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A HYBRID NONLINEAR CONJUGATE GRADIENT METHOD
FOR UNCONSTRAINED OPTIMIZATION PROBLEMS

P. KAELO

Abstract: In this article, we propose a hybrid conjugate gradient method for solving unconstrained opti-
mization problems that possesses the sufficient descent condition. Global convergence, with the weak Wolfe
line search conditions, of the proposed hybrid conjugate gradient method is also established. Numerical
results of the new hybrid method show that the proposed method is very competitive.
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Introduction

Consider the unconstrained optimization problem
min{ f(z) : z € R"}, ' (1.1)

ISSN 13¢8:925¢ @nols Rakoham Bghlishely differentiable function. Conjugate gradient method is a
very powerful technique for solving problem (1.1), particularly when it is of larger scale. It
has advantages over Newton and quasi-Newton methods in that it only needs the first order
derivatives and hence less storage capacity is needed. Its program is also relatively simple.

Given an initial guess zp € R"™, the nonlinear conjugate gradient method generates a
sequence {xy} for problem (1.1) as

Tl+41 :Ik+akdka k:071727"'7 (12)

where o, is a step length which is determined by a line search and dj is a descent direction
of f at xj generated as

_ — Gk, if k= O’
I = { —gk + Brdp—1, if k>1, (1.3)

where g = V f(z) is the gradient of f at xj and S is a scalar.
Different choices of the scalar 5 lead to different conjugate gradient methods, with well
known formulas for f3;, being Fletcher-Reeves (FR) method [13]

gk l?
Br = 17—,
llgr—1]I?
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Polak-Ribiére-Polyak (PRP) method [24, 25]

By = g,fyk_l
gr—1][*’
Dai-Yuan (DY) method [8]
2
o, = sl
dk_lykfl

and the Hestenes-Stiefel (HS) method [16]

- g,fyk_l
Br = —F—,
dk_lyk—l
where yr—1 = gr — gr—1 and || - || denotes the Euclidean norm of vectors. These were

the first scalars Bj for nonlinear conjugate gradient methods to be proposed. Since then,
other scalars ; have been proposed in the literature (see for example [4,10,12,31,33] and
references therein).

Hybrid scalars 8; have also been suggested in the literature, where a combination of two
or more scalars are used in the same conjugate gradient method. Hybrids try to combine
attractive features of different algorithms. For instance, some methods have good global
convergence properties whilst they do not perform very well numerically, due to their in-
ability to avoid jamming, and others perform very well numerically but may not always
converge globally. Touti-Ahmed and Storey [27] proposed this hybrid method

5 BERE, A0 < prRP < B
k =
FR - otherwise,
to exploit the attractive convergence properties of B,f R and to avoid jamming ﬂ,f P is used,
which in turn gives nice numerical performance. One other example of a hybrid that uses
the attractive features of % and B{'fF is that of Hu and Storey [17]
B :maX{O,min( ,fR, ,fRP)}.

Other hybrids have been proposed by introducing parameters that combine them. For
example, Dai and Yuan [7] introduced a one-parameter family of conjugate gradient methods
by proposing
B lgel 2

Aellge-1l1? + (1 = Ae)di_ Y1’

where A\ € [0, 1] is a parameter. More examples of hybrid conjugate gradient methods can
be found in [1,3,5,9,14,15,18-21, 30, 32].

The step length oy is often chosen to satisfy certain line search conditions. It is very
important in the convergence analysis and implementation of conjugate gradient methods.
A number of line search rules have been discussed in the literature, see for example [6,11,
23,26, 31]. However, the weak Wolfe conditions

B

flzp + ardy) < f(zr) + (5akngdk (1.4)

and
g(zy + ardy) dy > ogldy, (1.5)
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or the strong Wolfe conditions
f@e + ondi) < fan) + dangy d (1.6)

and
l9(zk + andy) " di| < —ogidy, (1.7)

where 0 < § < o < 1, are often used in the convergence analysis and implementation of
nonlinear conjugate gradient methods, see for example [1,10, 20, 23,29, 31, 32, 34].

In this paper, we suggest another approach to get a new hybrid nonlinear conjugate
gradient method. In section 2, we present the proposed method. In Section 3 we prove that
the proposed algorithm (method) globally converges. Section 4 presents some numerical
experiments and conclusion is given in Section 5.

Description of the Method

In this section, we present our proposed hybrid conjugate gradient method. This technique
we are proposing here is motivated by the work of Yueting and Mingyuan [32] and that of
Dai and Wen [10]. In [32], a new S} is proposed as

9.9t i llgel P > 197 g1
B = & platde | +df g’ - (2.1)
0, otherwise,
where ¢ > 1 is a parameter. The S proposed above restarts the algorithm with dy, = —gy

whenever |gf gx—1| > ||gx||?. This method was shown to perform very well numerically. On
the other hand, Dai and Wen [10] proposed a modification to the HS method as

- gk |* — |||g|Zf|1|H |9# g1

oplgFde—] +dE gk

Br

(2.2)

This [y satisfies B > 0 and produces sufficient descent directions with the weak Wolfe
conditions. Its global convergence was also established. Now, following the work described
above, we herein combine the two [y parameters to come up with

T gkl
i (gk ~ Tlgr— Hgk—l)
T T . 0 < glgr—1 <lgkll?
pldr_gil + di_jyk—1
B = (2.3)
g,{gk
M|df_1gk| + d£_1yk—1

, otherwise,

where > 1 is a constant. It is clear from the definition of g above that

gl

0 — |lgklI* — m”gkwgk—lH

ﬂ|d£_1gk‘ + dg_lyk—l
of (o0 — pylyonr)
Mdg_1gk| + d£_1yk—1
g,fgk
,U|d£71gk‘ + dzlyyk'—l ’

IN

IN
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for all £ > 1. Thus,

nggk

0 S ﬁk: S )
N|d£_1gk| + d£_1yk—1

vk > 1. (2.4)

We now present our modified hybrid conjugate gradient method as

Algorithm 2.1. Modified Hybrid Conjugate Gradient Method

1: Give initial guess zo € R", > 1,0 < § < 0 < 1 and the tolerance ¢ > 0.
2: Set dg = —go and k = 0. If ||go|| < € then stop.

3: for k=0,1,... do

4:  Compute oy, using the weak Wolfe conditions (1.4) and (1.5).

5 Set $k+1:$k+akdk,k:k+1.

6:  If ||gx|| < € stop.

7. Compute S5, using (2.3).

8 Compute dy = —gr + Brdi—_1, go to Step 4.

9: end for

The search direction dj, is generally required to satisfy the descent condition
g,{dk < 0.
However, in order to guarantee convergence, it is often required that it satisfies the sufficient
descent condition
g dr < —cllgkll?, (2.5)

where ¢ > 0 is a constant. The descent (or sufficient descent) property is very important for
an iterative method to be globally convergent.

Notice that from (1.5), we have that

dgflyk—l = dgfl(gk — Gk—1)
odi_19k—1 — df_ 95—
(0 — 1)d£719k71

0,Vk > 1.

v

V

Lemma 2.2. Let {dg, ag,xr} be generated by Algorithm 2.1. If i > 1, then dj, satisfies the
sufficient descent condition (2.5) and

1
ghdy < (1= )llgel 2. (2.7)
7
Proof. For k =0 we have that
T 2 1 2
g do = ~llgoll* < ~ (1~ )lloul .

so (2.7) holds. Now we prove that (2.7) holds for & > 0. From (1.3), (2.3), (2.4) and (2.6),
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we have that

Ged = —glok+ Begldi-1
||9k‘|2 T
< —llgrll* + Gi di—1
plgfdr—1| +df_yyr—”"
gk T
< gkl + |9k di—1]
plgf d | +dl_jyr "
lgrll> |
< lgell? + = |gi di—1]
plgfde—1] 7"
1
= —(1—2)lgel.
1

Let ¢ =(1— i) , then (2.5) holds for all k£ > 0.
Now, from (2.4), (2.6) and Lemma 2.2, we obtain that

gid = —llgkll® + Brgi de—1
gk l|?
pldi_ygx| + di_ yr—1

< gl + 9 di—1

[lgk|I?
,U|d£719k‘ + d%llyk'—l

= (_N|d£71gk| + d%lﬂkfl)

|lgx|1?
U|d£719k| + dgflyk—l ’

IN

d%ngkfl

which leads to the condition

llgxll® A
pldE gkl +dE g1~ dEge-a

Hence, it follows from (2.4) and (2.8) that

dfgk

Be <
dg,lgkq

V> 1.

Global Convergence of the Proposed Method

851

For the global convergence analysis of the proposed algorithm (Algorithm 2.1), we assume

the following assumptions on the objective function hold.

Assumption 3.1. The function f(x) is bounded from below in the level set

L={zeR": f(x) < f(zo)},

where xq is the starting point.
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Assumption 3.2. In a neighborhood N of the level set L, f(x) is differentiable and its
gradient g(x) is Lipschitz continuous, that is, there exists a constant L > 0 such that

llg(x) — g(w)I| < Ll|z — yll, Vo,y e N.

Lemma 3.3. Suppose Assumptions 3.1 and 3.2 hold. Let xy, be given by (1.2) and (1.3)
where dy, is a descent direction, that is, dggk < 0, and let oy, be determined by the weak
Wolfe conditions (1.4) and (1.5), then the Zoutendijk condition [23]

> (T
dk
3.1

k=0

holds.
Proof. From (1.5) and Assumption 3.2, we get that

—(1 = o)digr < df (gr+1 — gr) |ldi[[[lgk+1 — grl|

Lo ||d||?,

IAIA

which implies that

(O ) T
> .
k L||d sz g > 0. (32)

From (1.4) and the inequalty (3.2) above, we obtain

0(1 — o) (d gr)?

— di) > . 3
f(or) — frg + ardy) > T A (3.3)
Using Assumption 3.1 and (3.3), we get that
i (dign)? _ .
2
= [ldll
holds. O

Making use of Lemma 3.3, we are now in a position to establish the global convergence
of Algorithm 2.1.

Theorem 3.4 (Global convergence). Suppose that Assumptions 3.1 and 3.2 hold. Let
{dg, o,z } be generated by Algorithm 2.1, u > 1 and «y, is determined by the weak Wolfe
conditions (1.4) and (1.5), then

lim inf||gg|| = 0. (3.4)
k—oo

Proof. We prove this theorem by contradiction. Suppose the conclusion does not hold. Then
there exists a real number v > 0 such that ||gg|| > 7, Vk > 1. Since dj, + gr = Brdi—1, we
have that

lldi + gl > = Bl dk—1]]?
= [|di|]” + 29§ di. + |lgr]1* = Billdr—1?,

= |ldel* = Billdr—11* — llgxll* — 295 di (3.5)
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Dividing (3.5) on both sides by (g} dx)?, we get,

Mdel® o lldi—all®— llgel? _g 97, di
(97 di)? “lotd)?  (9fde)? (gl di)?
o deal® o Nlgel® L, grds
T (gidk-1)? (glde)? T (gfdr)?
lde—all*  llgll® 2

(97 ydi—1)?  (gFde)?  (gFdk)

__lldealP? _(Hgm L )2+ 1
(i adi-0?  \(gfdi) ~ Tlosll ) Tlgel?

dip_1]|? 1
< G
(gr—1dk-1)* ~ llgrll
2
< deal” 1

(gg_ldk—l)z 72.

From dy = —go, it follows that

ldel[* _ k41
< 3.6
(gidr)® — 7 (36)
and hence
(3.7)
j{: ||dkH2
The above conclusion contradicts Lemma 3.3, thus, (3.4) holds. O

Numerical Experiments

In this section, we present some numerical experiments on some test problems chosen from
More, et al. [22] and Andrei [2] to analyse the efficiency and effectiveness of our proposed
hybrid conjugate gradient method. The test problems from these references are widely
used in the literature for testing unconstrained optimization algorithms. The test problems
selected for testing in this article are presented in Table 1, where the columns ‘Prob’ and
‘Dim’ represent the name and dimension of the test problem, respectively, with dimensions
of the problems ranging from 2 to 10000.

We compare our proposed new hybrid conjugate gradient method ( ,ICV M) with the hybrids
of Touati-Ahmed and Storey (BES) 2 ] Llu (BEY) [21], Yueting and Mingyuan (87 M) [32]
and Hu and Storey (B{1%) [17]. Since BYM is a hybrid conjugate gradient method made up
of two other parameters, here we also make a comparison with its components. These are

917; (gk - H‘g‘fkll‘ngk 1)

]?Gl
/1" k_lgkl + dk 1Yk—1
T lgx Il
9k (gk - Gk— 1)
cGe2 [Tgr—1ll ’ if g;{gk—1 2 0

LA pldi_ grl + df_ yr—
0, otherwise
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Prob Dim Prob Dim
Rosenbrock 2 Biggs EXP6 6
Freudenstein and Roth 2 Osborne 2 11
Beale 2 Broyden tridiagonal 30
Helical valley 3 Trigonometric 1000
Bard 3 Ext. Rosenbrock 5000
10000
Gaussian 3 Ext. Powell singular 1000
5000
10000
Gulf 3 Raydan 2 5000
10000
Box 3 Ext. Beale 1000
2000
Powell Singular 4 Ext. Himmelblau 1000
2000
Wood 4 Brown and Denis 4

Table 1: Table of test problems

and .
OG3 — 9k 9k .
M|dg_19k| + dg_lyk—l

Notice here that 3¢C? is just a derivative of Y M.

We considered the stopping condition for the methods as e = 10~°, that is, the algorithms
were stopped once the condition ||gx|| < 107° was satisfied. For the algorithms 5,€TS and
BHS | the strong Wolfe conditions (1.6) and (1.7) were used to find the step length oy, with
§ = 0.0001 and o = 0.33. For all other algorithms we used the weak Wolfe conditions (1.4)
and (1.5) with § = 0.0001 and o = 0.9. In all cases, aj, = 1 is always tried first. The
parameter p = 1.5 was found to give overall better results and hence it was used for all
the algorithms. All the methods were coded in MATLAB R2015a. Numerical results are
compared based on number of iterations, function evaluations and CPU time.

In order to compare and evaluate the performance of our methods, we use the perfor-
mance profiles tool proposed by Dolan and Moré [11]. This tool evaluates and compares the
performance of the set of solvers (methods) S on a set P of test problems. If we assume
that there exists ns solvers and n, problems, then for each problem p € P and solver s € S,
we define

tp,s = function evaluations required to solve problem p by solver s.

We then compare the performance on problem p by solver s with the best performance by
any solver on this problem, that is, using the ratio,

tp,s
min{t,s:s€ S}

r(p,s) =

In the case when solver s fails to solve problem p, the ratio r, s is set to some sufficiently
large number. The overall performance profile function is then given as

1
ps(T) = n—size{p 11 <p<mny,log(rpys) <7},
P
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Figure 2: Gradient evaluations performance profile
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%]

Figure 3: CPU time performance profile

where 7 > 0. Note here that the function ps(7) is such that ps(7) € [0,1] and that the
inequality ps(71) < p¢(71) shows that solver ¢ outperforms solver s at 1.

We now plot the performance profiles based on function evaluations, gradient evaluations
and CPU time. The results are presented in Figures 1, 2 and 3 for the number of function
evaluations, gradient evaluations and CPU time, respectively. We see from Figure 1 that 6}3 o
and ﬁ;fs outperforms the other methods with our proposed ﬁ,iv M Yeing the third best and
outperforming all the remaining methods. 3¢¢? and 8} ™ performed very poorly compared
to the rest while ﬂEGl is very competitive with 6,16\’ M We see from the results of ﬁgGl and
BEE? that BCCT influences Y™ more than B{¢? and this seems to indicate that g¥ gx_1
needs not be too positive.

Figure 2 shows that in terms of gradient evaluations, ﬂ,ﬁv M is very competitive with ﬂf o
and 6,?5 , with BEGI again being very close to SNM, and ﬁng and BYM again performing
poorly. The same trend is observed in Figure 3 where again 5,16\’ M is very competitive with

1S and IS but outperforms the rest of the other methods. Thus, the performance profiles

of these algorithms show that the new method is very competitive and promising.

Conclusion

In this work, a new hybrid nonlinear conjugate gradient method for solving unconstrained
optimization problems was proposed. This new hybrid conjugate gradient method was
shown to possess the sufficient descent condition and also proved to converge globally with
the weak Wolfe line search conditions. The new hybrid conjugate gradient method was
tested on a number of unconstrained optimization problems that have been extensively used
in the literature to test optimization algorithms and the results show that the new method
is quite competitive.
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