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Abstract: We show solution-existence and develop algorithms for solving strongly pseudomonotone equilib-
rium problems in real Hilbert spaces. We study convergence rate for the proposed algorithms. Application
to variational inequalities is discussed.
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Introduction

Throughout the paper, we suppose that H is a real Hilbert space endowed with weak topology
defined by the inner product {.,.) and its reduced norm ||.|.” Let C' C H be a nonempty
closed convex subset and f : C' x C' — IR be a bifunction satisfying f(x,z) = 0 for every
xz € C. As usual we call such a bifunction an equilibrium bifunction. We consider the
following equilibrium problem defined as

Find z* € C: f(z",2) >0 Va € C. (EP)

This inequality was first used by Nikaido and Isoda in [20] for noncooperative game. After
the publication of the paper by Blum and Oettli [5], Problem (EP) has attracted many
attention and a large number of articles on this problem have been published (see. e.g. the
monograph [14] and survey paper [4] and the references therein).

An interesting feature of Problem (EP) is that, although having a very simple formu-
lation, it gives a unified formulation for some important problems such as optimization
problems, saddle point, variational inequalities, Kakutani fixed point and Nash equilibria,
in the sense that it includes these problems as particular cases (see for instance [4,5,7,18]).

An important approach for solving Problem (EP) is the auxiliary principle. This principle
was first proposed by Cohen for optimization problem. Then it was used for variational
inequalities [7,11], and further extended to monotone equilibrium problems [17,19,21]. In
an algorithm based upon the auxiliary principle, at each iteration k, it requires to solve a
strongly convex minimization subproblem. Under suitable conditions, such an algorithm is
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convergent for strongly monotone problems, however it may fail to converge for monotone
ones. In the latter case the extragradient (double projection) method, first proposed by
Korpelevich [15], can be used to ensure the convergence (see e.g. [23,24,26]).

The concept of strongly pseudomonotone operator, to our best knowledge, has been
introduced by Fagouq in [8] and recently studied in [13]. This notion then has been extended
to bifunctions.

The aim of this paper is first to show the solution existence, then to use the auxil-
iary problem principle to develop three algorithms for solving strongly pseudomonotone
equilibrium problem (EP) and to investigate their convergence rate. Thanks to strong pseu-
domonotonicity, the proposed algorithms require, at each iteration, to solve only one strongly
convex program, rather than two programs as in an extragradient algorithm for monotone
and pseudomonotone equilibrium problems. Moreover, linear convergence is obtained for
the first algorithm, and in the last algorithm, the moving direction does not take only the
objective bifunction, but also the feasible domain into account.

The paper is organized as follows. The next section contains preliminaries. The third
section is devoted to existence solution for strongly pseudomonotone equilibrium problems.
In the last section we describe three algorithms for solving strongly pseudomonotone equi-
librium problems and discuss their convergence rate.

Preliminaries
We recall the following well-known definition on monotonicity (see e.g. [2]).
Definition 2.1. A bifunction f: C x C' — R is said to be

(i) strongly monotone on C' with modulus 8 > 0 (shortly S-strongly monotone) if
fe,y) + fly, ) < =Blly —=||*, Va,y € C;

(ii) monotone on C if
f@y)+ fly,z) <0, Va,yel;

(iii) strongly pseudomonotone on C' with modulus 8 > 0 (shortly S-strongly pseudomono-
tone) if
flz,y) > 0= f(y,2) < —Blly —=[*, Va,y€C;

(iv) pseudomonotone on C' if

flx,y) >0 = f(y,z) <0, Va,yeC.

Note that a strongly pseudomonotone bifunction may not be monotone (see the example
at the end of Section 4).
The following blanket assumptions will be used for the bifunction f: C x C' — R:

(A1) f(.,y) is upper semicontinuous for each y € C}
(A2) f(z,.) is closed, convex and subdifferentiable on C' for each = € C;

(A2a) f(z,.) is closed, convex on C for each x € C.
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Note that under Assumption (A2a) the function f(x,.) may not be subdifferentiable on
C, but it is e-subdifferentiable on C for every € > 0.
The following Lipschitz-type condition introduced in [17] will be used in the sequel.

3Ly, Ly > 0: f(z,y) + f(y,2) > f(z,2) — Ly||lx — y||2 — Lolly — z||2, Va,y,z€ C (2.1)

It is clear that for optimization problem mingec ¢(z), the bifunction f(z,y) = ¢(y) —
©(x) has property (2.1) for any function ¢ defined on C.

Furthermore, for the variational inequality case when f(x,y) := (F(x),y — x) with F :
C — H, it is not hard to show (see e.g. [23]) that if F’ is Lipschitz on C with constant L > 0,
then for any p > 0 one has

Lu L
f(-T7y) +f(yaz> > f(.’IT,Z) - 7”‘%_ yH2 - ﬂ”y_ Z||27 vxayaz € Ca

that is f satisfies the Lipschitz-type condition (2.1) with Ly = % and Lo = i

Solution Existence

In this section we show that a strongly pseudomonotone equilibrium problem always admits
a solution. The following lemma, that will be used to prove Proposition 3.2 below, is a direct
consequence of Theorem 3.2 in [3].

Lemma 3.1. Let f : C x C — IR be an equilibrium bifunction such that f(.,y) is hemicon-
tinuous for each y € C and f(x,.) is lower semicontinuous convex for each x € C. Suppose
that the following coercivity condition holds

3 compact set W: (Vexe C\W, Jye C: f(z,y) <0).
Then the equilibrium problem (EP) has a solution.
The following result seems has not been appeared in the literature.

Proposition 3.2. Suppose that f is 3-strongly pseudomonotone on C, then under Assump-
tions (A1) and (A2a), Problem (EP) has a unique solution.

Proof. First, suppose that C is unbounded. Then by Lemma 3.1 it is sufficiency to prove
the following coercivity condition:

3 closed ball B: (Vx € C\ B, Jye CNB: f(z,y) <0). (C0)

Indeed, otherwise, for every closed ball B, around 0 with radius r, there exists " € C'\ B,
such that f(z,y) > 0Vy € CN B,.

Fix 79 > 0, then for every r > 7, there exists 2" € C'\ B, such that f(z",5°) > 0 with
y? € C'N B,,. Thus, since f is 3- strongly pseudomonotone, we have

F°,a") + Blla" — y°|I* < 0 vr. (3.1)

On the other hand, since C is convex and f(y°,.) is convex on C, for €, := 1/r, it is
well known from convex analysis that there exists 20 € C such that 95" f(y°, 2°) # (), where
057 f(y°, 2%) stands for the e,-subdifferential of the convex function f(y°,.) at z°. Take
w* € 95 f(y°, 2°), by definition of €,- subgradient one has

F@0x) +1/r > (w',z —a°%) + f(y°,2°) Va.
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With z = z" it yields
F@0 )+ Blla” = 40112+ 1/r = Fy°, %) + (w*, 2" — 2°) + Bl|la” — y°|?

> [y, 2%) — w*lllla" — 2l + Blla” — y°|I*.

Letting r — oo, since ||z"|| — oo, we obtain f(y°,2") + B|lz" — 3°||> — oo which
contradicts (3.1). Thus the coercivity condition (C0) must hold true. Then by virtue of
Lemma 3.1, Problem (EP) admits a solution.

In the case when C'is bounded, the proposition is a consequence of Ky Fan’s theorem [9].

The uniqueness of the solution is immediate from the strong pseudomonotonicity of

1. O

We recall [10] that an operator F' : C' — H is said to be strongly pseudomonotone on C
with modulus S > 0, shortly $-strongly pseudomonotone, if

(F(z),y —x) > 0= (F(y),y — ) > Blly — z|* Va,y € C.
In order to apply the above proposition to the variational inequality problem
Find z* € C : (F(z%),y —z*) > 0 Yy € C, (VI)
where F' is a strongly pseudomonotne operator on C, we define the bifunction f by taking
fa,y) = (Fla),y —a). (3:2)

It is obvious that z* is a solution of (VI) if and only if it is a solution of Problem (EP)
with f defined by (3.2). Moreover, it is easy to see that F' is S-strongly pseudomonotone
and upper semicontinuous on C'if and only if so is f. The following solution existence result
is an immediate consequence of Proposition 3.2.

Corollary 3.3. Suppose that F is hemicontinuous and strongly pseudomonotone on C.
Then variational inequality problem (VI) has a unique solution.

Algorithms and Their Convergence Rate

Following the auxiliary problem principle, for each x € C, we define the mapping s by taking
. 1
s(x) = argmin{ pf (@,9) + 3 |y — =/} (4.1)
yel

where p > 0. Since f(z,.) is closed, convex on the closed, convex set C, the mapping s is
well- defined.
The following well-known lemma will be used in the sequel.

Lemma 4.1 ([17]). Let s be defined by (4.1). Then, under Assumptions (Al), (A2), z* is
a solution of (EP) if and only if x* = s(x*).
A Linearly Convergent Algorithm

We recall that a sequence {z*} strongly linearly converges to z* if there exists a number
t € (0,1) and an index kg such that ||z5T1 — 2*| < t||2% — 2*|| for every k > k.
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Proposition 4.2. Suppose that f is strongly pseudomonotone on C' with modulus 5. Then
under Assumptions (A1), (A2) and the Lipschitz-type condition (2.1), for any starting point
20 € O, the sequence {x*}r>¢ defined by

. 1
41 = argmin{ pf(a",y) + 5 lly — 2%} (4.2)
yel
satisfies
[1+2p(8 — Lo)l|lz"** — 2*|* < [|l2* — 2*||? (4.3)

1
provided 0 < p < CY where x* denotes the unique solution of (EP).
1

Proof. For each k > 0, for simplicity of notation, let

i) = pf (k) + Sl — M2 (19

By Assumption (A2), the function f is strongly convex with modulus 1 and subdiffer-
entiable, which implies

1
Fre(@F ) + (g% x — 2Py 4 §||:v — "2 < fr(x), Vel (4.5)

for any ¢ € Ofy(x*+1). Since z**1 is defined by (4.2), using the optimality condition for
convex programming, we have 0 € 9f;,(z**1) + Ng(2*+1), which implies that there exists
—gk € No(z*+1) such that (gF, 2 — 2F1) > 0, Vo € C. Hence, from (4.5), it follows that

1
fr(z®) + §||sc — 22 < fr(z), Vzed. (4.6)
Replacing = z* in (4.6) and using the definition (4.4) of fi we get
" —a* |” < fla® — 2|2 + 20[f (a*, 27) — f(a*, 2" 1] — |t — b2, (4.7)

Applying the Lipschitz-type condition (2.1) with z = z*,y = 2**1 2 = 2*, we obtain
f(xk,ka) + f(:vk+1,x*) > f(a:k,x*) _ L1||$Uk _ $k+1||2 _ Lzllwk—i-l _ l'*||2
= fla®,a) = fa® M) < fatat) + Lyl = aF )P Lyl — a2 (4.8)

Since x* is a solution of (EP), f(z*,2**') > 0.Then, by the strong pseudomonotonicity

of f, we have
f(a:k+1,x*) < —B||Jck'|r1 — 2|2 (4.9)

From (4.8) and (4.9), it follows that

fah,a®) = fah, ™) < BT =P+ Lofla® — 2P 4 Lyl — 2|2

= —(B—Ly)[a"" —a*||” + Ly |2 ! — 2F|2 (4.10)
Replacing (4.10) to (4.7), by the choice of p, we can write

2™ =] < fla® =2+ 2p[=(8 = La)ll2* Tt = a*|* + Ly |2t — 2]

”xk-i-l o kaZ
& [1+20(8 = Lo)l2™*! —a*|> < la® —a™|® — (1 = 2pLy) 2"+ —2*||
S

The proposition is thus proved. O
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Based upon Proposition 4.2 we can develop the following linearly convergent algorithm
for strongly pseudomonotone problems satisfying the Lipschitz-type condition (2.1). As
usual, we call a point x € C an e-solution to (EP) if ||2* — 2*|| < &, where * is the exact
solution of (E'P).

1
Algorithm 4.3. Choose a tolerance ¢ > 0 and 0 < p < —

2L
Take z° € C and k = 0.
Step 1: Solve the strongly convex program

. 1
min { pf(a*,9) + S lly —a** s 2 € C}

to obtain its unique solution z**1.

1
Step 2: If a

|2+t — 2*|| < & where a = , then terminate: x
11—« 1+ 2p(8 — Lo)
an e-solution to (EP). Otherwise let k < k + 1 and go to Step 1.

k+1

is

Note that for variational inequality (VI), when f(x,y) := (F(z),y — ), solving the
strongly convex program in Step 1 amounts to computing the projection of the vector z* —
LF(2%) onto C, that is 2%+ = Po(a* — %F(xk))

The following convergence result is immediate from Proposition 4.2.

1
Theorem 4.4. Suppose that Ly < 3 and 0 < p < ST Then the sequence {x*} generated
1

by Algorithm 4.3 converges linearly to the unique solution x* of (EP) and we have the
estimation

k
ot ) < 2

1 O”

. VE>0 (4.11)

1
where a = € (0,1).
200 L)

An Algorithm without Knowledge of Lipschitz Constants

Algorithm 4.3 has a disadvantage that, for determining the regularization p, it requires
knowing Lipschitz constants in advance. Algorithm 4.5 below can avoid this disadvantage.
However it should be mentioned that although this algorithm does not require to know
the Lipschitz constants, it now requires the use of stepsizes converging to 0, which may be
viewed as a practical disadvantage.

Algorithm 4.5. Initialization: Choose a tolerance € > 0 and a sequence {px }r>0 C (0, 00)
of positive numbers satisfying

E Pr = 00, lim pp, =0
k—o0
k=0

Take 2 € C and k = 0.
Step 1: Solve the strongly convex program

1 2
. k Lok
ngg{pkf(x )+ 5ly—atl }
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to obtain its unique solution z**1.
If |2kt — 2| < ¢, terminate. Otherwise, increase k by 1 and go back to Step 1.

The convergence of {z*} can be stated as follows.

Theorem 4.6. Suppose that f is B-strongly pseudomonotone on C' and satisfies Assump-
tions (A1), (A2), and the Lipschitz-type condition (2.1) with Ly < 3. Let {x*}1>0 be the
sequence generated by Algorithm 4.5 and x* be the unique solution of (EP). Then there
exists an inder kg € N such that for each k > kg, one has

1
lz*+ — 2™ <

< - [|zFo — z*||. (4.12)
VT (1 +204(8 — Lo)]

In addition, it holds that

1
lim =0, (4.13)

Foe T (1 + 20k(8 — Lo)

and therefore {x*} converges strongly to z*.
Proof. Using the same argument as in the above proof, for each k we have
[1+2pk(8 — La)] [l — 2*|” < [|l2* — 2*||* = (1 = 2ppLy) 2"+ — 2|2
Since limy_, o pr = 0, there exists kg € N such that 1 — 2pL; > 0,Vk > kqo. Hence
1+ 200(8 — Lo)] [ = 2*|2 < [la* — 2P ¥k > ko,
which implies

1

e+t — 2 <
L+ 20(8 — L)

% —2*|| V& > ko.

Hence

1
o — o)) < ——
VITE s, [+ 2048 — Lo)]
To see (4.13), we let o := 2pp(8 — La) > 0,then

Y ar=2(8-Ly) Y pr=0x,

l*e — 2.

k=ko k=ko
which implies
1 1
T < % — 0, as k — oo.
Hi:ko(l + ai) 1+ Zi:k‘g Q;

Thus from (4.12) we see that 2% — z* as k — oo. O

The following example shows that Algorithm 4.5 is not linearly convergent. Let C' =
H =R and f(x,y) = 2(y — z). Clearly, f(z,y) is 1-strongly monotone on C and satisfies

the Lipschitz-type condition with Ly = Lo = 5 Problem (EP) has a unique solution
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z* = 0. Let {pr}r>0 C (0,1) such that p, — 0 as k — oco. Starting from any point z° # 0.
According to the algorithm

) 1
$k+1 — argmln{pkf(l'k,y) + iHy - kaQ}

yel

. 1
= argmin{ pra*(y — 2*) + Sy — 2|2} = (1 = pu)a*.
yeC

which together with limy_,o pr = 0 and ¥ # 0 for all k& € N, imply that {z*} does not
converge linearly to the unique solution z* = 0.
An Algorithm without Lipschitz Condition

Algorithm 4.5 above does not require to know the Lipschitz constants in advance, but its
convergence needs the Lipschitz-type condition. In this subsection we propose a strongly
convergent algorithm which does not require f to satisfy the Lipschitz-type condition.

The following well-known lemma will be used to prove the convergence result.

Lemma 4.7. Suppose that {ar}5° is an infinite sequence of positive numbers satisfying
g1 < ag + & Yk,
with Y pe g & < 0o. Then the sequence {ay} is convergent.

Algorithm 4.8. Initialization: Set ' € C, choose a tolerance € > 0 and a sequence {py}
of positive numbers such that

Zpk = 00, sz < 00. (4.14)
k=1 k=1
Let k£ :=1.
Step 1 (Finding a moving direction) Find g* € H such that
F@® y) + (g" 2% —y) > —pp Wy € C, (4.15)

a) If gk =0 and pi < €, terminate: 2F is an e-solution.

b) If g¥ = 0 and pp > ¢, go back to Step 1 where k is replaced by k -+ 1.
c¢) Otherwise, execute Step 2.

Step 2 (Projection)

Compute ¥+ := Po (2% — prg").

a) If 2kt = zF and pr < €, terminate: z” is an e-solution.

b) Otherwise, go back to Step 1 where k is replaced by k -+ 1.

k

Theorem 4.9. Suppose that Assumptions (A1) and (A2a) are satisfied. Then
(i) if the algorithm terminates at iteration k, x* is an e-solution.

(ii) It holds that
a1 — 2|2 < (1= 280)la* — (12 + 2% + o3 "2 V. (116)

where x* is the unique solution of (EP). Furthermore, if the algorithm does not terminate,
then the sequence {x*} strongly converges to the solution x* provided {g*} is bounded.
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Proof. (i) If the algorithm terminates at Step 1, then ¢g* = 0 and pp < e. Then, by (4.15),
f(a* y) > —pr > —e for every y € C. Hence, z* is an e solution. If the algorithm
terminates at Step 2, by the same way, one can see that z* is an e- solution

ii) Since z**t! = Po(x* — prg*), one has
(i) Prg
2"+ =2 ||* < [|la* — prg® — 27|
kw2 k ok 20 k|2 (4.17)
= ||z —2"|" = 2o (9", 2" — =) + pillg"[I”.
Applying (4.15) with y = 2* we obtain
f(mk"r*) + <gk’$k —z%) > —pg,
which implies
(g 2t — ) < flah o) + e (118)
Then it follows from (4.17) that
a4 =2 < ok — o2+ 200 (@R, 0 4 ) + RIS (419)

Since z* is the solution, f(z*,2*) > 0, it follows from the S-strong pseudomonotonicity
of f that
flab a) < —pl|la* — 2%

Combining the last inequality with (4.19) we obtain
5t — 2| < [la® — 2™ = 2Bpklla® — 2™ + 20} + pillg" 17

* (4.20)
= (1— 2Bps)||lz* — 2*)|® + 20} + p2]lg" %

Now suppose that the algorithm does not terminate, and that ||g*|| < C for every k.
Then it follows from (4.20) that
lz** = 2| < (1= 28pe) a* — 2™ 1> + (2 + C*)p}

] ) (4.21)
= [l —2*|* = Mell=® — 2*)1? + (2 + C®)

where \j, := 283py,. Since Y 7o, p? < 0o, by virtue of Lemma 4.7, we can conclude that the
sequence {||z* — z*||2} is convergent. In order to prove that the limit of this sequence is 0,
we apply inequality (4.21) for k =1,...,5 + 1 and sum up it from 1 to j + 1 to obtain

j i
a7+ — 2| < et =P = 0 Aelle® = 2P+ (24 C%) Y i,
k=1 k=1

which implies

<.

J
la*t =P+ 3 Mella® P < et -t P24 O Yo pF (422)
k=1 k=1

Since A\, := 28pg, we have

> N =28) pr=occ. (4.23)
k=1

k=1

Note that {z7} is bounded and that Y .-, p7 < oo we can deduce from (4.22) and (4.23)
that [|27 — 2*[|? — 0 as j — oo. O
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The algorithm described above can be regarded as an extension of the one in [25] in a
Hilbert space setting. The main difference lies in the determination of g* given by formula
(4.15). This formula is motivated by the projection-descent method in optimization, where
a moving direction must be both descent and feasible. Such a direction thus involves both
the objective function and the feasible domain. In fact moving directions defined by (4.15)
rely not only upon the gradient or a subgradient as in [25] and other projection algorithms
for equilibrium problems, but also upon the feasible set.

Remark 4.10. (i) It is obvious that if g* is a pp-subgradient of the convex function f(z*,.)
at o then g* satisfies (4.15).
When my, := infycc f(zF y) > —o0, it is easy to see that if g* is any vector satisfying

(gk,y—xk> <my + pp =t Yy € C,

i.e., g* is a vector in tx-normal set N (z*) of C at 2*, then (4.15) holds true.
(ii) For variational inequality (VI) with f(x,y) defined by (3.2), the formula (4.15) takes
the form
(F(a*),y —a*) + (g" 2" —y) > —pr Wy € C, (4.24)

which means that g¥ — F(2*) € N&*(2*), where NZF(z¥) denotes the py-normal set of C' at
z*, that is
NEF(@F) = {w : (wh,y — 2%) < pp Yy € C}.

Remark 4.11. If f is jointly continuous on an open set A x A containing C' x C, then {g*}
is bounded whenever €, — 0 (see e.g. Proposition 3.4 in [26]). In the case of variational
inequality (VI) with f(z,y) defined by (3.2), if g* = F(2*) and F is continuous, then {g*}
is bounded if so is {x*}.

By using the same example as at the end of the previous section we can see that Algorithm
4.8 is not linearly convergent.

We close the paper with an example for strongly pseudomonotone bifunction which is
not monotone.

For 0 <r < R,let C = B(r) :={x € H :|z|| < r} and define f by taking

f(z,y) = h(z,y) + (R — [|=|)g(=,v),

where h and g satisfy the following conditions:

(i) h(z,y) <0 Vz,y € C and g is f-strongly monotone on C;

(ii) 3y° € C: h(0,4°) + h(y°,0) = 0 and Rg(0,y°) + (R — [l°[)g(y°,0) > 0.

To see that f is strongly pseudomonotone on C, we suppose that f(x,y) > 0. Then,
since h(z,y) < 0, one has g(z,y) > 0, which, by strong monotonicity of g, implies that
g(y,z) < —B|lz — y||*. Then, by definition of f(y,z) we have

Fly, @) = hy, =) + (R = llyl)g(y, 2) < =(R=1)Blly — z|* Yo,y € C.

Hence f is strongly pseudomonotone on C'.
To see that f is not monotone on C' we use (ii) to get

F0,9°) + £(4°,0) = h(0,3°) + Rg(0,3°) + h(y°,0) + (R — [l°[))g(y°,0) > 0.

Thus f is not monotone.
A concrete example for bifunctions g and h that satisfy conditions (i) and (ii) is

g(z,y) = (z,y — x) + m(|Jy||* — ||z||*) with m > 0
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h(z,y) = (x—y) Aly — x)

with A : H — H being a singular linear operator satisfying h(z,y) < 0 for every z,y € C.
Clearly, g is strongly monotone for every m > 0. It is easy to verify that

R
+1

Rg(0,y) + (R = [lyl)g(y,0) = [ mR — (m + 1)R + (m + 1)yll ] [yl
= [(m +D)llyll - Rllly[I*.

Thus, if m > £="_ then condition (ii) is satisfied for every y° € C' = B(r) with [|y°|| >

T

, and (y°)7 Ay° = 0.

Conclusion

We have shown solution-existence and developed three algorithms for strongly pseudomono-
tone equilibrium problems with and without Lipschitz-type condition. The proposed algo-
rithms require solving, at each iteration, only one strongly convex program rather than two
as in extragradient algorithms for monotone and pseudomonotone equilibrium problems.
Convergence rate has been studied.
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