ¢; < t4. This implies that
max J, ey max G1(2o,y) < t4. By Lemma 1.1[7], we have maxJ,cy G1(20,y) < ta.
Therefore, minJ, ¢ y maxJ,cy G1(2,y) < ta, which means (S — H) is valid. O

Accordingly, above-R;-quasi-convexity, is more general than above-naturally R -
quasiconvexity which is used in Theorem 3.1[8]. Furthermore, the truth is deter-
mined with Theorem 2.1, which is a new version of scalar minimax results, when
the readers compare it with other theorems in literatures[5, 3, 7, 4, 6, §].

Corollary 2.2. Let X, Y be two nonempty compact convex subsets of locally convex
Hausdorff topological vector spaces, respectively. Let G; : X xY =2 R, fori =
1,2,3,4,5, be a set-valued mapping where max G;(x,y) ezists for each (x,y) € X X
Y, such that maxG;(x,y) < maxG,11(x,y) for all (x,y) € X XY and for i =
1,2,3,4. Assume that the set | cx Gs(z,y) is compact for all (z,y) € X x Y.
Finally, suppose that the following conditions are satisfied:
(i) either y — Gi(z,y) or y — Ga(z,y) is above-properly Ry -quasi-concave on
Y for each v € X, whereas x — G4(z,y) is above-R-quasi-conver on X
for eachy € Y;
(i) (z,y) — Gi(z,y) is an upper semi-continuous mapping on X X Y and
y — Ga(z,y) is an upper semi-continuous mapping on'Y for each x € X;
meanwhile, (x,y) — Gi(x,y) and v — Gs(z,y) are lower semi-continuous
mappings on X for each y € Y, and (z,y) — Gs(z,y) is a lower semi-
continuous mapping on X XY ; and
(iii) for each w €Y, there is an x,, € X, such that

max G5 (2, w) < max U min U Gs(x,y).
yey zeX

Thus, the relationship (S-H ) holds.

Proof. We observe that the compactness of both sets Uer Gi(z,y) and
Uzex Gs(z,y) for all (z,y) € X x Y will guarantee that the existences of
max J,cy Gi(z,y) and minlJ,cy Gs(z,y) exist for each (z,y) € X x Y. The
conclusion completes directly from Theorem 2.1. O

The following corollary is a special case of Theorem 2.1, which assumes that
G1 = Fl,GQ = FQ, G3 == G4 = FQ,G5 == F4 in Theorem 2.1.

Corollary 2.3. Let X, Y be two nonempty compact convex subsets of locally convex
Hausdorff topological vector spaces, respectively. Let F; : X xY = R, fori =
1,2,3,4, be a set-valued mapping, where max F;(x,y) and min|J,x Fi(z,y) exist
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for each (z,y) € X xY, such that max F;(x,y) < max F;11(x,y) for all (z,y) €
X XY and fori=1,2,3. Finally, suppose that the following conditions are satisfied:
(i) either y — Fi(x,y) ory — Fy(x,y) is above-properly R -quasi-concave on
Y for each x € X, whereas x — F3(x,y) is above-R -quasi-convex on X for
eachy €Y;
(ii) (z,y) — Fi(x,y) is an upper semi-continuous mapping on X x Y, and
y — Fy(x,y) is an upper semi-continuous mapping on Y for each x €
X; meanwhile, x — Fi(x,y) and © — F3(x,y) are lower semi-continuous
mappings on X for each y € Y, and (x,y) — Fi(z,y) is a lower semi-
continuous mapping on X XY ; and
(iii) for each w € Y, there is an x, € X, such that

max Fy (2, w) < max U min U Fy(z,vy).
yey zeX

Thus, the relationship holds:
min U max U Fi(z,y) < max U min U Fy(z,y).

zeX yey yey zeX

It is noteworthy to compare Corollary 2.3 with Theorem 3.1[8]. We noted that
the convexity of F3 is weaker than that used in Theorem 3.1[8]. Furthermore,
we did not require the compactness of the both sets, namely J, .y Fi(z,y) and
Uer Fi(x,y). However, the conditions on F, are highly different. As far as we
know, no relationship exists between the closed and upper semi-continuous map-
pings unless they possess compact values or compact codomain or closed values.
Moreover, F is weaker than that used in Theorem 3.1[8] because closed values are
not required. Notably, above-properly R -quasi-concavity is weaker than above-
naturally R, -quasi-concavity; indeed, such a property is valid according to Lemma
1.5. Next, we propose another version of scalar hierarchical minimax result.

Theorem 2.4. Let X,Y be two nonempty compact convex subsets of locally convex
Hausdorff topological vector spaces, respectively. Let G; : X xY = R, fori =
1,2,3,4,5, be a set-valued mapping, such that both Uer Gi(z,y) and|J,cx Gs(x,y)
are nonempty and compact, and the values max Gs(x,y) and Gi(z,y) C Git1(z,y)—
Ry exist for all (x,y) € X xY and fori = 1,2,3,4. Finally, suppose that the
following conditions are satisfied:

(i) y = Ga(z,y) is above-properly R, -quasi-concave on Y for each x € X,
whereas x +— Gy(x,y) is above-naturally R, -quasi-convexr on X for each
yey;

(i) (z,y) — Gi(x,y) is a lower semi-continuous mapping on X XY, y —
Gs(x,y) is a lower semi-continuous mapping on 'Y for each v € X; x
Gy(z,y) is lower semi-continuous on X for each y € Y, and (z,y) —
Gs(z,y) is a lower semi-continuous mapping on X X Y; and

(iii) for each w €Y, there is an x,, € X such that

max G5 (2, w) < max U min U Gs(x,y).
yey zeX
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Thus, the relationship (S-H ) holds.
Proof. For any o, 8 € R, where a > 5. F} : X =2 Y is defined by
(2.2) Fi(z)={y €Y :3g€Gi(z,y),9 > a}

for all z € X. Fy, F3, Fy, F5 are similar, with the triples (G, >, ) inside the braces
in (2.2) replaced by (Ga,>,a), (Gs,>,«), (G4, >, ), and (G5, >, 5), respectively.
We performed the following four steps to confirm that all conditions of Lemma B
hold:

Step 1. Fj(z) C Fi41(z) is calculated for i = 1,2, 3,4 and for each z € X.

Step 2. Fy(coA) C F5(A) is determined for each finite subset A of X to be true,
where coA indicates the convex hull of the set A;

Step 3. F1 : X = Y and (Fgl)C :'Y = X are demonstrated to be upper semi-
continuous mappings; and

Step 4. Fy(x) is confirmed to be the convex for each x € X; both the F3(z) and
(F; 1)e(y) sets are compact for each € X and y € Y.

Because we can use a similar method in Theorem 3.1[8] to determine that Steps
1 and 2 are valid, we omitted their proof.

Next, we claim that F; : X = Y has a closed graph. Let the net (z,,y,) €
Graph(Fy) with (z,,vy,) — (x0,y0). Subsequently, y,, € Fi(x,), and g, € G1(zy,y,)
exists, such that g, > «. Because (z,y) — Gi(z,y) is a lower semi-continuous
mapping on X x Y, for any go € G1(xo, yo) there exists a subnet g, € Gi(xy,, Yu,)
such that g,, — go. Hence, go > a and yo € Fi(zo); therefore, the graph of Fj is
closed. Moreover, because Y is compact, F} is an upper semi-continuous mapping
with compact values. Similarly, F¥ is also closed mapping; therefore, both F; and
F¥ are upper semi-continuous mappings, proving that Step 3 is valid.

For the final step, we determine that for any = € X and y;,y2 € Fa(x), there
exist g1 € Ga(z,y1),92 € Ga(z,y2) such that g1 > « and g2 > «. On the basis
of the above-properly R, -quasi-concavity of Gy in y, for any A\ € [0,1], either
Ga(z,y1) C Ga(z, Ay1 + (1 = N)y2) — Ry or Ga(z,y2) C Ga(x, Ay1 + (1 —N)y2) — Ry
Therefore, there exist gy € Ga(z,Ay1 + (1 — A)y2) and r)y > 0, such that, either
g1 = gr—7r) or go = gx—ry. This implies that gy > a. Thus, Ay1+(1—N)y2 € Fa(z),
and Fy(x) is convex for all x € X.

Let us claim that, for each € X, the set F3(x) is compact. Indeed, let the net
z, € F3(x) where z, — zp. Thus, there exists g, € Gs(x, z,) where z, > a. For
any go € Gs(z,zp), According to the lower semi-continuity of Gs in y, there also
exists a subnet g,, € G3(z, 2, ) such that g,, — go. Hence, go > «, and 29 € F3(x).
Therefore, the set F3(x) is closed, and hence is compact because Y is compact.
According to the lower semi-continuity of G4 in z and a similar argument, the set
(Fy 1e(y) is compact for all y € Y; this confirms the validity of the final step.

With Steps 1 to 4, we have proved that all of the Lemma B conditions hold. Thus,
the conclusion of Lemma B is true. Consequently, there either exists an zg € X,
such that Fi(zo) =0, or a yp € Y, such that () .y F5(x) # 0, for all x € X. That
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is, either there exists an xg € X, such that Gi(zg,y) C (—o0, ), for all y € Y, or
there exists a yg € Y, such that G5(x,yo) N (B, 00) # 0, for all z € X.

For any a > 8 > maxJ ey min{U,cy G5(2,y) and yo € Y, by (iii), there exists
an z,, € X, such that max Gs(zy,,y0) < 8. Then, G5(zy,, yo) (8, 00) = 0. There-
fore, there exists an zop € X such that Gi(zg,y) C (—o0,a), for all y € Y. This
implies that

max U Gi(zo,y) < a,

yey
and hence,
min U max U Gi(x0,y) < a.
zeX yey
Thus, the relationship (S-H) holds. O

Here, we compare Theorem 2.4 with Theorem 3.1[8] in several aspects. First, all
mapping we used are neither upper semi-continuous nor closed mapping. Second,
rather than using above-naturally R, -quasi-concavity, we adopt the more general
above-properly R, -quasi-concavity condition. Third, the numbers of set-valued
mappings are different. Furthermore, the methods for the proof in these theorems
are quite different. For instance, Steps 3 and 4 provide the proof for Theorem 2.4.
We illustrate our theorems through the following two examples.

Example 2. Let X =Y = [0,1] and C = R;. The set-valued mappings G; :
X xY = R, where i = 1,2,3,4,5, are defined by

Gi(z,y) :=U(z,y),

where U is the same as in Example 1.

{t:t€[072]}7 y=0,

Go(z,y) == {t:tell,3.1]}, y=1,
{t:tel,3-(y-1?%}, O0<y<l

| {3.1}, x =0,
Ga(@.y) '_{ {t:te31-y,31+y]}, O<a<l;

[ {t:te[dl -y, 41+4y]}, x=0,
Gal@,y) '_{ {4.1+y}, 0<z<I;
Gs(w,y) = [6,6 + 4y*(w — 27]
for all (z,y) € X x Y. We review the concavity of G2 herein but leave the review
of G4 to the readers. For any y1,y2 € Y,y1 < y2 and A € [0, 1],

G2($7y2)7 A= Oa
GQ(vayl—i_(l_)\)yQ) = GQ(%ZJI): A= 17
{t:te,3— M+ (1 =Ny =12}, 0<A<1.

Then,
Ga(x, Ady1 + (1 = ANy2)
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{t:te[1,3—(y2—1)]} 0<y2 <1,A=0,
{t:te1,3.1]), =1 A=0,
=4 {t:tel0,2]}, y1=0X=1,
{t:te1,3—(yn —1)?}, 0<y <1,A=1,
{t:te1,3-QAy+(1-Ny—1)%}, 0<A<L

For both cases of 0 < y2 < 1,A =0 and ya = 1, A = 0, Ga(x,y2) = Ga(z, Ay1 +
(I — AN)yz2). Hence, Ga(x,y2) C Ga(z,Ay1 + (1 — XN)y2) — R4. For both cases of
y1 =0, A=1land 0 <y; < 1,A =1, Go(z,y1) = Ga(x, \y1 + (1 — X)y2). Hence,
Gao(x,y1) C Ga(x, Ay1 + (1 — N)y2) — R4. The final case is 0 < A < 1, where

{t:te]0,2]}, y1 =0,

Galz,1) = { {t:telL3-(m -1}  O0<y <L

Hence, Ga(z,y1) C Gao(x,A\y1 + (1 — N)y2) — R4. Therefore, the mapping of y —
Ga(z,y) is above-properly R -quasi-concave on Y for each x € X. This proves that
condition (i) of Theorem 2.1 is valid.

We claim that the continuities of G1, G2, G3, and G5 satisfied condition (ii) of
Theorem 2.1. Example 1 claimed that (x,y) — G1(z,y) is an upper semi-continuous
mapping on X X Y, and the other cases will leave the proofs to the readers. There-
fore, the condition (ii) of Theorem 2.1 is true.

In addition, note that

2, x=0

1, O0<ax <1,
3—(y—132, 0<y<l,
maXGQ(xay) = 27 y:07
3.1, y =1,

3.1, z=0
max Gs(2,y) = { 314y, O<az<l

max Gy(z,y) = 4.1+,
max G5 (z,y) = 6 + 4y*(z — 2°),
2, z=0
maxUGl(m,y)—{ 1 0<z<l,
yey

min U Gs(z,y) =6
reX

max G1 (2, y) = {

for all (z,y) € X xY.

Condition (iii) of Theorem 2.1 is true if we take z,, = 1/3 when w = 0 and
Ty = 1 when w # 0. Then, all conditions of Theorem 2.1 are fulfilled. Thus,
the relationship (S-H) is valid, and min|{J,cy max{J ey Gi(z,y) = 1 < 6 =
max (J, ey minU,cx G5(2,y).
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Example 3. Let X =Y = [0,1] and C = R;. The set-valued mappings G; :
X xY = R, where i = 1,2, 3,4, 5, are defined by

Gl(x7 y) = V($7 Z/),
where V' is the same as in Example 1;

{t:te|0,1]}, y =0,
{t:te[1,2.1]}, y=1,
{t:tel,2—(y—1)?%}, O0<y<l;

Ga(z.y) :{{21} y=1/2,
=

Ga(z,y)

{t:te21,31]}, y#£1/2
{3.1}, x =0,
{t:te[2.1,31]}, O<z<I;

3.1}, =0,y =0,
Gs(w,y) = { }t : t}e 3.1,3.1+y(1 —=x]},  others
for all (z,y) € X xY. Thus, we know that G;(z,y) C Giy1(x,y) — Ry is valid
for all (z,y) € X xY and for ¢ = 1,2,3,4; moreover, the lower semi-continuities
of G1,Gs, Gy, and Gy are fulfilled. Indeed, Example 1 indicates that G is a lower
semi-continuous mapping on X x Y. We can derive the other properties are valid
by using similar methods; herein, we have omitted them and leave the proofs to the
reader. Furthermore, we leave the readers to review whether the convexities of Go
and G4 are valid. Notably, these properties can be derived from definitions.
Note that - 0 .
1, xr=0,y =0,
max G5 (2, y) = { 314+ y(1—z), otheiwise
exists for all x € X,y € Y. Both sets UyeyGi(z,y) = [—1,1] and UpexGs(z,y) =
[3.1,3.1 + y] are compact for all x € X,y € Y. Finally, to determine whether
condition (iii) of Theorem 2.4 is true. For any w € Y, let us select

1, w # 0,
=172, w=0.
Then, maxGs(zy,w) = 3.1; hence, condition (iii) is valid. In short, all

conditions of Theorem 2.4 are fulfilled and the relation (S-H) holds. Indeed,
min (J, e x maxJ ey G1(z,y) =0 < 3.1 = max{J,cy minU,cx Gs5(2,9).

3. HIERARCHICAL STRUCTURES FOR SET-VALUED MAPPINGS

In this section, we propose some hierarchical structures of minimax theorems in
locally convex topological vector spaces. Why and how such structures exist has
been discussed and developed previously([5, 3, 7, 4, 6, 8], and we leave their proofs
to the reader.

First, let W be a Hausdorff topological vector space, C C W be a closed convex
and pointed cone with its apex at the origin and intC # (. Let C* := {g € W* :
g(c) > 0 for all ¢ € C'}, where W* is the set of all continuous linear functionals on W.
We also apply the notations MaxA, MinA, Maz,, A, and Min,A of a nonempty set
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A in W, which represent the set of maximal points, minimal points, weakly maximal
points, and weakly minimal points of A[5], respectively. The notation “A < B”[6]
indicates

Maxy A C Max,B—C

for two nonempty sets A and B in W. In the rest of this section, we describe three
versions of hierarchical minimax theorems. The first one is concerned about the
relationship (Hj) is as follows:

Theorem 3.1. Let X,Y be two nonempty compact convexr subsets of locally con-
vex Hausdorff topological vector spaces, respectively. Moreover, let W be a com-
plete locally convex Hausdorff topological vector space. Let F; : X xY = W, for
i =1,2,3,4,5, be set-valued mappings where Max,,F;(z,y) is nonempty for each
(x,y) € X xY, such that Fi(z,y) = Fiti(x,y), both values, max&F;(x,y), and
max |, x EF5(x,y) exist for all (z,y) € X XY, for any & € C*, and fori =1,2,3,4.
Finally, suppose that the following conditions are satisfied:
(i) eithery — Fi(z,y) ory — Fy(x,y) is above-properly C-quasi-concave on'Y
for each x € X, whereas x +— Fy(x,y) is above-naturally C-quasi-convex on
X foreachy€Y;
(ii) (z,y) — Fi(x,y) is an upper semi-continuous mapping on X X Y and
y — Fy(x,y) is an upper semi-continuous mapping on Y for each v € X,
meanwhile, © +— Fy(x,y) and x — F3(x,y) are lower semi-continuous map-
pings on X for each y €Y, and (z,y) — F5(z,y) is continuous on X X Y;
(iii) for any & € C* and for each w € Y, there is an x,, € X such that

max { F5(xy, w) < max U min U EF5(x,y); and
yey zeX
(iv) for eachy €Y,
Max U Min,, U Fs(z,y) C Miny, U F5(z,y) + C.
yey reX zeX
Thus, the following relationship holds:

(Hy) Min co( U Mazx,, U Fi(z,y)) C Max U Miny, U Fs(z,y) + C.
zeX yey yey zeX

Notably, the relationship between Theorem 3.1 and Propositions 3.12-3.13[5] is
crucial, because these propositions facilitate understanding the relationship that
(H1) holds. The second relationship (Hs) is as follows:

Theorem 3.2. Let X, Y be nonempty compact convex subsets of locally convex
Hausdorff topological vector spaces, respectively. Let W be a Hausdorff topological
vector space. Under the framework of Theorem 3.1, excluding condition (iii), and
any Gerstewitz function pp,[5] and for each y € Y, there is an x, € X, such that

(ii") max @ F5 (24, y) < max U min U OrwFs(x,y).
yey zeX
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Thus, the following relationship is valid:

(Hs) Min U Mazx,, U Fi(z,y) C Max U Min, U Fs(z,y) + C.
zeX yey yey zeX

We encourage readers to review Proposition 3.9[5] and Remark 3.15[5] to further
understand the reason that relationship (Hz) is valid in Theorem 3.2. The third
relationship (Hj) is as follows:

Theorem 3.3. Under the framework of Theorem 3.2, excluding condition (iv), the
following equation is valid:

(Hs) Max | ] Miny | ] Fs(z,y) € Min | ] Maz, | ] Fi(z,y) + W\ (C\ {0}).
yey reX zeX yey

The results of Theorems 3.1-3.3 are closely related to Theorem 2.1. By contrast,
the results of Theorems 3.4-3.6 are highly dependent on Theorem 2.4.

Theorem 3.4. Let X,Y be two nonempty compact convexr subsets of locally con-
vex Hausdorff topological vector spaces, respectively. Let W be a complete locally
conver Hausdorff topological vector space. Moreover, let F; : X xY = W, for
i=1,2,3,4,5, be set-valued mappings where the value max {F5(x,y) exists for each
(z,y) € X XY, such that both |J,cy Fi(z,y) and U, cx F5(x,y) are nonempty com-
pact sets, and Fi(x,y) 2 Fit1(x,y) for all (x,y) € X XY and for i = 1,2,3,4.
Finally, suppose that the following conditions are satisfied:

(i) y — Fa(z,y) is above-properly C-quasi-concave on Y for each v € X,
whereas © — Fy(x,y) is above-naturally C-quasi-convex on X for each
yey;

(i) (z,y) — Fi(z,y) and (z,y) — F5(x,y) are lower semi-continuous mappings
on X XY, yw— Fs(x,y) is a lower semi-continuous mapping on'Y for each
x € X, an x — Fy(z,y) is a lower semi-continuous mapping on X for each
yey;

(iii) for any & € C* and for each w €Y, there is an xy € X such that
max £ F5(xy, w) < max U min U EF5(x,y); and
yey zeX
(iv) for eachy €Y,
Mazx U Ming, U F5(z,y) C Miny, U F5(z,y) + C.
yey zeX zeX
Thus, the relationship (Hy) holds.

Theorem 3.5. Let X, Y be nonempty compact convex subsets of locally convex
Hausdorff topological spaces, respectively. Let W be a Hausdorff topological vector
space. Under the framework of Theorem 8.4, excluding condition (iii), and any
Gerstewitz function g, and for each y € Y, there is an xy € X such that

(iii”) max Qg Fs5(2y,y) < max U min U CrwFs(T,y).
yey zeX
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Thus, the relationship (Hs) is valid.

Theorem 3.6. Under the framework of Theorem 3.5, excluding condition (iv),
equation (Hs) is valid.
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