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HIGH-DIMENSIONAL LEAST SQUARE MATRIX
REGRESSION VIA ELASTIC NET PENALTY™

BINGZHEN CHEN AND LINGCHEN KONG

Abstract: Matrix regression model was recently developed by Zhou and Li [Journal of the Royal Statistical
Society, Series B, 2014, 76: 463-483] and Negahban and Wainwright [Annals of Statistics, 2011, 39(2): 1069-
1097] and Obozinski, Wainwright and Jordan [Annals of Statistics, 2011, 39(1): 1-47]. In this paper, we
focus on high-dimensional least square matrix regression via elastic net penalty, which can deal with group
variables. We show that elastic net-penalized matrix regression has grouping effect property. Moreover, we
give a upper bound of deviation between two correlated prediction vectors. Finally we propose the VNS-EN
method to compute the estimator of elastic net-penalized matrix regression. We give its convergence results
and iteration-complexity. The numerical experiments are reported.
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Introduction

With the increasing prominence of large-scale data in modern science, data of interest is
more complex, which may be in the form of a matrix, not a vector. For instance, two-
dimensional digital imaging data record the quantized brightness value of a colour at rows
and columns of pixels, and flow cytometric data contain the fluorescence intensity of multiple
cells at multiple channels. Both of them are not in the form of vectors but matrices. In
particular, as in [16], a well known example is the study of an electroencephalography data
set of alcoholism. The study consists of 122 subjects with two groups, an alcoholic group
and a normal control group, and each subject was exposed to a stimulus. Voltage values
were measured from 64 channels of electrodes placed on the subject’s scalp for 256 time
points, so each sampling unit is a 256 x 64 matrix. To address scientific questions arising
from those data, sparsity or other forms of regularization are crucial owing to the ultrahigh
dimensionality and complex structure of the matrix data. Often, a variety of models in
statistics lead to the estimation of matrices with rank constraints. The true signal often has
low rank, which can be well approximated by a low rank matrix. Zhou and Li [16] propose a
class of regularized matrix regression methods based on spectral regularization. In [16], the
authors proposed many regularized matrix regression models with different penalties, such
as Power family [5], elastic net [17], log-penalty [1,2], SCAD [4], MC+-penalty [15]. In fact,
matrix regression model can be traced back to earlier literatures by Jordan, Wainwright et
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al., see, e.g., [8,11]. They study the same model with block-structured regularization but
not consider penalty terms related to singular values of the matrix variable. It happens
that Lu [7] explore convex optimization methods for solving matrix regression model with
nuclear norm penalty, but not in high-dimensional case.

On the other hand, Zou and Hastie [17] propose the elastic net model in the case of
vector. Similar to the lasso, the elastic net simultaneously does automatic variable selection
and continuous shrinkage. And more important, the elastic net model can select groups of
correlated variables. Note that, Zhou and Li [16] does not consider the grouping effect and
other property as in Zou and Hastie [17]. An interesting question occurs: Is there also a
similar grouping effect property for elastic net-penalized matrix regression 7 If so, can we
use the method VNS [7] to give the optimal solution of our model?

This paper focuses on the above questions and gives affirm answer. Based on the results
in Zou and Hastie [17], we get the grouping effect property of elastic net-penalized matrix
regression. Moreover, we give a upper bound of deviation between two correlated prediction
vectors. By reforming the elastic net-penalized matrix regression as nuclear norm matrix
regression, we apply the approach in [7] to solve it. Following their terminology, we call our
method as VNS-EN algorithm. We give the convergence results and iteration-complexity of
VNS-EN algorithm. We also report the numerical experiment results.

The rest of the paper is organized as follows. We formulate elastic net-penalized matrix
regression in Section 2 and show its grouping effect property in Section 3. In Section 4, we
derive the VNS-EN method and show its convergence and iteration-complexity. Then we do
simulation study using the proposed method. We conclude the paper with a discussion of
potential future research in Section 5.

Elastic Net-Penalized Matrix Regression

We will introduce the elastic net-penalized matrix regression for high-dimensional linear
model.

We begin with the following high-dimensional matrix regression model. Consider the
matrix regression model

B=AX+W, (2.1)

where A € R™*™ is the predictor matrix, B € R™*? is the response matrix, X € R™*? is the
unknown regression matrix, and W € R"*9 is the measurement error/noise matrix. When
q = 1, it is the linear multivariate regression which has been attracted much more research
for long times. Throughout the paper, we assume A with each column vector A.; being
normalized such that ||A.;||s =1 for j =1,2,--- ,m, and W = (g;;) with all components
g;j(i=1,2,--- ,n,j =1,2,--- ,q) being independently identically distributed from normal
distribution with mean zero and finite variance o2.

We will focus on the high dimensional case where the number of observations n is less
than the size m and ¢ of unknown coefficients matrix X, i.e., n < min{m,q}. Without
loss of generality, let m < ¢. In this setting of n < m < g, the goal is to propose a good
estimator of the true coefficient matrix. To do so, a key and common assumption is that the
true coefficient matrix X* is a low-rank matrix, which guarantees the model identifiability
and enhances the model fitting accuracy and interpretability, see, e.g, [4,12]. We assume
r = rank(X™*) with < n. Let the singular value decomposition (SVD) of coefficient matrix
X* be given as

X*=UDVT,
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where U € R™*™ V€ R?7*? are orthogonal matrices, and D is a diagonal block matrix
with D;; = A(X*) and D;; = 0 for ¢ # j(t = 1,--- ,m,j = 1,--- ,q), with the singular
values A1 (X*) > Aa(X*) > - > A (X*) > A1 (X¥*) = -+ = A (X™) = 0. Note that the
above SVD is not unique. Clearly, the parameters X* and r are implicitly dependent on the
sample size n, but we omit the index n in notation whenever there is no confusion.

In order to reconstruct the high-dimensional matrix regression model and estimate the
low-rank matrix X*, we consider the following elastic net-penalized matrix regression prob-
lem

1 1
in ~|B-AX|; X|ls + s p2l| X3 2.2
min 1B AXIR + X X, 22)
where ||B — AX||% is the matrix least square error loss function, || X, = > i, \i(X) is
the nuclear norm of X, and [ X[[p = /tr(XTX) = />332, 377, X7 is the Frobenius

norm of X, and p; > 0 and ug > 0 are the penalized /regularization parameters. We call
]| X[« + 2p2]| X% the matrix elastic net penalty term. It is easy to see that [17] deals
with the matrix regular via elastic net penalty in case of ¢ = 1. When puy = 0, it is the
nuclear norm-penalized matrix regression which has been solved by the variant of Nesterov’s
smooth method when A has full column rank [7]. We define the elastic net-penalized matrix
regression estimator as

A 1 1
X € argmin = ||B — AX||3 + || X ||« + = po|| X |2 (2.3)
XeRmXxa 2 2

Similarly, it is the nuclear norm-penalized matrix regression estimator when ps = 0.

Grouping Effect Property

In this section, we will discuss the grouping effect property of (2.2). In the high-dimensional
setting problem, for a long time, there are much attention on the ’grouped variables’ situa-
tion, which is a particularly important concern for the single linear multivariate regression
model, see, e.g., [6,17] and references therein. For instance, Zou and Hastie [17] showed
that in the situation where some variables exhibits the grouping effect, the following generic
penalization least-square regression assigns identical coefficients to the identical variables,

& = argmin ||b — Az||3 4 ph(z),
TERP

where b € R", and h(z) is positive for  # 0. This important property is called grouping
effect by Zou [17]. As mentioned in the introduction, can we get the grouping effect property
for the matrix case?

Consider the following matrix regression estimator counterpart above

X = argmin | B — AX||2 + pJ(X), (3.1)
XGRWLXQ

where J(-) is positive valued for X # 0.

The following result shows a clear distinction between strictly convex penalty functions
and the matrix lasso-type penalty, where strict convexity guarantees the grouping effect in
the extreme situation with identical predictors. Here we define J is symmetric if J(PX) =
J(X) where P is a permutation operator.
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Proposition 3.1. Assume that A; = A.;,i,5 € {1,--- ,m}. Let X be the penalized matriz
regression estimator of (3.1).

(a) If J(-) is strictly convex and symmetric, then X;. = X;. for any p > 0.

(b) If J(X) = ||X|., then X* is another minimizer of the penalized matriz regression
estimator of (3.1), where

X, if k#iand k# 7,
Xp =< tX; +(1-0)X;, if k=i,
(1-t)X;. +tX;., if k=j.

for any t € [0,1].

Proof. (a) Fix p > 0. Assume X;. # X;.. Let us define X as follows

i X, ifk+#iandk# 7,
Xp. =14 X;, ifk=i, (3.2)

Xi,  if k=]

This together with the assumption A.; = A.; derives AX = AX. Notice that X is just a
permutation of X and .J is symmetric, J(X) = J(X). Thus we obtain that

1B — AX|[f + pJ(X) = || B — AX ||} + pJ (X).

Take the convex combination of X and X, X; = tX + (1 — )X for ¢ € (0,1). Clearly, from
the strictly convexity of ||B — AX||Z + pJ(X), we easily obtain that

|B— AKu|} + uJ (%) <t ||B = AX |} + I (X)] + (1= ) [IB — AX |2 + uI(X))] .
This together with above equality yields that
1B — A2 + pI (%) < | B — AX|2 + pJ(X).
This is a contradiction of X is the solution of (3.1). Hence X; = X;..

(b) From the proof of (a), and the fact that J(X) = ||X||. is not strictly convex, we get
that ||B — AX||2 + p|| X ||« is convex but not strictly convex. For the same X in (3.2) and

X, =tX + (1 —t)X with t € (0,1), we have
|B = AX R+ pJ (%) <t [IB - AR R + I (X)] + (1= ) [IB - AX |} + pJ(X)].

Observing that the fact of X and X being minimizers of the penalized matrix regression
estimator ||B — AX||% + || X||«, we obtain

1B — AX|[E + pJ(Xi) < | B = AX | + p (X).
Hence the desired conclusion follows immediately. O

Remark 3.2. As we can see || X ||, + || X||2 is strictly convex and symmetric, elastic net-
penalized matrix regression (2.2) has grouping effect.
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It is easy to note that the proposition 3.1 and its proof are different from those in the
vector setting in [17]. However, the above results have the similar implication as in the
vector case, see, e.g., [3,12,17] for further explanations. That is, for the matrix regression,
the matrix lasso-type penalty does not even have a unique solution, while the matrix elastic
net penalty with puo > 0 is strictly convex and possesses the above grouping effect property.

Furthermore, the elastic net-penalized matrix regression method can provide a quantita-
tive description for the grouping effect as in vector case. We below show that the difference
between the i-th and j-th row coefficient paths of predictors is almost 0 if A.; and A.; are
highly correlated, i.e. p =1 (if p = —1 then consider —A.;), where p = AL A ; is the sample
correlation.

Theorem 3.3. Given data (B, A) and parameters (p1, pus), let X be the elastic net-penalized
matriz regression estimator,

A 1 1
X = argmin —||B — AX |12 + 1 || X ||+ + =po|| X3 (3.3)
a2 2

Suppose that ||Bllg # 0 and pe # 0. Then
1

- . 1
X —Xi|la < —+/2(1 —p).

Proof. Let L(py, po, X) = 3||B — AX[|3 + || X ||« + p2]| X[, and let the singular value
decomposition (SVD) of X = UZEVT with Z;; = A\i(X) > 0 and Z;; = 0 for i # j. Con-
sidering the subdifferential of || - ||« in [14], we obtain the first-order optimality condition of
(3.3)
aL(:U’la 2, X)
0X
where (Sign(2)),, = sign(X\;(X)) and its other components are zero. Set rank(X) = r.
Thus, there is a nonnegative matrix D with D;; = 1 for i € {1,2,---,r}, D;; € [0,1] for
te{r+1,r+2,---,m}, and D;; =0 for ¢ # j such that

0€¢ = AT(AX — B) + i USign(E)VT 4 o X,

AY(AX — B) + i UDVT 4+ i, X = 0.
Let e®) = (0,---,0,1,0,--- ,0)T € R™ with all zero but the k-th component one. Then
[eWTAT(AX = B) + [ |"UDVT + pis[e(P]"X = 0.

Taking k =4 and k = j, by direct computation we obtain

AY(AX — B) 4+ U DVT 4+ o X;. = 0,
AT(AX — B) + mU;. DV™ + 1o X;. = 0. (3.4)
Thus, we have
(A% — ATY(AX = B) + 11 (Ui = U;.)DVT + pp(X;. — X;.) = 0.
Then on both sides of the above equation, taking the inner product with the row vector

X;. — X;., we obtain

(Xi.—X;) |(AT - AT)(AX - B) T+M1(Xi~—f(j~) (Ui = U;)DV] 4 pia | Ko~ X2 = 0.
(3.5)
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Noting that X; — X;. = ([e%,)]T - [eg)}T) UEVT and U;. — Uj. = ([eﬁ)]T - [e%)]T> U, by
direct calculation, we obtain
(Xi. — X,.) (U — U;)DV™) "

= (6217~ [e)7) USVTVDTUT (e — o)

= ([e0)T ~ [eRI7) UZDTUT () — o). (3.6)
This together with the fact that UZDTUT is positive semidefinite yields

(X:. — X;) (U —U;)DVT) T > 0. (3.7)

Combining the above arguments (3.5), (3.7) and g1 > 0, we obtain

pall o = Xy < (% - 250 [(AT - A ax - B

Then, . . . . X
pa|| Xi — X5 |1* < 1Xi — X [l2]|(AG — AT)(AX — B)|l2.

On the other hand,

1 N . 1 5 1
SIB = AXlp + | Xll. + 52| X1 < S11Ble.

Thus, ||[B — AX||p < ||B||p. Therefore,

1 ~ ~
T 15X — Xl
| B|le !
1 ~
< —— |(AY — ATYAX - B
= l’L2||BHF||( i ])( )HQ
1 .
< AT — ATy |AX — Bllg
el B s~ Al 14X =B
1
< —||A; - A,
< /m” ill2
1
< —V2(1-p). (3.8)
w2
The proof is complete. O

Optimal Method

In this section, we give VNS-EN method for solving (2.2) based on [7]. Following the ideas
from [7], we give the convergence results and iteration-complexity of the VNS-EN method.
Lu et al. [7] explore convex optimization methods VNS for solving nuclear norm-penalized
matrix regression model, which is a variant due to Nesterov’s smooth method [9,10]. Note
that there is a precondition that the predictor matrix must have full rank. It is not possible
under high-dimensional data. We find that our elastic net-penalized matrix regression model
can be transformed into nuclear norm-penalized matrix regression model. And then the new
predictor matrix has full column rank. So, we can use VNS to solve elastic net-penalized
matrix regression.
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VNS-EN Algorithm

We give the VNS-EN method for solving (2.2) and discuss its convergence, iteration-
complexity.

There is a closely related connection between the elastic net-penalized matrix regression
and the nuclear norm-penalized matrix regresbion as in the linear multivariate regression

. . B . - .
model in [17]. In fact, letting B* = (O) A 1+u2 (f[) it is easy to see that elastic

net-penalized matrix regression problem (2.2) can be seen as nuclear norm-penalized matrix
regression

~||B* — A*X*||? X 4.1
o in 2|| lIE + 21X, (4.1)
where X* = /14 pu X,y = 1+u If X* € )?,*l“ggylnlilq L(vy,X™), then X = MX*

For any ps > 0, no matter how much the rank(A) is, the matrix A* has full column
rank, so we can use the method VNS in [7] to solve (4.1). In order to reduce the amount of
computation, we first simplify the problem (4.1).

Since A* has a full column rank, there exists an orthonormal matrix @ € R™*™ and a
positive diagonal matrix A € R”*™ such that A**A* = QA2QT. Letting X = QTX* H =
A~1QTA*TB*, then (4.1) is equivalent to

R S g
cmin o [[AX — HIJE +7]|X]).. (4.2)
XeRmx*a

Now, we present the VNS-EN method step by step. We first need to present the following
results which are easy to induce from [7]. So, we omit the proofs.

Lemma 4.1. For every v > 0, problem (4.2) has a unique optimal solution )u(j Moreover,

e NIEe
%5l < 131 < g o= min { LRV, i .

Theorem 4.2. For some € > 0, assume that X, is an e-optimal solution of the smooth
saddle point problem

1 . .
min max < = ||AX — H||Z +ymtr (WTG(X }, 4.3
o e {GIAX — HIE e (W7 G() (43)

where Oy = {W € S™T40 < W < I/m, tr(W) =1}, Bf " (ry) = {X e R™*4||| X ||p < T‘X}

3 T
G(X) = (g{q )O( ) . Then X, is an e—optimal solution of (4.2),

According to Theorem 4.2, we only need to solve (4.3) rather than (4.2). But as discussed
in [7], owing to the objective function has Lipschitz continuous gradient, we would like to
solve the dual problem of (4.3), i.e

1 }
max min ZIAX — H| + vymitr (WTG X } 44
p i {GIAX - mE (%)) 4.4

By scaling the variable X of (4.4) as X« X /7%, and multiplying the resulting formu-
lation by —1, then we can reformulate (4.4) as the problem

o 1 o
min max — mrvtr(WTGX)—f rvAX—HQ}. 4.5
i, {oamrr (WIGU0) — A (4.5
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Let (W, X) := —ymr gtr (WTG(X)) — Ylr¢AX — H||%, N :=m + g, for every W € Qy,
the function ¢(W,-) : BR9(1) — R is strictly concave. Thus
o 1 o
max {—er)v(tr (WTG(X)) — -|lrgAX — H||%}
XeBIXi(1) 2

has the unique solution X (W). Selecting the prox-function pg, (-) for the set Q4 as po, (W) =
tr (W log W) + log(N), then

Wy :=argmin pq, (W) = I/N, Dgq, := max{pq, (W) : W C Q1} =log(N/m)
weQ

and pq, (W) is a differentiable strongly convex function with modulus oq, = m.
To deal with pq, (W), we define

dpe, (W3 W) = pa, (W) = lpg, (W; W), YW, W € Q, (4.6)
where 1, (W; W) = pa, (W) + <Vpg1 (W), W — W> Similarly, we can define the function
I(-,-) for f(W):= max (W, X),YW € Q as

XeBpX(1)

LW W) = FOV) + (T O0), W = W), (4.7)

where V f(W) can be computed as Vf(W) = V¢ (VV, X'(W)) One can verify that f(WV)

is L-Lipschitz-differentiable on ; with L = 2y2m?||A~1||2.
Before stating our algorithm, we need the following assumption

X 1/2
0<ap < (Z ozi> ,Vk >0, (4.8)
i=0

where {ay }i>0 is a sequence of scalars.
Now, we present the method VNS-EN for our problem (4.5).

VNS-EN Algorithm
(0) Set W = Wy, Xo = 0,79 =1 and k = 1;
(1) Compute X (Wj,_1) and V f(Wi_1);
(2) Compute (W,jd7W,?g) C Oy xQ and X, C Br (1) as

Xk = (1 — Tk—l)Xk—l + Tk—I)U((Wk—l)a

k—1

L

W]gg = argmin {dpﬂl (W, Wo) + Z Oéilf(W; Wz)} , (dpnl in(4.6), lfll’l(47)>
we o0, i=0

Wit = (1= m )Wy + 7 WY

(3) Set 71, = ﬁ and Wy, = (1 — 7)) W34 + W59

(4) Set k + k41 and go to step (1).

We below give the convergence result for the above VNS-EN algorithm. Its proof is easy
from Corollary 3 of Tseng [13].
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Theorem 4.3. The sequence {(W?, X;.)} C Q1 xBi*%(1) generated by VNS-EN algorithm
satisfies

s Y LDg, 272m2||A" 1|2 log(N/m
0< fWp) - g(Xp) < —Don_ 2rm Al log(N/m)
o0, (2 ico i) m( is i)

where g(X) := V[r/nésrzl1 G(W, X), for all X; € BE™9(1). A typical sequence ay, satisfying

(4.8) is the one in which aj = (kK +1)/2 for all k£ > 0. With this choice for oy, we have the
following specialization of Theorem 4.3.

V<1,

Corollary 4.4. If aj, = (k 4 1)/2 for every k > 0, then the sequence {(W%, X;)} C
O x BEY(1) generated by VNS-EN algorithm satisfies
ALDq,  _ 8y*m®||A~"||E log(N/m)

< sdy _ 0(X,) < = <1.
0 < f(W:) g(Xk)_aglk(k‘—i-l) mk(k + 1) k<1

From corollary 4.4, we obtain the following iteration-complexity theorem.

Theorem 4.5. For a given € > 0, the iteration-complexity of finding an e-optimal solution
to (4.3) and its dual (4.4) by VNS-EN algorithm does not exceed

-1 *T px\y—1/2
F\/iv\l//g e mlog(N/mﬂ:Fﬂvu(AﬁA) e

We observe that the iteration-complexity given in Theorem 4.5 is in terms of the trans-
formed data of problem (4.2) or (4.1). We next relate it to the original data of problem
(2.2).

mlog(N/m)—‘ .

Corollary 4.6. For a given € > 0, the iteration-complezity of finding an e-optimal solution
to (4.3) and its dual (4.4) by VNS-EN algorithm does not exceed

F\EMII(ATA + paD) V2|

NG mlog(N/m)-‘ .

Numerical Experiment

We now report the results of our computational experiment using the VNS-EN algorithm for
solving elastic net-penalized matrix regression (2.2) on a set of randomly generated instances.

The random instances of (2.2) used in our experiments were generated as follows. We
first randomly generated matrices A € R"*™ m = 2n with entries uniformly distributed in
[0,1] and B € R"*? ¢ = 5n with entries from the standard normal distribution. We then
computed H for (4.2) according to the procedures described in Sec. 4.1. In addition, all
computations were performed on an Intel Core(TM)i7-2640M CPU (2.80 GHz) and 8 GB
RAM. The code for VNS is written in MATLAB, and the initial point for this method is set
to be Wy = I/(m + ¢q). The method VNS-EN terminates once the duality gap is less than
e=1073.

The performance of VNS-EN for our randomly generated instances is presented in Table
1 with different (11, p2). The problem size (n, m, q) is given in column one. The numbers of
iterations of VNS-EN are given in column two. CPU times (in seconds) are given in column
three, and the amount of memory (in mega bytes) used are given in column four. In the last
column, the rank of optimization are presented.
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In Table 2, we present the performance of problem (10,20,50) with different (1, u2).
The first column is the different values of (u1,p2). The rest columns are the same as in
Table 1.

Table 1 Performance of VNS-EN with p; = 0.02, us = 0.44
Problem (n,m,q) Iteration Time Rank of optimization solution

(10, 20, 50) 119 2.06 10
(50, 100, 250) 258 13.29 50
(100,200, 500) 360 40.93 100
(150, 300, 750) 448 127.20 150
(200, 400, 1000) 505 300.08 200

Table 2 Performance of VNS-EN Algorithm for solving (10, 20, 50)

(11, p2) Iteration Time Rank of optimization solution
(0.025,0.44) 215 2.51 10
(0.05,0.44) 1042 13.87 10
(0.1,0.44) 5798 53.98 10
(0.2,0.44) 16326 75.99 10
(8,63) 50136 461.70 16
(32,1023) 20390 141.04 10
(128,16383) 88 1.17 10

Concluding Remarks

In this paper, we studied the elastic net-penalized matrix regression in high-dimensional
case. We show the grouping effect property of this model. Following the ideas from [7], we
gave a VNS-EN method to solve the elastic net-penalized matrix regression (2.2). Here we
assume n < m < ¢q. As we can see, if we solve the elastic net-penalized matrix regression
(2.2) directly, we only deal with n x ¢ matrices. But when we use VNS-EN algorithm to
solve the elastic net-penalized matrix regression (2.2), we should make a reformation of data
set. In this case, we must manage (n + m) x ¢ matrices. Therefore, when we use VSN-EN
method, we must cope with matrices of higher dimension. And we must handle heavier
computational task. So, in the future one can develop an effective algorithm of solving
elastic net-penalized matrix regression directly.
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