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SUMS OF SQUARES CHARACTERIZATIONS OF
CONTAINMENT OF CONVEX SEMIALGEBRAIC SETS
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Abstract: In this paper, we establish numerically checkable sums of squares characterizations of contain-
ment of a convex semialgebraic set in another reverse convex semialgebraic set, described by SOS-convex
polynomials. The significance of these characterizations is that they hold without any qualifications. In
particular, when the semialgebraic sets are described by convex quadratic functions, we obtain a simple
linear matrix inequality characterization for the containment. We also present robust set containment char-
acterizations for convex semialgebraic sets in the face of data uncertainty of the SOS-convex polynomials
that define the convex semialgebraic sets.
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Introduction

The problem of characterizing containment of a polyhedral set or a convex set, defined
by linear systems, in a closed half-space is fundamental to solving linear programming or
convex optimization problems and has been extensively studied in the literature [9, 10, 28].
Solutions to this problem have generated various forms of Farkas’ lemma [11] that have led
to the development of duality theory and methods of convex programming [6, 12, 13, 18].
Containment problems of convex sets are also the classical problems in convex geometry and
they arise in many different applications, e.g. shape fitting and packing problems, clustering
and pattern recognition (see [8] for a survey and [20, 21] for current studies).

Recently, motivated by knowledge-based classification problems of data mining [3, 24],
computationally tractable characterizations of the containment of a polyhedral set in an-
other or in a reverse-convex set, defined by convex quadratic functions, were given in [23].
Since then various set containment characterizations have been given (see [6, 7, 12, 26, 27]).
More recently, the computational problem of whether a given polytope or spectrahedron
(which defines the feasible region of a semidefinite program) is contained in another one was
examined in [20, 21]. In this paper we study characterizations of containment of a convex
semialgebraic set, described by SOS-convex polynomials, in a reverse convex semialgebraic
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set. We also examine robust containment [13] of a convex semialgebraic set in a reverse
convex semialgebraic set in the face of data uncertainty of the SOS-convex polynomials that
define the convex semialgebraic set.

Our study was motivated by the desire to obtain numerically checkable sums of squares
set containment characterizations involving semialgebraic sets, described by SOS-convex
polynomial inequalities [1, 16, 22]. We make use of a hyperplane separation theorem and
exploit algebraic properties of SOS-convexity to derive such sums of squares characteriza-
tions. For recent work on SOS-convex polynomials and convex optimization, see [16, 17].

Our contributions to convex analysis and geometry [9] are outlined below.

(i) In Section 2, using conjugate convex analysis, we present numerically checkable sum
of squares characterizations of containment of a convex semialgebraic set in a reverse
convex semialgebraic set. The significance of these characterizations is that they hold
without any qualifications. In particular, when the semialgebraic sets are described by
convex quadratic functions, we obtain a simple semidefinite characterization for the
containment. Importantly, the sum of squares conditions characterizing the set con-
tainment can be numerically checked via semidefinite programming because whether a
polynomial is a sum of squares of polynomials or not can be verified by solving related
semidefinite programs [22].

(ii) In Section 3, we also extend some of our set containment characterizations to robust
set containment characterizations where a given convex semialgebraic set is affected by
data uncertainty of the SOS-convex polynomials. In this case, we present character-
izations for containment of the robust counterpart [4] of the uncertain semialgebraic
set in a reverse convex semialgebraic set for various classes of commonly used data un-
certainty. Such robust set containment characterizations for uncertain polyhedral sets
were given in [13] and their applications to data classification problems were described
in [19].

Semialgebraic Set Containment Characterizations

In this section, we derive set containment characterizations of semialgebraic sets as a con-
sequence of results of the preceding section. It should be noted that set containment char-
acterizations for general (not necessarily semialgebraic) convex sets and reverse-convex sets
are known (see [6, 7, 12, 26, 27]). However, those characterizations are often hard to check
numerically. The sum of squares characterizations of the set containment, presented in this
Section, can be checked by solving semidefinite linear programs.

We begin by fixing notation and preliminaries of convex sets, functions and polynomials.
Throughout this paper, R™ denotes the Euclidean space with dimension n. The inner prod-
uct in R” is defined by (z,y) := xTy for all z,y € R™. The nonnegative orthant of R" is
denoted by R’ and is defined by R} := {(z1,...,2,) € R" : x; 2 0}. We say A is convex
whenever pay + (1 — p)as € A for all p € [0,1], a1,a2 € A. A function f: R™ — R is said
to be convex if for all u € [0,1],

(A =pz+py) = (1—p)f(x)+pnfly)

for all z,y € R™. The positive semi-definiteness of an n x n matrix B, denoted by B > 0, is
defined by (x, Bx) = 0, for each xz € R™.
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A semialgebraic subset of R™ is a set, satisfying a Boolean combination of polynomial
equations and inequalities with real coefficients [5]. We say that a real polynomial f is sum
of squares if there exist real polynomials f;, j = 1,...,r, such that f = Z;Zl sz. The
set consisting of all sum of squares real polynomials is denoted by £2. Moreover, the set
consisting of all sum of squares real polynomials with degree at most d is denoted by 23.

The following useful result of convex polynomial systems was given in [2] and will play
an important role later in the paper.

Lemma 2.1 ([2]). Let fo, f1,..., fm be convex polynomials on R™. Let C := {x € R™ :
filx) £0, i =1,...,m}. Suppose that inf,cc fo(x) > —oco. Then, argmingec fo(x) # 0.

We now recall the notion of SOS-convexity for polynomials.

Definition 2.2 (SOS-convexity). A real polynomial f on R™ is SOS-convex whenever, for
all z,y € R", and for all A € [0,1],

M (@) + (1 =N fy) — fOz+ (1= N)y)

is a sum of squares polynomial in R[z;y]. Equivalently, f is SOS-convex whenever, for all
x,y € R,
fy) = flz) = (Vf(z),y — )

is a sum of squares polynomial in R[z;y].

The notion was introduced in [1] and further studied recently in [14, 16, 17]. Note
that a SOS-convex polynomial is convex and that convex quadratic and separable convex
polynomials are SOS-convex polynomials. However, the converse is not true. Thus, there
exists a convex polynomial which is not SOS-convex [1]. The degree of a polynomial g is
denoted by degg.

Theorem 2.3 (Containment of a convex set in a reverse convex set). Let f;, j =1,...,p, be
SOS-convex polynomials and let g;, i = 1,...,m, be SOS-convex polynomials. Assume that
K={zeR":g;(z)£0,i=1,...,m}#0. Let I ={1,2,...,m} and let J = {1,2,...,p}.
Let d = max{degfi,...,degfp,degg,...,deggm}. Then the following statements are equiv-
alent:

(i) {zeR":gi(x)20,icI} C{zeR: fi(z) >0,5j € J};
(i) (Vi€ J)BN,5;) € RT x RA\{0}) fi+ 0wy Mgi — 6, € 53,

Proof. [(ii) = (i)] Suppose that for each j € J, there exist §; > 0, ) = 0, i € I, and
o; € ¥2 such that
fj + Z)\zgz — (5]‘ =0jy.
i=1

So, if g;(z) £ 0, i € I, then for any z € R",
filz) = —Z)\{gi(x) +0;+0j(z) > 0.
i=1

Thus (i) holds.
[1) = (ii)] Assume that (i) holds. Let j € J be fixed. Then inf ek fj(z) = 0. Thus
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by Lemma 2.1, there exists z* € K such that f;(z*) = infyek fj(z). Let p7 = f;(z*) =
infrer fi(x). Then it follows from (i) that 47 > 0. Consider the following set

C; ={(yj,2) e RxR™ | Jz e R™ s.t. fj(z) Sy;, gi(x) Sz, i=1,...,m}.

Then we can check that C; is a closed and convex subset of R™*1. Since 7 = infyex fi(z) >

0,0 # (%, 0,...,0) ¢ C;. By the strong separation theorem [28, Theorem 1.1.3], there exist
(5,01, ..., 0m) #0, @ € R, dp > 0 such that for all (y;,2) € Cj, j=1,...,p,

J
<(%,0,...,0),(/¢j,v1,...,vm)> Sa<a+6d Sy, 21,- 0 2m) (1,01, ..., Um)).

Since C; + R™* € €y, then p; 20,j=1,...,p,v; 20,i=1,...,m and
B -
?,Ll,j Sa<a+d §,ujyj+21viz,;. (21)
Since K # (), there exists & € R™ such that g;(Z) =0, ¢ € I, and so, if p; = 0, it follows from
(2.1) that 0 < o < 0. This is a contradiction. So, uj >0, j € J. Let X} = no, i€l Since
Hj

(fi(@), g1(z ),...,gm( x)) € Cj, for any z € R™, from (2.1), f(z) 4+ > imq Nigi(x) — % > 0.
Since f; + Yt Mg — % is bounded bellow and SOS-convex, it follows from Lemma 2.1
that there exists £ € R™ such that

Let hi(x) = fi(x) + S0, Magi(z) — (f(Z) + 357, Mgi(@)),5 € J. Thus h? is a SOS-convex
polynomial, h;(Z) = 0 and Vh’(Z) = 0. It then follows by the definition of SOS-convexity
that A7 is a sum of squares polynomial. For each € R",

mnoo J
x)+ZA§gi(x)—%:h z) + f;(z +ngz
=1

Let §; 77 and o;(z) = h(z) + f;(T) —|—12211 Mgi(z) — 6;. Then for each z € R",
filx)+ >0, Mgi(x) — 0; = oj(x). Since A7 is a sum of squares polynomial and f;(F) +
S Mgi(z) — 6 > 0, 0j(x) is a sum of squares polynomial with degree at most d. Thus
(ii) holds. O

Now we give an example illustrating Theorem 2.3.

Example 2.4. Consider the following convex semialgebraic sets A := {(z,y) € R? | 2% +
y?—1<0}and B := {(2,y) € R? | —2—y+2 > 0,2—y+2 > 0,2+y+2 > 0,—2+y+2 > 0}.
Clearly, we see from the diagram below that A C B. On the other hand, the following sum
of squares conditions also hold.

—z—y+2+1-(22+¢? —1)—%:(m—%)2+(y—%)262§,
r—y+2+1-(2? +y 1)7?:(x+?)2+(y7?)2625,
r+y+24+1-(2®+y> —1)—g—(x+§)2+(y+?)2623,

—z4y+2+1- (2 +y2-1)—3=(z—3)*+(y+3)? €}

Hence, Theorem 2.3 is verified.
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Figure 2.1: Containment of the convex semialgebraic set A in another convex semialgebraic set B.

Using Theorem 2.3, we can obtain the following generalized Farkas’ lemma which holds
without any qualifications.

Theorem 2.5 (Containment of a convex set in a closed reverse convex set I). Let f;,
ji=1,...,p, be SOS-convex polynomials and let g;, i = 1,...,m, be SOS-convex polynomials.
Assume that K := {x € R™ : g;(x) £ 0,0 = 1,...,m} #0. Let I = {1,2,...,m} and
let J ={1,2,...,p}. Let d = max{degfi,...,degfp,degg1,...,deggm}. Then following
statements are equivalent:

(i) {zeR":gi(z) £0,icl}C{xzeR": fj(x) 20,j€J};
(i) (Vj € J)(Ve; € RA{OD(EBN € RT) £+ 30 Mg +¢j € 22,

Proof. [(ii) = (i)] Suppose that for each j € J, for any €; > 0, there exist ) >0, i € I
such that

m
fi+ Y Mgi+e i

=1

So, if g;(z) £0, i € I, then for any x € R™ and for any €; > 0,
0= fi(2)+ > Mai(z) + ¢ < f5(2) + ¢
i=1

Letting €; — 0, then we have f;(x) 2 0. Thus (i) holds.
[i) = (ii)] Assume that (i) holds. Then for each j € J and for any €; > 0,

{r eR":gi(x)S0,icl} C{xeR": fi(z)+¢ >0,j € J}
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By Theorem 2.3, for each j € J and for any €; > 0, there exist d; > 0, A} > 0 and o; € ¥2
such that f; +¢; + > 1o A g; — §; = 0;. Since 0; € £2 and §; = (1/5;)?,

fi+> Mgi+eexy.

i=1
So, (ii) holds. O

Now we consider the quadratic case of Theorem 2.3, where the characterization is given
in terms of linear matrix inequalities:

Corollary 2.6 (Containment of intersection of ellipsoids). Let A1, ..., A,, be symmetric and
positive semidefinite n x n matrices, ai,...,0y, € R" and aq,..., o, € R. Let By,..., B, be
symmetric and positive semidefinite n X n matrices, by, ..., b, € R" and B1,...,8, € R. Let
I={1,2,...,m} and let J = {1,2,...,p}. Assume that K := {x : §(z, Aiz) + (a;,z) +a; <
0, i=1,...,m} #0. Then the following statements are equivalent:

(i) {z € R": Iz, Aiz) + (a5, ) + a; £0, i € I} C {z € R" : I(z, Bjz) + (bj,z) + B; >0, j € J};
N : m Bj+ 3070 M A bj + >k Mai

(1) (77 & J)AX, &) € RE xRy 0D ( (b + Zf;llAfai)T 2085 + 2205 i?ai — ) ) =0

Proof. [(ii) = (i)] Suppose that (i) holds. Let j € J. Then there exist ) > 0 and §; > 0

such that ] )
( Bi+ 3L MA bj+ ity Ma > -0
(bj + it  Na)™ 208+ X Nai—9d;) )~
Then for all (x,0) € R™ x R,

<x>T( Bj+ Sy MA; b+ Yo Ma ><3«“>>0

0 (b + 20ty Ma)™ 2085 + 3008, N ai — §5) 0 )= "
In particular, for all z € R™,

(m)T( Bi+ Sl MA b Nay) ><x>>0

1 (b + 20ty Ma)™ 2085 + 3001, XN ai — d5) L)="

Expanding this inequality yields

3o By + (o2) + 85+ DN (o i) + (o) + i) =0y 20

If z € K, then we have % (z, Bjz) + (bj,z) + 3; > 0. So, (i) holds.

[(i) = (ii)] Assume that (i) holds. Let g;(z) = 3(z, Ajz) + (a;,2) + a;, i € I, and f;(z) =
2z, Bjz) + (bj,x) + B;, j € J. Since A; and B; are symmetric and positive semidefinite,
g; and f; are convex, and hence by Theorem 5.3 in [1], g; and f; are SOS-convex. Using
Theorem 2.3, we see that (i) is equivalent to the condition that, for each j =1,...,p,

(36, >0,M 20) fi+> Mgi—d; € 33
i=1
As fi+ 30, )\ggi — 4, is a quadratic function and f; + > 1", )\{gi —0; 2 0 is equivalent to
the semi-definite inequality
( Bj+ Y1 M A, b+ >, Ma ) -0
(bj + 222 Mai)' 208+ X Mai —05) ) — 7

and hence the conclusion follows. O
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It is worth noting that the sum of squares set containment characterizations, given in
Theorem 2.3 and Corollary 2.6, can be verified numerically because whether a polynomial
is a sum of squares of polynomials or not can be verified by solving related semidefinite
programs [22].

Under Slater’s condition, we see that set containment characterization derived in The-
orem 2.5 can be simplified to obtain an easily checkable set containment characterization
result below, where the condition does not have to be checked for every e > 0.

Corollary 2.7 (Containment of a convex set in a reverse convex set under Slater’s condition
I). Let f;, j=1,...,p, be SOS-convex polynomials and let g;, i = 1,...,m, be SOS-convex
polynomials. Assume that there exists xg € R™ such that g;(xzo) < 0,2 =1,...,m. Let d =
max{degfi,...,degfp,degg1,...,deggm}. Let I = {1,2,...,m} and let J = {1,2,...,p}.
Then the following statements are equivalent:

(i) {zeR":gi(x) = 0,icI} C{zeR": fi(z) 20,5 € J};
(i) (Vj€J) BN eRY) fi+ X0, Mgi € 5.

Proof. [(i) = (ii)] Assume that (i) holds. Let j € J. Then letting f = f;, it follows from
Theorem 2.5 that there exist A7" =0, ¢ € I such that

m . 1 )

fi+ ;)\f’ gi+— €3} (2.2)

If the sequence {\’"} is bounded for each i € {1,...,m}, then without loss of generality,
the sequence { A"} converges to ! for each i € I, and hence from (2.2) for any x € R",

fi@) +> Mgi(x) 2 0.
=1

If the sequence {)\z"} is not bounded for some ip € I, then we may assume that
lim,, 00 {A})" } = 400, and hence, by (2.2) and the assumption, we get that

m
. 1 , 1
0= filwo) + > N "gi(wo) + - = fi(wo) + M, gi(xo) + - T o0 asn — oo,
=1

which is a contradiction. Hence, we may assume that for each j € J, there exist )\{ >0,

i € I such that f;(z)+ Y7, Mgi(x) = 0 for any = € R”. Since f; + Y., M g; is convex, it
follows from Lemma 2.1, that there exist 7 € R”, j € J such that

fi@) +> Mgi(x) = f;(27) + Y Mgi(2!) for any x € R™.
i=1 i=1
Let hj(x) = fi(z) + >0, Ngi(x) — fi(z7) = 7 Mgi(27). Then h; is SOS-convex. Since
hj(2?) = 0 and Vh;(2?) = 0, by the definition of SOS-convexity, h; is a sum of squares
polynomial. Since f;(z?)+> 1 Mg;(z7) 2 0, fj+> -, A g; is a sum of squares polynomial.
This completes the proof as [(ii) = (i)] follows easily. O

As a consequence of Theorem 2.5, we also obtain a set containment characterization
involving max SOS-convex functions, extending the recent non-negativity characterization
for max SOS-convex functions [16].
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Corollary 2.8 (Containment and max SOS-convex functions). Let pé-, l=1,...,p,j =
1,..., ki, be SOS-convex polynomials and let g;, i = 1,...,m, be SOS-convex polynomials.
Assume that K = {zx € R" : ¢;(x) £ 0, i =1,...,m} #0. Let I = {1,2,...,m} and let
J=1{1,2,....,p}. Letd = max{degpi,..., degpfﬂ,deggl, ...,deg gm}. Then the following
statements are equivalent:

(i) {zeR":gi(x) £0,i €I} C{x € R" :max;—1 pz(x) =0,leJ};

.. k k m
(ii) (VI € J)(V€l > 0), (EAé =0, Mé‘ =0, Zjl:1 Mé‘ =1,0l € Ei) ij:1 Mé‘pé + 2 ie /\égi +
l l

e =o'
Proof. The inclusion in (i) is equivalent to the following statement that, for each I € J,
gi(x) 20, iel, pia)St, j=1,... . kg=t=0.

So, by Theorem 2.5, (i) is equivalent to the condition that

ki m ki
Vel > 0,3, wh >0, o' € 23)(1 - Zpg.)t +) Ngi(@) + > phph(z) + € =o' (x,t)
j=1 i=1 j=1

for any (z,t) € R"*!. Here we can easily check that Zf’zl Hé‘ = 1. Thus letting t = 1, we

see that (i) is equivalent to (ii) O
We note that Corollary 2.8 collapses to Theorem 2.2 of [16] whenever J = {1}.

Robust Set Containment Characterizations

In this section, we consider a robust set containment, where the robust counterpart of an
uncertain convex semialgebraic set is contained in another reverse convex semialgebraic set.
Consider the semialgebraic set

K:={xecR":gi(x)£0,i=1,...,m}.

The set K in the face of data uncertainty in the functions g;,7 = 1,2,...,m, can be captured
by the following parameterized set

K :={z eR": gj(z,v;) £0, i=1,...,m},

where v]s are uncertain parameters (or coefficients) and they belong to the specified convex
and compact uncertainty sets V; C R? and ¢g; : R® x R% — R, ¢ = 1,...,m. The robust
counterpart of K is given by

K:={zeR":gi(z,v;) 0, Vo €V}, i =1,...,m},

where the constraints are enforced for all possible uncertainties within V;, fori =1,2,...,m.
We establish characterizations for K to be contained in another reverse convex semialgebraic
set. An example of a robust set containment is depicted in Figure 3.1 below. Related results
for polyhedral set containment can be found in [13].

Theorem 3.1 (Robust convex set containment). Let f; : R" — R, j =1,...,p, be SOS-
convez polynomials and let g; : R™ x R% — R, i =1,...,m, be functions such that for each
v; € RY%, g;(-,v;) is a SOS-convex polynomial and for each x € R™, g;(x,-) is a concave
function. Let V; C R%, i =1,...,m be compact and conver. Assume that K := {x € R" :
gi(x,v;)) 20, Yo, €V, i=1,...,m}#0. Let I ={1,2,...,m} and let J = {1,2,...,p}.
Then the following statements are equivalent:
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Figure 3.1: _Given an uncertain convex semialgebraic set K = {z : (a;,z) < b;, i = 1,...,m}, its robust
counterpart K = {z : {(a;,z) < b;,Va; € V;,i = 1,...,m} C B = {z | (¢j,z) > 0, j € J}. In robust
counterpart K, the constraints of K are enforced for every possible value of a; within the prescribed set V;.

(i) {z e R" 1 gi(x,v;) £0, Yo, € Vy, i eI} C{x eR™: fi(z) >0,j € J};
(i) (Vj€J) BN 20, vl €V; ;> 0,05 €22) f; + 3" Nagi(-,v]) — 6; = 0.

Proof. [(ii) = (i)] Suppose that (ii) holds. Let j € J. Then by (ii), there exist A} > 0, vf €
Vi, 6 >0, 05 € Y2 such that

fi(x) + 3 Mgi(a,v!) = 6; = 0.
=1

Hence, for any x € K and each j € J, f;(z) > 0. Thus (i) holds.
[(i) = (ii)] Assume that (i) holds. Let j € J. By (i), we have

gi(z,v;) 20, Vv, €V, i € I = fi(x) >0,5 € J. (3.1)
Since f; is SOS-convex and it follows from (3.1) that inf,c g f;(z) 2 0, by Lemma 2.1, there
exists * € K such that f;(z*) =inf cz f;(x). Let 8; = f;(2*). Then it follows from (3.1)
that 8; > 0. Let g;(x) = maxy,ey, gi(z,v;), ¢ € I. Consider the following set

C; ={(yj,2) e RxR™ | Jz e R" s.t. fj(z) S yj, gi(x) < 2, 1 € I}

Using the same line of arguments as in the proof of Theorem 2.3, we can prove that there
exist ] 20, ¢ € I such that

f@) + Y Mo - D >0
=1
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So, we have

TER™

= inf {fj($)+§:A§glg§gi(x,vi)}
i=1 e

m
_ , J o (2. v
= inf max {f] (x) + ; i gi(, Uz)}'
By min-max theorem ([25, Corollary 37.3.2]), %’ <max,, ey, infpern {f;(2)+7, Magi(x,v:)}.
Hence there exist v] € Vi, i € I such that infyern{f;(z) + > v, )\Zgl(x,vf)} > %’ So,
fi(@)+ 30 NMgi(z,v]) 2 %] for any x € R™. Since f;(z) + > iv; M gi(-,v!) is a bounded
below SOS-convex polynomial, it follows from Lemma 2.1 that Z € R™ such that for any
rz e R"”,

m

H@+Y Ma@v]) < fi@) + > Mai(w,v)).
=1 i=1

Let U;(z) = fi(x) + X0 Mai(z,v!) — (F(&) + X0, X gi(Z,v])). Then ¥; is a SOS-
convex polynomial, that is, f;(x) + Y. Mgi(z,v]) — (f(&) + S0, Mgi(F,v])) € B2, Let
8 = fi(@) + X7, Mgi(z,v]). Then §; = 2 > 0. Hence f; + 30", Mgi(-,v]) - §; € ¥2.
So, (ii) holds. O

Remark 3.2. It is worth noting that in Theorem 3.1, the degree of SOS-convex polynomial
9i(+,v;) may be different when v; € V; is changing.

In passing note that if the uncertainty sets in Theorem 3.1 are singleton, i.e. V; = {v;},
then Theorem 3.1 collapses to Theorem 2.3 of the previous Section.

Now, using the results of the previous section, in the following, we derive robust set
containment characterizations for special classes of commonly used uncertainty sets of robust
optimization [4, 13]. We first obtain a characterization for robust containment of intersection
of ellipsoids in another ellipsoid under spectral norm uncertainty. Recall that the spectral
norm of A € S”, denoted by [|Allspec; is the square root of the largest eigenvalue of the
matrix ATA.

Corollary 3.3 (Robust containment of ellipsoids under spectral norm uncertainty). Let a; €
R™ and o; € R, 2 =1,...,m. Let Bj, j = 1...,p, be symmetric and positive semidefinite
n X n matrices, b; € R" and B; € R, j = 1,...,p. Let V; = {A{ + M; : M; € S™, M; =
0, [|M;|lspec < pi}, i = 1,...,m, where A} is symmetric and positive semidefinite n x n
matrices and p; > 0, i = 1,...,m. Assume that K := {x : %(w,Am} + (as, ) + a; <
0, VA; € Vi, i = 1,...,m} # 0. Let I = {1,2,...,m} and let J = {1,2,...,p}. Then

following statements are equivalent:
i) {z: %(I,Ai$> +{az)+a; 20, VA, €V, iel} C{x: %(m,BﬂU} + (bj,x) + B; >
0, 7€J};
(i) (VjeJd) BN 20,6;>0,i=1,2,...,m)

< Bj + 7Ly M (A + pil) b+ >0y Na; > <0
(bj + 27; )‘gai)T Q(ﬁj + 2111 )‘gai - 5j) .
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Proof. Let j € J. Since maxa,ev,{3(z, Aiz) + (a;, ) + o} = maXHMiHSpcépi{%(x, (AL +
M;)x) + (a;,z) + o} = 3(x, (A + piln)z) + (a;, z) + o, (i) is equivalent to the condition
that

1 _
{x 5@, (A + pil)a) + (as,2) + i S0, i 1}
1 .
{o: 5to Bia)+ (bya) + 85> 0, j e T}

So, it follows from Corollary 2.6 that (i) is equivalent to the condition that there exist A7 > 0
and 6; > 0 such that

( B+, /\g(Aé + piln) by + 20 Afaz‘ ) 0
(bj + 2"k Nai)” 28j + ot N —05) ) —

O

Corollary 3.4 (Robust containment under scenario uncertainty). Let fi(-,v;) be SOS-
convex polynomial for each v; € V; = {v},...,v]'} and each i € {0,1,2,...,k}. Let
d = max{deg fo(-,v}),...,deg fo(-,v3"), ... ,deg fi(-,v}) , ..., fu(-,vp5)}. Then the follow-
ing statements are equivalent:

(i) {z eR": fi(z,v;) S0Vv; €V, =1,...,k} C {z € R" : maxy,ey, fo(z,v9) = 0};
(il) Ve >0, AN 20, i =20 (2, i =1),0 € 22)

S0 k  s;
Z,Ulfo('vvé) + ZZAffz(,v‘Z) +e=o0.
=1

i=1 j=1
Proof. (i) is equivalent to the inclusion

{mER":fi(m,vg)§0,j:1,...,si, i=1,...,k}Cc{zeR": max fo(z,vh) = 0}.

=1,...,80
Then by Corollary 2.8, (i) is equivalent to (ii). O

Corollary 3.5 (Robust containment under polytopic uncertainty). Let f;(-,v;), i €
{0,1,...,k} be SOS-convez polynomial for eachv; € V; := co{v},...,vi'} and let fi(x,-), i €

{0,1,...,k} be affine for each = € R"™. Let d = max{degfo(-,v8),.-,
deg fo(-,v5), ... deg fu(-svi) ..oy fu(sv®)}. Then the following statements are equiva-
lent:

(i) {z eR": fi(z,v;)) S0Vv; €Viyi=1,...,k} C {z € R" : maxy,ey, fo(z,v9) = 0};
(il) Ve >0, BN 20, i =20 (32, =1),0 € 32)

S0 k  s;
Dowfolsvp) + YD N filv]) +e=o
=1

i=1 j=1

Proof. Since f;(z,-), i =1,...,k are affine, f;(z,v;) £ 0 Vov; € V; if and only if fl(m,vf) <0,
v] €V, i =1,....k, j =1,...,8. Moreover, maxy,cy, fo(z,v9) = max;j=1,. s, fo(z,v]).
So, by Corollary 2.8, (i) is equivalent to (ii). O
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Finally, as an application of Theorem 3.1 we derive a zero duality gap result for a
SOS-convex program in the face of parameter uncertainty, where the dual problem can be
represented by a semidfinite program which can be easily solved by interior-point methods.
Related strong duality results for robust convex programs are given in [15] and for a general
robust minimax convex program under a constraint qualification are provided in [17].

Corollary 3.6 (Zero duality gap). Let f : R® — R be a SOS-convex polynomial and let
gi - R"xR% = R, i =1,...,m, be functions such that for each v; € R%, g;(-,v;) is a
SOS-convex polynomial and for each © € R™, g;(x,-) is a concave function. Let V; C R%
i=1,...,m, be compact and convex. Assume that K = {z € R" : gi(z,v;) £ 0, Vo; €
Vi, i=1,...,m}#0. Let I ={1,...,m}. Then

inf {f(2) | gi(w,0) S0, Vo, €V, i€ I} = sup {u | F+ Y Ngil o) —pe 22}.
reR™ HER,X; =0 i=1
v, €EV;

Proof. Let a = infyepn{f(x) | gi(x,v;) £0, Vv; € V;, i € I}. Then a = —oco or a € R. If
a = —o0, then the conclusion always holds. So, we assume that a € R. Let € > 0. Then

{z eR" | gi(z,v;) £0, Vv, €V;, i €I} C{z € R" | f(x) > a —€}.

By Theorem 3.1, there exist § >0, A\; =20, v; € V;, i € I and o € X2 such that

FAY Nigihvi) —d—a+e=o.
i=1
Since § > 0, f+321" Nigi(-, vi) —ade € X2, Thus sup,,cp \,>0,0,ev, U | FH2imy Nigils,vi) —
w € X2} = a—e. Since e is arbitrary, SUDeR N 20,0, €V {1 f+2;’;1 Nigi(v)—p € X2} 2> a.
On the other hand, if f+ > 7", \igi(-,v;) — B € £2, then we have for any z € R",

f@) + 3255 Nigi(w,v) — B 2 0, that is, f(z) + 2000, Nigi(w,vi) 2 B. If gi(z,v;) =0,
Vu; €V, i =1,...,m, then we have f(z) = f(z) + Y i, Nigi(z,v;) = . Hence B < a. So,

SUPHER”\@O’”"GW{M | f+200 0 Xigi(vi)—p € B2} < . Hence o = SUPLeR,A; 20,0;€V; {n| f+
S g () — poe B2 .
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