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NONSMOOTH MULTIOBJECTIVE SEMI-INFINITE
PROBLEMS WITH MIXED CONSTRAINTS
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Abstract: A class of multiobjective semi-infinite optimization problems with inequality and equality con-
straints is considered where the objective and constraints functions are locally Lipschitz. We present neces-
sary optimality conditions for weak efficient solutions of a nonsmooth multiobjective semi-infinite problem.
Moreover, sufficient conditions of optimality are provided under assumptions of generalized convexity.
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Introduction

In the theory of optimization problems, necessary optimality conditions for semi-infinite
programming problems (SIP, briefly) are important theoretically as well as computationally
and can be formulated in several different ways. Optimality conditions of SIP have been
studied by many authors; see for instance [9,16] in linear case, [17] in convex case, [10] in
smooth case, and [12-14,19] in locally Lipschitz case.

A multiobjective semi-infinite programming (MOSIP in brief) is an optimization problem
where two or more objectives are to be minimized on a set of feasible solutions described by
infinitely many constraint functions. Under smooth conditions (say, linearity and convexity
as well as differentiability) optimality conditions for MOSIP have been studied by some
scholars; see, e.g., [1,3,4]. Kanzi and Nobakhtian established in [15] the Karush-Kuhn-
Tucker (KKT, in brief) types necessary and sufficient optimality conditions for non convex
nondifferentiable and non-convex MOSIP under three different qualification conditions called
Abadie, Basic, and Regular constraint qualifications.

Convexity plays an important role in deriving sufficient optimality conditions. Gener-
alized convexity can be viewed as a weaker version of the notion of convexity. Therefore,
from the viewpoint of optimization, the descriptions of the optimality conditions in terms of
generalized convexity provide sharper results, see for instance [7,8]. In this work, sufficient
optimality conditions are stated under generalized convexity hypothesis.

*The second-named author was partially supported by the Center of Excellence for Mathematics, Uni-
versity of Shahrekord, Iran and a grant from IPM [grant number 93900423].
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In all of references cited above, the feasible set described by only inequality constraints.
This paper focuses mainly on KKT type necessary optimality conditions for the problem
(P), defined as follows:

(P) inf (fl(x)an(x)7af"rrL(m))
s.t. gi(x) <0 jelJ,
ht(ac) =0 te T,

where f;,i € I:={1,2,...,m} and g¢;, j € J and h;, t € T are locally Lipschitz functions
from R™ to RU{+o0}, and the index sets J and T are arbitrary, not necessarily finite, with
JUT # 0.

We organize the paper as follows. In the next section, we provide the preliminary results
to be used in the rest of the paper. In Section 3, we introduce two different qualification con-
ditions for (P). Then, we apply these constraint qualifications to derive necessary optimality
conditions for (P). Finally in Section 4, sufficient conditions of optimality are established
under assumptions of generalized convexity.

Notations and Preliminaries

In this section we present definitions and auxiliary results that will be needed in the sequel.
Let ¢ : R™ — R be a locally Lipschitz. The Clarke directional derivative of ¢ at £ € R"
in the direction v € R™, and the Clarke subdifferential of ¢ at & introduced in [5] are
respectively given by
@O(i‘; ’U) .— lim sup @(y + tl}) — <P(Z/) ,
y—@, t10 t

O%p(2) :={£ e R™ | (§,v) < ¢°(&;v)  for all v € R"}.

The Clarke subdifferential is a natural generalization of the derivative since it is known
that when function ¢ is continuous differentiable at &, 0°p(Z) = {Vp(Z)}. Moreover when
a function ¢ is convex, the Clarke subdifferential coincides with the subdifferential in the
sense of convex analysis.

In the following theorem we summarize some important properties of the Clarke di-
rectional derivative and the Clarke subdifferential from [5] which are widely used in what
follows.

Theorem 2.1. Let ¢; : R™ — R, i = 1,2 be Lipschitz near . Then, the following assertions
hold:

(i) One has

3 (25 v) = max { (&, v) | £ € 0 ( )}
c(max{gbl,gzﬁg})( ) € conv(9°¢y(2) Ud°¢a(2)),
(A1 + ¢2)(2) C AP1(2) + 0°¢a(d ) VAeR.

(ii) The function v — @3 (&;v) is finite, positively homogeneous, and subadditive on R™,

and
A3 (#:.))(0) = 0°n (2),

where O denotes the subdifferential in sense of convex analysis.
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(iil) 0°@1(Z) is nonempty, convex, and compact subset of R™.

Definition 2.2. Let ¢ : R®™ — R be a locally Lipschitz function. We say that ¢ is generalized
convex at £ € R" if for any = € R™

p(z) —p(E) > ¢°(Z52 — 2).

Definition 2.3. Let ¢ : R™ — R be a locally Lipschitz function. We say that ¢ is pseudo-
convex at & € R" if for any = € R”

¢°(#2 = 2) 2 0= ¢(x) > p(2).
We say that ¢ is pseudoaffine at & if both ¢ and —¢ are pseudoconvex at Z.

Definition 2.4. Let ¢ : R®™ — R be a locally Lipschitz function. We say that ¢ is quasi-
convex at & € R" if for any = € R”

o) < @(2) = @°(&0 —13) <0
Definition 2.5. Let ¢ : R® — R be a locally Lipschitz function. We say that ¢ infine at
Z € R™ if for any x € R™, and any & € 0°¢(Z)
p(r) — () = (§,x — ).

Let A be a nonempty subset of R”, denote by A, conv(A), and cone(A), the closure of A,
the convex hull, and the convex cone (containing the origin) generated by A, respectively.
Also, the polar cone and strict polar cone of A are defined respectively by:

A" :={deR"|(x,d) <0 Vze A},
A®:={deR"|(z,d) <0 Vze A},
where (.,.) exhibits the standard inner product in R™. Notice that A* is always a closed

convex cone. It is easy to show that if A% # () then A5 = A*; see [11].
Let us recall the following theorems which will be used in the sequel.

Theorem 2.6 ([11]). Let A be a nonempty compact subset of R™. Then
(I) conv(A) is a closed set.

(IT) cone(A) is a closed cone, if 0 ¢ conv(A).

Necessary Conditions

For single objective semi-infinite problems with (only) inequality constraints, the Slater
constraint qualification (SCQ in brief) introduced in [17, Definition 3.6] as follows:
We say that the problem satisfies the Slater constraint qualification (SCQ), if

e for all j € J, g, is a convex function,
e J C RP is a compact set,
e g;j(x) is a continuous function of (j,z) in J x R™

e there is a point zp € R™ such that g;(z¢) < 0, for all j € J.
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Definition 3.1 below generalizes the concept of SCQ for the problem (P).

Definition 3.1. We say that (P) satisfies the weak Slater constraint qualification (WSCQ,
briefly) if the following assertions hold:

(i) g; and hy are respectively pseudoconvex and infine functions for all (j,t) € J x T.

)

(ii) J C RP is a compact set.

(ili) g;(x) is a w.s.c. function of (j,z) in J x R™.
)

(iv) There is a point zg € R™ such that
e gj(zo) <0  VjeJ,
[ ] ht(ﬂfo) =0 VieT.

For a given & € S := {z € R" | g;(z) <0, hy(z) =0 V(j,t) € J x T}, let J(&) denotes
the index set of all active inequality constraints at z, i.e.,

J(&) = {j € J|g;(&) =0}

A point Z is said to be a weakly efficient solution to (P) if there is no € S satisfies
filz) < fi(z) for all 4 € I.
For each € S take

=Jofilw)
iel
U o)
jed (@)
(z) :={d € R" | h{(x;d) =0 VteT},

z) = ( U acht(x)) U ( U —acht(x)).

teT teT

Theorem 3.2. Suppose that & is a weakly efficient solution of problem (P), and that WSCQ
is satisfied. Then, there exist o; > 0 fori € I with > ", o; = 1, such that

06204,8 fi(&) + cone(B(&) + D(&)).

Proof. Take
G;(d) := g7 (&;d) vj€J,
H:(d) := hi(&;d) VteT,
G(zx) := max gj(z) Vx € S. (3.1)

Owning to the [5, Theorem 2.8.2, Step 1] we know G is a locally Lipschitz function and the
following inequality holds:

G°(#;d) < G(d) := max G,(d) Vd € R"™.
JEJ(Z)
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Observe that G is a convex function. Let & € 0°G(z). The last inequality implies that for
each d € R™ we have

(6,d—0) = (¢,d) < G(d) = G(d) —G(0) = £€dqG(0).

From the well-known Pshenichnyi-Levin-Valadire Theorem [11, pp. 267] we deduce that

dG(0) = conv ( U 8Gj(0)),
J€J(0)
where, J(0) := {j € J(2) | Gj(0) = G(0) = 0}. Since J(0) = J(&) and dG;(0) = °g;(%)
and ¢ is an arbitrary element of 9°G(&), we conclude that
9°G(%) C conv(B(1)). (3.2)
On the other hand, by definition of WSCQ and feasibility of & we have
gj(xo) <0 = g() vy e J(&)
{ hi(xg) = 0 = hy(&) vteT.
Then, the pseudoconvexity of g; for j € J, and the infinness of h; for ¢ € T', imply that
g5 (#5090 — %) <0 Vi e J(Z)
{ h (20 —2) =0 vteT,

and hence
zo — & € (B(#))" NC(2). (3.3)

The last inclusion implies (B(2))° NC(#) # 0. Let d € (B(#)) NC(2). By (3.2) and the fact
that

de (B(#) NC() = (conv(B(i‘)))s ne) C (0°G(2))° NC(),

we conclude that,
{ (&,d)y <0 VE € 0°G(7) { G°(2;d) <0
=

he(i;d)=0  VteT, he(;d)=0  VteT.

Now by definition of G°(Z; d) we can find § > 0 such that
G(Z+pd)—G() <0 VB € (0,9)
{ he (i d) = 0 VteT.
Thus for all 8 € (0,9), and for all (j,t) € J x T we have
{ gi(&+8d) <Gz +pd) <0 { g;(Z + Bd) <0
=

B (& (& + Bd) — &) = Bhi (#d) =0, ho(@ + Bd) = hy() = 0,
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which insures &+ 8d € S for all 8 > 0 small enough. This implies d € T'(S, &), where I'(S, %)
denotes the contingent cone of S at z, i.e.,

(S, ) := {v €R" | 3{(rp, vn)} — (07, v), such that & + rpvp € S Vk € N }

From [15, Theorem 3.4, Step 1] we conclude that d ¢ (A(%))". Since d is an arbitrary
element of (B(iﬁ))* N C(Z), the last relation yields

F(d):= max f2(#;d)>0  Vde (B(2))" nC(z).

1<i<m

Taking into account that 0 € (B(fc))* NC(z) and F(0) = 0, we can conclude that d := 0 is
an optimal solution of

min F(d)  subject to  d € (B(ﬁc))* NC(z).
Combining this and the fact that
(B(i:))* NC(E) ={veR" | G;(v) <0, Hi(v) =0 V(j,t) € J(&) x T},

imply that d is an optimal solution of the following convex semi-infinite programming:

(P) min F(d)

s.t. G;(d) <0, jeJ),
Hy(d)=0, teT,
d e R™.

From [11, Page 137] we have F((B(g%))* N C(:%),(f) = (B(fﬁ))* N C(), it follows that the

problem (P) satisfies the Abadie qualification condition at d in sense of [14, Definition 4.3].
Thus by [14, Theorem 4.8] we get:

0 € OF(0) + come(B(2) UD()).

Combining this with

3

oF(©) < con({J s (3:.)0)) = conv J 0°£:(5)
i=1

i=1

— {ZO@&O@ZO, & e dfi(z) Viel, and Zaizl}’
i=1

i=1
yield the result. O

At this point the necessary condition of KKT type for problem (P) can be stated as
follows.

Theorem 3.3. In the hypotheses of Theorem 3.2 if cone(B(&)UD(&)) is a closed set in R™,
then there exist a; > 0 fori € I withy ;- a; =1, and (B,7) € Ry xR for (j,t) € J(2)xT,
with finitely many of them being nonzero such that

0€> aidfild)+ Y 8;0°0;(%) + D udhu(@). (3.4)

JjEJ(Z) teT
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Proof. 1t follows from Theorem 3.2 and the fact that
cone(B(&) UD(&)) = cone(B(&)) + span(D(%)) =

{ Z BiGi | B; >0 ¢ €0%;(&) Vje o, Jois a finite subset of J} +
Jj€Jo

{ Z Yene | e € O°he(2) Vit € Ty, Tp is a finite subset of T}.
teTy

O

An important particular situation is T = ). In this case, due to the C(#) = R™ and (3.3),
the following relationships are valid:

(conv(B(i)))s = (B(2))" # 0.

This implies 0 ¢ conv(B(&)) which ensures by Theorem 2.6 that cone(B(2)) is closed. Thus
by Theorem 3.3 we can conclude the next result.

Corollary 3.4. In the hypotheses of Theorem 3.2 if T = ), then there exist o; > 0 fori € I
with 1", o; = 1, and B; > 0 for j € J(&), with finitely many of them being nonzero such
that
m
0 e Zazacfl(i) + Z ﬁjacgj (JAJ)
i=1 jeJ(2)
Let us introduce a new constraint qualification for problem (P) which will be crucial in
the sequel.
We present now the generalized Mangasarian-Fromovitz constraint qualification for prob-
lem (P), which is considered by Pappalardo in [18] for nondifferentiable programming prob-
lems where the objective function is real valued and set constraint is not considered.

We say that (P) satisfies the Mangasarian-Fromovitz constraint qualification (MFCQ),
briefly) at & if the following assertions hold:

(i) J CRP is a compact set.
(i) g;(z) is a u.s.c. function of (j,z) in J x R™.
(i) 0€ Y wmdh(i) = v=0,
teT
(iv) There exists d* € R™ such that
e g;(#;d*) <0 Vj e J(z),
o h{(%;d*)=0 VieT.
Remark 3.5. If MFCQ holds at some point & € R”, then |T| < n.

Theorem 3.6. Suppose that & is a weakly efficient solution of problem (P), and MFCQ is
satisfied ati. Then there exist a; >0 fori e I with Y .o, o; =1, and (B;,v) € Ry xR for

(4,t) € J(&) x T, with finitely many of them being nonzero, such that

0> adfi(@)+ Y B;0°(&)+ > 10°he().
i=1

JjEJ(Z) teT
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Proof. Regarding Remark 3.5, we conclude that Z is a solution of the following multiobjective
optimization problem with finite number of constraints:

min (fl(x)7 f2($)7 EERK) fm($)>
s.t. G((E) é 07
hi(x)=0 teT,

where G(z) is defined in (3.1). Employing Fritz-John Theorem (see e.g., [6, Theorem 3.1]),
we find a scalar A > 0 and vectors @ := (@;) € RT and 7 := (3;) € RI7I such that
(@ A,7) # 0 and

0€ Y @ fi(d) + AN°G(E) + > _ 310N (&).
=1 teT

Since the inclusion (3.2) is an implication of compactness of J C RP and continuousness of
the mapping (j,z) — g;(z) on J x R™, then (3.2) still valid under the MFCQ. Thus due
to the last inclusion, the virtue of (3.2), and the structure of a convex hull, we can select a
finite index set J C J(&) with 8; > 0 for j € J such that 3, 78; =1 and

0€ @0 fi(d) + Y NGO0;(3) + 3 30 ha(3).

i=1 jed teT
We claim that @ = 0. On the contrary suppose that & = 0. Then,

> ABjsj + > Ak =0, (3.5)

jef teT

for some ¢; € 0°;(z), j € J.& € 0°h(),t € T. If A =0, then ¥ = 0 by (iii). It follows
that that (&, A,%) = 0, a contradiction. Thus X # 0, and hence A\j3; > 0 for j € J by §; > 0.
Therefore from (3.5), for d* which satisfies in the definition of MFCQ, we have

S NB (e d) = =Y FilEn dY).
jej teT

But this is impossible, since the right-hand side of the equation is zero while the left-hand
side of equation is nonzero. This contradiction shows that @ # 0. Hence, the result is
verified with taking

o~

0 it jeJ@N\],
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Remark 3.7. We point out that if in the definition of Mangasarian-Fromovitz constraint
qualification, h;,t € T are continuously differentiable, then the conclution in the Theorem
3.6 is also true. In this case condition (iii) becomes as the following

(i4i)" Each hy for t € T is continuously differentiable at & and {Vh(2) | t € T} is a linearly
independent set.

Sufficient Optimality Conditions

In this Section we discuss several families of sufficient optimality results under various gen-
eralized convexity hypotheses imposed on the involved functions.

Theorem 4.1. Let 2* € S and J(z*)UT # 0. Assume that there exist a; > 0 for i € I
with Y i oy = 1, and (Bj,v) € Ry x R for (j,t) € J(&) x T, with finitely many of
them being nonzero, such that (3.4) holds. If all the functions f;, i € {1,2,...,m | a; # 0},
gj, j € J(x*) = {j € J(z*) | B; # 0} are generalized convex and hy, t € T = {t € T | v # 0}
are infine, then x* is weakly efficient.

Proof. Since (3.4) is satisfied, it follows that there exist §; € O, fi(x*) for i € I, (; € 0.g;(x*)
for j € J(z*), and 0, € O.hy(z*) for t € T such that

m

Zaifi Z BiG + Z’Yﬂ?t =0. (4.1)
i=1

JET(z*) teT

Suppose on the contrary that z* is not a weakly efficient solution for (MOSIP). Then there
exists a feasible point & for (MOSIP) such that

fi(@) < fi(z¥) foralli=1,...,m

Thus, we have
Zaifi(f) < Zaifi(x*)' (4.2)
i=1 i=1

Since # is a feasible point for (MOSIP) and §;g;(z*) = 0 for all j € J(z*), and yths(z*) =0
for all t € T then

Do Bigi @)+ wh(@) < D Bigi(at) + Y vih(a). (4.3)

jEJ(z*) teT ]GJ(m*) teT
Therefore,

Zazfz( Z 5]9] +Z'Vtht
=1

JeJ( *) teT

> Zaifi Z /B]g] ) + Z’Ytht(j:)
=1

j€] (z*) teT
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From the assumptions we obtain

Zazfz( Z ngj +Z'Vtht
i=1

jE€J(z*) teT
Z o fi(& Z B;95(2) + Z'Ytht(i')
JEJT(Z) teT
Z Z zfz Z 6]9] + Z’Ytht
i=1 jeJ(z*) teT
+Zai<£iv$_x*>+ Z BiG,w —a") + Z Yelne, ¢ — x*)
i=1 jeJ(z*) ted(z*)
=D afi@)+ 3o Bigia) ) vhi(a®
i=1 jEJ(z*) teT

and the contradiction complete the proof.
O

We can also prove sufficient optimality conditions for (MOSIP) by means of further
relaxations on generalized convexity requirements as follows.

Theorem 4.2. Let 2* € M and J(z*)UT # (. Assume that there exist « € R and scalars
By > 0,t € T(x*) with By # 0 for finitely many indices t, such that (3.4) hold. If all the
functions f;, i € {1,2,...,p| a; # 0}, g1, j € J(x*) = {j € J(a*) | Bj # 0} are generalized
quasiconver and hy, t € T = {t € T | v; # 0} are infine , then z* is weakly efficient.
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