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APPROXIMATION OF COMMON FIXED POINTS OF A
FINITE FAMILY OF MULTIVALUED MAPPINGS

C. Dior, M. SENE AND N. DJITTE*

Abstract: Let K be a nonempty closed and convex subset of a uniformly convex real Banach space E and
let T1,...,Tm : K — 25 be m multivalued quasi-nonexpansive mappings. A new iterative algorithm is
constructed and the corresponding sequence {z,} is proved to be an approximating fixed point sequence
of each Tj, i.e., limd(zn;Txn) = 0. Then, convergence theorems are proved under appropriate additional
conditions. Our results extend and improve some important recent results (e.g. Abbas et. al., Common
fixed points of two multivalued nonexpansive mappings by one-step itrative scheme, Appl. Math. Letters
24 (2011), 97-102).
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Introduction

Let (X, d) be a metric space, K be a nonempty subset of X and T : K — 2% be a multivalued
mapping. An element x € K is called a fixed point of T"if z € T'z. For single valued mapping,
this reduces to T = x. The fixed point set of T is denoted by F(T) := {x € D(T) : © € Tz},
where D(T) is the domain of T'.

For several years, the study of fixed point theory for multi-valued nonlinear mappings
has attracted, and continues to attract, the interest of several well known mathematicians
(see, for example, Brouwer [2], Kakutani [10], Nash [13,14], Geanakoplos [9], Nadla [12],
Downing and Kirk [7]).

Interest in the study of fixed point theory for multi-valued nonlinear mappings stems,
perhaps, mainly from its usefulness in real-world applications such as Game Theory and
Non-Smooth Differential Equations.

Game Theory. Nash showed the existence of equilibria for non-cooperative static games
as a direct consequence of multi-valued Brouwer or Kakutani fixed point theorem. More
precisely, under some regularity conditions, given a game, there always exists a multi-valued
mapping whose fixed points coincide with the equilibrium points of the game. This, among
other things, made Nash a recipient of Nobel Prize in Economic Sciences in 1994. However,
it has been remarked that the applications of this theory to equilibrium are mostly static:
they enhance understanding conditions under which equilibrium may be achieved but do not
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indicate how to construct a process starting from a non-equilibrium point and convergent
to equilibrium solution. This is part of the problem that is being addressed by iterative
methods for fixed point of multi-valued mappings.

Nonsmooth differential equations. A large number of problems from mechanics and
electrical engineering leads to differential inclusions and differential equations with discon-
tinuous right-hand sides, for example, a dry friction force of some electronic devices. Below

are two models. p

ditt = f(t,u), a.e.t € I :=[—a,a], u(0) = ug, (1.1)
a,ug fixed in R. These types of differential equations do not have solutions in the classical
sense. A generalized notion of solution is what is called a solution in the sense of Fillipov.

Consider the following multi-valued initial value problem.

2 11
_du € u——-— —sign(u—1)on Q= (0,7);
dt? 4 4 (1.2)
u(0) = 0; ‘
u(m) = 0.

Under some conditions, the solutions set of equations (1.1) and (1.2) coincides with the
fixed point set of some multi-valued mappings.

Let D be a nonempty subset of a normed space E. The set D is called proziminal (see,
e.g., [15,17,18]) if for each x € E, there exists u € D such that

d(z,u) = inf{||Jz —y|| : y € D} = d(x, D),

where d(z,y) = ||z —y|| for all z,y € E. Every nonempty, closed and convex subset of a real
Hilbert space is proximinal. Let CB(D), K (D) and C(D) denote the families of nonempty,
closed and bounded subsets, nonempty, compact subsets and nonempty, compact convex
subsets of D, respectively. The Hausdorff metric on CB(K) is defined by:

H(A, B) = max { sup d(a, B), sup d(b, A)}
acA beB
for all A,B € CB(K). A multi-valued mapping 7' : D(T) C E — CB(E) is called L-
Lipschitzian if there exists L > 0 such that

H(Tz,Ty) < L||z —y|| Yx,y € D(T). (1.3)

When L € (0,1) in (1.3), we say that T is a contraction, and T is called nonexpansive if
L = 1. Finally, A multivalued mapping T : K — CB(K) is said to be quasi-nonexpansive if
F(T) # 0 and H(Tx,Tp) < ||z — p|| for all € K and p € F(T).

Several papers deal with the problem of approzimating fixed points of multi-valued non-
expansive mappings (see, e.g., [1,11,15,17,18], , and the references therein) and their gen-
eralizations (see, e.g., [5,6,8]).

On the other hand, Abbas et al. [1] introduced a new one-step iterative process for
approximating a common fixed point of two multivalued nonexpansive mappings in a real
uniformly convex Banach space and established weak and strong convergence theorems for
the proposed process under some basic boundary conditions. Let 5,7 : K — CB(K) be
two multivalued nonexpansive mappings. They introduced the following iterative scheme:

r € K
{ Tnt1 = @nTn + bpYn + cnizn (14)
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where y,, € Tx,, and z, € Sx, are such that

||yn_pH S d(p,an);
{nzn—p < d(p,Te,), (15)

and {a,}, {bn} and {c,} are real sequences in (0, 1) satisfying a,, + b, + ¢, = 1.
The following lemma is a consequence of the definition of Hausdorff metric, as remarked
by Nadler [12].

Lemma 1.1. Let A, B € CB(X) and a € A. For every v > 0, there exists b € B such that

d(a,b) < H(A, B) + . (1.6)

Following the work of Abbas et. al. [1], Rashwan and Altwqi [16] introduced a new
scheme for approximation a common fixed point of three multivalued nonexpansive map-
pings in uniformly convex Banach space. Let T, S, R : K — CB(K) be three multivalued
nonexpansive mappings. They employed the following iterative process:

r1 € K
Tn+1l = GnlYn + bnzn + CnWp, N Z 1

where y,, € Tz, 2, € Sz, and w, € Rz, are such that:

”yn - yn+1|| < H<T37n7 T$n+1) + Mns
lzn — znt1ll < H(Szp,STpi1) + 0n; (1.8)
lwn —wpy1l] < H(Rzp, Rrpi1) + 10

and {a}, {b,} and {c,} are real sequences in (0, 1) satisfying a,, + b, + ¢, = 1.

Remark 1.2. Noting that, if y,, 2z, and w, are known, then the existence of ¥, 41, 2n+1
and wy41 satisfying (1.8) is guaranted by Lemma 1.1.

Before we state the result of Rashwan and Altwqi [16], we need the following definition .

Definition 1.3. The mappings T, S, R : K — CB(K) are said to satisfy condition (C) if
d(z,y) < d(z,y), for z € Tz and y € Sz or d(z,y) < d(z,y), for z € Tx and y € Rz, or
d(z,y) < d(z,y), for z € Rx and y € Sz.

Let F = F(T)NF(S)NF(R) be the set of all common fixed points of the mappings T, S
and R.

Theorem 1.4 (Rashwan and Altwqi [16]). Let E be a uniformly convex Banach space and
K be a nonempty closed and convex subset of E. Let T, S, R : K — CB(K) be multivalued
nonexpansive mappings satisfying condition (C) and {x,} be the sequence defined by (1.7)
and (1.8). If F # 0 and Tp = Sp = Rp = {p} for any p € F, then

lim d(x,,Tz,) = lim d(z,,Sz,) =0= lim d(z,, Rx,).
n—oo n—oo n—oo
Recently, A. Bunyawat and S. Suantai [3] introduced a one-step iterative scheme for
finding a common fixed point of a finite family of multivalued quasi-nonexpansive mappings
in a uniformly convex real Banach space. They proposed the following algorithm: let K
be a nonempty closed and convex subset of a uniformly convex real Banach space F and
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T, Ts,..., Ty : K — CB(K) be multivalued quasi-nonexpansive mappings. For x; € K,
let {x,,} be the sequence defined iteratively from z; by:

Tn41l = An,0Tn,0 + Un,1Tn,1 +- 4+ An mTn,m, N >1 (19)

where the sequence {a,;} C [0,1) satisfies Zan}i =1¥n > 1 and z,,; € Tz, with
i=0
Then, they proved the following theorem.

Theorem 1.5 (Bunyawat and Suantai [3]). Let E be a real Banach space and K be a closed
convex sub- set of X. Let {Ti : i = 1,2,...,m} be a finite family of multivalued quasi-
nonexpansive mappings from K into C(K) with F := N, F(Ti) # (0. Then the sequence
xn defined by (1.9) converges strongly to a common fixed point of {Ti : i =1,2,...,m} if
and only if iminf d(x,, F) = 0.

It is our purpose in this paper to construct a new iterative algorithm and prove strong
convergence theorems for approximating a common fixed point of a finite family of muti-
valued quasi-nonexpansive mappings in uniformly convex real Banach spaces. The class of
mappings using in our theorems is much more larger than that of mutivalued nonexpansive
mappings. Our theorems generalize and extend those of Abbas et. al. [1], Rashwan and
Altwqi [16], Bunyawat and Suantai [3] and many other important results.

Preliminaries

Lemma 2.1 (Kim et al. [4]). Let E be uniformly convex real Banach space. For arbitrary
r>0,let B.(0)={z € E : ||z|| <r}. Then, for any given subset {uy,us,...,un} C B;(0)
and for any positive numbers Ay, Ao, ..., An with A\ + o + -+ + Ay = 1, there exists a
continuous, strictly increasing, and convex function g : [0,2r] — [0, +00) with g(0) = 0
such that, for anyi,j € {1,2,...,N} with i < j,

N N
1D Aurll® < Aellunl® = Xidjg(llus — ). (2.1)

k=1 k=1

Main results

We use the following iterative algorithm.

Let m > 1, K a nonempty closed convex subset of a uniformly convex real Banach space
E. Let T,..., Ty : K — CB(K) be multivalued quasi-nonexpansive mappings. Let {z,}
be a sequence defined iteratively as follows:

{l'leK

Tnt1 = NoTn + A1ul + -+ Aum, (3.1)

where u!, € Tyxp, i=1,...,m, \; € (0,1), i =0,1,...,m with \g+X; +--- A\, = 1. In the
sequel, we will write F' := N2, F(T;) for the set of common fixed points of the mappings
Ti7i: 1,...,m.
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Lemma 3.1. Let K be a nonempty, closed and convex subset of a real Banach space E.
Form > 1, Let {T; : i = 1,2,...,m} be a finite family of multivalued quasi-nonexpansive
mappings from K into CB(K) with F := N/ F(T;) # 0 and such that T, = {p} ¥p € F and
i=1,2,...,m. Let {x,} be the sequence defined by (3.1). Then, for allp € F, nh_}n;o |lzn —pl|

exits.

Proof. Let p € F. By (3.1) and the quasi-nonexpansiveness of T; we have

[znt1 =2l = Aol +ZA
< ol II+ZAIIU — ||
< Nollen = pll+ > NH (Tyzn, Tip)

=1

< Nollen — ol + 3 Allen —p

i=1

= lzn —pl (3.2)

The equation (3.2) implies that the sequence is not increasing. Since it is bounded from

below by 0, we conclude that lim ||lx,, — pl| exists. O
n—oo

Next, we prove the following theorem

Theorem 3.2. Let K be a nonempty, closed and conver subset of a real uniformly convex
Banach space E. Fori=1,...,mletT; : K — CB(K) be a multivalued quasi-nonexpansive
mapping. Suppose that F # () and that Typ = {p} for all p € F. Let {x,} be the sequence
defined by (3.1). Then, for alli=1,...,m,

lim d(z,, Tiz,) =0.

n—oo

Proof. Using Lemma 3.1 and the quasi-nonexpansiveness of T;, there exists some positive
real r such that

[ui = pll < [[#n = pll < 7. (3.3)
This implies that for each ¢, 1 < i < m,
lult — zn || < 2r.

Next, let 1 < i < m, using inequality (3.3) and Lemma 2.1, we have

lznsr =2l = Ao(z +ZM ol

= Nollza = pI? + D Aellug = pl* = Modig(lluf — zal)
k=1

m

< Nollzn = pl” + Y Mallwn — plI> = Modig([luf — zal)
k=1

= Jan =2l = XoNig(luf — za])
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Therefore
Modig([uff = znll) < llzn —pl* = [2n41 — pl*.
This implies that
Jim_ g([ui” — @) = 0.
It follows that

lim |lul —2,| =0.
n—oo

Since u}’ € Tjxy,, then,

lim d(z,,Tiz,) =0 forall i=1,...,m.

n—oo
This completes the proof. O
We now approximate common fixed points of {71,753, ...,Ty,} through strong conver-

gence of the sequence {x,} defined by (3.1). We start with the following definition.
Definition 3.3. A family {T1,...,T, : K — CB(K)} is said to satisfy Condition (I*), if
there exists a strictly increasing function f : [0, 00) — [0,00) with f(0) =0, f(r) > 0 for all
r € (0,00) and ig, 1 < ip < m such that

d(z, Tiyx) > f(d(z, F)) Vo € K.

Theorem 3.4. Let K be a nonempty, closed and convex subset of a uniformly convex
real Banach space E. For m > 1, let T\, Ts,..., Ty : K — CB(K) be a multi-valued
quasi-nonexpansive. Assume that {Ty,..., Ty} satisfies condition (I*). If F # 0 and that
T;p = {p} for allp € F, then, the sequence {x,} converges strongly to a common fized point
of {T;,i=1,...,m}.

Proof. From Theorem 3.2, we have lim d(z,,T;x,) = 0. Using the fact that {T1,..., T}

n— oo
satisfies condition (I*), it follows that there exists some ig such that lim f(d(z,, F(T;,))) =
n— oo
0. Thus there exist a subsequence {z,} of {x,} and a sequence {p;} C F(T;) such that

1.
|2n;, —pjll < 5 VieN

By setting z* = p; and following the same arguments as in the proof of Lemma 3.1, we
obtain from inequality (3.2) that

1
;0 = Pill < llzn; =25l < 55
We now show that {p;} is a Cauchy sequence in K. Notice that

”ijrl _pj” < ||pj+1 - 'Tnj+1H + ||xnj+1 _pj”
1 1

+

S g Ty T

This shows that {p;} is a Cauchy sequence in K and thus converges strongly to some p € K.
Using the fact that T; is quasi-nonexpansive and p; — p, we have
< lps = el

so that d(p, T;p) = 0 and thus p € T;p. Therefore, p € F(T;) and {x,,} converges strongly
to p. Setting z* = p in the proof of Lemma 3.2, it follows from inequality (3.2) that
lim |lx, — p|| exists. So, {z,} converges strongly to p. This completes the proof. O
n—oo
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Definition 3.5. A mapping T : K — CB(K) is called hemicompact if, for any sequence
{xn} in K such that d(x,,Tr,) — 0 as n — oo, there exists a subsequence {x,;} of {x,}
such that x,,, — p € K. We note that if K is compact, then every multi-valued mapping
T: K — CB(K) is hemicompact.

Theorem 3.6. Let K be a nonempty, closed and convexr subset of a uniformly convex real
Banach space E. Fori=1,...,m let T; : K — CB(K) be a multi-valued continuous and
quasi-nonexpansive mapping. Assume that T;, is hemicompact for some ig. If F # 0 and
that Ty;p = {p} for all p € F , then the sequence {x,} defined by (3.1) converges strongly to
a common fized point of {T;,i=1,...,m}.

Proof. From Theorem 3.2, we have that lim d(z,,T;z,) = 0. Since T;, is hemicompact,
n—oo

there exists a subsequence {x,;} of {z,,} such that x,;, — p for some p € K. Since for each
i=1,2,...,m, Tj is continuous, we have d(z,,, Tizn,) — d(p, Tip). Therefore, d(p, Tip) =0
and so p € F(T;). Setting 2* = p in the proof of Theorem 3.2, it follows from inequality
(3.2) that the sequence {||z, — p||} is decreasing and bounded from bellow. Therefore,
nh_)ngo |z — pl exists. So, {z,} converges strongly to p. This completes the proof. O

The following result gives a necessary and sufficient condition for strong convergence of
the sequence in (3.1) to a common fixed point of afinite family of multi-valued nonexpansive
maps T;, 1 =1,2,....,m .

Theorem 3.7. Let K be a nonempty, closed and convex subset of a uniformly convexreal
Banach space E. Fori=1,...,m let T; : K — CB(K) be a multi-valued nonexpansive
mapping. Assume that F # () and that T;p = {p} for all p € F. Then the sequence {z,}
defined by (3.1) converges strongly to a common fixed point of {T;, i =1,...,m} if and only
if liminfd(x,, F) =0.

Proof. The necessity is obvious. Conversely, suppose that liminf d(z,,, F) = 0. Let p € F'.
By (3.2), we have ||zpt1 — p|| < ||xn — p||. This gives d(zp41, F) < d(x,, F). Hence,
limd(z,, F) exists. By hypothesis, liminf d(z,,F) = 0 so we must have limd(x,, F) =
0. Next, we show that {z,} is a Cauchy sequence in K. Let € > 0 be given and since
limd(x,, F) =0, there N > 0 such that for all n > N, we have

€
d(zn, F) < =
(e, F) < 5

In particular, inf{|lzy —p|| : p € F'} < §, so that there exist p € F' such that

H I <:
TN — —.
N —DP 9
Now for m,n > N, we have
|Zntm = 2nll < Zagm — 2l + 20 — Dl
< 2llzn —pll

N

2(E> =e€.

2

Hence, {x,} is a Cauchy sequence in a closed subset K of a Banach space F and therefore,
it converges in K. Let limz,, = z*. Now, for each i = 1,2,3,..., m, we have

dz*, Tix™) < d(z*,z,) +d(xn, Tizy) + H( Tz, Tix™)
< d(p,zy) + d(xn, Tizy) + d(z,,p) = 0, as n — oo.
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This gieves that d(z*, T;z*) = 0,7 = 1,2,3,...,m which implies that * € T;z*. Conse-
quently, * € F. O

Corollary 3.8 (Abbas et. al. [1]). Let E be a real Banach space and D a nonempty,
closed and convex subset of E. Let T, S be multi-valued nonexpansive mappings of D into
K(D) such that F(T) N F(S) # 0. Let {an}, {bn}tand{c,} be sequences in (0,1) satisfying
ap + by + ¢, =1. Let {x,} be a sequence defined iteratively by:

r1 €D
{ Tpil = ApTy + bnyn +cpzn,n > 1 (34)

where yp € Tay, 2z, € Sxy, are such that |y, — p|| < d(p, Szyn) and ||z, — p|| < d(p, Txy)
whenever p is a fized point of any one of mappings T and S. Then, {x,} converges strongly
to a common fized point of F(T) N F(S) if and only if liminf d(z,, F) = 0.

Corollary 3.9 (Bunyawat and Suantai [3]). . Let E be a real Banach space and K be a
closed convex subset of X. Let {Ti:i=1,2,...,m} be a finite family of multivalued quasi-
nonexpansive mappings from K into C(K) with F := N, F(T%) # 0. Then the sequence
x, defined by (1.9) converges strongly to a common fixed point of {Ti : i =1,2,...,m} if
and only if liminf d(x,, F) = 0.

Remark 3.10. The recursion formula (3.1) used in our theorems is simpler to the recursion
formula of Abbas et. al. (1.4), the one of Rashwan and Altwqiin (1.7) and the one of
Bunyawat and Suantai (1.9) in the following sense: in our algorithm, u} € Tz, for i =
1,...,m and do not have to satisfy the restrictive conditions: (1.5) in the recursion formula
(1.4), (1.8) in the recursion formulas (1.7) and similar restrictive conditions in the recursion
formula (1.9).

Remark 3.11. Our theorems in this papers are important generalizations of several im-
portant recent results. Our theorems extend results proved for multi-valued nonezpansive
mappings in uniformly convex real Banach spaces (see e.g., [1,11,15,17,18]) to the much
more larger class of multi-valued quasi-nonexpansive mappings.
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