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Abstract: We study the strong Karush-Kuhn-Tucker conditions of multiobjective optimization problems
with inequality, equality and set constraints, where the objective and constraint functions are locally Lips-
chitz. We introduce a calmness condition associated with the objective function and the constraint system,
and demonstrate that it is equivalent to two classes of exact penalty functions. From the exact penalization
results, strong Karush-Kuhn-Tucker conditions are obtained in terms of Clarke subdifferential. Finally, we
obtain that the generalized Mangasarian-Fromovitz constraint qualification implies the calmness of multi-
objective optimization problems in the case of smooth.
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Introduction

Karush-Kuhn-Tucker ( in short, KKT) conditions of multiobjective optimization problem is
a significant topic in optimization, which play an important role in optimization theories and
numerical algorithms of constrained extremum problems. Under the same constraint quali-
fication used in nonlinear programming, the KKT conditions obtained can only guaranteed
that the multiplier vector of the objective function is nonzero. If all the multipliers corre-
sponding to the objective functions are positive, which we called strong KKT conditions,
then all components of the objective function have effective influence on the optimum. Due
to the importance of the strong KKT conditions in multiobjective optimization problems,
it is essential to study the corresponding constraint qualifications.

During the past decades, there has been tremendous interest in studying the strong KKT
conditions in the smooth and nonsmooth cases; see [1,3,4,6-10,12-17] and the references
therein. Maeda [16] proposed a generalized Guignard constraint qualification, which was
not only depends on the constraint system but also the objective function, and derived
strong KKT necessary conditions in differentiable case. Later on, based on [16], Preda [17]
established strong KKT conditions for the semidifferentiable multiobjective optimization
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problems. On the line of their work, strong KKT conditions under various generalized
constraint qualifications were presented in [7,8,12] for locally Lipschitz multiobjective opti-
mization problems. Burachik and Rizvi [4] obtained strong KKT necessary conditions by a
new generalized Abadie constraint qualification in smooth case. In a word, the constraint
qualifications presented in [1,3,4,6-10,12-17], which involve not just constraint system but
also objective function, are extensions of constraint qualifications used in nonlinear pro-
gramming.

As we all know, the penalization method is a very important and effective tool for
dealing with optimization theories, see [2,5,11,20,21] and references therein. It is worth
noting that the standard Mangasarian-Fromovitz constraint qualification and error bound
condition for a nonlinear programming problem with equality and inequality constraints
implies the calmness condition; see [19] for details. Recently, Zhu and Li [22] proposed a
general multiobjective optimization problem with equilibrium constraints and showed two
classes of multiobjective penalty problems are equivalent to the calmness condition, and
obtained a Mordukhovich stationary necessary optimality condition. Inspired by the ideas
reported in [17] and the set Q; used in [3,8,12-14,16,17], the main purpose of this work
is to study strong KKT conditions for nonsmooth multiobjective optimization problems (in
short, MOP) via the penalization method. We introduce a (MOP)-calmness condition with
order o > 0 at a local efficient (weak efficient) solution associated with the objective function
and the constraint system, and show that the (MOP)-calmness condition can be implied by
a error bound condition of the parametric form of the set ;. Moreover, we establish some
equivalent relationships between the exact penalization property with order ¢ > 0 and the
(MOP)-calmness condition. Based on the (MOP)-calmness condition with order 1, we obtain
strong KKT conditions for (MOP) in terms of the Clarke subdifferential. Finally, we obtain
that the generalized Mangasarian-Fromovitz constraint qualification, which is considered by
Golestani and Nobakhtian in [8] for multiobjective programming, implies the calmness of
multiobjective optimization problems in the case of smooth.

The outline of this paper is as follows. In Section 2, we recall some notions and prelimi-
nary results. In Section 3, the (MOP)-calmness condition for (MOP) and some relationships
between the exact penalization property and the (MOP)-calmness condition are presented.
The strong KKT conditions for (MOP) under the (MOP)-calmness condition with order
1 are given in Section 4, and we also derive that the generalized Mangasarian-Fromovitz
constraint qualification implies the calmness of multiobjective optimization problems in the
case of smooth in this part.

Preliminaries

Let R! be the I-dimensional Euclidean space. For Vo = (z1,...,7;) andy = (y1,...,y) € R},
we use the following notations

x =y, if x; = y;, for all 4,
x <y, if z; <y, for all 4,
x <y, if x; <y, for all 4,
<y, ifx <y, and x #y.

Since all norms on finite dimensional spaces are equivalent, we take specially the sum norm
on R” and the product space R™ x R™ for simplicity, that is, for all © = (z1,...,z,) € R",
we write [z = |o1| + [z2] + -+ + [2a], and for all (z,y) € R® x R™, [(2,9)] = [z + [ly].
As usual, we denote by x' the transposition of x, and (z,y) := 'y the inner product
of vectors z and y. In general, all vectors are viewed as column vectors and we denote
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by Bg~ the closed unit ball in R™, and B(Z,r) the open ball with center at Z and radius
r > 0 for any £ € R™. For a point  and a set C, the distance between them is denoted by
d(z,C) = inf.ec ||Z — ¢||. It is said that G : R™ — R is locally Lipschitz around Zz iff there
exist L > 0 and § > 0 such that |G(z) — G(y)| < L|jz — y|,Vz,y € B(Z,0), and G is locally
Lipschitz on A C R" if and only if G is Lipschitz around each T € A. For n,p,m,s € N, we
consider the following multiobjective optimization problem:

(MOP) min f(z)

s.t. g(z) 20,
h(z) =0,
z €K,
where f : R" — RF f(z) = (fi(@), f2(2),..., fp(2),g + R" — R7 g(x) =
(1(2), g2(x), ..., gm(x)), h : R = R* h(z) = (h1(z), ha(z),...,hs(x)) are vector-valued

maps and K is a nonempty and closed subset of R™.

Throughout this paper, we assume that the feasible set of (MOP), X := {x € R" | g(z)
0,h(z) = 0,z € K} is nonempty and f; (¢ € {1,2,...,p}), g, (4 € {1,2,...,m}), hy (k
{1,2,...,s}) are locally Lipschitz on X. Obviously, X is a closed subset of R™, note J(Z)
{i € {1,2,...,m} | g:(Z) = 0} is the index set of active constraints of ¢ at Z.

In the context of multiobjective optimization problems, an optimal solution that si-
multaneously minimizes all the objectives is usually not possible, so solutions are often
interchanged by efficient solutions and weak efficient solutions, now we give the definitions
as below.

T mIA

(

Definition 2.1. A point Z € X is said to be efficient for problem (MOP) iff there is no
x € X such that f(x) < f(Z). A point Z is said to be local efficient for problem (MOP) iff
there exists r > 0 such that there is no x € X NB(Z, ) such that f(z) < f(z).

Definition 2.2. A point Z € X is said to be weak efficient for problem (MOP) iff there is
no x € X such that f(z) < f(Z). A point Z is said to be local weak efficient for problem
(MOP) iff there exists r > 0 such that there is no z € X NB(Z, r) such that f(z) < f(Z).

Given a function ¢ : R®™ — R local Lipschitz around Z, we define its Clarke directional
derivative at T in the direction d by:

©°(Z;d) := limsup plu+td) — p(u)

’
u—Z,tl0 t

and the Clarke subdifferential of ¢ at Z is defined by:
dop(x) :={§ € R" | ¢°(Z;d) = (¢, d),vVd € R"}.

The Clarke subdifferential of ¢ is always convex, nonempty and compact.

Let A be a subset of R™ and z € A, we introduce the Clarke tangent cone and the Clarke
normal cone to A at Z:

The Clarke tangent cone to A at T is

Tc(A, z) :={v eR" | Vt, | 0,Va, — Z with z,, € A, Jv,, = v;x,, + tyv, € A, Vn}.
The Clarke normal cone to A at T is
N(A,z):={veR" | (w,v) <0,Vw e Tc(A,T)}.

Propositions 2.3 and 2.4 summarize some well-known properties of the Clarke subdiffer-
ential, which presented in [5].
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Proposition 2.3. If ¢ : R™ — R is locally Lipschitz around T, then
(i) For any o € R,0c(0p)(Z) = 00cp(Z).
(ii) If Z is a local minimizer of ¢ on D C R™, then 0 € dcp(Z) + N(D, ).

Proposition 2.4. Foralli € {1,2,...,n},p; : R™ = R be a locally Lipschitz function, then
(i) Be(S210)(@) C TI,d0i(a).

(ii) For the mazimum functional ¢ : R™ — R defined by p(z) := max{p;(z) | i =
1,2,...,n},z € R™. Then

dop(x) C cofOcpi() | i € 1(2)},

where I(Z) = {i € {1,2,...,n} | vi(Z) = ¢(T)}.

Exact Penalization, Calmness Condition for MOP

In this section, we focus our attention on establishing some equivalent properties between
a single objective exact penalization and a calmness condition, called (MOP)-calmness, for
(MOP). Simultaneously, we present that a local error bound condition associated with an
extension of the constraint system of (MOP), that is, a calmness condition of the parametric
form of the set @Q;, which used in [8,16,17], implies the (MOP)-calmness condition.

Fixed z € X, for every i € {1,2,...,p}, define Q;, which is called the extension of the
constraint system of (MOP), as below:

Qi = {1’ €K | g(x) g Ovh(x) = va](x) < fj(i.)vj = 1727"'7pandj 7&2}

Consider the following parametric form of the set Q; with parameter (u,v,y’) € R™+stp-1

f](w) er; g f](j)aj = 1727>pandj #Za
yl = (yiayév’"7yg—17yg+1a"'7y;)’

Denote the corresponding feasible set by

Qilu,v,y7) = {z € K | g(a)+u £ 0, h(z)+v = 0, f5(2)+y} < f5(2),j =1,2,...,pand j £ i}.
(3.1)
(MOP)-calmness plays an important role in this paper, which is crucial for the strong
KKT conditions of multiobjective optimization problems.

Definition 3.1. Given ¢ > 0 and T € X being a local efficient (resp. local weak efficient)
solution for (MOP), then (MOP) is said to be (MOP)-calm with order o at Z iff there exist
§ > 0 and M > 0 such that for every i € {1,2,...,p}, all (u,v,y*) € B(Ogm+str-1,0) and all
x € Q;i(u,v,y°) NB(Z,d), one has:

fi(@) + M||(u, 0, 9%)|7 > fi(@).
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Remark 3.2. Given ¢ > 0 and T € X being a local efficient (resp. local weak efficient)
solution for (MOP), we can also characterize the (MOP)-calmness condition by means of
sequences. (MOP) is (MOP)-calm with order o at Z if and only if there exists M > 0
such that for every i € {1,2,...,p}, every sequence {(ug,vy,y'*)} C R™Ts+tP~1 with
(g, Vg, ' *)) = Ogmistp—1 and every sequence {z} C K satisfying g(xp) +up < 0, h(xy) +
v =0, fj(zr) + y;-(k) < fi(@),j=1,2,...,p,j # 1 and x — Z, it holds that

film) + M| (ug, vp, y" )| > fi(@),

; i(k) ik i(k) ik i(k
where yi(*) = (yi( ),y;( ), . y;(_1)7y25_1), . ,y;( )).

According to Definition 3.1, (MOP)-calmness condition is not only depend on the ob-
jective function but also the constraint system. Now we propose the following local error
bound notion for (MOP) associated with the extension of the constraint system of (MOP).

Definition 3.3. Given o > 0 and Z € X, the extension of the constraint system of (MOP) is
said to be have a local error bound with order o at Z iff there exist 6 > 0 and M > 0 such that
foreveryi € {1,2,...,p}, all (u,v,4") € B(Ogm+s+p-1,)\{0} and all z € Q;(u,v,y*)NB(Z, ),
one has:

dl, Qi) < M| (u,v,5)]".

Remark 3.4. If p = 1, the Definition 3.3 reduces to that there exist 6 > 0 and M > 0
such that for all (u,v) € B(Ogm+s,0)\{0} and all x € Q(u,v) NB(Z,d), one has d(z,Q) <
M||(u,v)||?, where

Q= {r € K| g(x) £ 0,h(x) = 0},
Qlu,v,y) = {z € K | gla) + u < 0,h(z) +v = 0}.

Now we verify that the calmness of (MOP) can be implied by the error boundness of the
extension of the constraint system of (MOP).

Theorem 3.5. Let T € X be a local efficient solution for (MOP), if the extension of the
constraint system of (MOP) has a local error bound with order o at %, then (MOP) is
(MOP)-calm with order o at Z.

Proof. We consider two cases, respectively.

Case 1: (u,v,y*) = Ogm+stp-1. Since T € X is a local efficient solution for (MOP), then
for each i € {1,2,...,p}, for all z € Q;(u,v,y*) NB(Z,d) and § > 0 sufficiently small, we
have

filx) + M|[(u,v,9")|” = fi(z) > fi(2).

Case 2: (u,v,y") # Ogmtstp—1. We assume that (MOP) is not (MOP)-calm with or-
der o at Z. Then, there exists i € {1,2,...,p}, such that for every k € N, there exist
(ks Vi, y'®)) € B(0, £)\{Ogm-+s+r—1} and zy, € Qi (up, vy, y*®) N B(2, 1) satistying

Filwn) + k| (wr, v, " M)|7 = fi(z) < 0. (3.2)

Since @; is nonempty and closed, hence there exists a projection P(z,@;) of xx onto Q;
such that d(xy, Q;) = ||lzx — P(xr, Q:)| for all k € N. As (ug, vk, y*®)) — (Ogm, Ogs, Ogp—1),
Tk € Qi(uk, vk, y'™), then d(xy, Q;) — 0. Together with x;, — Z, it follows that

1P(zx, Qi) — Z|| < [|P(wk, Qi) — @kl + |z — Z|| = d(ax, Qi) + [lox — Z|| = 0.
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Combining with Z € X is a local efficient solution for (MOP), there exists N7 € N, such
that
fi(P(zg, Qi) — fi(x) >0,  Vk> Ny (3.3)

Moreover as f; is locally Lipschitz, there exist a constant L > 0 and N € N, such that
\filer) — filPlax, Qi) < Lllay — P(xy, Qi)ll, k= Na. (34)
Combining with (3.2) and (3.3), we have that for all &k > N,
Fi(P(an, Qi) = filwr) = fi(P(ar, Q) = fil®@) + fi(Z) = filar) > kllur, v, y' @7 > 0.

Further, in view of d(xy, Q;) = ||zx — Pz, Q;)|| and (3.4), we have

d(or, @) = o = Plon, Q) 2 7 1fi(ew) = fi(Plex, Qo)

k )
> 2 v, y™ )17, Vh > max{Ny, No}.

This is a contradiction to that (MOP) has a local error bound with order o at Z since
% — +OO7 (Ukuvkuyl(k)) 7é O]RererP*ly (uk7vk7yl(k)) — O]Rm+s+l"*17$k S Qi(ulﬁvk’yl(k)) and
T — T. O

Now we give an example to illustrate that the converse of Theorem 3.5 may not true.

Example 3.6. Forn=2p=2m=s=1K =[-2,2] x [-2,2],

|x1] —2<z; <-1b5orlb<x <2
fi(x) =
1.5 —-15<x; <15

and
2|£C2| —2<x9<—050r0.5<xy <2
fa(z) =
1 —0.5 <29 <0.5.

Consider the following multiobjective programming:

min f(x) = (fi(z), fo(x))

s.t. g(x) = |z1] + 22 <0,
h(z) = z1 + 2|z2| =0,
z e K.

Obviously, fi(z), fo(x),g(x) and h(x) are locally Lipschitz maps. The set of all efficient
solutions is given as S = {(x1,22) | ©1 = 2x2,—0.5 < 253 < 0}. Now we choose Z = (0,0)
and o = 2, by the definition of @);, we have

Qi(u,v,y") = {z € K | [a1] + w2+ u < 0,21 + 2[wa| + 0 =0, foz) +y' <1},
Q2(u,v,y%) ={x € K | |21| + 22 +u < 0,21 + 2|wo| +v =0, fi(x) +y* < 1.5}

For any 0 < 6 < 0.5 and M > 0, for each i € {1,2} and all (u,v,y’) € B(0,d) and all
x € Qi(u,v,9y") NB(Z, ), we have

fi(@) + M||(u, v, y")|* = fi(2),
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hence, (MOP)-calmness condition is satisfied for = (0, 0).
For i = 1 and every k € N, we just choose (ug,vg, y'*)) = (fi, fﬁ, ,i) € B(Ogs, %)
and & = (21, 42) = (55,0) € B(Z, 1), then
|71 |+ @ +up, <0, @1 + 20|+, =0, fo(@) +y* ) <1
are satisfied, thus € Q1 (ug, vg, y' ™) NB(Z, £). As
Qu={z € K ||z1]+ 22 < 0,31 +2[z2| = 0, fo(z) <1} = {(0,0)},

then d(Z,Q1) = g, together with kl|(uy,vx, y*®||?> = & and Definition 3.3, the (MOP)

does not have a local error bound with order 2 at .

Recall that a set-valued map ¥ : R® = R? is said to be calm with order ¢ > 0 at
(2,9) € gph¥ = {(x,y) € R* x R® | y € ¥(x)} iff there exist neighborhoods U of & and V
of ¢, and a real number ¢ > 0 such that

U(z) NV C (&) + |z — 2" Br., VzeU.

In the following proposition, we obtain two equivalent enumerates of the local error
bounds of the extension constraint system of (MOP).

Proposition 3.7. Suppose 0 > 0 and T € X. Then the following assertions are equivalent:
(i) The extension constraint system of (MOP) has a local error bound with order o at Z.

(ii) For everyi € {1,2,...,p}, the set-valued map Q; : R™MTTP=L = R"  defined in (3.1),
is calm with order o at (Ogm+s+p—1,T).

If o =1, then (i) and (ii) are also equivalent to (iii).

(iii) For every i € {1,2,...,p}, there exist M > 0,& > 0, for any x € B(Z, &), d(x,Q;) <
Md((g(z), h(zx), pi(z),z), R™ x {0}gs x R”™! x K) holds, where

pi(z) = (fi(z) = f1(@),..., fic1(2) = fii1 (), fi1(2) = fir1(Z), ..., fo(z) = fp(Z)).

Proof. (ii) = (i). For every i € {1,2,...,p}, by virtue of (ii), there exist B(Ogm+s+s-1,0),
a neighborhood of Ogm+s+»—1 and B(Z, ), a neighborhood of z and h > 0, for ¥(u,v,y*) €
B(Ogm+s+p-1,0), we have that

Qi(u7 v, yl) N B(‘%a 5) - QZ + hH(U, v, yi)HgsB]an
thus for x € B(z,6) N Q;(u,v,y'), we obtain
d(z, Qs) < hl|(u,v,y")]|°.

Thus (i) follows.

(i) = (ii). It is easy to verify that this proof is reversed of the former.

If 0 =1, let p(z) := (g9(x), h(x),p;(x),2). Now we choose 0 < & < ¢ such that ||p(z) —
p(z)|| < § for all z € B(Z, £), where ¢ refers to (iii). For arbitrary n € (0, §), there is some

(A1, A2, Az, Ag) € R™ x {0}gs x RP™! x K such that

— 9
Ip(2) = (A1, A2y A, M) | < d(p(a), RT x {0}re x RZTH x K) + 0 < ||p() — p(z)]| + 5 SE
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(1) = (111) For any x € B(i‘,é), since x € QZ((Al, A2, Ag, /\4) —p(x)) and (/\17 A2, Az, /\4) —
p(z) € B(0,¢), by (i), there exists M > 0 such that

d(z, Qi) < M|[(A1, A2, As, Aa) — p(a)|| < Md(p(x), R™ x {0}ze x RP™ x K) + M.
Taking into account that 7 is arbitrary, (iii) is obtained.

(iii) = (ii). For every z € B(Z,€) N Q;(u,v,y*), then g(z) +u < 0,h(x) +v =0, f;(z) +
y; < fi(@),j =1,2,...,p,j # i,x + O0rr € K, thus d(p(z),R” x {O}rs x R x K) <
1(u, v, 5%, Or )| = [I(w, v, 5")]l, so (i) follows.

In view of (i) < (ii), the proof is complete. O

Now we give the equivalent characterizations of two classes of penalty problems and the
(MOP)-calmness condition in the following theorem.

Theorem 3.8. Let T € X be a local efficient (resp. local weak efficient) solution for (MOP),
then the following assertions are equivalent:

(i) (MOP) is (MOP)-calm with order ¢ >0 at Z.

(ii) For eachi € {1,2,...,p}, there exist some p > 0 such that for any p > p, (Z,0pp-1) is
a local efficient (resp. local weak efficient) solution for the following penalty problem
with order o:

() min  fi(z) +plllg+ @) + [1h(2)] + Iyl
st fi(@)+yi < (3,5 =12,...p,§ #1,
reK,

where

g+(3§‘) = (max{gl (37)7 0}7 maX{g?(x)’ O}v AR max{gm(x), 0})7

Yy = (yL e 7?42'71»9241» R y;l))

(iii) For each i € {1,2,...,p}, there exist some i > 0 such that for any p > fi, T is a local
efficient (resp. local weak efficient) solution for the following penalty problem with

order o:
(I min  fi(2) + pllgs @)+ [R@)1+ Y 1(fi@) = £@)4]7
j=1,j#i

s.t. reK.

Proof. We only prove the case for T being a local weak efficient solution since the proof of
the case for T being a local efficient solution is similar.

(i) = (ii). Assume to the contrary that for every k € N, there exists 7 € {1,2,...,p},
(24, y'®) € B((Z,0pp1), 1) with @, € K and f;(zy,) + 4" < f;(2),j = 1,2,...,p,j # i
such that

Filwn) + Klllg+ (@)l + [h (i)l + Iy @] < fi(@). (3.5)
Taking up, = —g4(xx) and vy = —h(xy), then it follows that g(ag) + ux < 0, h(xg) + v =

0, fi(ar) + yi ™ < £(@),5 = 1,2,...,p,5 # 4, g1 (@) = |[ugl| and [|A(zx)] = ok, thus
zr € Q;(up, vy, y*®) for all k € N. And by (3.5), we have

Filar) + Kl (ur, vk, y"™)|7 < fi(2).
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As p — 7,9(%) < 0,h(z) = 0, (24, y"®) € B((Z,0p0-1), +), g and h are locally Lipschitz,
we have (ug, v, y"®)) = Ogmisip-1, 71 € B(Z, %) N Qi (ug, v, y**)), this is a contradiction
o (MOP)-calmness with order o > 0 of (MOP) at Z.

(ii) = (i). Suppose that (MOP) is not (MOP)-calm with order o > 0 at Z. Then
for every k € N, there exists i € {1,2,...,p}, (ug, v, y'®) € B(Ogmsetp-1, %) and z €
Qi (up, vy, y'*®) NB(z, 1) such that

filaw) + Kl (wp, o,y ™)|7 = fi(z) < 0. (3.6)

As g(xg) + up < 0,h(xg) + v, = 0, we have

A

g+ (@)l + [zl < llg(zr) = (9(2x) + we) | + [|P(zr) = (A(z) + vi)
[Jurl + [Joxl

Combining with (3.6), we obtain

Filon) + Flllg ()| + )+ 117 | |
Fi@n) + bl (s 0,y N7+ K[ (lg (o) + Bl + Iy 17 = gy v 5 ) )
Filon) + ol (s, ) |7 < fila).

IA

This shows that the penalty problem with order o does not admit a local exact penalization
at (z,0pp—1) since zx € Q;(ug, v, y'™) NB(Z, 1) and (zy,y'*) — (Z, Ogo—1).

(i)= (iii). Assume that for every k € N, there exist i € {1,2,...,p},a > 0 and x €
K NB(z, ), such that

P
filer) + klllgw @l + IRzl + Y- 1(fier) = £@)+1)7 < fi(2), (3.7)
J=1,j#1
and Z is a weak efficient solution for (MOP) in B(z, ;). Taking uy = —g(xy) and v, =

—h(zg). I fi(zk) > f;(T), take y7(k) fJ( Z) — fj(xy), otherwise take yz(k) = 0. As
g(xg) +ur < 0,h(zg) +vp =0, fj(xk)—f—yj < fi(&),j=1,2,...,p,j #iand z;, € K, thus

2k € Qilur, vy, y'™) for all k € N and |y;™| = [f;(zx) — ;@) = |(f;(2x) = ;@) 41,5 =
1,2,...,p,j #i. By (3.7), we have

A

Filar) + Kl (ur, vk, y ) < fi(@). (3-8)

As 2 — 7,9(Z) £ 0,h(Z) = 0, g and h are locally Lipschitz, we have (uy,vx,y"®) — 0,
together with k — +o00, ) € Q;(ug, vk, y*™), 2, — & and (3.8), then this is a contradiction
o (MOP)-calmness with order o > 0 of (MOP) at z.

(iii) = (i). Suppose that (MOP) is not (MOP)-calm with order o > 0 at Z. Then
for every k € N, there exist i € {1,2,...,p},a > 0, (ug,vp, y**®) € B(O,ﬁ) and x5 €
Qi(uk, v, y"™®) NB(Z, ) such that (3.6) holds and 7 is a weak efficient solution for (MOP)
mM%@AwﬁﬁM)fmmwmwmemm%ﬁmmwmmmm
g+ (i)l < llg(xr) = (9(zr) + ur)l| = lluxll and [|A(zx)[| = |lvk ], thus

p

g )l + el + D 1 (@r) = @)1 < e, vr, )17

J=1,5#i
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in view of (3.6), we obtain

filz) + klllg+ (@)l + [[A(zr)|| + Z |(fi(zr) = £(2))+1]7
j=1,j#i
= filwk) + kll (w, vie, ") + K[l (@)l + |2z

+ > i) = @)D = s, ves ' ™))
Jj=1,j#i
< fi(zk)+k||(ukvvk7yi(k))”a < fl(j)v

which implies that the penalty problem with order ¢ does not admit a local exact penaliza-
tion at Z since {z}} € K and x, — Z. O

Strong Karush-Kuhn-Tucker Conditions for (MOP)

In general nonlinear programming, we know that a calmness condition with order 1 can lead
to the KKT condition. Now we can obtain strong KKT condition for the multiobjective
optimization problem under the (MOP)-calmness condition with order 1.

Theorem 4.1 (Strong KKT conditions). Let T € X be a local weak efficient solution
for (MOP) and (MOP) is (MOP)-calm with order 1 at T, then there exist \; > 0 (j =
1,2,...,p),8; >0 (i=1,2,....m), € R (I=1,2,...,s) such that
p m s
0> Nocfi(@) + Y Bidegi(@) + > mdchi(z) + N(K,z),
j=1 i=1 =1

Bigi(z) =0, i=1,2,...,m.

Proof. Since z € X is a local weak efficient solution for (MOP) and (MOP) is (MOP)-calm
with order 1 at Z, together with (i) and (iii) of Theorem 3.8 , it follows that there exists
some fi > 0 such that for any p > fi,i € {1,2,...,p}, T is a local weak efficient solution for
(IT) with order 1. For simplicity, let the real-valued function I' : R” — R defined by

P
D(@) = llg+ @) + 1@l + Y [(fi(x) = fi(@)4], VoeR™
=1
Note that f;(i = 1,2,...,p),g,h are locally Lipschitz, so I' is locally Lipschitz and the
penalty function f;(-) + 4I(-) : R™ — R is also locally Lipschitz. By (ii) of Proposition 2.3,
we have

0 € dc(fi(r) + Al())(2) + N(K, z). (41)
In view of (i) of Proposition 2.3 and (i) of Proposition 2.4, we have
Ic(fi(-) + AL ())(@) C Oc fi(Z) + pOcT'(2) (4.2)
and
9cT'(@) C dcllg+()(@) + dcl|h()IN@) + 25, 2,0c1(fi(x) — f;()+(@). (4.3)
In view of (ii) of Proposition 2.4, for all i € {1,2,...,m}, we have

Oc max{0, g;(-)}(z) = {0 o : 8

[0,1]0cgi(z) if ¢i(7)
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and for all I € {1,2,...,s} and k € {1,2,...,p}, we have

do|h()(7) = [=1,1]dc (), (4.5)
de|(fe() = fu(2)+[(Z) = [0, Yde fr (7). (4.6)
Then we conclude from (4.3-4.6) that
OcT(@) < Y [0,10cgi(7) + Y [-1.Udchi(@) + Y [0,1)0cfi(x
i€3(z) 1=1 k=1,k#i

Together with (4.1) and (4.2), there exist Bj(i) > 0 with j € 3(z), ” € R and £9 >0
such that

0 €dofi(®) + A ) 5, ocg;(@ +Z’Yl()60hl Z £ 00 () + N(K, 7)

je3(x) =1 k=1,k#i

—ocfi@+i S 5;"0c () +uzw(>achl i Z V0 fu(@) + N(K, 7).
JjEI(Z) =1 k=1,k#i

Taking 5" > 0 with 8" = 43,7 € 3(z) and B = 0,5 € {1.2,....m}N\3(@), 1\ € R
with ’Yl(i) = i@, t,(ci) > 0 with t,(f) = 1", then we have

s p
0 € dofi(@ +Zﬁ( 9cg; (@) + 3 A och@) + Y tP0cfi(@) + N(K.7), (4.7)
=1 k=1,k#i
Bgix) =0, j=12,...,m. (4.8)

Summing (4.7) from ¢ = 1 to p, and together with the convexness of Clarke subdifferential,
we obtain
0 € A+t 4+e® 4.4 t§p>)8cf1(i:) + 1+t + ¢+ 8o fa ()
FA+ ) 687+ i) (@) 4+ (LD + t; o )0 £ (7)

m

+> Bi0cg;(T) + > mdchi(z) + N(K, z),

j=1 =1

where

p _ P
S8 =8, Yo =
' i=1

As 6](-1) >0,j € J(z) and B](z =0,5 € {1,2,...,m}\J(Z) and tfj) > 0, then for each ¢ €

(L2, ph =140t > 0,8, >0,j €3(2) and §; = 0,5 € {1,2,...,mN\I(@).
From above, we conclude that there exist A\; > 0 (1 = 1,2,...,p),5; >0 (j = 1,2,...,m)
and vy € R (I =1,2,...,s) such that

D€ S NICAE) -3 Bdeay () + 3 wehi(F) + N(K,7),

i=1 Jj=1 =1
ngj(i')zo, j:1727...7m

This completes the proof. |
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Remark 4.2. The (MOP)-calmness condition in [22] was defined as f(z)+M||(u,v,y")||%¢ &
f(&) —intRP, where e = {1,1,...,1} € intRP. Obviously, it is weaker than that in Definition
3.1. However, under the calmness condition in [22], the KKT conditions obtained are just
weak KKT conditions, in which some multipliers corresponding to the objective functions
may equal to zero.

We now present an example to verify the strong KKT conditions.

Example 4.3. Consider the multiobjective programming in Example 3.6.

Similarly to the analysis in Example 3.6, this problem is (MOP)-calm with order 1 at
Z = (0,0). And by the formulas of fi, f2, g, h and K, we obtain

dcg(@) = {(c,1) | ~1 < e<1},0ch(@) = {(L,e) | -2 < e<2)

and
dc f1(Z) = (0,0),dc f2(Z) = (0,0),(0,0) € N(K, T).

For (0,0) € N(K,z),(—1,1) € 0cg(Z), (1,—1) € Och(Z) and YA; > 0, A2 > 0, there exist
B8 =1,7=1 such that

Orz = A1(0,0) + A2(0,0) + B(—1,1) + (1, —1) 4 (0,0),
Bg(z) = 0.

Thus the strong KKT condition holds at z.

In view of Theorem 3.5, Proposition 3.7 and Theorem 4.1, we immediately obtain the
following result.

Corollary 4.4. LetT € X be a local efficient solution for (MOP). Suppose that the extension
constraint system of (MOP) has a local error bound with order 1 at T, or equivalently, the set-
valued map Q; : R™TsTP=L = R defined in (3.1), is calm with order 1 at (Ogm+stp—1,7),
or equivalently, (iii) of Proposition 3.7 is satisfied for T. Then there exist \; > 0 (j =
1,2,...,p),8; >0 (i=1,2,...,m) and vy e R (I =1,2,...,s) such that

P

0> Noefi@) + S Boeg (@) + 3 wchi(@) + N(K,2),
=1 i=1 =1

Bigi(z) =0, i=1,2,...,m.

As we all know, the no nonzero abnormal multiplier constraint qualification, which is
presented in [18], is very useful in optimization. In Fritz John conditions, it ensures the
multiplier of the objective function is positive for nonlinear programming. The following
notion is an extension of no nonzero abnormal multiplier constraint qualification. In the
following part, we assume that all emerging functions in (MOP) are smooth.

Definition 4.5. The generalized no nonzero abnormal multiplier constraint qualification
(GNNAMCQ) holds at z € X if for every i € {1,2,...,p}, there is no nonzero mul-

tlpher Yy = (57’7706) S R?rl+s+p—17 where ﬁ = (Blaﬁ?w"vﬁm%r}/ = (’Y17727"'a78)7a =
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(041, A2, (3, 0o oy O T, g1y e e ey Ozp) such that
m s p
0> BiVa@ +> %Vhi@) + Y. oaxVii(z)+ N(K,z),
i=1 j=1 k=1,k#i

Bi >0, i=1,2,....m,
v ER, j=1,2...,s
ap >0, k=1,2,...pk+i,
Bigi(T) =0, i=1,2,...,m.

Now we are in the position to compare GNNAMCQ and the error bound condition of
(MOP), next lemma states that the former implies the latter.

Lemma 4.6. Suppose that all emerging functions in (MOP) are smooth and GNNAMCQ
holds at T € X. Then there exist 6 > 0 and k > 0 such that

d(vai> < nd((g(m),h(x),pi(x),x),RT X {O}RS X Rgil X K)7
where
pi(z) = (fi(@)=f1(2), f2(x) = f2(Z), . . ., fic1 (@)= fim1 (D), fin1(2) = fi2 (), - . o, (@)= fu(T)).

Proof. Let p(z) := (g(z), h(z),pi(z),z), define S(x) := p(z) — R” x {0}gs x RP™' x K,
then its inverse be S™'(u) = {z | u € S(x)}. Obviously, S7}(0) = {z | p(z) € R™ x
{0}gs x RP™! x K} = Q. Since the GNNAMCQ holds at Z € X, it follows from [18] (or
the Mordukhovich criterion) that there exist 6; > 0,¢ > 0 such that

d(xz, S (u)) < ld(u, S(z)), Va € B(z,d),Yu € B(0,d).
Therefore, there exists 0 < k < £ such that
d(z,S™(u)) < kd(u, S(x)), Va € B(z,d),Yu € B(0,d,),
and the desired result is obtained by setting u = 0. a

Remark 4.7. Suppose T € X is a local efficient solution of (MOP), in view of Lemma 4.6,
Proposition 3.7 and Theorem 3.5, the following implication holds true:

GNNAMCQ holds at Z = (MOP) is (MOP)-calm at Z with order 1.

Now we say that the generalized Mangasarian-Fromovitz constraint qualification for
(MOP), which is presented in [8] for nonsmooth multiobjective programming problems,
holds at z if the following statements hold:

(i) 0€ 7, e Vhi(7) + N(K,7) = v =0,
(i) (F)*NG NH NTe(K,z)#0,fori=1,2,....p,

where F! = Uje{1727“_,p},#inj(:f:),G = Ujea(i)ng(f),H = (Uke{1727.,,78}th(;f))U
(Ukeqr,2,...,s} V(=hi)(Z)) and for a set C C R", the C~ and C® are the negative polar
and strictly negative polar of C, defined respectively by

C™ :={£eR"{v) <0,Yv e C},
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C* = {¢ e R"|(&,v) < 0,Yv € C}.

n [8], Golestani and Nobakhtian present the strong KKT condition for (MOP) under the
generalized Mangasarian-Fromovitz constraint qualification. Now we are in the position to
compare the generalized Mangasarian-Fromovitz constraint qualification and the calmness
condition of (MOP) when all emerging functions in (MOP) are smooth.

Theorem 4.8. Suppose T € X and the generalized Mangasarian-Fromovitz constraint qual-
ification is satisfied. Then GNNAMCQ is hold at T.

Proof. Suppose to the contrary that the GNNAMCQ does not hold at Z, this yields that
there exists nonzero multiplier (pu,v,\) € R™TstP=1 " where pu = (1, f2,- -, fm),V =
(v1,v2,...,vs) and A = (A1, A2, ..., Ai—1, Aig1, -+ -, Ap), such that

0> mVag(z) + ZVthk Z AV [i(Z) + N(K, 2),

1=1 k=1 G=1,j#i
w >0, 1=1,2,...,m,
meeR, k=1,2,... s,
X220, 7=1,2,...,p,5 #1,
wa(z) =0, 1=1,2,....m

By (ii) of the generalized Mangasarian-Fromovitz constraint qualification, there exists
n € Tc(K, Z) such that

< VfJ(ZL')><0, j€{1727"'7p}7j7éi7
(n,Vg;()) <0, j€J(@),

(n, th(x)) =0, ke{l,2,...m,
(n,d) <0, de N(K,z).

As g () = 0,1 =1,2,...,m, thus 1y = 0,1 € {1,2,...,m}\J(Z). And we have that there
exists d € N(K, Z) such that

mZngl +Zukwk Z AV f(Z) +d) = 0. (4.9)

J=1,j#i
From the above, we obtain A\; =0,5 =1,...,p,7 # ¢, = 0,0 =1,...,m. Thus we have
0¢e Zkahk z)+ N(K,z),
k=1

in view of (i) of the generalized Mangasarian-Fromovitz constraint qualification, we get
v, =0,k =1,...,m, thus we have a contradiction to (u, v, A) # Ogm+s+r—1, S0 GNNAMCQ
holds at Z. U

Sometimes, for z € X, the GNNAMCQ is satisfied, but the generalized Mangasarian-
Fromovitz constraint qualification does not hold at Z.
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Example 4.9. Forn=2,p=2,m=s=1,K = R?,

The set of all efficient solutions is given as S = {(z1,22) | 1 = 1‘2,—% < z; < 0}
Now we choose = (—%,—1). By the information of fi, f2,g,h, K, we have Vf1(z) =
(3,0), Vfo(z) = (0,—3),Vg(z) = (0,1), VR(2) = (1,-1) and N(K,z) = (0,0). It is easy to
verify that the GNNAMCQ is satisfied.

As (FY)s = {(x1,22) | 21 < 0},G* = 0, H™ = {(x1,22) | 21 — 22 = 0}, then we have

(FY)*NG*NH™NTc(K,z) = 0, that is, the generalized Mangasarian-Fromovitz constraint
qualification is not satisfied.

Remark 4.10. Suppose Z € X is a local efficient solution of (MOP), in view of Remark 4.7
and Theorem 4.8, we have the following implications:

For z € X, the generalized Mangasarian-Fromovitz constraint qualification is satisfied
= GNNAMCQ holds at &
= (MOP) is (MOP)-calm at Z with order 1.
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