202 Py, 6,

A GRADIENT ALGORITHM FOR FINDING
MINIMUM-NORM SOLUTION OF THE SPLIT FEASIBILITY
PROBLEM*

B1ao Qu aAND BINGHUA Livu

Abstract: This paper discusses the problem of finding the minimum-norm solution of the split feasibility
problem (SFP). Using the idea of Tikhonov’s regularization, we first introduce a unconstrained optimization
problem related to the SFP. Then, we design and analyze a gradient algorithm for finding the minimum-norm
solution of the SFP. The global convergence of the algorithm is also established.
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Introduction

Let C, Q be the nonempty closed convex sets of RY and RM | respectively, and A be a matrix
of RM*N " The split feasibility problem (SFP) is to find z* with the property:

z* € C and Az™ € Q. (1.1)

It was first considered by Censor and Elfving [3], for modeling inverse problems which arise
from phase retrievals and in medical image reconstruction [4]. It has been founded that
the SFP can also be used to model intensity-modulated radiation therapy (IMRT) [5-9]. In
recent years, a wide variety of methods have been introduced for solving the split feasibility
problem; see, for example, [3-14,19-22] and the references therein. Among these algorithms,
a more popular algorithm that solves the SFP is the CQ algorithm proposed by Byren [1,4].
In fact, it is a gradient-projection method (GPM) in convex minimization. However, it
remains a challenge how to implement the C'Q) algorithm in the case where the projections
onto sets C,Q fail to have closed-form expressions. A special case of the SFP is the following
convex constrained linear inverse problem:

find z € C such that Az = b, (1.2)

where b € RM. A classical method for solving this possibly ill-posed problem is the well-
known Tikhonov regulation, which approximates a solution of problem (1.2) through the
minimizer of the regularized problem

min || Az — b + al|z|%,
zeC
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where o > 0 is known the regularization parameter and, throughout this paper, || -| denotes
the Euclidean norm.

Recently, Xu transfered the idea of Tikhonov’s regulation method to solve the constrained
linear inverse problem (1.2) to the case of the SFP (1.1). It easy to find that the SFP (1.1)
is equivalent to the following optimization problem

in [|[(I — Pg)Ax||.
min (7 — Po) Aa
Xu considered the minimization problem to solve the above optimization problem

min [|(7 — Po)Ax|* + ||, (1.3)

where v > 0 is known the regularization parameter. And in [15, 18] he introduced some
methods for solving the SFP based on the minimization problem (1.3) in Hilber spaces, which
gave the minimum-norm solution of the split feasibility problem. In [2], Ceng proposed some
relaxed extragradient methods for finding minimum-norm solution of the split feasibility
problem.

In this paper, motivated by Xu’s idea to find the minimum-norm solution for the SFP,
we consider the following unconstrained optimization problem:

. _1 2, 1 2, 1 2
min fa(w) = 51T = Po)al + 5111 - Po)Aal® + sallal? (1.4)
where a > 0 is known the regularization parameter. Accordingly, we denote
1 2, 1 2
fla) = SIU = Pe)al” + (I - Po)Az|". (1.5)

Under some mild conditions, by solving this unconstrained optimization problem (1.4), we
can obtain the minimum-norm solution of the SFP. In this paper, we design and analyze a
gradient algorithm for finding the minimum-norm solution of the SFP through (1.4). The
global convergence of the algorithm is also established.

The rest of the paper is organized as follows. In Section 2, we introduce some useful
properties which will be used in the next sections. In Section 3, we propose an algorithm to
obtain the minimum-norm solution of the SFP. Section 4 gives some conclusions.

Preliminaries

In this section, we introduce some useful preliminaries which will be used in the next sections.
Throughout the paper, (.,.) denotes the inner product; Pq denotes the projection from RV
onto a nonempty closed convex subset 2 of RV, and it is defined as Pqo(z) = arg minyeq ||z —
y||. Let T : RY — RN be a nonlinear operator, 7T is called S-strongly monotone with 3 > 0,
if
(x —y, Tx —Ty) > Bllz —y|?, =,yecRV.

Lemma 2.1 ([16])). Let Q be a nonempty closed convex subset of RY ;then

(1) (Pa(z) —z,y — Pa(z)) > 0,2 € R,y € Q;

(2) (Pa(z) — Pa(y),z —y) > [|Po(z) — Pa(y)[* =,y € RY;

(3) [I1Pa(z) — Pa()l” < llz =yl — [ Pa(z) — 2 +y — Pa(y) | 2,y € RY.

Remark 2.2. From Lemma 2.1, it is not hard to find that
(1) [Pa(2) = Pa)]| <z —yll, =,y € RY;
2) |1Pa(z) =2 +y = Pl < llz —yl, z,yeR™.
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Lemma 2.3 ([17]). A proper conver function g : RY — (—o0, +o0] is strongly convex with
the coefficient o > 0 if and only if §g(x) = g(x) — %cr||:1:||2 is also a proper convex function.

Lemma 2.4 ([17]). Let g be a conver and differentiable function. Then z* € RY is a solution
of the problem:

min g(z

zeRN g( )

if and only if x* € RN satisfies the following optimality condition:
Vg(z*) = 0.
Moreover, if g is strictly convez, then the problem min,cpn~ g(z) has a unique solution.

Theorem 2.5. The function f(x) defined by (1.5) is convex and V f is Lipschitz continuous
with Lipschitz constant 1+ ||A||%.

Proof. Since Vf = (I — Pc) + AT(I — Pg)A, we have

(V@)= Viy)z—vy)

= (I = Po)r — (I = Po)y + AT(I — Po)Ax — AT(I — Po)Ay,x —y)

= [lz =yl = (Pe(2) = Pe(y), = —y) + [|[Ax — Ay||* — (Po(Az) — Po(Ay), Az — Ay)

> o — I  1Po(z) — Po(y) 2 — yll + | Az — Ay||? — || Po(Az) — Po(Ay)|| Az — Ay
> |lz =yl = [z — y||* + | Az — Ay||® — || Az — Ay|]?

= 0.

Combing with the fact that f(z) is continuous and differentiable, we can conclude that it is
a convex function.

IVf(z) = Vi)l = (I = Pe)z — (I = Po)y + AT (I — Po)Ax — AT(I — Pq)Ay|
< |lz = Pe(@) + Pe(y) — yll + | AT (I — Pg)Az — AT(I — Pq)Ay)||
< llz =yl + AT = Po)Az — (I = Po)Ay)||
< llz =yl + [[Alll| Az — Ay
< llz =yl + A1z -yl
= (L+ A"l — wl.
So, Vf is Lipschitz continuous and the Lipschitz constant is 1 + || A||?. O

Remark 2.6. Following the same line as in the proof for Theorem 2.5, we can obtain that
V fa is Lipschitz continuous and the Lipschitz constant is 1 + [|A||* + «.

Proposition 2.7. Vf, is a-strongly monotone.
Proof. Since V fo(x) = V f(z) + az, we have
fo(@) =V fa(y),z —y) = (Vf(x) =V (y) + a(z —y),z —y)
= allz —y|* + (Vf(z) = Vf(y),z —y).

From Theorem 2.5, we know that f is a convex function. So

(Vf(z)=Vfy),z—y) >0,
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which, together with (2.1), implies that

(Via(z) = Valy),z —y) > allz —y|*.
This tells us that V f, is a-strongly monotone. O

Proposition 2.8. For any v which satisfies 0 < v < W, I —~V fq is contraction
with coefficient 1 — %a’y, that is

(=79 foe — (T =V fadyll < (1= 0l — .

Proof. From the condition that 0 < v < W, we can get that v2(1 + a + [|A]]?)? <
ya < 1. So
I =7V fa)z = (I =4V ayll* = llz =y + 7V fay =1V faz?
= & = yl> = 29(Vfax = Vfay, 2 = ) +7°|IV faz = V fay|®
<z =yl = 2yallz — y* +¥*(1 + a + [ AI*)?||lz — y]?
< o = yl* = 2vallz — y|I* +valz -yl
= (1 —ya)|z -yl

which implies that

I =Vfa)z = (I =7Via)yll < VI=7ale =yl
< (I=39)llz—yl.
This completes the proof. O

Now we consider the optimization problem (1.4). Combing the fact that f(x) and f,(z)
are proper convex functions and Lemma 2.3, it easy to observe that f,(z) is a strongly
convex function, which guarantees that the solution of (1.4) is unique. Let z,, be the unique
solution to the optimization problem (1.4).

Next we establish the relationship between x, and the minimum-norm solution of the
SFP. Note that finding the minimum-norm solution of the SFP is equal to solve the following
optimization problem:

min__z]?
s.t.xeC,AzeQ
It is easy to find that this is a convex programming and the objective function is strictly
convex. So, it has a unique solution. Namely the minimum-norm solution of the SFP is
unique.

Lemma 2.9. {||z.|} is bounded for a € (0, 00).

Proof. Let @ > > 0 and z,, and x5 be the solutions of optimization problems min cqn~y fo(2)
and min,cp~ f3(x), respectively. Then we have

{ foz(xa) < foz(xﬁ);
fa(zp) < fa(xa).

ie.,

1 1
Flwa) + 50llzall® < flzg) + Salloal
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1 1
Flas) + 3 Bllesl < Flaa) + 5Blal
Adding these two inequalities, we obtain that
allzal? + Bllzsl® < allzgl® + Bllzall.

It implies that
(@=B)(lzall* = llzs]*) < 0.

That is to say ||zq|| < ||zg||. So ||za|| decreases for a € (0, 00). Moreover 0 < ||z < ||zoll,
which guarantees that ||z|| is bounded. O

Theorem 2.10. As o — 0,{x,} converges to the minimum-norm solution of the SFP.
Proof. Let & be the unique minimum-norm solution of the SFP. We first show that

[zall < [1Z] (2.2)
Since z,, be the unique solution to the optimization problem (1.4), we have

fa(za) < fa(T),

i.e.

1 1 1 s
51U = Po)zalP + ZII( = Po) Azal* + 5 llzal* < 3112

N =

Then we get
- 1 -
lzall® < 121" = ~(I(I = Po)zall* + (I = Po)Aza|) < |12,

So (2.2) holds. Now we suppose that {a;,} is a sequence such that a,, — 0 as n — oco. The
optimal solution z,,, of min,cx~ fao, (z) is abbreviated as x,, for convenience. From Lemma
2.9, we know that {z,} is bounded. Let Z be any accumulation point of {z,}. Then there
exists its subsequence {zy,} converging to . Next we show that Z is a solution to the SFP
and T = . Because f,, is continuous and differentiable, from Lemma 2.4, we can easily get

V fa, () = 0.

Then
((I—=Po)xn+ (I —Pg)Az, + anzyn, & —xp) = 0. (2.3)

Note that

<xn - PC'(xn)axn - 5:> = <xn - PC(xn)axn - PC'(xn) + PC(xn) - 53>
= Hxn_PC(xn)HQ"‘@n — Po(zn), Po(zn) — ) (2.4)
> ln — Pe (@)

By similar proof to (2.4), we can also obtain that

(I — Po)Azy, Az, — AZ) > ||(I — Po)Az,)]2. (2.5)
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Combining (2.2)-(2.5), we get

ln = Pe(@n)ll? + (I — Po) )2 < (I = Pe)an + AT(I — Po) An, 2 — 7)
= (Tp, T — Ty)
< anlznlllZ — anll
< anlzn[[(1Z]] + [lznl])
< 20, |72
So
lwn, = Po(an,)|* + (I — Po)Azy,)
Taking limits on both side of (2.6), we conclude that

? < 200,112 (2.6)

Iz — Pe(@)]* + || Az — Po(Az)|* = 0.

We can immediately get
Z = Pco(%) and AT = Po(Az).

That is to say that Z is a solution to the SFP. We have proved that

zn| < 2.
Then
||| < lim supllz,| < Z.
n— o0
ie.,

lz| < z.

Due to the uniqueness of minimum-norm solution, we must have = Z. So {z,} is conver-
gent. And its subsequence {z,, } converges to Z, so is {z,, }, which is the required result. O

Gradient algorithm and its convergence

In this section, we will first introduce a gradient algorithm for solving the minimum-norm
solution of the SFP, and then establish the convergence of it.

Algorithm 3.1. Given any 2° € RY. For k=0,1,2, ...,
calculate
$k+1 — xk _ ’kafak (J}k),

where 0 < v, < (H”AOH‘W.

Lemma 3.2 ([15,18]). Assume that {pr} be a sequence of nonnegative real numbers such
that
@r+1 < (L —ox)pr + ok, k> 0.

where {ok}, {0} are sequences of real number satisfying
(a) {ox} C[0,1] and Y ;2 oK = o0;
(b) limy—so0 supdy < 0,01 > 7=, 0k0) is convergent.
Then, limg_, o, @ = 0.

Now we establish the convergence of Algorithm 3.1.
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Theorem 3.3. Assuming that the solution set of the SFP is nonempty. The sequences
{v},{aw} satisfies the following conditions:
(i) 0 <y < MW%
(ii) ar — 0 and v, — 0;
(i) 32520 awe = 003
(iv) (v = vl + ylarsr — arl)/(@rs1vi41)® = 0.

Then the sequence {x*} generated by Algorithm 3.1 globally converges to the minimum-norm
solution of the SFP.

Proof. Because f,, is continuous and differentiable. Through Lemma 2.4, we can easily get
Vfoar(®a,) =0and lim z,, = 7. (3.1)
k—o0

Now we only need to prove that [|z**! —

Zap = (I =V fa, )Za,- Note that

"t = o, | = I = 3V fo ) = (T = %V o o |

1
< (1= o)l — o

Zay ]l = 0. Due to (3.1), x4, can be express as:

1
= (1 N §ak7k)||xk ~ Tap_y T Tapoy ~ Tay ”

1
< (1 - §ak7k)||mk —Lap_1 ” + ||$ak ~Lap_y ||

||$Otk - xak—l” = Hxak - (I - ’ykvfak)mak—l + (I - ’yk?vfak)xak—l - xak—l”
<lzaw = =mVia)Ta I+ 1V far (2]
= I = %V fa)Tar — (L = %V a)Tap o | + 176V for (Tay )|l

1
< (1 - §Oé]€’}/k)||l‘ak - »Toc;ﬁl” + ‘|7kvfak (xak—l)H

1
= (1 - 50“67/6)”1:0% - mak—l” + H'ykvfak (xak—l) - ’Y’C—lvfak—l(xak—l)”'

So we get

Hx@k — Lay_, H

2
< o H’kafak (xak—l) - 'kalvfoék71(xak71)”
kVk

%%(”(’Yk - 7k71)vfak (makfl) + ,kal(vfak <xak71) B Vfa‘Pl (xakil))n) (33)

IN

2
(|’77€ - %—1|||Vfak (xak—l)ll + ’7k71||vf01k (xak—l) - vfak—l($ak—1)||)
ALYk

2 1
—— (|7 — M=V far (@ap_ )| + 5 v—1lan — ar—1|l|za,_, [])-
oYk 2

From Lemma 2.9, we know that {z,,} is bounded. So {Vf,, (24,)} is also bounded as
ap — 0.
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Let
M = Sup{||vfak($ak—l)||7 ”xoék—l”} < 00.

Then we get the following inequality from (3.3)

2 1
1Zar = Tap_o || < —— (176 — Ve—1] + ZVk—1]ar — ar—1]) M.

OV 2
Let

1
pr = (|’Yk*’Yk—1|+§’)/k—1|04*k704k_1\)M.

(e ve)?

Then the above inequality can be rewritten as follows

ALYk
|20, = Tay, | < EEpy (3.4)

Combine (3.2) and (3.4), we get

1 ALYk
244 — ) < (1= Lol — a1+ 2 (35)
Under the conditions (i) — (iv) in theorem, we obtain that
Lo C01: S Sagr = oot i+ 0, nemaly, <0
20¢k7k s L]y — 2ak7k = O Pk , nemaly, ki)rrolo suppr = U.
Now from Lemma 3.2, we get limy o [|2°T! — 24, || = 0. So, limy_ 00 ¥+ = limp s 00 Tary -
Then we obtain the required result, i.e., limy_,o, 2*T! = Z. O

Remark 3.4. Note that, if a, = k%, = k7 and 0 < § < 0 < 1,0 + 26 < 1, then
{ar}, {7k} satisfy the conditions (i) — (iv) in Theorem 3.3.

Conclusions

In this paper we mainly consider to find the minimum-norm solution of the split feasibility
problem. We first construct an unconstrained optimization problem related to the split
feasibility problem and analyze the relationship between them. Then, we present a gradient
algorithm to find the minimum-norm solution of the split feasibility problem. Under some
mild conditions, we also establish the global convergence of the algorithm.
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