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Introduction

Let H be a real Hilbert space and let C be a non-empty subset of H. In 2010, Kocourek,
Takahashi and Yao [16] defined a class of nonlinear mappings in a Hilbert space. A mapping
T from C into H is said to be generalized hybrid if there exist real numbers o and 3 such
that

a|Tz = Ty|* + (1 = o)z = TylI* < BTz — ylI* + (1 - B) [l — y|®

for any z,y € C. We call such a mapping an («, 8)-generalized hybrid mapping. We observe
that the class of the mappings covers the classes of well-known mappings. For example,
an (a, B)-generalized hybrid mapping is nonexpansive [21] for & = 1 and 8 = 0, that is,
Tz —Ty|| < ||z —yl for any x,y € C. It is nonspreading [18] for & = 2 and 3 = 1, that is,
2| Tz —Ty||? < [Tz —y||* + || Ty — z|? for any z,y € C. It is also hybrid [22] for « = $ and
B = 3, that is, 3||Tz — Ty||> < ||z — y||*> + | Tz — y||* + || Ty — «||* for any z,y € C. They
proved fixed point theorems for such mappings; see also Kohsaka and Takahashi [17] and
Temoto and Takahashi [9]. Moreover they proved a nonlinear ergodic theorem. Furthermore
they defined a more broad class of nonlinear mappings than the class of generalized hybrid
mappings. A mapping T from C' into H is said to be super hybrid if there exist real numbers
«, B and ~ such that

a|Tz = Ty|* + (1 - a+9)|z - Tyl
SB+B-aTe—ylP +(1 =B~ (B—a-1)yllz -yl
+a =Bz —Tz|* +~lly — Tyl
© 2016 Yokohama Publishers
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for any z,y € C. We call such a mapping an («, 8, y)-super hybrid mapping. A generalized
hybrid mapping with a fixed point is quasinonexpansive. However a super hybrid mapping
is not quasi-nonexpansive generally even if it has a fixed point. Very recently, the author
[13] also defined a class of nonlinear mappings in a Hilbert space which covers the class of
contractive mappings and the class of generalized hybrid mappings. A mapping T from C
into H is said to be widely generalized hybrid if there exist real numbers «, 3,7, d,e and ¢
such that

al| Tz = Tyl + Blle = Tyll* + [Tz — yl* + 8]z -yl
+max{elz — Tz|*,¢lly - Ty[*} <0

for any x,y € C. Furthermore the author [14] defined a class of nonlinear mappings in
a Hilbert space which covers the class of super hybrid mappings and the class of widely
generalized hybrid mappings. A mapping 7' from C' into H is said to be widely more
generalized hybrid if there exist real numbers «, 3,7, d, &, ( and 1 such that

a|Tz — Tyll* + Bllz — Ty|* + v Tz — y|* + 8|z — yl|?
+elle — Ta||* + Clly — Tyl* + nll(x — Tx) — (y — Ty)|* <0

for any z,y € C. We call such a mapping an («, 3,7, 9,¢,(,n)-widely more generalized
hybrid mapping. Then we prove fixed point theorems for such new mappings in a Hilbert
space. Furthermore we prove nonlinear ergodic theorems of Baillon’s type in a Hilbert
space. It seems that the results are new and useful. For example, using our fixed point
theorems, we can directly prove Browder and Petryshyn’s fixed point theorem [5] for strictly
pseudocontractive mappings and Kocourek, Takahashi and Yao’s fixed point theorem [16]
for super hybrid mappings. On the other hand, Hojo, Takahashi and Yao [8] defined a
more broad class of nonlinear mappings than the class of generalized hybrid mappings. A
mapping T from C into H is said to be extended hybrid if there exist real numbers «, 5 and
~ such that

a(l+ )Tz = Ty|* + (1 - a(l + 7))z - Ty|?
< (B+a|Tz =yl + (1 = (B + o))l -yl
—(a=B)yllz = Tz|* —v]ly - Ty|?

for any z,y € C. We call such a mapping an («, 3,7)-extended hybrid mapping. Further-
more they proved a fixed point theorem for generalized hybrid non-self mappings by using
the extended hybrid mapping.

In this paper we prove fixed point theorems and mean convergence theorems for widely
more generalized hybrid self mappings and non-self mappings in Hilbert spaces.

Preliminaries

Throughout this paper, we denote by N the set of positive integers and by R the set of real
numbers. Let H be a real Hilbert space with inner product (-,-) and norm || - || and let C
be a non-empty subset of H. We denote by F(T) the set of fixed points of T. A mapping
T from C into H with F(T) # 0 is said to be quasi-nonexpansive if ||z — Ty|| < ||z — y/|
for any « € F(T) and for any y € C. It is well-known that the set F(T') of fixed points
of a quasi-nonexpansive mapping T is closed and convex; see Ito and Takahashi [10]. It is
not difficult to prove such a result in a Hilbert space; see, for instance, [26]. Let C be a
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non-empty closed convex subset of H and = € H. Then, we know that there exists a unique
nearest point z € C such that ||z — z|| = infycc ||z — y||. We denote such a correspondence
by z = Pgx. The mapping Pg is said to be the metric projection from H onto C. It is
known that P¢ is nonexpansive and

(x — Pox, Pox —u) >0

for any « € H and for any u € C; see [21] for more details.

Fixed Point Theorems for Self Mappings

In this section we consider fixed point theorems for widely more generalized hybrid self
mappings.

Theorem 3.1. Let H be a real Hilbert space, let C' be a non-empty closed convex subset
of H and let T be an (a, 8,7, 0,¢,(,n)-widely more generalized hybrid mapping from C into
itself which satisfies the following condition (1), (2) or (3):

(1) a+pB+y+6>20,a+y+e+n>0and(+n>0;
(2) a+B+y+6>20,a+B+(+n>0ande+n>0;
3) a+f+v+06>20,2a0+B+v+ec+(+2n>0ande+(+2n>0.

Then T has a fized point if and only if there exists z € C such that {T"z | n € NU{0}} is
bounded. In particular, a fixed point of T is unique in the case of « + 5+ ~v+d > 0 on the
conditions (1), (2) and (3).

Proof. In [14] we obtained the results in the cases of (1) and (2). We show in the case of
(3). Since T is an («, 8,7, 9, ¢, (,n)-widely more generalized hybrid mapping,

o|Tz — Ty|* + Bllz — Ty||> + || Tz — y||* + 8]z — y|?
+elle — Ta||* + Clly — Tyl* + nll(z — Tx) — (y — Ty)|* <0

for any z,y € C. By replacing the variables = and y, we obtain

al|Tz — Ty|* +vllz — Ty|* + BTz — y|I* + |z — y|?
+Cllz = Tz|* +elly — Tyl* + nll(z — Tx) — (y — Ty)|* <0

for any z,y € C. Therefore we obtain

20)|Tx — Ty|* + (B + )z = TylI* + (8 + )|T2 — ylI* + 28]z — y*
e+ Qlle = Ta|® + (€ + Olly = Tyl + 2nli(z = Tz) — (y — Ty)|I* < 0

for any z,y € C and hence T is a (2, B+, B+, 26,6+ (, e+, 2n)-widely more generalized
hybrid mapping. Moreover, since

20+ (B+7)+(B+7)+20=2(a+B+~v+6) >0,
20+ (B+7y)+(e+¢)+2n>0,
(e+¢)+2n>0

hold, we obtain the desired result by the case of (1) or (2). O
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Remark 3.2. The conditions (1), (2) and (3) in Theorem 3.1 are not contained each other.
For instance, if « =2, = —-2,7v=§ =( =n =0, = —1, then, since

a+B+v+6=02>0,
at+ty+et+n=1>0,

(1) is satisfied and hence this mapping has a fixed point. However, since
e+n=-12%0,
e+C+2n=-120,

(2) and (3) are not satisfied. Similarly, for instance, « =2, =d=e=n=0,7v=-2,( =
—1, then, since

a+B8+v+5=02>0,
a+B+C+n=1>0,
e+n=02>0,

(2) is satisfied and hence this mapping has a fixed point. However, since
e+(+2n=-120,

(1) and (3) are not satisfied. Similarly, for instance, « =2, =7=(=-1,0 =n=0,e =1,
then, since

a+B+y+6=0>0,
204+ +y+e+(+2n=2>0,
e+¢+2n=02>0,

(3) is satisfied and hence this mapping has a fixed point. However, since

a+pB+C+n=0%#0,

(1) and (2) are not satisfied.
Such a phenomenon also occurs in Theorem 3.3, Theorem 3.4, Theorem 4.1, Theorem 4.2,
Theorem 5.1, Theorem 5.2, Theorem 6.1, Theorem 6.2, Theorem 6.3 and Theorem 6.4.

As a direct consequence of Theorem 3.1, we obtain the following; see Kawasaki and
Takahashi [14].

Theorem 3.3. Let H be a real Hilbert space, let C be a bounded closed convex subset of H
and let T be an («, 8,7, 9, €, (, n)-widely more generalized hybrid mapping from C into itself
which satisfies the following condition (1), (2) or (3):

1) a+B4+7v+6>0,a+v+ec+n>0and (+n>0;
(2) a+B+7+6>0,a+B+C+n>0ande+n>0;
(3) a+B+7+6>0,2a+B+7y+e+(+2n>0ande+(+2n>0.
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Then T has a fized point. In particular, a fixed point of T is unique in the case of o+ 8 +
v+ 0 >0 on the conditions (1), (2) and (3).

Moreover, by Theorem 3.1, we obtain the following fixed point theorem; see Kawasaki
and Takahashi [14, 15].

Theorem 3.4. Let H be a real Hilbert space, let C' be a non-empty closed convex subset
of H and let T be an («, 8,7, 0,¢,(,n)-widely more generalized hybrid mapping from C into
itself which satisfies the following conditions (1), (2) or (3):

(1) a+B8+v+d > 0, a+y+e+n > 0, and there exists X € [0, 1) such that (a+8)A\+(+n > 0;
(2) a+B+vy+d > 0, a+p+C+n > 0, and there exists X € [0, 1) such that (a+y)A\+e+n > 0;

3) a+B8+7v+5>0,2a+B+v+e+(+2n >0, and there exists X € [0,1) such that
Ca+B8+y)A+e+(¢+2n>0.

Then T has a fized point if and only if there exists z € C such that {((1—-X\)T+AI)"z | n € NU
{0}} is bounded for X € [0, 1)N{X | (a+B)A+(+n >0}, A € [0, 1)N{A | (a+7)A+e+n > 0}
or Ae[0,1)N{N| 2a+B+y)A+e++2n >0}, respectively. In particular, a fized point
of T is unique in the case of a + B+ v+ 6 > 0 on the condition (1), (2) and (3).

Proof. In [14] we obtained the results in the cases of (1) and (2). Moreover we can show in
the case of (3) similarly to Theorem 3.1. O

Fixed Point Theorems for Non-Self Mappings

In this section we consider fixed point theorems for widely more generalized hybrid non-self
mappings. By Theorem 3.3, we obtain a fixed point theorem for widely more generalized
hybrid non-self mappings in a Hilbert space; see Kawasaki and Kobayashi [12].

Theorem 4.1. Let H be a real Hilbert space, let C' be a non-empty bounded closed convex
subset of H and let T be an (o, 8,7, 9,¢,(,n)-widely more generalized hybrid mapping from
C into H which satisfies the following condition (1), (2) or (3):

(1) a+B84+7+6 >0, a+vy+e+n>0, and there exists A € R such that X # 1 and
(a+B)A+C+n=0;

(2) a+B84+7+0 >0, a+B+C+n >0, and there exists A\ € R such that X # 1 and
(a+y)A+e+n>0;

(3) a+B+v+6>0,2a+8+v+e+(+2n >0, and there exists A € R such that A # 1
and 2a+B8+yY)A+e+C+2n>0.

Suppose that for any x € C there exist m € R and y € C such that 0 < (1 —X)m <1 and
Tr=x+m(y—x). Then T has a fixred point. In particular, a fized point of T is unique in
the case of o+ 4+ v+ > 0 on the conditions (1), (2) and (3).

Proof. In [12] we obtained the results in the cases of (1) and (2). Moreover we can show in
the case of (3) similarly to Theorem 3.1. O

By Theorem 4.1, we obtain a fixed point theorem for widely more generalized hybrid
non-self mappings in a Hilbert space; see Kawasaki [11].
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Theorem 4.2. Let H be a real Hilbert space, let C be a non-empty bounded closed convex
subset of H and let T be an (a, 8,7, 0,¢,(,n)-widely more generalized hybrid mapping from
C into H which satisfies the following condition (1), (2) or (3):

(1) a+B84+7+6 >0, a+vy+e+n >0, and there exists A € R such that X # 1 and
(a+B)A+C+n>0;

(2) a+B84+~7+06 >0, a+B+C+n >0, and there exists A\ € R such that X # 1 and
(@+Y)A+e+n>0;

3) a+B+v+06>0,2a+8+v+e+(+2n >0, and there exists A € R such that A # 1
and 2a+ B+ Y)A+e+(+2n>0.

Suppose that there exists N € R with N > 0 such that for any x € C there exist m € M(N)
and y € C such that Tz = x + m(y — x), where

[ﬁvo] ifa+B>0and\>1,
[0, N] ifa+B>0and X <1,
M(N) = [0,N] or [-N,0] ifa+p=0,
[—N, 0] ifa+B<0and X > 1,
[o,f} ifatB<0and)<1
in the case of (1),
[ﬁﬂ} ifa+~>0and A > 1,
[0, N] ifa+vy>0and\ <1,
M(N)=<¢ [0,N] or [-N,0] ifa+~y=0,
[N, 0] ifa+v<0and\>1,
[0, 5] ifa+y<0andA<1
in the case of (2) and
[1%’0] if2a0+B+v>0and A > 1,
[0, N if2a+F4+v>0and A <1,
M(N) =1 [0,N] or [-=N,0] if2a+pB+v=0,
[N, 0] if2a+8+v<0and A > 1,
[0,1%} if 204+ B+ <0and X <1

in the case of (3). Then T has a fized point. In particular, a fized point of T is unique in
the case of a+ B +~v+3d >0 on (1), (2) and (3).

Proof. In [11] we obtained the results in the cases of (1) and (2). Moreover we can show in
the case of (3) similarly to Theorem 3.1. O

Mean Convergence Theorems for Self Mappings

In this section we consider mean convergence theorems for widely more generalized hybrid
self mappings.
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Theorem 5.1. Let H be a real Hilbert space, let C' be a non-empty closed convex subset
of H and let T be an (a, 8,7, 0,¢,(,n)-widely more generalized hybrid mapping from C into
itself which has a fized point and satisfies the conditions (1), (2) or (3):

(1) a+B+7v+06>0,a+5+(+n>0,a+y>0ande+n>0;
(2) a+B+7+6>0,a+y+e+n>0,a+5>0and (+n>0;
() a+B+7+6>0,2a+B+7>0ande+(+2p>0.

Then for any x € C,

n—1
1
Spx ==Y TF
T ”kz—o T

is weakly convergent to p € F(T), where P is the metric projection of H onto F(T) and
p = lim, o PT™x.

Proof. In [14] we obtained the results in the cases of (1) and (2). Moreover we can show in
the case of (3) similarly to Theorem 3.1. O

By Theorem 5.1, we obtain the following mean convergence theorem; see Kawasaki and
Takahashi [14, 15].

Theorem 5.2. Let H be a real Hilbert space, let C' be a non-empty closed convex subset
of H and let T be an (o, B,7,6,¢,(,n)-widely more generalized hybrid mapping from C into
itself which has a fized point and satisfies the conditions (1), (2) or (3):

1) a+B+~v+0 >0, a++C+n >0, and there exists A € [0,1) such that 0 <
(a+VA+e+n<a+y+e+n;

(2) a+B8+v+d >0, a+v+e+n >0, and there exists A € [0,1) such that 0 <
(a+B8)A+C+n<a+B8+C+n;

(3) a+B8+~v+d >0, and there exists A € [0,1) such that 0 < 2a+8+y)A+e+(+2n <
20+ B+ vy +e+(C+2n.

Then for any real number A € [0,1)N{A | 0 < (a+YV)A+e+n < a+~v+e+n},
Ae0,D)N{A|0< (a+B8)A+C+n<a+B+C+ntorAe0,)N{A|0< (2a+ 8+
NA+e+(+2n<2a+B+v+¢e+(+2n}, respectively, and for any x € C,

n—1

Spz == (L= AT+ Al)*z
k=0

is weakly convergent to p € F(T), where P is the metric projection of H onto F(T) and
p=lm, o P((1 = N)T + AI)"z.

Proof. In [14] we obtained the results in the cases of (1) and (2). Moreover we can show in
the case of (3) similarly to Theorem 3.1. O
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@ Mean Convergence Theorems for Non-Self Mappings

In this section we consider mean convergence theorems for widely more generalized hybrid
non-self mappings.

Theorem 6.1. Let H be a real Hilbert space, let C' be a non-empty closed convex subset of
H and let T be an («, 8,7, 9,¢,(, n)-widely more generalized hybrid mapping from C into H
which has a fized point and satisfies the condition (1), (2) or (3):

(1) a+B+7+6>0,a+B+(+n>0, a+7v>0ande+n>0;
(2) a+p+v+0>0,a+v+e+n>0,a+5>0and(+n>0;
3B) a+B+7v+6>0,2a+F+7>0ande+(+2n>0.

Then for any x € C(T;0) ={z | T"z € C for any n € NU{0}},

1n71
Spr = — Tk

is weakly convergent to p € F(T), where P is the metric projection of H onto F(T) and
p=lim, ,o PT™x.

Proof. In [12] we obtained the results in the cases of (1) and (2). Moreover we can show in
the case of (3) similarly to Theorem 3.1. O

Theorem 6.2. Let H be a real Hilbert space, let C' be a non-empty closed convex subset of
H and let T be an («, 8,7, 9,¢,(, n)-widely more generalized hybrid mapping from C into H
which has a fized point and satisfies the condition (1), (2) or (3):

(1) a+p4+v+d >0, a+5+(+n > 0, and there exists A € R such that 0 < (a+v)A\+e+n <
a+y+e+n;

(2) a+p4+y+d >0, a+y+e+n > 0, and there exists A € R such that 0 < (a+L)A+{+n <
a+pf+C+n;

(3) a+B8+v+9 >0, and there exists A € R such that 0 < 2a+B+y)A+e+(+2n<
2+ B+v+e+(C+2n.

Then for any x € C(T;X) ={z | (1 = AN)T 4+ AI)"z € C for any n € NU{0}},

n—1

S = % S(1— NT + Al

k=0

is weakly convergent to p € F(T), where P is the metric projection of H onto F(T) and
p = limy o0 P((1 — \)T + M)z

Proof. In [12] we obtained the results in the cases of (1) and (2). Moreover we can show in
the case of (3) similarly to Theorem 3.1. O

Theorem 6.3. Let H be a real Hilbert space, let C' be a non-empty closed convex subset of
H and let T be an (a, 8,7, 6,¢,(,n)-widely more generalized hybrid mapping from C into H
which satisfies the following condition (1), (2) or (3):
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(1) a+B4+v+d >0, a+B+(+n > 0, and there exists A € R such that 0 < (a+7y)A\+e+n <
at+y+e+n;

(2) a+B+y+d >0, at+vy+e+n > 0, and there exists A € R such that 0 < (a+S)A+(+n <
atf+C+n;

(3) a+B+~v+6 >0, and there exists A € R such that 0 < 2a+B+y)A+e+(+2n<
20+ B+ +e+C+ 2.

Suppose that for any x € C there exist m € R and y € C such that 0 < (1 — X\)m < 1 and
Tz =x+m(y —x). Then for any x € C,

n—1
1
Spa =~ > (L= NT + Dk
k=0

is weakly convergent to p € F(T), where P is the metric projection of H onto F(T) and
p=lim, 0o P((1 = N)T + A)"z.

Proof. In [12] we obtained the results in the cases of (1) and (2). Moreover we can show in
the case of (3) similarly to Theorem 3.1. O

By Theorem 6.3, we obtain the following mean convergence theorem; see Kawasaki [11].

Theorem 6.4. Let H be a real Hilbert space, let C' be a non-empty closed convex subset of
H and let T be an (o, 8,7, 9,¢,(, n)-widely more generalized hybrid mapping from C into H
which satisfies the following condition (1), (2) or (3):

(1) a+B+y+d >0, a+B+C+n > 0, and there exists A € R such that 0 < (a+7)A+e+n <
a+y+e+n;

(2) a+p+v+3d >0, a+vy+e+n > 0, and there exists A € R such that 0 < (a+L)A+(+n <
atf+C+n;

(3) a+B8+v+3 >0, and there exists A € R such that 0 < 2a+ B+y)A+e+(+2n<
20+ B+ vy+e+C+ 2.

Suppose that there exists N € R with N > 0 such that for any x € C there exist m € M(N)
and y € C such that Tx = x + m(y — x), where

0,N]  ifa+nq>0,
M(N)_{[—Mo] ifa+v<0

in the case of (1) and let

_ 0, N] ifa+ 6 >0,
M(N)—{ -N,0] ifatB<0

in the case of (2) and let

0,N]  if20+8+7>0,
M(N)—{ [—N,0] if2a+B8+7<0

in the case of (3). Then for any x € C,

n—1

Sp =+ > (A= NT + Dk

k=0
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is weakly convergent to p € F(T), where P is the metric projection from H onto F(T) and
p = limyy o0 P((1 — N)T + \)™a.

Proof. In [11] we obtained the results in the cases of (1) and (2). Moreover we can show in
the case of (3) similarly to Theorem 3.1. O

Applications

In this section we discuss a strong convergence theorem with implicit iteration for mappings
in a Hilbert space. Let H be a real Hilbert space and let C' be a non-empty subset of H. A
mapping T from C into H is said to be strictly pseudocontractive [5] if there exists k € [0,1)
such that

T2 = Ty|* < llz — ylI* + kll(z = Tz) — (y - Ty)|®

for any z,y € C. If k = 0, T is nonexpansive. In 1967 Browder [4] proved the strong
convergence theorem with implicit iteration in a Hilbert space.

Theorem 7.1. Let H be a Hilbert space, let C' be a non-empty bounded closed convex subset
of H, let T be a nonexpansive mapping from C into itself, let w € C and let {ay} be a
sequence in (0,1). Define a sequence {z,} in C by

Zn = apu+ (1 — )T z,.

If {an} is convergent to 0, then {z,} is convergent strongly to Pp(ryu, where Pp(ry is the
metric projection of H onto F(T).

In 2014, using widely more generalized hybrid mappings, Takahashi [23] proved the
strong convergence theorem for strictly pseudocontractive mappings in a Hilbert space.
This theorem is an extension of Theorem 7.1.

Theorem 7.2. Let H be a Hilbert space, let C' be a non-empty bounded closed convex subset
of H, let T be a strictly pseudocontractive mapping from C into itself, that is, there exists
k €[0,1) such that

T2 = Tyl* < llz — ylI* + kll(z - Tz) — (y - Ty)|®

for any x,y € C, let u € C and let {ay,} be a sequence in (0,1). Define a mapping U, as
follows:

Uyx =apu+ (1—a,)Tx
for any x € C and for any n € N. Then the following hold:
(i) U, has a unique fized point z, in C;

(ii) if {an} is convergent to 0, then {z,} is convergent strongly to Ppryu, where Pp(ry is
the metric projection of H onto F(T').
Let H be a real Hilbert space and let C' be a non-empty subset of H. A mapping T from

C into H is said to be pseudocontractive-type if there exist real numbers «, § and 7 such
that

af| Tz = Tyl* + dllz — ylI* +nll(z = Tz) — (y = Ty)||* < 0

for any x,y € C. We call such a mapping an («, d, n)-pseudocontractive-type mapping. Then
we prove a following extension of Theorem 7.2.
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Theorem 7.3. Let H be a Hilbert space, let C' be a non-empty bounded closed convex subset
of H, let T be an («, d,n)-pseudocontractive-type mapping from C into itself, let u € C' and
let {a,} be a sequence in (0,1). Define a mapping U, as follows:

Uz =apu+ (1 —a,)Tz

for any x € C and for any n € N. Suppose that « +§ > 0, a+1n >0 and a > 0. Then the
following hold:

(i) U, has a unique fized point z, in C;

(ii) if {an} is convergent to 0, then {z,} is convergent strongly to Ppryu, where Pp(py is
the metric projection of H onto F(T).

The proof of Theorem 7.3 is almost the same as that of Theorem 7.2. However for the
proof we provide the following lemmas.

Lemma 7.4. Let H be real Hilbert space, let C' be a non-empty closed convexr subset of
H and let T be an («,d,n)-pseudocontractive-type mapping from C into H. Suppse that
a+d>0,a+n>0and a>0. Then I —T 1is o;—?—inverse strongly monotone.

Proof. Suppose that T is an (a, d, n)-pseudocontractive-type mapping, that is,
al| Tz = Ty|* + 8|z — ylI*> +nl| (I = T)z — (I = T)y|* < 0
for any x,y € C. Since Tex — Ty = (x —y) — (I = T)z — (I — T)y), we obtain

a(lz =yl + (I =Tz — (I = T)y|* = 2(z —y,(I = )z — (I = T)y))
+0llz = yl? +0ll(I = T)e — (I - T)y|®
= (a+n)|( =Tz — (I = T)yl* + (a +9)[lz — y|?
20z —y,(I =Tz — (I -T)y)
<0.

Since oo + § > 0 and « > 0, we obtain

a+n
Iy (=Tl < (o (- The— (1= Ty,
that is, I — T is O;—Z"-inverse strongly monotone. O

Lemma 7.5. Let H be real Hilbert space, let C' be a non-empty closed conver subset of
H and let T be an (a,d,n)-pseudocontractive-type mapping from C into H. Suppose that
a+6 >0 and a+n > 0. If {x,} is convergent weakly to z € H and {x, —Tx,} is convergent
strongly to 0, then z is a fized point of T.

Proof. We know, if {x,,} is convergent weakly to z € H, then

limsup ||z, — z||* = limsup ||z, — 2| + ||lz — 2|

for any x € H. In particular,

limsup ||z, — Tz||*> = limsup ||z, — 2||> + || Tz — z||%.
n—oo n—oo
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Since {x,, — Tz, } is convergent strongly to 0, we obtain

limsup || Tz, — Tz||* = limsup ||z, — Tz|.
n—oo n—oo

Therefore for any positive number p there exists a natural number N; such that, for any
n 2 N1

| Tz, — Tz||* < limsup ||z, — 2||* + |Tz — 2||* + p
n—oo

and there exists a natural number m with m > n such that

limsup ||z, — 2||* + || T2z — || — p < |[T2zm — Tz|°.
n—oo

Moreover there exists a natural number N, such that, for any n > N,

lzn — 2] < limsup ||z, — 2] + p
n— oo

and there exists a natural number m with m > n such that

limsup ||z, — 2||* = p < ||zm — 2|
n—oo

Since {x,, — Tz, } is convergent strongly to 0, for any positive number p there exists a natural
number N3 such that

1Tz = 2| = p < (I = T)zn — (I = T)z||* < |Tz = 2|* + p

for any n > N3. Put N = max(N7, Na, N3) and take a natural number n with n > N. If
a > 0, then there exists a natural numbers m with m > n such that

| Tz — Tz||* > limsup ||z, — 2||* + | Tz — 2||* — p.
n—oo

Moreover, since

limsup ||z, — 2| > [Jzm — 2| — p,
n— 00

we obtain

ol Tz, — Tz|?

v

a((lzm = 21 = p) + T2 = 2|* = p)

= alzm —2||* + a||Tz - 2||* - 2|alp.
If @ < 0, then there exists a natural numbers m with m > n such that

lim sup ||, — ZH2 < | @m — Z||2 +p.
n— o0

Moreover, since

|72 = T2|2 < limsup |l — 2l + T2 — 22 + p,
n— oo

we obtain

al|Tzm, —Tz||2

v

a((lom — 207 + p) + 1Tz = 2]1* + p)

= oflzm — 2]|* + ol|Tz — 2||* — 2|a|p.
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Therefore we obtain
0 > allTzm —Tz)* + 6|lzm — 21> + 0ll(I = T)zm — (I = T)z|?
> allzm — zl]” + al|Tz = 2|* = 2|alp + 8||lzm — 2l + 1Tz — 2|* = |nlp
= (a+0)|zm — 2l + (a+|ITz = 2|* = 2|al + [1])p.

Since a + ¢ > 0 and o + 7 > 0, we obtain

2
||TZ—Z||2 < |OL| + |77| .
a+n
Since p is arbitrary, we obtain ||Tz — z||?> = 0 and hence z is a fixed point of T'. O

Proof of Theorem 7.3. Since a+mn > 0, there exists A € [0, 1) such that aA+n > 0. Moreover,
since « + 60 > 0 and o + 1 > 0, by Theorem 3.4 F(T') is not empty. Since a +n > 0, by
[12, Lemma 4.1] F(T) is closed. Since o+ > 0 and av+ 7 > 0, by [12, Lemma 4.2] F(T) is
convex. Therefore Pp(ry is well-defined. Since

Upr =apu+ (1—a,)Tx

U, Unz —opu Uny — anu
1— o, 1—ap
< Unx—anu> ( Uny—anu)H2
r——— | -y ——
1—a, 1—a,

(6]
mHUnf = Unyl® + 8]l — y)I?

o 2
n
Jr77<1—ozn)

Since ||(1 — Nu+ M2 = (1 = N)|Jul|®> + AJv]|? = (1 = M)A|ju — v||? for any A € R, we obtain

we obtain
2

o
Y

+n‘

2

(2= 9)+ o~ (U = Ung)

n n

o+ nay, _ 2 __Nom 2
e [0z = Ul + (5= 222 ) o =
b= Ve~ (- Uy <00

1_
We obtain

o+ nay, N, (0 +n)a? — 20, +a+ 4
—s |- = .
(1-ay)? 1—ay, (1—ay)?

Put f(z) = (6 +n)2? — 26x + a + 5. If 6 + 71 > 0, then f is convex. Moreover, if ﬁ <0,
then f is increasing on (0,1) and f(0) = a+ ¢ > 0, and hence f(z) > 0 for any x € (0, 1); if
0< ﬁ<1,then5>0&mdn>07 andhencef(x)Zf(ﬁ) = 5+n+a+6>a>0f0r
any x € (0,1);if 1 < 5+ , then f is decreasing and f(1) = o +n > 0, and hence f(z) >0

for any = € (0,1). If § + 7 < 0, then f is concave. Moreover, since f(0) = a4+ § > 0 and
f)y=a+n>0, f(x) >0 for any = € (0,1). Therefore we obtain

o+ noy, noy
otnan (s > 0.
(1—an)2+< 1—%)
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Since a + 1 > 0, we obtain

a+ nay, n a+n
= > 0.
T 1o (A=)

Moreover we obtain

atnon 0 _adt+n—n1 = Nay,
(1—ay,)? 1—a, (1—ay,)?
ar+n—[n[(1-A)
B (1= on)?
_ (a4 DA = (nl—mn)
(1—ay)? '
Since a + 1 > 0, we obtain lanJernnl < 1. Therefore, if L?JJW"‘ <\ <1, then
o+ nay, n
A > 0.
(1—ay)? + 1—a, —

Therefore by Theorem 3.4 U, has a unique fixed point z, € C. To show that {z,} is
convergent strongly to Pr(ryu, we may show that any subsequence {z,;} of {z,} has a
subsequence {z,(; j)} of {z,(;)} such that {z,(; )} is convergent to Ppipryu. Without loss
of generality, we may assume that {z,(;} is convergent weakly to v € C. Let us show
v € F(T). Since {a,} is convergent to 0, we obtain {z, — Tz, } is convergent strongly to 0.
In fact, since

2n = Unzpn = apu+ (1 — apn) Tz,
we obtain
2n — Tzn = ap(u—Tzyp).

Since {T'z,,} is bounded and {a,} is convergent to 0, we obtain {z, — Tz,} is convergent
strongly to 0. Since {z,; } is convergent weakly to v € C, by Lemma 7.5 we obtain v € F(T).
Since 2,,(;y € F(Uy;)), we obtain

Zn(i) = Qn(i)u + (L — an@)) Tzn)
and hence
An(i)Zn(i) T (1 = n@@)) (Zn) — T2n)) = Qn(yu-
Moreover, since Pp(ryu € F(T'), we obtain
an(i)PF(T)u + (1 — an(i))(PF(T)u — TPF(T)’LL) = an(i)PF(T)u~
Therefore we obtain

iy (2n(i) — Preryu, 2n@) — Priryw)
+(1 = an@)(I = T)zn@) — (I = T)Prryu, 2ni) — Preryu)

= (i) (U — Pp(r)U, 2ni) — Prryu).
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By Lemma 7.4, I — T is QTJ;”—inverse strongly monotone and hence

a—+n
2

zniy = Preryull? < (I = T)zn@y — (I = T)Pr(ryt, 2ng) — Preryu).

Therefore we obtain

IN

(u — Pp(ryu, 2p@y — Pperyu)
= <u — PF(T)U» Zn(i) — v> + <u — PF(T)’LL, v — PF(T)U>.

2n(i) — Prryull?

Since v € F(T), we obtain
(u — Pp(ryu,v — Pp(ryu) < 0.
Therefore we obtain
| Zniy — PF(T)u||2 < (u — Pp(ryu, Zp () — ).

Since {2,(;)} is convergent weakly to v € C, we obtain {z,(;)} is convergent strongly to
PF(T)’LL. |

Moreover, we obtain the following.

Theorem 7.6. Let H be a Hilbert space, let C' be a non-empty bounded closed convex subset
of H, let T be an (o, B,7,9,¢,(,n)-widely more generalized hybrid mapping from C into
itself, let w € C and let {a,,} be a sequence in (0,1). Define a mapping U, as follows:

Upr =apu+ (1—a,)Tx

for any x € C and for any n € N. Suppose that +~v+e+( >0, a+8+v7+3J >0,
a+n>0and 2a+ B+ v > 0. Then the following hold:

(i) U, has a unique fized point z, in C;

(ii) if {an} is convergent to 0, then {z,} is convergent strongly to Pp(ryu, where Pp(ry is
the metric projection of H onto F(T).

Proof. Since T is an («, 8,7, 9, €, (,n)-widely more generalized hybrid mapping,

al| Tz = Tyl* + Blla — Tyl* + [Tz — y|* + 8]l — y*
tellz = Tl + ¢lly = Tyl® +nll(z — Ta) — (y = Ty)* <0

for any x,y € C. By replacing the variables x and y, we obtain

a| Tz — Tyl + vz — Tyl + Bl Tz — y||* + ||z — yl|?
+C|lz = Tz|* +elly — Tyll* + nll(z = Tz) — (y — Ty)|* <0

for any z,y € C. Therefore we obtain

20)|Tx = Ty|* + (B + )z = Tyll* + (8 + V|T2 — ylI* + 28]z — y*
+e+ Qlle = Tal® + (€ + Olly = Tyl + 2nli(z = Tz) — (y = Ty)|I* < 0
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for any z,y € C and hence T is a (2«, 8+, B+, 26,6+ (, e+, 2n)-widely more generalized
hybrid mapping. Since S+ v+ e+ ¢ > 0, we obtain —(8 + ) < € + ¢ and hence

2a||Tz — Ty|* + (B + )z = Tyl]*> + (B + VI Tz — y||* + 26|z — y|?
—(B+x—=Tz|> = (B+7)ly — Tyl* + 2nl|(x — Tz) — (y — Ty)|?
= e+ B+ )Tz — Tyl + (26 + B+ )|z -yl
+(2n— B -z —Tx) - (y — Ty)|?
<o.

Since a+B+~v+6 >0, a+n > 0 and 2a+ S+~ > 0, by Theorem 7.3 we obtain the desired
results. O
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