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indicate how to construct a process starting from a non-equilibrium point and convergent
to equilibrium solution. This is part of the problem that is being addressed by iterative
methods for fixed point of multi-valued mappings.

Nonsmooth differential equations. A large number of problems from mechanics and
electrical engineering leads to differential inclusions and differential equations with discon-
tinuous right-hand sides, for example, a dry friction force of some electronic devices. Below
are two models.

du

dt
= f(t, u), a.e. t ∈ I := [−a, a], u(0) = u0, (1.1)

a, u0 fixed in R. These types of differential equations do not have solutions in the classical
sense. A generalized notion of solution is what is called a solution in the sense of Fillipov.
Consider the following multi-valued initial value problem.

−d2u

dt2
∈ u− 1

4
− 1

4
sign(u− 1) on Ω = (0, π);

u(0) = 0;
u(π) = 0.

(1.2)

Under some conditions, the solutions set of equations (1.1) and (1.2) coincides with the
fixed point set of some multi-valued mappings.

Let D be a nonempty subset of a normed space E. The set D is called proximinal (see,
e.g., [15, 17,18]) if for each x ∈ E, there exists u ∈ D such that

d(x, u) = inf{∥x− y∥ : y ∈ D} = d(x,D),

where d(x, y) = ∥x−y∥ for all x, y ∈ E. Every nonempty, closed and convex subset of a real
Hilbert space is proximinal. Let CB(D), K(D) and C(D) denote the families of nonempty,
closed and bounded subsets, nonempty, compact subsets and nonempty, compact convex
subsets of D, respectively. The Hausdorff metric on CB(K) is defined by:

H(A,B) = max
{
sup
a∈A

d(a,B), sup
b∈B

d(b, A)
}

for all A,B ∈ CB(K). A multi-valued mapping T : D(T ) ⊆ E → CB(E) is called L-
Lipschitzian if there exists L > 0 such that

H(Tx, Ty) ≤ L∥x− y∥ ∀x, y ∈ D(T ). (1.3)

When L ∈ (0, 1) in (1.3), we say that T is a contraction, and T is called nonexpansive if
L = 1. Finally, A multivalued mapping T : K → CB(K) is said to be quasi-nonexpansive if
F (T ) ̸= ∅ and H(Tx, Tp) ≤ ∥x− p∥ for all x ∈ K and p ∈ F (T ).

Several papers deal with the problem of approximating fixed points of multi-valued non-
expansive mappings (see, e.g., [1, 11, 15, 17, 18], , and the references therein) and their gen-
eralizations (see, e.g., [5, 6, 8]).

On the other hand, Abbas et al. [1] introduced a new one-step iterative process for
approximating a common fixed point of two multivalued nonexpansive mappings in a real
uniformly convex Banach space and established weak and strong convergence theorems for
the proposed process under some basic boundary conditions. Let S, T : K → CB(K) be
two multivalued nonexpansive mappings. They introduced the following iterative scheme:{

x1 ∈ K
xn+1 = anxn + bnyn + cnzn

(1.4)
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where yn ∈ Txn and zn ∈ Sxn are such that{
∥yn − p∥ ≤ d(p, Sxn);
∥zn − p∥ ≤ d(p, Txn),

(1.5)

and {an}, {bn} and {cn} are real sequences in (0, 1) satisfying an + bn + cn = 1.
The following lemma is a consequence of the definition of Hausdorff metric, as remarked

by Nadler [12].

Lemma 1.1. Let A,B ∈ CB(X) and a ∈ A. For every γ > 0, there exists b ∈ B such that

d(a, b) ≤ H(A,B) + γ. (1.6)

Following the work of Abbas et. al. [1], Rashwan and Altwqi [16] introduced a new
scheme for approximation a common fixed point of three multivalued nonexpansive map-
pings in uniformly convex Banach space. Let T, S,R : K → CB(K) be three multivalued
nonexpansive mappings. They employed the following iterative process:{

x1 ∈ K
xn+1 = anyn + bnzn + cnwn, n ≥ 1

(1.7)

where yn ∈ Txn, zn ∈ Sxn and wn ∈ Rxn are such that: ∥yn − yn+1∥ ≤ H(Txn, Txn+1) + ηn;
∥zn − zn+1∥ ≤ H(Sxn, Sxn+1) + ηn;
∥wn − wn+1∥ ≤ H(Rxn, Rxn+1) + ηn

(1.8)

and {an}, {bn} and {cn} are real sequences in (0, 1) satisfying an + bn + cn = 1.

Remark 1.2. Noting that, if yn, zn and wn are known, then the existence of yn+1, zn+1

and wn+1 satisfying (1.8) is guaranted by Lemma 1.1.

Before we state the result of Rashwan and Altwqi [16], we need the following definition .

Definition 1.3. The mappings T, S,R : K → CB(K) are said to satisfy condition (C) if
d(x, y) ≤ d(z, y), for z ∈ Tx and y ∈ Sx or d(x, y) ≤ d(z, y), for z ∈ Tx and y ∈ Rx, or
d(x, y) ≤ d(z, y), for z ∈ Rx and y ∈ Sx.

Let F = F (T )∩F (S)∩F (R) be the set of all common fixed points of the mappings T, S
and R.

Theorem 1.4 (Rashwan and Altwqi [16]). Let E be a uniformly convex Banach space and
K be a nonempty closed and convex subset of E. Let T, S,R : K → CB(K) be multivalued
nonexpansive mappings satisfying condition (C) and {xn} be the sequence defined by (1.7)
and (1.8). If F ̸= ∅ and Tp = Sp = Rp = {p} for any p ∈ F , then

lim
n→∞

d(xn, Txn) = lim
n→∞

d(xn, Sxn) = 0 = lim
n→∞

d(xn, Rxn).

Recently, A. Bunyawat and S. Suantai [3] introduced a one-step iterative scheme for
finding a common fixed point of a finite family of multivalued quasi-nonexpansive mappings
in a uniformly convex real Banach space. They proposed the following algorithm: let K
be a nonempty closed and convex subset of a uniformly convex real Banach space E and
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T1, T2, . . . , Tm : K → CB(K) be multivalued quasi-nonexpansive mappings. For x1 ∈ K,
let {xn} be the sequence defined iteratively from x1 by:

xn+1 = an,0xn,0 + an,1xn,1 + · · ·+ an,mxn,m, n ≥ 1 (1.9)

where the sequence {an,i} ⊂ [0, 1) satisfies
m∑
i=0

an,i = 1 ∀n ≥ 1 and xn,i ∈ Tixn with

d(p, xn,i) = d(p, Tixn).
Then, they proved the following theorem.

Theorem 1.5 (Bunyawat and Suantai [3]). Let E be a real Banach space and K be a closed
convex sub- set of X. Let {Ti : i = 1, 2, . . . ,m} be a finite family of multivalued quasi-
nonexpansive mappings from K into C(K) with F := ∩m

i=1F (Ti) ̸= ∅. Then the sequence
xn defined by (1.9) converges strongly to a common fixed point of {Ti : i = 1, 2, . . . ,m} if
and only if lim inf d(xn, F ) = 0.

It is our purpose in this paper to construct a new iterative algorithm and prove strong
convergence theorems for approximating a common fixed point of a finite family of muti-
valued quasi-nonexpansive mappings in uniformly convex real Banach spaces. The class of
mappings using in our theorems is much more larger than that of mutivalued nonexpansive
mappings. Our theorems generalize and extend those of Abbas et. al. [1], Rashwan and
Altwqi [16], Bunyawat and Suantai [3] and many other important results.

2 Preliminaries

Lemma 2.1 (Kim et al. [4]). Let E be uniformly convex real Banach space. For arbitrary
r > 0, let Br(0) = {x ∈ E : ∥x∥ ≤ r}. Then, for any given subset {u1, u2, . . . , uN} ⊂ Br(0)
and for any positive numbers λ1, λ2, . . . , λN with λ1 + λ2 + · · · + λN = 1, there exists a
continuous, strictly increasing, and convex function g : [0, 2r] −→ [0,+∞) with g(0) = 0
such that, for any i, j ∈ {1, 2, . . . , N} with i < j,

∥
N∑

k=1

λkuk∥2 ≤
N∑

k=1

λk∥uk∥2 − λiλjg(∥ui − uj∥). (2.1)

3 Main results

We use the following iterative algorithm.
Let m ≥ 1, K a nonempty closed convex subset of a uniformly convex real Banach space

E. Let T1, . . . , Tm : K → CB(K) be multivalued quasi-nonexpansive mappings. Let {xn}
be a sequence defined iteratively as follows:{

x1 ∈ K
xn+1 = λ0xn + λ1u

1
n + · · ·+ λmum

n ,
(3.1)

where ui
n ∈ Tixn, i = 1, . . . ,m, λi ∈ (0, 1), i = 0, 1, . . . ,m with λ0+λ1+ · · ·λm = 1. In the

sequel, we will write F := ∩m
i=1F (Ti) for the set of common fixed points of the mappings

Ti, i = 1, . . . ,m.



ITERATIVE ALGORITHM 157

Lemma 3.1. Let K be a nonempty, closed and convex subset of a real Banach space E.
For m ≥ 1, Let {Ti : i = 1, 2, . . . ,m} be a finite family of multivalued quasi-nonexpansive
mappings from K into CB(K) with F := ∩m

i=1F (Ti) ̸= ∅ and such that Tp = {p} ∀p ∈ F and
i = 1, 2, . . . ,m. Let {xn} be the sequence defined by (3.1). Then, for all p ∈ F , lim

n→∞
∥xn−p∥

exits.

Proof. Let p ∈ F . By (3.1) and the quasi-nonexpansiveness of Ti we have

∥xn+1 − p∥ = ∥λ0(xn − p) +

m∑
i=1

λi(u
n
i − p)∥

≤ ∥λ0(xn − p)∥+
m∑
i=1

λi∥un
i − p∥

≤ λ0∥xn − p∥+
m∑
i=1

λiH(Tixn, Tip)

≤ λ0∥xn − p∥+
m∑
i=1

λi∥xn − p∥

= ∥xn − p∥ (3.2)

The equation (3.2) implies that the sequence is not increasing. Since it is bounded from
below by 0, we conclude that lim

n→∞
∥xn − p∥ exists.

Next, we prove the following theorem

Theorem 3.2. Let K be a nonempty, closed and convex subset of a real uniformly convex
Banach space E. For i = 1, . . . ,m let Ti : K → CB(K) be a multivalued quasi-nonexpansive
mapping. Suppose that F ̸= ∅ and that Tip = {p} for all p ∈ F . Let {xn} be the sequence
defined by (3.1). Then, for all i = 1, . . . ,m,

lim
n→∞

d(xn, Tixn) = 0.

Proof. Using Lemma 3.1 and the quasi-nonexpansiveness of Ti, there exists some positive
real r such that

∥un
i − p∥ ≤ ∥xn − p∥ ≤ r. (3.3)

This implies that for each i, 1 ≤ i ≤ m,

∥un
i − xn∥ ≤ 2r.

Next, let 1 ≤ i ≤ m, using inequality (3.3) and Lemma 2.1, we have

∥xn+1 − p∥2 = ∥λ0(xn − p) +

m∑
k=1

λk(u
n
k − p)∥2

= λ0∥xn − p∥2 +
m∑

k=1

λk∥un
k − p∥2 − λ0λig(∥un

i − xn∥)

≤ λ0∥xn − p∥2 +
m∑

k=1

λk∥xn − p∥2 − λ0λig(∥un
i − xn∥)

= ∥xn − p∥2 − λ0λig(∥un
i − xn∥)
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Therefore
λ0λig(∥un

i − xn∥) ≤ ∥xn − p∥2 − ∥xn+1 − p∥2.
This implies that

lim
n→∞

g(∥un
i − xn∥) = 0.

It follows that
lim

n→∞
∥un

i − xn∥ = 0.

Since un
i ∈ Tixn, then,

lim
n→∞

d(xn, Tixn) = 0 for all i = 1, . . . ,m.

This completes the proof.

We now approximate common fixed points of {T1, T2, . . . , Tm} through strong conver-
gence of the sequence {xn} defined by (3.1). We start with the following definition.

Definition 3.3. A family {T1, . . . , Tm : K → CB(K)} is said to satisfy Condition (I∗), if
there exists a strictly increasing function f : [0,∞) → [0,∞) with f(0) = 0, f(r) > 0 for all
r ∈ (0,∞) and i0, 1 ≤ i0 ≤ m such that

d(x, Ti0x) ≥ f(d(x, F )) ∀x ∈ K.

Theorem 3.4. Let K be a nonempty, closed and convex subset of a uniformly convex
real Banach space E. For m ≥ 1, let T1, T2, . . . , Tm : K → CB(K) be a multi-valued
quasi-nonexpansive. Assume that {T1, . . . , Tm} satisfies condition (I∗). If F ̸= ∅ and that
Tip = {p} for all p ∈ F , then, the sequence {xn} converges strongly to a common fixed point
of {Ti, i = 1, . . . ,m}.
Proof. From Theorem 3.2, we have lim

n→∞
d(xn, Tixn) = 0. Using the fact that {T1, . . . , Tm}

satisfies condition (I∗), it follows that there exists some i0 such that lim
n→∞

f(d(xn, F (Ti0))) =

0. Thus there exist a subsequence {xnj} of {xn} and a sequence {pj} ⊂ F (Ti) such that

∥xnj − pj∥ <
1

2j
∀ j ∈ N.

By setting x∗ = pj and following the same arguments as in the proof of Lemma 3.1, we
obtain from inequality (3.2) that

∥xnj+1 − pj∥ ≤ ∥xnj − pj∥ <
1

2j
.

We now show that {pj} is a Cauchy sequence in K. Notice that

∥pj+1 − pj∥ ≤ ∥pj+1 − xnj+1∥+ ∥xnj+1 − pj∥

<
1

2j+1
+

1

2j
<

1

2j−1
.

This shows that {pj} is a Cauchy sequence in K and thus converges strongly to some p ∈ K.
Using the fact that Ti is quasi-nonexpansive and pj → p, we have

d(pj , Tip) ≤ H(Tipj , Tip)

≤ ∥pj − p∥,

so that d(p, Tip) = 0 and thus p ∈ Tip. Therefore, p ∈ F (Ti) and {xnj
} converges strongly

to p. Setting x∗ = p in the proof of Lemma 3.2, it follows from inequality (3.2) that
lim

n→∞
∥xn − p∥ exists. So, {xn} converges strongly to p. This completes the proof.
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Definition 3.5. A mapping T : K → CB(K) is called hemicompact if, for any sequence
{xn} in K such that d(xn, Txn) → 0 as n → ∞, there exists a subsequence {xnj} of {xn}
such that xnj → p ∈ K. We note that if K is compact, then every multi-valued mapping
T : K → CB(K) is hemicompact.

Theorem 3.6. Let K be a nonempty, closed and convex subset of a uniformly convex real
Banach space E. For i = 1, . . . ,m let Ti : K → CB(K) be a multi-valued continuous and
quasi-nonexpansive mapping. Assume that Ti0 is hemicompact for some i0. If F ̸= ∅ and
that Tip = {p} for all p ∈ F , then the sequence {xn} defined by (3.1) converges strongly to
a common fixed point of {Ti, i = 1, . . . ,m}.

Proof. From Theorem 3.2, we have that lim
n→∞

d(xn, Tixn) = 0. Since Ti0 is hemicompact,

there exists a subsequence {xnj} of {xn} such that xnj → p for some p ∈ K. Since for each
i = 1, 2, . . . ,m, Ti is continuous, we have d(xnj , Tixnj ) → d(p, Tip). Therefore, d(p, Tip) = 0
and so p ∈ F (Ti). Setting x∗ = p in the proof of Theorem 3.2, it follows from inequality
(3.2) that the sequence {∥xn − p∥} is decreasing and bounded from bellow. Therefore,
lim

n→∞
∥xn − p∥ exists. So, {xn} converges strongly to p. This completes the proof.

The following result gives a necessary and sufficient condition for strong convergence of
the sequence in (3.1) to a common fixed point of afinite family of multi-valued nonexpansive
maps Ti, i = 1, 2, . . . ,m .

Theorem 3.7. Let K be a nonempty, closed and convex subset of a uniformly convexreal
Banach space E. For i = 1, . . . ,m let Ti : K → CB(K) be a multi-valued nonexpansive
mapping. Assume that F ̸= ∅ and that Tip = {p} for all p ∈ F . Then the sequence {xn}
defined by (3.1) converges strongly to a common fixed point of {Ti, i = 1, . . . ,m} if and only
if lim inf d(xn, F ) = 0.

Proof. The necessity is obvious. Conversely, suppose that lim inf d(xn, F ) = 0. Let p ∈ F .
By (3.2), we have ∥xn+1 − p∥ ≤ ∥xn − p∥. This gives d(xn+1, F ) ≤ d(xn, F ). Hence,
lim d(xn, F ) exists. By hypothesis, lim inf d(xn, F ) = 0 so we must have lim d(xn, F ) =
0. Next, we show that {xn} is a Cauchy sequence in K. Let ϵ > 0 be given and since
lim d(xn, F ) = 0, there N ≥ 0 such that for all n ≥ N , we have

d(xn, F ) <
ϵ

4
.

In particular, inf{∥xN − p∥ : p ∈ F} < ϵ
4 , so that there exist p ∈ F such that

∥xN − p∥ <
ϵ

2
.

Now for m,n ≥ N , we have

∥xn+m − xn∥ ≤ ∥xn+m − p∥+ ∥xn − p∥
≤ 2∥xN − p∥

< 2
( ϵ

2

)
= ϵ.

Hence, {xn} is a Cauchy sequence in a closed subset K of a Banach space E and therefore,
it converges in K. Let limxn = x∗. Now, for each i = 1, 2, 3, . . . ,m, we have

d(x∗, Tix
∗) ≤ d(x∗, xn) + d(xn, Tixn) +H(Tixn, Tix

∗)

≤ d(p, xn) + d(xn, Tixn) + d(xn, p) → 0, as n → ∞.
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This gieves that d(x∗, Tix
∗) = 0, i = 1, 2, 3, . . . ,m which implies that x∗ ∈ Tix

∗. Conse-
quently, x∗ ∈ F .

Corollary 3.8 (Abbas et. al. [1]). Let E be a real Banach space and D a nonempty,
closed and convex subset of E. Let T, S be multi-valued nonexpansive mappings of D into
K(D) such that F (T ) ∩ F (S) ̸= ∅. Let {an}, {bn}and{cn} be sequences in (0, 1) satisfying
an + bn + cn = 1. Let {xn} be a sequence defined iteratively by:{

x1 ∈ D
xn+1 = anxn + bnyn + cnzn, n ≥ 1

(3.4)

where yn ∈ Txn, zn ∈ Sxn are such that ∥yn − p∥ ≤ d(p, Sxn) and ∥zn − p∥ ≤ d(p, Txn)
whenever p is a fixed point of any one of mappings T and S. Then, {xn} converges strongly
to a common fixed point of F (T ) ∩ F (S) if and only if lim inf d(xn, F ) = 0.

Corollary 3.9 (Bunyawat and Suantai [3]). . Let E be a real Banach space and K be a
closed convex subset of X. Let {Ti : i = 1, 2, . . . ,m} be a finite family of multivalued quasi-
nonexpansive mappings from K into C(K) with F := ∩m

i=1F (Ti) ̸= ∅. Then the sequence
xn defined by (1.9) converges strongly to a common fixed point of {Ti : i = 1, 2, . . . ,m} if
and only if lim inf d(xn, F ) = 0.

Remark 3.10. The recursion formula (3.1) used in our theorems is simpler to the recursion
formula of Abbas et. al. (1.4), the one of Rashwan and Altwqiin (1.7) and the one of
Bunyawat and Suantai (1.9) in the following sense: in our algorithm, un

i ∈ Tixn for i =
1, . . . ,m and do not have to satisfy the restrictive conditions: (1.5) in the recursion formula
(1.4), (1.8) in the recursion formulas (1.7) and similar restrictive conditions in the recursion
formula (1.9).

Remark 3.11. Our theorems in this papers are important generalizations of several im-
portant recent results. Our theorems extend results proved for multi-valued nonexpansive
mappings in uniformly convex real Banach spaces (see e.g., [1, 11, 15, 17, 18]) to the much
more larger class of multi-valued quasi-nonexpansive mappings.
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