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Abstract: In this paper, in terms of circatangent epiderivative, a new kind of weak subdifferential for
set-valued mappings is introduced. An existence theorem of this kind of weak subgradient is established.
In terms of Lagrange multiplier, necessary and sufficient optimality conditions are established for set-valued
optimization problems with constraint sets being determined by a geometric set and a cone-convex set-valued
mapping. In particular, the necessary optimality conditions do not require any convexity of the objective
mapping and the geometric set.
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Introduction

Rockafellar [15] first introduced the concept of subdifferential for convex functions in finite
dimensional spaces. Many researchers studied subdifferential because it plays an important
role in optimization and nonsmooth analysis. Today, the literature on subdifferential is vast.
For more details about subdifferential, we refer the reader to [6, 11, 13, 14] and the references
therein. Since set-valued mappings appear naturally in many branches of pure and applied
mathematics, as pointed out by Jahn [8], set-valued optimization becomes a bridge between
different areas, such as fuzzy programming, stochastic programming and optimal control
in optimization. In recent years, many researchers [1-3, 5, 8, 16, 17, 20] generalized the
concept of subdifferential to vector-valued or set-valued mappings and studied them. Yang
[21] generalized the concept of weak subdifferential defined by Chen and Craven [4] from
vector-valued mappings to set-valued mappings. He also obtained an existence theorem of
the weak subgradient, and a weak Lagrange multiplier theorem for a set-valued optimization
problem with the objective being a cone-convex set-valued mapping and the constraint be-
ing a convex set. Chen and Jahn [5] introduced another weak subdifferential for set-valued
mappings, which is a subset of the Yang-weak subdifferential [21] at the same point. They
also gave some existence results of the weak subgradient by the Eidelheit’s separation the-
orem, and obtained a sufficient optimality condition for a set-valued optimization problem.
Peng et al. [12] obtained some existence theorems of the Yang-weak subgradient and the
Borwein-strong subgradient [3], by using the Hahn-Banach extension theorem of set-valued
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mappings. They also presented a Lagrange multiplier theorem for a set-valued optimization
problem in terms of the Borwein-strong subgradient [3] with the multiple of the objec-
tive and the inverse of the constrained set-valued mapping being a cone-convex set-valued
mapping. Song [16] introduced a weak subdifferential in terms of contingent epideriva-
tive, and presented some property of this weak subdifferential. Li and Guo [9] presented
some existence theorems of the Yang-weak subgradient and the Chen-Jahn-weak subgra-
dient for set-valued mappings by the Hahn-Banach extension theorem given by Zalinescu
[22]. In terms of the Chen-Jahn-weak subgradient, they also obtained a Sandwich theorem
for cone-convex set-valued mappings, and obtain a formula for the subdifferentials of the
sum of two cone-convex set-valued mappings. Finally, they discussed Lagrange rules for
set-valued optimization problems in terms of the Yang-weak subdifferential and the Chen-
Jahn-weak subdifferential, respectively, in which the multiple of the objective and the inverse
of the constrained set-valued mapping is a cone-convex set-valued mapping. Hernandez and
Rodriguez-Marin [7] obtained some existence theorems of the Chen-Jahn subgradient and
strong subgradient introduced by themselves, respectively. They also established several
optimality conditions for set-valued optimization problems. Taa [19] established a formula
for the Yang-weak subdifferential of the sum of two cone-convex set-valued mappings under
the condition that the domain of one set-valued mapping and the interior of the domain of
another have nonempty intersection. Using this formula, he obtained a Lagrange multiplier
rule for a set-valued optimization with the objective and the constraint set-valued mappings
being cone-subconvexlike. Taa [18] established a formula for the Yang-weak subdifferential
of the sum of two cone-convex set-valued mappings under the Attouch-Brezis qualification
condition which is weaker than [19]. Using this formula and the Attouch-Brezis qualification
condition, he also established a Lagrange multiplier theorem for a set-valued optimization
problem with the objective and the constraint set-valued mappings being cone-convex. Long,
Peng and Li [10] obtained two existence theorems of the Chen-Jahn subgradient in terms of
the contingent derivatives. They also discussed some properties of the Chen-Jahn subdiffer-
ential. All Lagrange multiplier theorems mentioned above require cone-convexity or nearly
cone subconvexlike property of the considered set-valued mappings since these theorems are
obtained by applying the separation theorem for convex sets in essence. However, in some
nonconvex set-valued optimization problems, the Yang-weak subdifferential, Chen-Jahn sub-
differential, Borwein-strong subdifferential and Song-weak subdifferential of the considered
set-valued mappings are maybe empty. For example, all kinds of subdifferentials mentioned
above of F at (0,0) are empty, where F(z) = [—|z|, +00) for all z € R. In order to avoid
this drawback in dealing with the optimality conditions of nonconvex set-valued optimization
problems, we introduce a new kind of weak subdifferential for set-valued mappings by the
circatangent epiderivatives (Clarke epiderivative). In the special case when the set-valued
mapping is cone-convex, this subdifferential is equivalent to the Yang-weak subdifferential
and the Song-weak subdifferential. Then using this subdifferential, we established a La-
grange multiplier rule for set-valued optimization problems which covers more class than [9]
and [18].

This paper is organized as follows. In Section 2, we recall some notions which will be
needed in the sequel. Section 3 and 4 are the main contribution of this paper. In section 3, we
introduce a new subdifferential, and present an existence theorem of this weak subgradient
by applying the Eidelheit’s separation theorem and the Closed Graph Theorem. In section
4, we derive a Lagrange multiplier rule as necessary and sufficient optimality condition for
a constrained optimization problem. Unlike [9] and [18], Theorem 4.4 and Corollary 4.5
do not require any convexity of the objective set-valued mapping and the geometric set.
Moreover, our Lagrange multiplier rule is given by the weak subdifferential of all set-valued
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mappings in the constrained optimization problem, which is consistent with the classic
Lagrange multiplier rule for convex optimization problems. See Remark 4.8.

Preliminaries

Throughout this paper, we let X, Y and Z be Banach spaces, and let X*, Y* and Z* be
the topological duals of X, Y and Z, respectively. Let B(X,Y) denote the set of all linear
continuous operators from X into Y. Let Bx and By denote the unit open ball of X and
Y, respectively. Let A be a subset of Y. We denote the interior and the closure of A by
int(A) and cl(A), respectively. Let C' C Y be a closed pointed cone with int(C') # (. We
say that A is upper bounded if there exists b € Y such that A C b — C. Let C* denote the
dual cone of C, that is,

C*={y" €Y : (y",¢) 20, YceC}.
We let WMin(A) denote the set of weak efficient points of A, that is,
WMin(4A) ={a€ A: (A—a)N(—int(C)) = 0}.

Let a € A. Let T(A,a) denote the contingent cone of A at a, that is, v € T(A,a) if
and only if there exist a sequence {t,} in (0,+00) decreasing to 0 and a sequence {v,} in
Y converging to v such that a + t,v, € A for all n. Let T.(A,a) denote the circatangent
(or Clarke tangent) cone of A at a, that is, v € T,.(A,a) if and only if, for each sequence
{an} in A converging to a and each sequence {t,} in (0,400) decreasing to 0, there exists
a sequence {v,} in Y converging to v such that a, + t,v, € A for all n. It is known that
T.(A,a) is a closed convex cone and T.(4,a) C T(A,a). The Clarke normal cone of A at a
is denoted by N (A, a), that is,

N(Aja)={y* € Y": (y",v) <0, YVveT.(A4a)}
Clearly, if A is a convex set, then
NC<A7G’) = {y* ey”: <y*7y_ a’> < 07 v Yy e A}

Let f: X — RU {400} be a proper lower semicontinuous function. Let Dom(f) and
epi(f) denote the domain and epigraph of f, respectively, that is,

Dom(f)={x € X : f(x) < +oo} and epi(f) ={(z,t) € X xR: f(z) < t}.

For z € Dom(f), the Clarke-Rockafellar subdifferential [6] of f at x is denoted by Jf(z),
and is defined as

Of (x) = {a" € X*: (2", 1) € Ne(epi(f), (z, f(2)))}.
It follows that 2* € df(x) if and only if for all (u,v) € Te(epi(f), (z, f(z))),
v— (", u) ¢ —int(R,). (2.1)

Let §4 denote the indicator function of A. It is known [6] that 004 (a) = N.(A,a).
Let F: X = Y be a set-valued mapping. The domain, graph and epigraph of F' are

defined respectively by
Dom(F) ={z € X : F(z) # 0},
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Gr(F)={z,y) e X xY :y € F(z)},
epi(F) ={z,y) e X xY :y € F(z) + C}.

Let (Z,y) € Gr(F). The contingent epiderivative of F' at (Z, y) is defined by Gr(DF(Z,y)) =
T(epi(F),(z,7)). Clearly, v € DF(Z,y)(u) if and only if (u,v) € T(epi(F),(Z,7)). The
circatangent epiderivative of F at (Z,7) is defined by Gr(D.F(Z,7)) = Te(epi(F), (Z,7)).
We say that F' is closed if Gr(F) is a closed set. We say that F' is a C-convex set-valued
mapping, if for all z1,25 € X, t € [0,1],

tF(z1) + (1 —t)F(x2) C F(tzr + (1 —t)za) + C.

We say that F is a convex process if Gr(F') is a convex cone. Clearly, D.F(Z,¥) is a closed
convex process. We say that F is locally Lipschitz at & € Dom(F), if there exist n > 0 and
an open neighborhood U of Z such that

F(xz1) C F(z2) + n|lx1 — z2||By, VY z1,22 € U.

Definition 2.1 ([21]). Let (z,7) € Gr(F). T € B(X,Y) is called a Yang-weak subgradient
of F at (z,7) if
(F(z)—yg—T(x—z))N(=int(C)) =0, VzelX.

The set of all Yang-weak subgradients of F' at (z,y), denoted by 0¥~V F(Z, ), is called the
Yang-weak subdifferential of F' at (Z, 7).

Definition 2.2 ([5]). Let Z € Dom(F). T € B(X,Y) is called a Chen-Jahn-weak subgradi-
ent of F' at 7 if

(F(z) - F(Z)—T(x—2))N(—int(C)) =0, VzelX.
The set of all Chen-Jahn-weak subgradients of F' at &, denoted by 9°"VF(Z), is called the
Chen-Jahn-weak subdifferential of F' at Z.

Definition 2.3 ([16]). Let Z € Dom(F) and § € F(Z). T € B(X,Y) is called a Song-weak
subgradient of F' at T if

(DF(z,9)(u) — T(uw)) N (=int(C)) =0, VuelX.

The set of all Song-weak subgradients of F' at (Z,7), denoted by O* "V F(z,y), is called the
Song-weak subdifferential of F' at (,y).

Definition 2.4 ([3]). Let Z € Dom(F'), § € F(z). T € B(X,Y) is called a Borwein-strong
subgradient of F' at Z if for all x € Dom(F') and y € F(x), we have

y—y—T(x—2z)CC.

The set of all Borwein-strong subgradients of F' at (z, %), denoted by " ~SF(zZ, ), is called
the Borwein-strong subdifferential of I at (Z, ).

Definition 2.5 ([2]). Let z € Dom(F), y € F(z). T € B(X,Y) is called a Baier-Jahn-strong
subgradient of F' at x if
DF(z,9)(u) — T(u) C C.

The set of all Baier-Jahn-strong subgradients of F' at (Z, ), denoted by 0* =1 F(z, ), is called
the Baier-Jahn-strong subdifferential of F' at (Z, 7).
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The following result gives a little improvement of [18, Theorem 3.1]. However, its proof
is very similar to [19, Theorem 3.2], so we omit it.

Lemma 2.6. Let G; : X =3 Y (i = 1,2,...,n) be n C-convex set-valued mappings with
closed epigraphs, T € 61 Dom(G;), y; € Gi(Z), T € B(X,Y) and T € 0% W(G1 +Go+ -+ +
Go)(Z,y1 +y2 + -+ Yn). Suppose that

R, (Dom(G;) — r’_%ﬂ Dom(G;)) (i=1,2,...,n—1)
J=1

are closed vector subspaces of X. Then the following statements hold:

(a) There exist T; € B(X,Y), 2 € X* and ¢y € int(C) such that T;(z) = (z}, z)co,
T, € 0YYG(z,y;) (i=2,3,...,n) and T — (Ta + T35+ -+ T,,) € 09" WG (z,41).

(b) Y Y(GL+Ga+ 4+ Gn)(Zy1 +y2 + - +yn) COVYG(T,y1) + OV G (2, ya) +

Lemma 2.7 ([16]). Let F : X = Y be a set-valued mapping, T € X and § € F(Z). If
g € WMin(F (X)), then DF(Z,5)(u) N (—int(C)) = 0 for all u € X.

Existence of Weak Subgradient

In this section, we establish some existence results of weak subgradients for set-valued map-
pings.
Motivated by (2.1), we introduce the following definition.

Definition 3.1. Let (Z,y) € Gr(F). T € B(X,Y) is called a weak subgradient of F' at
(z,9) if

(D F(z,9)(u) — T(u)) N (—int(C)) =0, VueX.
The set of all weak subgradients of F' at (Z,7), denoted by 90F(Z,§), is called the weak
subdifferential of F at (Z, 7).

Now, we compare the difference among new subdifferential, Yang-weak subdifferential,
Jahn-Chen subdifferential, Song-weak sudifferential, Borwein-strong subdifferential
and Baier-Jahn-strong subdifferential. It is known [5] that 0“VF(z) c 9Y"VF(z,7),

but the converse is not true. It is also known [2] that obsk (z,9) C Eala (z,9), and
6b'SF(5c, g) = 8b'JF(§:, y) if F'is C-convex. By Definition 2.3 and 2.5, we can easily obtain
that OPIF(z,5) c 05V F(z, 7).

Proposition 3.2. Let & € Dom(F) and § € F(Z). Then
OV YF(z,y) c 95YF(z,y) C OF (%, 7). (3.1)

Furthermore, if F is a C-convex set-valued mapping, then they are equal.

Proof. By [16, Proposition 2.2], we have OY"WF(z,5) C 05VF(Z,y). Suppose that T €
VF(z,y). Then

(DF(z,9)(u) —T(uw)) N (=int(C)) =0, VueX.
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Since D.F(z,4)(u) C DF(Z,7)(u), we have
(D F(7,79)(u) — T(u)) N (=int(C)) =0, VueX.

which implies that T' € 0F(Z, ).
Now, suppose that F' is a C-convex set-valued mapping. Let T' € OF(Z, ). Then

(D.F(%,5)(uw) — T(w) N (—int(C)) =0, Vue X.

Since F is a C-convex set-valued mapping, we have F(z) —§ C D .F(Z,§)(x — Z). It follows
that
(Flx)—g—T(x—z))N(-int(C)) =0, VazelX,

which implies that 7' € 0Y"WVF(z, 7). O
Remark 3.3. The inclusion in equation (3.1) may be strict. See the following example.

Example 3.4. Let F': R = R be defined as

_f [#®sinl z?sinl +1], x#0,
F(af)—{ {0}, z=0.

It is easy to calculate that DF(0,0)(u) = [0, +00), D.F(0,0)(u) = [|u], +o0) for all u € R,
OY"WEF(0,0) =0, 0>WVF(0,0) = {0} and OF(0,0) = [-1,1].

Remark 3.5. T € 0F(z,%) if and only if T € 0Y"W(D.F(z,%))(0,0).

Remark 3.6. According to the above analysis, for a given set-valued mapping, the Yang-
weak subdifferential, Jahn-Chen subdifferential, Song-weak sudifferential, Borwein-strong
subdifferential and Baier-Jahn-strong subdifferential are subsets of our new subdifferential
at the same point.

Theorem 3.7. Let F': X =2 Y be a set-valued mapping and (z,y) € Gr(F). Suppose that
the following conditions are satisfied:

(i) 0 € int(Dom(D.F(z,9)));
(ii) Te(epi(F),(Z,y)) is a proper subset of X X Y.
Then OF (Z,%) # 0.
Proof. Firstly, we prove that int(7T.(epi(F), (Z,7))) # 0. By the definition of circatangent

epiderivative, we have C' C D.F(z,7)(0). Take ¢ € int(C). Then there exists p > 0 such
that ¢ + pBy C D.F(z,)(0) N C. Clearly,

2 — (¢+ pBy) C C. (3.2)

Since D.F(Z,y) is a closed convex process, by (i), we have Dom(D.F(z,y)) = X. By the
Closed Graph Theorem [1, Theorem 2.2.6], there exists n > 0 such that

ce D.F(z,y)(0) C D.F(z,y)(z) + n||z||By, VazelX. (3.3)

Let x € £Bx. By (3.3), there exists b, € By such that ¢ + nl|z(|b, € DcF'(2,9)(z). Since
[Inllz||bz]] < p, we have e4n||x||b, € €+ pBy. It follows from (3.2) that 2¢— (¢+n]z||b;) € C,
and so,

2¢ € ¢+ nl|z|[b, + C C D F(z,y)(x) + D.F(Z,9)(0) C DF(Z,9)(x),
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which leads to
2¢+ int(C) € D F(Z,§)(x) + D.F(Z,5)(0) C D F(Z,7)(x).

This implies that (z,2¢ + int(C)) € Te(epi(F), (z,7)). Therefore, (£Bx,2¢ + int(C)) C

Te(epi(F), (2,7)), and so int(Te(epi(F), (2,))) # 0.
Secondly, we show that

(0,0) ¢ int(T.(epi(F), (7,7)))- (3-4)
Suppose to the contrary that there exists 7 > 0 such that
TBx x 7By C Te(epi(F), (Z,9)).
Since T.(epi(F), (Z, 7)) is a cone, one has

X xY = | J ArBx x 7By) = T.(epi(F), (z,7)),
A>0

which contradicts the assumption that T, (epi(F'), (Z, 7)) is a proper subset of X x Y. There-
fore, (3.4) is justified. Applying the Eidelheit’s separation theorem to (3.4), there exists
(z*,y*) € X* x Y* with [|z*| + |ly*|| = 1 such that

0<(z" )+ ("), V(z,y) € Tepi(F),(z,9)). (3.5)

For each ¢ € C, taking (z,y) = (0,¢) € T.(epi(F), (Z,7)) in (3.5), we have (y*,¢) > 0, and
so y* € C*. We claim that y* # 0. Suppose to the contrary that y* = 0. Then by (3.5), we
have

0<(z*,z), VazecDom(DF(z, 7)) =X.

This implies that z* = 0, which contradicts (z*,y*) # (0,0). Hence y* # 0. Then there
exists ¢g € int(C) such that (y*, co) = 1. Now, we define a mapping T : X — Y by

T(z) =—(z",x)cy, VazeX.
Clearly, T is linear and continuous. We claim that T satisfies
(D F(z,9)(u) — T(u)) N (—int(C)) =0, VueX. (3.6)

Suppose to the contrary that there exist 4 € X and v € D F(Z,y)(u) such that v — T'(a) €
—int(C). Since y* € C*\ {0}, we have

(y* 0 =T(u) = (y",0) + (&, w){y", co)

= (y",0) + (2", @) <0. (3.7)

On the other hand, taking (x,y) = (@,9) in (3.5), we have (z*,a) + (y*,v) > 0, which
contradicts (3.7). Therefore, (3.6) is justified, and so T' € OF (Z, ). O

Corollary 3.8. Let F : X = Y be a set-valued mapping, T € Dom(F) and §j € F ().
Suppose that the following conditions are satisfied:

(i) F(Z) is upper bounded and F is upper semicontinuous at T;

(i) there exists ug € X such that D.F(Z,7)(ug) #Y.
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Then Dom(D.F(z,4)) = X and OF(Z,7) # 0.

Proof. Since F(Z) is upper bounded and F is upper semicontinuous at Z, by [7, Lemma 4.1],
there exists an open neighborhood U of Z such that

g+ int(C) C F(x) +int(C), Vz eU.

Take 7 > 0 sufficiently small such that Z+7Bx C U. Then (Z+7Bx, §+int(C)) C epi(F).
By the definition of circatangent cone, we obtain (7Bx,int(C)) C T.(epi(F), (Z,7)). There-
fore TBx C Dom(D.F(z,y)). Since D.F(Z,¥) is a process, we obtain Dom(D.F(z,7)) = X.
By condition (ii), there exists an vy € Y such that vg ¢ D.F(Z,7)(uo), and so (ug,vo) ¢
T.(epi(F), (Z,7)). Therefore, T.(epi(F),(Z,)) is a proper subset of X x Y. By Theorem
3.7, OF (z,7y) # 0. O

Now, we give an example to illustrate Theorem 3.7.

Example 3.9. Let X =R, Y =R2, C = Ri and the set-valued mapping F : R = R? be
defined as
F(z)={(u,v) :2° <u,v<a®+1}, VzeR

Let Z =0 and § = (0,0). Then

It is easy to verify that all conditions of Theorem 3.7 are satisfied. Therefore, OF (z,7) # 0.
In fact,
OF(z,9) = {(T1,Tz) € R* : (Ty < 0,Ty > 0) or (T1 > 0,72 < 0)}.

Generalized Lagrange Multiplier Rule

In this section, in terms of Lagrange multiplier, we give necessary and sufficient conditions
for the solution of set-valued optimization problems.

Let K C Z be a closed convex cone, F': X = Y be a set-valued mapping, H : X =3 Z
be a K-convex set-valued mapping, and 2 C X be a nonempty closed set. Consider the
following two set-valued optimization problems:

min  F(x),
(SOP1) { st. H(x)N(—K)#£0, €.

min F(z),

(S0P2) { st. x e

Definition 4.1. We say that (Z,7) € X x Y is a weak minimizer of optimization problem
SOPl)ifzeD:={reX : Hxz)Nn(-K) #0, x € Q} and § € F(z) N WMin(F(D)).
We say that (z,7) € X x Y is a weak minimizer of optimization problem (SOP2) if z € )
and y € F(Z) N WMin(F(€)).

For convenience in the sequel, we define the set
L={T €B(X,Y) : there exist 2" € X* and c € int(C) such that T = (z*,)c}.

We need the following blanket assumption.
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Assumption (A) Let z € H(Z) N (—K). Suppose that for each v € T.(—K,z), each
sequence {t,} C (0,400) decreasing to 0, each sequence {(un,v,)} C X x Z satisfying
(Un, V) = (u,v), Z+t,v, € H(Z+tpu,)+ K and T+t,u, € Q, there exist two subsequences
{tn,} C {tn}, {un,} C {un} and a sequence {;} C Z with 9, — v such that z + ¢,,0; €
H(Z + ty,upn,) + K and Z + t,,,0; € —K when [ sufficiently large.

Remark 4.2. Clearly, if z € H(Z) N (—int(K)), then Assumption (A) is satisfied by taking
tn, =tn, Un, = Uy and U; = vy,.

Example 4.3. Let X = Z = R, H(:c) =[x,z + 1] for all x € R, K = [0,4+00), Q =
[-7,0], Z=0and Z =0. Let v € T.(—K,2) = (—00,0], {tn} C (0,+00) decreasing to 0,
{(un,vn)} C X xZ satistying (un,v,) = (u,v), Z+tp,v, € H(Z+t,u,)+ K and T+t,u, € Q.
In the case when v = 0, we take v, = 0. In the case when v < 0, we take v,, = v,,. Then
Z+ty0n € H(Z + tyu,) + K and z + ¢,0,, € —K when n sufficiently large. The assumption
(A) is satisfied.

Theorem 4.4. Suppose that & € D, §j € F(z), z € H(Z) N (—K), F and H are locally
Lipschitz at T, F(Z) and H(Z) have upper bound, Assumption (A) is satisfied, and

T.(-K,z) — D.H (%, 2)(T.(Q%, %)) = Z. (4.1)

If (z,9) is a weak minimizer of (SOP1), then there exist A € B(Z)Y), z* € Z* and ¢y €
int(C) such that

(i

) A(2) = (2%, 2)co, ¥ z€Z;
(i)

)

)

A
A(K) C
A(z) =
(iv) 0 € OF(Z,7) + (A o H)(Z,A(2)) N L + N(Q, T)int(C),
where No(Q, )int(C) := {(z*,)c : 2* € N(Q, %), c € int(C)}.

(iii

Proof. Suppose that (Z,7) is a weak minimizer of (SOP1). Let F; : XxZ =Y (i =1,2,3,4)
be defined by
Fi(z,z) =F(z), V(r,2)eX xZ,

F2(x7z):6—K(Z)7 V(a:,z)EXxZ,
Fs3(z,2) =6a(z), V(z,2)e X x Z,
Fy(z,z) = 5epi(H)(x,z), V(z,2) e X X Z,

where d_k(z) equals to {0} if z € —K, () otherwise. Then (Z, z,y) is a weak minimizer of
the following optimization problem

min  Fy(z,2) + Fa(x, 2) + F5(z, 2) + Fy(z, 2),
st. (z,2)e X x Z.

By Lemma 2.7, we have

D(Fy + Fy + Fs + Fu)(2,%,9)(u,0) [ (=int(C)) =0, ¥ (u,v) € X x Z. (4.2)
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Now, we show that for all (u,v) € X x Z,

12,0)(u, )
»9)(u, ).
Let wy € D F1(Z, 2,7)(u,v) and w; € D F;(Z,%,0)(u,v) (i =2,3,4). Let {t,} be a sequence
n (0,400) decreasing to 0. By the definition of circatangent epiderivative, there exist
{(u%)m,(1 Jwh! )} CXxZxY (i=1,2,3,4) with (un 707(11),107(11)) — (u,v,w) such that

D Fy(Z,%,7)(u,v) + DeFa(Z, Z,0) (u, v) + Do F3(z (4.3)

+DCF4($ 0)(u,v) CD(Fl —|—F2—|—F3—|—F4)(7

g+ tywd € Fi(z +tyull, 2+ t,olV) + C = F(z + t,ulV) + C,

0+ tow? € Fy(z +t,u'?, 24+ t,02) + C = 6_g(z + t,v?) + C, (4.4)
0+ toaw® € Fy(z + t,ul®, 2 + t,03)) + C = bo(z + t,uP) + C, (4.5)
0+ taw € Fu( + taul), 2 + t,0()) + C = Sapii ) (& + tauld, 2 + () + C. (4.6)

Since F' is locally Lipschitz at T, there exist a positive integer number n; and 7; > 0 such
that

7+ tyawl € F(z 4 t,ul)) + C c F(@ + t,ul®) + mtn|ul) —u®||By +C
when n > ni. Then there exists bﬁP € By such that

;y—l—tn( W o lult) — ul ||b1))EF(x+t u®) +C (4.7)

when n > ny. By the definition of the indicator function and (4.6), we have ¢, wi € C and
zZ+ tnv,(f) € H(Z + tnu% )) + K. Since H is locally Lipschitz at Z, there exist a sequence
{bgl)} C Bz, a positive integer number ny4 and 14 > 0 such that

Z+ty (v7(14) + 774HU$L4) _ u7(13) ||b7(14)) € H(z + tnuS’)) LK

when n > ny. By (4.4), we have zZ 4+ tav'?) € K, and so v € T.(—K,Z). By (4.5), we have
T+t u(g) € Q. Noting

(w0 + malu® = P [) = (u,v),

by Assumption (A), we may assume that there exist a positive integer number nz and a
sequence {0, } C Z with o, — v such that

Z+tyi, € H(E + t,u®) + K (4.8)

and
Z+t,0, € —K (4.9)

when n > ng. It follows from (4.6) and (4.8) that

0+ tnwi? € Sepicm (i +taul®, 2+ tn5n> +C (4.10)
when n > {ng,nq4}. It follows from (4.4) and (4.9) that

0+ thw® € 6_g (Z+tnby) +C (4.11)
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when n > {ng,n4}. Adding (4.5), (4.7), (4.10) and (4.11), we have

y+tn (wﬁf) +mlul) = w0 + w + w + wﬁ‘))
€ F(z + t,ul®) + 0_xk (2 + tndn) + 00(7 + t,ud)

. (4.12)
+ dopicar) (7+ taul®), 2+ taiin) +C

=(FL+ F+ Fs+ F) (:f +toul®, z + tnﬁn) +C
when n > max{ni,n3,ng}. Since

w® + o lul) — u@ b + w® + w® 4w = wy + wy + ws 4 wy,

(uf’), f)n) = (u,v),

it follows from (4.12) that wy +we+w3z+wy € D(Fy + Fo+ F3+ F4)(Z, Z,§) (u, v). Therefore,
(4.3) holds. Combining (4.2) with (4.3), we have

4
(DcFl(x, z,9)(u,v) + Z D.F;(z,%,0)(u, v)) ﬂ(—int(C)) = 0.

=2
This implies that

(0,0) € ¥ V(D.Fy(7,%,9) + Y _ D.Fi(Z, 2,0))(0,0,0).

=2

Now, we show that the condition of Lemma 2.6 is satisfied (taking G1 = D.F1(Z, Z, §)
G; = D Fi(%,%,0) (i = 2,3,4)). Since F and H are locally Lipschitz at Z, and F(Z) and H(Z
have upper bound, by Corollary 3.8, we have Dom(D.F(Z,)) = Dom(D.H(Z,z)) = X. 1
is easy to verify that

&+ ~—

Dom(D.Fi(%,%,9)) = Dom(D.F(z,3)) x Z =X x Z,
Dom(D F»(7,2,0)) = X x T.(—K, z),
DOHI(DCF3<7, 270)) = TC(QNIE) X Z7
Dom(D.Fy(z,z,0)) = T.(epi(H), (Z, 2)).
It is easy to verify that

4

Dom(D,Fy(z,2,9)) — [ | Dom(D.F;(z, 2,0)) = X x Z.
=2
Now, we show that
4
Dom(D,Fy(Z, 2,0)) — (| Dom(D,Fi(Z, 2,0)) = X x Z,
1=3

that is,
X xT(-K,z) — (T.(,Z) x Z) (}Tc(epi(H)7 (z,2)) =X x Z. (4.13)
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Let (x,2) € X x Z. By (4.1), there exist v € T.(—K, z), & € T.(Q,z) and v € D . H(Z, z)(a)
such that z = v — 0. Clearly, (x + 4,7) € X x T.(—K,Zz), (4,0) € (Tc(Z) x Z)N
T.(epi(H), (z,2)) and (z,2) = (x + @, V) — (4, 0). Therefore, (4.13) holds. Using the fact

T.(Q,7) x Z — To(epi(H), (,2)) = X x Z,

that is,
Dom(D.F5(z,z,0)) — Dom(D.Fy(Z, 2,0)) = X x Z.

By Lemma 2.6, there exist (z], z) € X*x Z*, ¢o € int(C), (T;(x), Ai(z)):(<x*,x>,<z*72>)co
P .

such that (T1, A,) € 8% (D.F\ (%, 2,9))(0,0,0), (T;, As) € Y% (D.F(z, ,0)
2,3,4) and
(0,0) = (T1 +T2+T3+T4,A1 +A2+A3+A4). (414)

Since D.F1(Z,2,9)(u,v) = D.F(Z,y)(u) and (T1,A1) € 0¥V (D.Fi(z,z,%))(0,0,0), one has

(D F(Z,9)(u) — (x],u)co — (27,v)co) N (—int(C)) =0, V (u,v) € X x Z. (4.15)
Taking v = 0 in (4.15) and noting 0 € D.F(Z,4)(0), one obtain

(—(27,v)c) ¢ —int(C), Ywve Z.
As ¢g € int(C), the above relation implies that
(27,v) <0, VveZ
and so zf = 0, that is, A; = 0. Replacing z{ by 0 in (4.15), one has
(D F(7,7)(u) — {x],u)co) N (—=int(C)) =0, VueX,

which implies that 77 € OF (Z, §).

It is not hard to verify that w € D Fy(Z,
’UET( s ) As (TQ,AQ)Gay W(D FQ( z,

Z,0)(u,v) if and only if w € C, v € X and
0))(0,0,0), we have

(C — (x5, u)co — (25,v)co) N (—int(C)) =0, Vue X and v € T(—K, 2).
Since 0 € C, we get
(x5, uyco + (25,v)co ¢ int(C), Vuée X and v e T (K, Z). (4.16)
Taking v = 0 in (4.16), we get
(x5,u) <0, VYVwuelX.
This implies that 23 = 0, and so T» = 0. Replacing x5 by 0 in (4.16), we get
(z5,v) <0, VwveT.(-K,2). (4.17)

As —K—-zCT.(—K,z)and z € —K, takingv = 0—Z and v = 22— Z in (4.17), respectively,
we obtain (z3,Z) > 0 and (z3,z) <0, and so (23, Z) = 0. Therefore,

As(2) = 0. (4.18)
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Taking v = —k — Z in (4.17) for all k € K, we have
<Z§7 —k— 2> = <Z;7 7k> < 07

and so
Ao (K) = (25, K)o C C. (4.19)

It is not hard to verify that w € D.F3(Z,z,0)(u,v) if and only if w € C, u € T.(Q, Z)
and v € Z. As (T3,A3) € OY"V(D.Fs(z, z, ))(O ,0), we have

(C — (x5, u)co — (z5,v)co) N (—int(C)) =0, VueT,(Q,z) andve Z. (4.20)
Taking u = 0 in (4.20) and noting 0 € C, we get
(z5,v) <0, YveLZ
This implies that z5 = 0, and so A3 = 0. Replacing z5 by 0 in (4.20), we get
(x3,u) <0, VueT(Q).
This implies that x5 € N.(2,7), and so T5 = (x%, - )co € N.(Q, Z)int(C).
It is not hard to verify that w € D Fy(Z,Z,0)(u,v) if and only if w € C and (u,v) €
T.(epi(H), (Z, 2)). Since (T4, Ay) € OV (D Fy(z, z,0))(0,0,0), then
(C = Ty(u) — Ay(v)) N (—int(C))

Noting 0 € C, we get

0
0, V (u,v) € T.(epi(H),(Z,Z2)).

(0 —Ty(u) — Ag(D H(z,2)(u))) N (—int(C)) = 0, VuecX.
Since A1 = A3 =0, by (4.14), we get Ay = —A4. The above relation can be rewritten as
(Ay(D.H(z,2)(u)) — Ty(u)) N (—int(C)) = 0, VueX. (4.21)

Now, let u € X and v € D (Ay0H)(Z, A2(Z))(u). Since H is a C-convex set-valued mapping,
by [1, Proposition 5.3.4], we have Gr(D.(Az0 H)(Z, A2(Z))) = cl(Gr(A2(D.H (%, Z)))). Then
there exists {(tn,vn)} C X XY with v, € Ao(D H(Z, Z)(uy)) such that (un,v,) — (u,v).
By (4.21), we have v, — Ty(u,) € Y \ (=int(C)). Letting n — oo, we have v — Ty(u) €
Y\ (=int(C)). This implies that

(De(As 0 H)(Z, As(2))(w) — Ty(w)) N (—int(C)) =0,  Yue X.

Therefore, Ty € 0(A2 0 H)(Z, A2(2)).
Since Ty = 0, T5 = (x%, -)co, by (4.14), we have

0=T1+Ty+ <JZ§, '>CO

4.22
€ OF(Z,y) + 0(A2 0 H)(Z,A2(2)) N L + N.(Q, Z)int(C). (4.22)
Letting z* := 25, A := Ay, then (i) holds. (ii)-(iv) follow from (4.18), (4.19) and (4.22). O

Corollary 4.5. Suppose that & € Dom(F)NQ, § € F(z), F is locally Lipschitz at T and
F(Z) has upper bound. If (Z,7) is a weak minimizer of optimization problem (SOP2), then

0 € OF (Z,9) + N.(Q, z)int(C).
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Proof. In Theorem 4.4, we define Z =Y, K =Y, H(x) =0, z = 0. It is easy to see that all
conditions of Theorem 4.4 are satisfied. By (4.22), it suffices to show that Ty = 0. Since

Ty = (3, -)co € O(Ag 0 H)(T, A2(2)) = 9(0)(%,0),

we have
—(x},u)yco ¢ —int(C), VueX.
The above inequality implies that z} = 0, and so Ty = 0. O

Theorem 4.6. Let F' be a C-convex set-valued mapping, 2 be a closed conver set, T € D,
g€ F(z) and z € H(z) N (—K). If there exists A € B(Z,Y) such that

(i) A(K) C C;
(i) A(2) = 0;
(ifi) 0 € OF(z,5) + O(A o H)(Z, A(2)) N L + No(Q,7)int(C),

then (Z,9) is a weak minimizer of problem (SOP1).

Proof. Suppose that there exists A € B(Z,Y) such that (i), (ii) and (iii) hold. It suffices to
show that (Z,y) is a weak minimizer of (SOP1). Suppose to the contrary that there exist
Z € Q with H(Z) N (—=K) # 0 and § € F(Z) such that § —y € —int(C). By (iii), there
exist Ty € OF (Z,7), To € O(Ao H)(Z,A(2)) N L, 27 € N.(Q,Z) and ¢; € int(C) such that
0=T, +To+ (x7,-)c1. Since z7 € N.(Q, ), we have (z},Z — Z) <0, and so

(27,2 — T)ey € —C.

Since H is a K-convex set-valued mapping, by (i), Ao H is a C-convex set-valued mapping.
By Proposition 3.2 and condition (ii), we have Ty € 9(A o H)(Z,A(2)) = V"W (Ao H)(z,0),
and so

(A(H(Z)) — To(Z — z)) N (—int(C)) = 0. (4.23)

Take Z € H(Z) N (—K). By (i), there exists ¢ € C such that A(Z) = —¢. Since T; € L, there
exist x5 € X* and ¢y € 1nt(C) such that Ty = (x3,-)ce. Replacing H(Z) by Z in (4.23), we
obtain

—C— (x5, — T)co ¢ —int(O).

Since ¢ € C and ¢y € int(C) , the above relation implies that (x5, — Z) < 0. Therefore,

g—g—Ti(@—%) € —int(C)+To(T — &) + (2], T — T)cx
C —int(C) + (x5, — T)ea + (27,7 — Ty (4.24)
C —int(C) — C — C C —int(C).

On the other hand, since T} € dF (z,y) = 0Y"VF(z, 1), we have
(F(2) -y —T1(z — 7)) N (~int(C)) = 0.
Since § — gy € F(&) — g, we have
y—y—T(z—z) ¢ —int(C),

which contradicts (4.24). Therefore, (Z,y) is a weak minimizer of (SOP1). O
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Corollary 4.7. Let F be a C-convex set-valued mapping, 2 be a closed convex set, T €
Dom(F)NQ and §j € F(z). If

0 € OF(Z,7) + N.(Q, z)int(C), (4.25)

then (Z, ) is a weak minimizer of optimization problem (SOP2).

Proof. In Theorem 4.6, we define Z =Y, K = {0}, Zz =0, H(z) = 0 and A = 0. Then
(4.25) holds by Theorem 4.6. O

Remark 4.8. In [9, Corollary 5.1], Li and Guo proved the following result. Let = X and
zeD. If0€int(H(X)), FoH™!is C-convex, then for every § € F(z), (Z,7) is a weak
minimizer of optimization problem (SOP1) if and only if there exists A € B(Z,Y) such that
AMK)CC,Ao(H(z)N(=K))=0,and 0 € 0“V(F + Ao (H(-) N (—K)))(T).

In [18, Theorem 4.1], Taa proved the following result. If F' is C-convex, H is K-convex,

inf{p.(y) :y € F(x) + C} > —o0, V2 € Dom(F),

and Ry (H(Dom(F)N QN Dom(H)) + K) is a closed vector subspace of Z, then (Z,7) is a
weak minimizer of optimization problem (SOP1) if and only if for any z € H(Z) N (—K),
there exists A € B(Z,Y) such that A(K) C C, A(zZ) =0, and 0 € 0¥V (F+dq+AoH)(Z,7),
where ¢.(y) =inf{t e R: y € te — Y} for a given element e € intC.

Now, we summarizes the differences between our results and the results mentioned above.

(i) Let us recall the classic Lagrange multiplier rule for convex optimization problems.
Let f,h : X — R U {+o0} be two proper convex functions, {2 be a closed convex subset of
X. Consider the following convex optimization problem:

(SOP3) { st. h(z) <0, zx€Q.

Suppose that D = {x € X : z € Q, z € dom(f), h(z) <0} # 0 and T € D. Consider the
following statements:

(a) Z is a solution of (SOP3);
(b) there exists p > 0 such that 0 € 9f(Z) + poh(z) + N.(Q, ).

It follows from [14] that (b)=-(a). Moreover, if h(Z) < 0, then (a) and (b) are equivalent.
Our Lagrange multiplier rule is expressed by the subdifferential of all set-valued mappings in
(SOP1), that is, 0 € OF(Z,7) + (Ao H)(Z,A(2)) N L + N.(2,Z)int(C), which is consistent
with the form of the classical Lagrange multiplier rule for (SOP3) and different from [9,
Corollary 5.1] and [18, Theorem 4.1].

(ii) Theorem 4.4 and Corollary 4.5 do not require cone-convexity of F'. Hence they can be
applied to some nonconvex optimization problems. See the following example. In Theorem
44,1et X =Y =R, C=K =1[0,+0), Q2 =[-7,0], and F, H : R = R be defined as

F(z) = [2°|sinz|, 2®|sinz|+ 1], Vz€eR,
H(z)=[z, x+1], VzeR

Clearly, F is not a C-convex set-valued mapping since

%F(O) + %F(—w) =[0,1] ¢ F(%O + %(—w)) L C= [%2 +oo).
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Therefore, [18, Theorem 4.1] can not be applied to optimization problem (SOP1). Similarly,
F o H™! is not a C-convex set-valued mapping since

%(F o H™1)(0) + %(F o H N (—n) = [0, % sinl+ %(77 +1)%sin1 + 1}
¢ (Fofrl)(%ojL %(—w)) +C = {%2,4—00).

Therefore, [9, Corollary 5.1] can not be applied to optimization problem (SOP1). Take
T =9y =z = 0. Now, we verify that all conditions of Theorem 4.4 are satisfied. Clearly,
(Z,7) is a weak minimizer of (SOP1). Since

F(xl) CF($2)+3‘.’E1—.’EQ|B)(, V1,29 € [—1,1},

H(z1) C H(x2) + |21 —22|Bx, V1,22 €R,

F and H are locally Lipschitz at . F(z), H(Z) have upper bound 1. By Example 4.3, the
assumption (A) is satisfied. It is easy to calculate that

D.H(Z,Z)(u) = D H(0,0)(u) = [u,+00), Vu€R,

T.(-K,z) — D.H(z,z)(T.(Q,))
All conditions of Theorem 4.4 are fulfilled.

(=00, +00).
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