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WELL-POSEDNESS BY PERTURBATIONS FOR
THE HEMIVARIATIONAL INEQUALITY GOVERNED
BY A MULTI-VALUED MAP PERTURBED WITH
A NONLINEAR TERM
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Abstract: In this paper, we introduce the notion of well-posedness by perturbations to the hemivariational
inequality governed by a multi-valued map perturbed with a nonlinear term (HVIMN) in Banach spaces.
Under very suitable conditions, we establish some metric characterizations for the well-posed (HVIMN).
In the setting of finite-dimensional spaces, the strongly generalized well-posedness by perturbations for
(HVIMN) are established. Our results are new and improve recent existing ones in the literature.
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Introduction

It is well known that the well-posedness is very important for both optimization theory
and numerical methods of optimization problems, which guarantees that, for approximating
solution sequences, there is a subsequence which converges to a solution. The study of
well-posedness originates from Tikhonov [36], which means the existence and uniqueness of
the solution and convergence of each minimizing sequence to the solution. Levitin-Polyak
[21] introduced a new notion of well-posedness that strengthened Tykhonov’s concept as it
required the convergence to the optimal solution of each sequence belonging to a larger set
of minimizing sequences.

Another important notion of well-posedness for a minimization problem is the well-
posedness by perturbations or extended well-posedness due to Zolezzi [41, 42]. The notion
of well-posedness by perturbations establishes a form of continuous dependence of the so-
lutions upon a parameter. There are many other notions of well-posedness in optimization
problems. For more details, see, e.g., [41, 42, 2, 6, 11, 15, 18, 27, 32, 37, 39]. Meanwhile, the
concept of well-posedness has been generalized to other varia- tional problems such as varia-
tional inequalities [5, 10, 12, 13, 24, 25, 26, 27], saddle point problems [3], Nash equilibrium
problems [26, 28, 29, 30, 31, 33|, equilibrium problems [14], inclusion problems [22, 23] ,and
fixed point problems [22, 23, 40]
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Lucchetti and Patrone [27] introduced the notion of well-posedness for variational in-
equalities and proved some related results by means of Ekeland * s variational principle.
From then on, many papers have been devoted to the extensions of well-posedness of mini-
mization problems to various variational inequalities. Lignola and Morgan [25] generalized
the notion of well-posedness by perturbations to a variational inequality and established
the equivalence between the well-posedness by perturbations of a variational inequality and
the well-posedness by perturbations of the corresponding minimization problem. Lignola
and Morgan [26] investigated the concepts of a-well-posedness for variational inequalities.
Del Prete et al. [10] further proved that the a-well-posedness of variational inequalities
is closely related to the well-posedness of minimization problems. Recently, Fang et al.
[16] generalized the notions of well-posedness and a-well-posedness to a mixed variational
inequality. In the setting of Hilbert spaces, Fang et al. [16] proved that under suitable
conditions the well-posedness of a mixed variational inequality is equivalent to the exis-
tence and uniqueness of its solution. They also showed that the well-posedness of a mixed
variational inequality has close links with the well-posedness of the corresponding inclusion
problem and corresponding fixed point problem in the setting of Hilbert spaces. Very re-
cently, Fang et al. [15] generalized the notion of well-posedness by perturbations to a mixed
variational inequality in Banach spaces. In the setting of Banach spaces, they established
some metric characterizations, and showed that the well-posedness by perturbations of a
mixed variational inequality is closely related to the well-posedness by perturbations of the
corresponding inclusion problem and corresponding fixed point problem. They also derived
some conditions under which the well-posedness by perturbations of the mixed variational
inequality is equivalent to the existence and uniqueness of its solution.

On the other hand, the notion of hemivariational inequality was introduced by Pana-
giotopoulos [34, 35] at the beginning of the 1980s as a variational formulation for several
classes of mechanical problems with nonsmooth and nonconvex energy super-potentials. In
the case of convex super-potentials, hemivariational inequalities reduce to variational in-
equalities which were studied earlier by many authors (see e.g. Fichera [17] or Hartman and
Stampacchia [19]). Wangkeeree and Preechasilp [38] also introduced and studied some exis-
tence results for the hemivariational inequality governed by a multi-valued map perturbed
with a nonlinear term in reflexive Banach spaces. Recently Ceng et al. [4] considered an
extension of the notion of well-posedness by perturbations, introduced by Zolezzi for a min-
imization problem, to a class of variational-hemivariational inequalities with perturbations
in Banach spaces. Under very mild conditions, they established some metric characteri-
zations for the well-posed variational-hemivariational inequality, and proved that the well-
posedness by perturbations of a variational hemivariational inequality is closely related to
the well-posedness by perturbations of the corresponding inclusion problem. Furthermore,
in the setting of finite-dimensional spaces they also derived some conditions under which
the variational-hemivariational inequality is strongly generalized well-posed-like by pertur-
bations.

The aim of this paper is to introduce the new notion of well-posedness by perturbations
to the hemivariational inequality governed by a multi-valued map perturbed with a nonlinear
term (HVIMN) in Banach spaces. Under very suitable conditions, we establish some metric
characterizations for the well-posed (HVIMN). In the setting of finite-dimensional spaces,
the strongly generalized well-posedness by perturbations for (HVIMN) are established. The
example illustrating main results is established. Our results are new and improve recent
existing ones in the literature.
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Preliminaries

Let K be a nonempty, closed and convex subset of a real reflexive Banach space F with
its dual E*, F : K = 28" a multivalued mapping. Let Q be a bounded open set in R,
T : E — L9(2;R¥) alinear continuous mapping, where 1 < ¢ < oo, k > land j : QxR*¥ = R
a function. We shall denote @ := Tu, j°(x, y; h) denotes the Clarke’s generalized directional
derivative of a locally Lipschitz mapping j(z, -) at the point ¥ € R* with respect to direction
h € R¥, where z € Q.

For the given bifunction f : K x K — [—00,+0c0] imposed the condition that the set
Di(f) ={u e K : f(uv) # —oc0, Yo € K} is nonempty, Wangkeeree and Preechasilp
[38] introduced and studied the existence of a solution for the following hemivariational
inequality governed by a multi-valued map perturbed with a nonlinear term

Find u € D1 (f) and v* € F(u) such that
(HVIMN) ¢ (u*,v —u) + f(u,v) + [, 7°(z,4(x); 0(x) — @(z))dz > 0, (2.1)
Yv € K.

Now, let us consider some special cases of the problem (2.1). If f(u,v) = ¢(v) — é(u),
where ¢ : X — RU {+o0} is a proper, convex and lower semicontinuous function such that
K, = KnNdom¢ # 0, then Dy(f) = K4 and (2.1) is reduced to the following variational-
hemivariational inequality problem: Find u € Ky such that

(u*, v —u) + ¢(v) — d(u) + / j(z,i(x); 0(x) — a(z))de >0, Yv e K. (2.2)
Q

The problem (2.2) was studied by Costea and Lupu [8] by assuming that F' is monotone and
lower hemicontinuous and several existence results were obtained. Furthermore, if ' = 0
and f(u,v) = A(u,v) — (g*,v — u), where A : K x K — R and ¢* € X*, then (2.1) reduces
to the problem: Find u € K such that

Alu,v) + /Qj(os,ﬂ(x),fi(x) —a(z))dx > {(g*,v—u), YveEK. (2.3)

The problem (2.3) was studied by Costea and Radulescu [9] and it was called nonlinear
hemivariational inequality (see also Andrei and Costea [1] for some applications of nonlinear
hemivariational inequalities to Nonsmooth Mechanics).

Now, suppose that L is a parametric normed space, P C L is a closed ball with positive
radius p* € P is a fixed point. Let F : P x K — 25" be multivalued mapping. Let
T:PxE — LP(£;R*) be a linear continuous mapping, where 1 < p < oo,k > 1 and

j: P xQxRF - R a function. We denote j’;(ﬂc,y; h) denotes the Clarke’s generalized

directional derivative of a locally Lipschitz mapping j(p,x, -) at the point y € RF with
respect to direction h € R¥. For the given bifunction f : P x K x K — [~00, 400, we
assume the condition

Di(f) = {u € K|f(p*,u,v) # —o0,Yv € K} # 0.
The perturbed problem of the HVIMN (2.1) is given by
Find u € D;(f) and u* € F(p*, u) such that

(HVIMN,-) ¢ (w0 —u) + f(p*,u,0) + [ Jp. (@, @(2); (x) — i(x))dw > 0, (2.4)
Yo € K.
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Let 9j : E — 2F \ {0} denote the Clarke’ s generalized gradient of locally Lipschitz
functional j (see [7]). That is

0j(x) = {€ € B : (§,v) < j°(x,y),Yy € E}.
The following useful results can be found in [7].

Proposition 2.1. Let X be a Banach space, x,y € X and J be a locally Lipschitz functional
defined on X. Then

(i) The function y — j°(x,y) is finite, positively homogeneous, subadditive and then con-
ver on X;

(ii) j°(z,y) is upper semicontinuous as a function of (x,y), as a function of y alone, is
Lipschitz continuous on X;

(ili) j°(z, =y) = (=5)°(z,y);
(iv) 9j(z) is a nonempty, convex, bounded, weak*-compact subset of X*;
(v) For everyy € X, one has
j°(x,y) = max{{¢,y) : £ € Dj()}.
Definition 2.2. The set-valued map F is said to be

(i) upper semicontinuous (usc) at z € dom F' if for any open set U satisfying F(x) C U,
there exists a ¢ > 0 such that F'(y) C U, for every y € B(z,9);

(i) lower semicontinuous (Isc) at x € dom F if for any open set U satisfying F(x)NU # 0,
there exists a § > 0 such that F(y) N U # 0, for every y € B(x,0);

(iii) closed at & € dom F if for each sequence {z,} in X converging to z and {y,} in YV’
converging to y such that y,, € F(z,), we have y € F(x).

If S C X, then F is said to be usc (Isc, closed respectively) on the set S if F' is usc (Isc,
closed respectively) at every € dom F'NS.

Remark 2.3. An equivalent formulation of Definition 2.2(ii) is as follows: F is said to be
Isc at « € dom F' if for each sequence {z,} in dom F' converging to x and for any y € F(z),
there exists a sequence {y,} in F(z,) converging to y.

Definition 2.4 (see [20]). Let S be a nonempty subset of X. The measure, say p, of
noncompactness for the set S is defined by

u(S) :=inf{e > 0: S CUL,S;, diam|S;| < e,i =1,2,...,n, for some integer n > 1},
where diam|S;| means the diameter of set .S;.

Definition 2.5 (see[20]). Let A, B be nonempty subsets of X. The Hausdorff metric H(,-)
between A and B is defined by

H(A, B) = max{e(A, B),e(B,A)},
where e(A, B) := sup,¢c 4 d(a, B) with d(a, B) = infycp |la — b]|.

Let {A,} be a sequence of nonempty subsets of X. We say that A,, converges to A in the
sense of Hausdorff metric if H(A,, A) — 0. It is easy to see that e(A,, A) — 0 if and only
if d(a,, A) — 0 for all section a,, € A,,. For more details on this topic, we refer the readers
to [20].
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Well-Posedness by Perturbations and Metric Characterizations

In this section, we generalize the concepts of well-posedness by perturbations to the varia-
tionalhemivariational inequality and establish their metric characterizations. In the sequel
we always denote by — and — the strong convergence and weak convergence, respectively.
Let o > 0 be a fixed number.

Definition 3.1. Let {p,} C P be such that p, — p*. A sequence {u,} C E is called an
a-approximating sequence corresponding to {p, } for HVIMN (2.1) if there exist a sequence
{en} of nonnegative numbers with €, — 0, w), € F'(py,u,) such that w, € D1(f), and

(%0 — 1) + (Dt 0) + / 32 (i (2); () — it (2))de
Q
> —%Hv —up|® —en, YveEK.

for each n > 1. Whenever a = 0, we say that {u, } is an approximating sequence correspond-
ing to {p,} for HVIMN (2.1). Clearly, every as—approximating sequence corresponding to
{pn} is a; —approximating sequence corresponding to {p,} whenever ay > ag > 0.

Definition 3.2. We say that HVIMN (2.1) is strongly (resp., weakly) a—well-posed by
perturbations if

(i) HVIMN (2.1) has a unique solution

(ii) for any {p,} C P with p, — p*, every a—approximating sequence corresponding to
{pn} converges strongly (resp., weakly) to the unique solution.

In the sequel, strong (resp., weak) 0—well-posedness by perturbations is always called as
strong (resp., weak) well-posedness by perturbations. If a1 > as > 0, then strong (resp.,
weak) a;—well-posedness by perturbations implies strong (resp., weak) as—well-posedness
by perturbations.

Definition 3.3. We say that HVIMN (2.1) is strongly (resp., weakly) generalized a—well-
posed by perturbations if

(i) HVIMN (2.1) has a nonempty solution set S

(ii) for any {p,} C P with p, — p*, every a—approximating sequence corresponding to
{pn} has some subsequence which converges strongly (resp., weakly) to some point of

S

In the sequel, strong (resp., weak) generalized 0—well-posedness by perturbations is
always called as strong (resp., weak) generalized well-posedness by perturbations.

If 1 > ag > 0, then strong (resp., weak) generalized «; —well-posedness by perturbations
implies strong (resp., weak) generalized ap—well-posedness by perturbations.

To derive the metric characterizations of a-well-posedness by perturbations, we consider
the following approximating solution set of HVIMN (2.1):

Qa(e) = U {u e Di(f),u* € F(p,u): (u*,v—u) + f(p,u,v)
pEB(p*:e)

+/Q§;(x,1l(x),@(x) —d(x))dx > —%Hv —ul]? —e,Yv € K.}
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when B(p*, €) denotes the closed ball centered at p* with radius . In this section, we assume
that @ is a fixed solution of HVIMN (2.1). Define

0(e) = sup{|ju — @l : u € Qu(e)}, Ve >0.

Tt is easy to see that 6(e) is the radius of the smallest closed ball centered at @ containing
Q4 (¢). Now, we give a metric characterization of strong a-well-posedness by perturbations
by considering the behavior of 6(¢) when € — 0.

Theorem 3.4. HVIMN (2.1) is strongly a—well-posed by perturbations if and only if 6(g) —
0ase—0.

Proof. Assume that HVIMN (2.1) is strongly a—well-posed by perturbations. Then @ € E
is the unique solution of HVIMN (2.1). Suppose to the contrary that 6(c) 4 0 as e — 0.
There exist 6 > 0 and 0 < &,, — 0 such that

0(en) >0 > 0.
By the definition of 8, there exists u,, € Q,(e,) such that

lwn — @l > 6. (3.1)
Since u,, € Q4 (en), there exist p, € B(p*,e,),ul € F(pn,un) such that

J n

(W0 = 00) + Fons ) + [ 35, (@,0(0)50(0) = ) > =G0 = ==

for all v € K and n > 1. Since p, € B(p*,e,), we have p, — p*. Then {u,} is an «
approximating sequence corresponding to {p,} for HVIMN (2.1). Since HVIMN (2.1) is
strongly a—well-posed by perturbations, we can get that ||u, — @|| — 0, which leads to a
contradiction with (3.1).

Conversely, suppose that 8(¢) — 0 ase — 0. Then @ € F is the unique solution of HVIMN
(2.1). Indeed, if @ is another solution of HVIMN (2.1) with @& # @, then by definition,

0(c) > |la—al| >0, Ve >0,

a contradiction. Let p, € P be such that p, — p* and let {u,} be an a—approximating
sequence corresponding to {p,} for HVIMN (2.1). Then there exist 0 < &, — 0,u;, €
F(pn, up) such that u, € D1(f) and

(wr, v —un) + (P, tn,v) + /Qig(m,ﬁn(x),@(x) — iy (2))dx > —%Hv — UnH2 — &,

for all v € K and n > 1. Take 6, = ||pn, — p*|| and &/, = max{d,,e,}. It is easy to verify
that u, € Qq(e},) with £/, — 0. Put

ty = [lun — all,
by definition of 8, we can get that
0(e,) = tn = [lun — all.

Since 0(g!,) — 0, we have ||u, —a|| = 0 as n — oo. So, HVIMN (2.1) is strongly a—well-posed
by perturbations. O
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Now, we give an example to illustrate Theorem 3.4.

Example 3.5. Let E = R,P = [-1,1],K = R,p* = 0,0 = 2,F(p,u) = {2u},j =
~ 2 2

0, f(p,u,v) = (1 — w)ﬁ for all p € P,u,v € K. Clearly u = 0 is a solution of HVIMN

(2.1). For any € > 0, it follows that

L - 2 2
Qg(e):{UEDl(f),u*EF(p):(u*,vfu)Jrququ2—(v—u)2—5, V’UGK}

2 2

:{uER:?u(vfu)Jruzfi(p Zl) u? > —(v—u)? —e¢, VUGR}
2 2

:{uéR:—uQ—i—qu—@uz2—(v—u)2—5, VvER}

2 2
:{uéR:iﬂ—(v—u)Q—%uQ2—(v—u)2—5, VUGR}

2 2

:{uER:—vz—l—%uzg—i—a VUGR}
s e
LU+

Therefore,

Qo) = | e =|-2va2v6,

peB(0,e)

for sufficiently small € > 0. By trivial computation, we have
0(c) =sup{u —u* : u € Qu(e)} =2v/z = 0ase — 0.
By Theorem 3.4, HVIMN (2.1) is 2-well-posed by perturbations

To derive a characterization of strong generalized a—well-posedness by perturbations,
we need another function ¢ which is defined by

q(e) = e(Q4(2),5), Ve >0,
where S is the solution set of HVIMN (2.1) and e is defined as in definition 2.5.

Theorem 3.6. HVIMN (2.1) is strongly generalized ac—well-posed by perturbations if and
only if S is nonempty compact and g(e) — 0 as € — 0.

Proof. Assume that HVIMN (2.1) is strongly generalized a—well-posed by perturbations.
Clearly, S is nonempty. Let {u, } be any sequence in S and {p,} C P be such that p,, = p*.
Then {u,} is an a-approximating sequence corresponding to {p,} for HVIMN (2.1). Since
HVIMN (2.1) is strongly generalized a—well-posed by perturbations, we have {u,} has a
subsequence which converges strongly to some point of S. Thus S is compact. Next, we
suppose that ¢g(g) 4 0 as € — 0, then there exist [ > 0,0 < g, — 0 and w,, € Q,(e,) such
that

un, € S+ B(0,1), Vn > 1. (3.2)

Since uy, € Qq(en), there exist p, € B(p*, e),ul, € F(pn, Uy ) such that u, € ﬁl(f) and

(ul,v—up) + f(Pn, un,v) + / jz‘jn (x, tn (z); 0() — tp(z))dz > —%”1} —up|? — e,
Q
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for all v € K and n > 1. Since p, € B(p*,e,), we have p, — p*. Then {u,} is an «
approximating sequence corresponding to {p,} for HVIMN (2.1). Since HVIMN (2.1) is
strongly generalized a—well-posed by perturbations, there exists a subsequence {u,, } of
{un} converging strongly to some point of S, which leads to a contradiction with (3.2) and
so q(e) > 0ase — 0.

Conversely, we assume that .S is nonempty compact and g(¢) — 0 ase — 0. Let {p,,} C P
be such that p,, — p* and let {u,,} be an a—approximating sequence corresponding to {p }.
Take ), = max{en, ||pn — p*||}. Thus &/, — 0 and z,, € Q,(e},). It follows that

d(un,S) > e(Qa(g),),8) = q(el,) — 0.
Since S is compact, there exists @, € S such that
|tr, — tn|| = d(zy,, S) — 0.

Again from the compactness of S, {@,} has a subsequence {@,, } which converges to @. Thus
HVIMN (2.1) is strongly generalized a—well-posed by perturbations. O

The following example is shown for illustrating the metric characterizations in The-
orem 3.6.
Example 3.7. Let E = R,.P = [-1,1],K = R,p* = 0,0 = 2,F(p,u) = {2u},j =

0, f(p,u,v) = (1 — M)vﬁ for all p € P,u,v € K. It is easy to see that u = 0 is a
solution of HVIMN (2.1). Repeating the same argument as in Example 3.5, we obtain that

Qle)= | e =[-2vE2vE,

pEB(0,¢)
for sufficiently small € > 0. By trivial computation, we have

q(e) = e(Qa(€),S) = sup d(u(e),S) = 0ase—0.
u(€)€Qa (€)

By Theorem 3.6, HVIMN (2.1) is strongly generalized a—well-posed by perturbations.

The strong generalized a-well-posedness by perturbations can be also characterized by
the behavior of the noncompactness measure (€ (€)).

Theorem 3.8. Let L be finite-dimensional, j;(x, y) be upper semicontinuous as a functional
of (p,x,y) € Px Ex E and f is convex. Let F is closed on P x K and f be continuous
on P x K x K. Then HVIMN (2.1) is strongly generalized a—well-posed by perturbations if
and only if Qu(e) # 0,¥e > 0 and u(Qu(€)) = 0 as e — 0.

Proof. First, we will prove that Qq(¢) is closed for all € > 0. Let {u,} C Qq(c) with u, — a.
Then there exist p, € B(p*,¢),u’ € F(pn,un) such that u, € D1(f) and

(W50 = ) + Fom ) + [ 55, (@0 (0)50(0) = () = =5 o~ P~ 2, (33
Q

for all v € K and n > 1. Without loss of generality, we may assume that p, — p € B (p*,e)
because L is finite dimensional. Since j,(z,y) is upper semicontinuous as a functional of
(p,x,y) € P x E x E. Hence it follows from (3.3) and the continuity of f that

(u*,v —a) + f(p,u,v) + /ng(x,an(a:), 0(x) — U (x))dz
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> limsup(u’, v — upn) + f(Pns tn,v) + / j;n (2, 0p(x); 0(x) — Gp(x))dx
Q

n—oo

. (6% 2
> limsup— 2o — g — ¢,
n—o00 2
@ — 112
=—§||v—u|| —c YveK.

Thus @ € Q4 (g). Hence Q4 /() is closed.
Next, we show that

S=[)ale). (3.4)

e>0

It is easy to see that S C Ne~0Qq (g). Thus, we show that N.50Qs(e) € S. Let @ € Nesoa (€).
Let {e,} be a sequence of positive real numbers such that ,, — 0. Thus

€ Qulen)

and so there exist p, € B(p*,&,) and u* € F(py, @) such that @ € D;(f) and
(W v = a) & Fpus ) + [ 5, (200 0@) - a)ds = ~Slo = alP ~ e (35)
Q

for all v € K and n > 1. It is easy to verify that p,, — p*. Taking limit as n — oo, we can
get that

(u*,v—a) + f(u,v) + /Qjo(x, u(x); o(x) — u(z))dz

= (u",v—au)+ f(p*, a,v) + / 5;* (x,u(x); o(x) — u(z))dx
Q
> —%Hv —a?, Wwek (3.6)

Since F is closed on P x K, we have v* € F(@) and for any z € K and t € (0,1), letting
v=1u+t(z—a) in (3.6), we can get from T is linear, f is convex and definition of j° that

tu*, z —ay+tf(a,z)+ / 3% (x,u(x); o(x) — i(x))dx

Q

>tz — @)+ f(@a 4tz — 0)) + /Q §° (@, (e); 5(x) — () da

at? 9
> —— |z —al>
> - )e—al

This implies that

(u*,z —u) +tf(u,z) +/

(@, i) () — i(z))da > —%tHz —al? VzeK.
Q

As t — 0 in the last inequality, we get
(u*,z—a) +tf(a,z)+ / §°(z,u(z); o(x) — u(z))dr >0 Vz € K.
Q

Hence @ € S and thus (3.4) is proved. Next, we suppose that HVIMN (2.1) is strongly
generalized a—well-posed by perturbations. By Theorem 3.6, we can get that S is nonempty
compact and g(g) — 0. Since S C Q,(e) for all € > 0, we have

Qale) #0, Ye>0.



128 P. YIMMUANG AND R. WANGKEEREE

We observe that for each € > 0,
H(Qu(g),S) = max{e(Q(€), 5),e(S,Q(e))} = e(Qale), S).
By the compactness of S, we have
1(Qa(e)) < 2H(Qa(e), S) = 29(e) = 0.

Conversely, we suppose that Q4 (e) # 0, Ve > 0 and u(Q,(g)) — 0 as e — 0. Since Q4 (),
by the Kuratowski theorem, we can get from (3.4) that

q(e) = H(Qu(€),S) =0 as e =0

and S is nonempty compact. Hence HVIMN (2.1) is strongly generalized a—well-posed by
perturbations by Theorem 3.6. O

The following example is given for illustrating the measure in Theorem 3.8.

Example 3.9. Let £ = R,P = [-1,1,K = R,p* = 0,a = Q,F(p,u) = {2u},j =
~ 2 2

0, f(p,u,v) = (1 — %)u2 for all p € P,u,v € K. It is easy to see that u = 0 is a

solution of HVIMN (2.1). Repeating the same argument as in Example 3.5, we obtain that

Qe = U Qg(g):[_gﬁ,zﬁ]

pEB(0,¢)

We will show that p(Q4(€)) = 0 for each € > 0. Let € > 0. Consider
w(Qale)) =inf{\ > 0: [—2v/€,2/€] C O [ak, bg], with diam[ag,bx] < \,Vi=1,...,n,3n € N}
For every A > 0, we can find n € N with a; = —24/€, b, = 21/¢ such that
[—2V/€,2/€] C CJ [ak,br] and diamlag,br] < A.

This implies that 1(Q4(€)) = 0 for each € > 0. Then HVIMN (2.1) is strongly generalized
a—well-posed by perturbations.

Remark 3.10. Any solution of HVIMN (2.1) is a solution of the o problem: find u € D1 (f)
and u* € F(u) such that

(u*, v —u) + f(u,v) —I—/ 7 (x, 4(x); 0(x) — a(z))dx > —%Hy —z|]?, Yo €K,
Q
but the converse is not true in general. To show this, let K = R,
F(u) = {u}, f(u,v) = 2u* —v and j = 0,

for all u,v € K. It is easy to see that the solution set of HVIMN (2.1) is empty and u* = u =0
is the unique solution of the corresponding a problem with o = 2.
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