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Abstract: We deal with the minimization problem of an integral functional with an integrand that is not
convex in the control, on solutions of a control system described by a nonautonomous fractional evolution
equation with mixed nonconvex constraints on the control. A relaxation problem is treated along with the
original problem. It is proved that the relaxation problem has an optimal solution and that for each optimal
solution there is a minimizing sequence of the original problem that converges to the optimal solution with
respect to the trajectory, the control and the functional in appropriate topologies simultaneously.
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Introduction

For the last decades, the theory of fractional derivatives or integrals has undergone rapid
development. To a large extent this was due to the great applications of the theory to
problems in mathematical physics. As stated in [13,23], both the ordinary and the partial
differential equations of fractional order have become an excellent tools for the description of
memory and hereditary properties of various materials and processes, such as viscoelasticity,
electrodynamics and heat conduction. For more details on these topics, one can see [3,14-20]
and the references therein.

Nonautonomous problems are of interest in theory as well as in practice. The reason for
studying the nonautonomous equation is that it and various variants of it appear in math-
ematical models of viscoelasticity. In fact, they typically appear in mathematical physics
by some constitutive laws of the memory type when combined with the usual conservation
laws and arise in the theory of aging of materials with memory. Significant progresses have
been made for the integer order nonautonomous differential equations. However, due to the
difficulty of the time variance and the memory property of the fractional order, there are
still few topics in the literature to study the nonautonomous fractional differential equations.
For more details, one can see [4,7,8].
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Poland under the Maestro Advanced Project No. DEC-2012/06/A/ST1/00262; Special Funds of Guangxi
Distinguished Experts Construction Engineering; the Project of Guangxi Education Department grant No.
KY2016YB417.
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Recently, existence and relaxation problems for nonconvex differential inclusions have
been received great attentions by many researchers from different points of view. Since
Bogolyubov first proved a theorem on relaxation for a class of problems of the classical
calculus of variations in 1930. Thereby, this theorem has been extended in several direc-
tions by many authors including Ekeland and Temam [6], Toffe and Tikhomirov [12] and
Mcshane [21]. Among more recent generalizations are the works by De Blasi, ect. [5] and
Tolstonogov [24-27]. Very recently, Liu et al. [15] considered the relaxation in nonconvex
optimal problems described by fractional differential equations. In their work, A(t) = A
and A generates a compact semigroup. However, their results clearly cannot apply to the
equations with a nonautonomous A(t) which is a more general and maybe more important
case.

The main purpose of this article is to extend and develop the above work, that is, we
shall discuss an analogue of Bogolyubov’s theorem for the following problem.

For a numerical function g : J x X x Y — R, we consider the problem (P):

J(z,u) = /Jg(t,:c(t),u(t))dt — inf,

on the solution set of the following control system described by the following nonautonomous
fractional evolution equation:

CDex(t) + A(t)z(t) = B(t)u(t), teJ=10,b], 0<a <1, (1.1)
z(0) = zo, '
subject to the mixed nonconvex constraints on the control
u(t) € U(t,z(t)), a.e. on J, (1.2)

where ¢ D¢ is the Caputo fractional derivative of order o with the lower limit zero and b > 0
is a finite real number. {A(¢) : t € J} is a family of linear closed densely defined operators
on Banach space X such that the domain of A(t) does not depend on ¢t. B :J — L(Y, X),
where L(Y, X) is the space of continuous linear operators from Y into X and Y is a separable
reflexive Banach space modeling the control space. U : J x X — 2Y\{()} is a multivalued
map with closed values that is not necessarily convex.

Let R = (—00,+00] and gy : J x X x Y — R be the function defined by

_ g(t,x,u% (NS U(t7$)7
gu (t,z,u) = { + oo, u g Ut x),

and let g**(¢,x,u) be the bipolar of the function u — gy (¢,x,u) (see 1.4.2 of [6]).
Along with the problem (P), we also consider the relaxation problem (RP):

T (x,u) = / gt (¢, z(t), u(t))dt — inf,
J
on solutions of the control system (1.1) with the convexified constraints

u(t) € coU (¢, z(t)), a.e. on J, (1.3)

on the control. Here ¢o stands for the closed convex hull of a set.

Our aim of this paper is to explore an interrelation between the solutions of the prob-
lems (P) and (RP). Under sufficiently general conditions, we show that for every solu-
tion (x4 (), us(+)) of the control system (1.1) with constraints (1.3), there exists a sequence
(Zn(+), un(-)) (n > 1) of the control system (1.1) with constraints (1.2) such that

Zn() = z() in C(J,X), (1.4)
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/ ot 2 (1), 1n () dE — / gur (b 2 (1), s (8) ). (1.5)
J J

By using this result, we get that the problem (RP) has a solution and for any solution of
(RP), there is a minimizing sequence of (P) converging to the solution of (RP) which takes
place simultaneously with respect to the trajectory, the control and the functional in the
appropriate topologies. Usually, this property is called the relaxation (cf. [6]). Relations (1.4)
and (1.5) are an analogue of Bogolyubov’s theorem [15,24-26] in the calculus of variations
being the set of solutions of the control systems (1.1), (1.2) and (1.1), (1.3).

The rest of this paper is organized as follows. Next, we will present some basic defini-
tions and preliminary facts, such as definitions, lemmas and theorems, which will be used
throughout the following sections. In section 3, some auxiliary results needed in the proof
of our main results are presented. We consider the existence result of the control systems
described by nonautonomous fractional evolution equations in section 4. In section 5, we
establish an interrelation between the solutions of the problems (P) and (RP) and prove our
main result. Finally, a concrete application is given to illustrate our main result.

Preliminaries

Let J = [0,b] be the closed interval of the real line with the Lebesgue measure p and the
o-algebra ¥ of 1 measurable sets. The norm of the Banach space X (or V) will be denoted
by || - llx (or || - |ly). Let C(J, X) denote the Banach space of all continuous functions from
J into X with the norm |z||¢ = sup,¢;||(t)||x. For a Banach space X, the symbol w-X
stands for X equipped with the weak o(X, X*) topology. The same notation will be used
for subsets of X. In all other cases we assume that X and its subsets are equipped with the
strong (normed) topology.

Firstly, let us recall the following definitions. For more details, one can see [13] and [23].

Definition 2.1. The integral

Iaf(t)—l/t(t—s)"‘lf(s)ds t>0,0<a<l1
) )y L |

is called Riemann-Liouville fractional integral of order «, where I' is the gamma function.
Definition 2.2. The Caputo fractional derivative for a function f of order « is defined by

Df‘f(t)_;d /0 (t—s)"[f(s) = f(O)]ds, t>0,0<a<l.

T T(1—a)dt
Remark 2.3. (i) The Caputo fractional derivative of a constant is equal to zero.
(ii) If the function f € ACI0,0), then we can get

DOF(t) = — | /Ot(t ) (s)ds = IOF(t), 50, 0<a<l.

'l -«
(iii) If f is an abstract function with values in Banach space E, then integrals which
appear in Definition 2.1 and 2.2 are taken in Bochner’s sense.

Now we introduce some basic definitions and results from multivalued analysis. For more
details on multivalued analysis, see the books [1,11].

We use the following notations: Py(Y') is the set of all nonempty closed subsets of
Y, Ppp(Y) is the set of all nonempty, closed and bounded subsets of Y.
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On P, (Y), we consider Hy : Pyp(X) x Ppp(X) — Ry U{oo}, then we can have a metric,
known as the “Hausdorff metric” and defined by

H;(A, B) = max{sup d(a, B),supd(b, A)},
acA beB

where d(x,C) is the distance from a point x to a set C. We say a multivalued map is
h-continuous if it is continuous in the Hausdorff metric Hy(:, -).

We say that a multivalued map F : J — P(X) is measurable if F~1(E) = {t € J :
F(t)NE # 0} € X for every closed set E C X. If F': J x X — Py(X), then measurability of
F means that F~}(E) € X ® Bx, where ¥ ® Bx is o—algebra of subsets in J x X generated
by the set A x B, A € 3, B € Bx and By is the oc—algebra of the Borel sets in X.

Let U :J x X — 2Y \ {0} be a multifunction, for 1 < p < 400, we define

Np . ={u€ LP(JY) :u(t) € U(t,z(t)) a.e. on t € J}.
Besides the standard norm on LP(J,Y)(1 < p < o0), we also consider the following weak
, for we LP(JY). (2.1)

norm
ta
/ u(s)ds
t1 Y

The space LP(J,Y") furnished with this norm will be denoted by L? (J,Y). The following
result establishes a relation between convergence in w-LP(J,Y) and convergence in L? (J,Y).

[u()llw = sup
0<t1<ta<b

Lemma 2.4 ([24]). If a sequence {un}n>1 C LP(J,Y), is bounded and converges to u in
L2 (J,Y), then it converges to u in w-LP(J,Y).

The following notation of solution for our problems is natural.

Definition 2.5. A solution of the control system (1.1), (1.2) is defined to be a pair (z(-), u(-))
consisting of a trajectory z € C(J,X) and a control v € L'(J,Y) satisfying the equation
(1.1) and the inclusion (1.2) almost everywhere.

A solution of the control system (1.1), (1.3) is defined similarly. If (z(-), u(-)) is a solution
of system (1.1), (1.2), then z(-) is called a trajectory and u(-) is called a control.

We denote Ry (xo), Tru(zo) (Resu(xo), Tressu(xo)) be the sets of all solutions, all tra-
jectories of the control system (1.1), (1.2) (the control system (1.1), (1.3)).

To obtain our main results in this paper, we make the following hypotheses:

H(A) The closed linear operator A(t) satisfies the following:
(1) the domain D(A(t)) of {A(t) : t € J} is dense in X and independent of ¢, that is
D(A(t)) = D(A);

(2) for each t € J, the resolvent R(\, A(t)) = [A(t) + M|} exists in £(X) for all A

with Re\ > 0 and
Ch

Al +17
where (' is a positive constant independent both of ¢t and A;

1R A@) <

(3) for any t,s,7 € J,
I[A(#) = A()IATHT)]| < Cot — 57,

where 0 < 5 <1, C3 > 0 and the constants § and C5 are independents of ¢, s and 7;

(4) for each t € J and some A € p(A(t)) (the resolvent set of A(t)), the resolvent
R(\, A(t)) is a compact operator.



RELAXATION IN NONCONVEX OPTIMAL CONTROL PROBLEMS 447

H(B
HU

) B e L>*(J,L(Y,X)) and || B stands for ||B||ze(s,c(v,x))-

) U:Jx X — Ps(Y) is the multivalued map such that:

(1) t = U(t, ) is measurable for all z € X;

(2) Ha(U(t,2),U(t,y)) < ki(t)[|z — yllx ae. on J with ky € L>(J, RY),

(3) there exist a positive function m € LP(J, R) (p > max{;, 3}) (where « is given
in system (1.1) and S appears in condition H(A)(3)) and a constant v > 0 such that

WU, 2)|ly =sup{||lv|ly,v € U, z)} <m(t) +v|z|x, forae te.
H(g) g:Jx X xY — R is a function such that:

(1) the map t — g(¢,z,u) is measurable for all (z,u) € X xY;
(2) lg(t, z,u) = g(t,y,v)| < k2 () |lz — yllx + pllu—vlly ae., kzy € L>(J,RT) and p > 0;

3) lg(t,z,u)| < ar(t) + bi(D)||z]lx + c1l|lully ae. t € J with ay, by € LP(J,RT) and
c1 > 0.

In what follows, we assume that hypotheses H(A), H(B), H(U) and H(g) are satisfied.

Remark 2.6. (1) We remark that the conditions H(A)(1) and (2) imply that for each
s € J, — A(s) is the infinitesimal generator of an analytic semigroup e~*A()(t > 0) and
there exists a constant C' > 1 such that |[e"*4(9)||x < C (][22, Theorem 2.5.2]). Moreover,
it follows from Lemma 2.4.2 and Theorem 2.5.2 of [22] that the semigroup e~*A()(t > 0)
is continuous in the uniform operator topology, then the assumption H(A)(4) insures that
e ) (t > 0) is compact ([22, Theorem 2.3.3]).

(2) Since D(A(t)) = D(A) is dense in X and 0 € p(A(t)), then D(A) with the graph
norm ||z|; = |A(0)z| x is a Banach space ( [29, Proposition 2.10.1]).

If conditions H(A)(1)-(3) are satisfied, then according to the paper [7], we have:

Definition 2.7. A function z € C(J, X) is said to be a mild solution of the system (1.1),
(1.2) if 2(0) = zg € D(A) and there exists u € LP(J,Y) (p > max{Z, %}) (where o is given
in system (1.1) and 3 appears in condition H(A)(3)) such that u(t) € U(t, z(t)) a.e. ont € J
and

() = xo— / (= n,m) A(n)odn — / /O"wu—n,n>¢<n,s>A<s>xodsdn

4 / B(t — m,m) Blnyu(n)dn + / / " (¢ — )l 5)B(s)u(s)dsdn,

where -
U(t, s) = o / t9710€4,(0)e™t" 04 qp,
0
P1(t,s) = [A(t) — A(s)]Y(t — s,5),
t
ot.s) = onlts) + [ ontm)o(r, )i
and
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1 & r 1
wa(0) = - Z(—l)’”l@*m*l% sin(nra), 6 € (0,00),
n=1 ’

. 1s a probability density function defined on (0, 00), that is

£4(0) >0, 6 € (0,00), and /OO €a(0)d0 = 1.
0

Due to the paper [7], we can obtain the following:
Lemma 2.8. If the conditions H(A)(1)-(3) are satisfied, then we have:

(i) The operator-valued function (t—s, s) is uniformly continuous in the uniform topology
in the varaibles t, s, where 0 < s<t—¢, 0<t<b for anye >0. And

[t —s,8) < Cy(t =),
where Cy is a positive constant independent of t, s.
(ii) Foranye >0 and 0 < s <t—¢, 0<t<b, there exists a constant Cy > 0 such that
l6(t, )| < Colt — )77,

where 0 < B <1 is given in condition H(A)(3).

Auxiliary Results

In this section, we shall give some auxiliary results needed in the proof of our main result.

Lemma 3.1. For any admissible trajectory x of the control system (1.1), (1.3), there exists
a constant w > 0 such that
[zlc < w.

Proof. From definition 2.7, we know that there exists a u(t) € coU (¢, z(t)) such that
t t o
o) = wo— [ 0 —nmAmeod— [ [0t - nmo(.s)Als)zodsdn
0 o Jo

+ [t —nnBoutman+ [ [Tt = nmotn. ) Bs)u(s)dsdn
Firstly, for g € D(A), from H(A)(3), we have
[A()zoll = [|A()AT(0)A(0)zol| = [I[A(t) — A(0) + A(0)]A™(0) A(0)zol
ITA(E) — A(0)]AT(O)[[[AO)zo]l + [[A(0)oll

Crt?|| A(0)zo|| + | A(0)o |
(C107 + D[ A(0)zo || := Cal| A(0)zo]-

INIA A

Then for ¢t € J, we obtain
t
fo®llx < lloll+ | [ 66 = mmatnanas]
0

+ [ ["ve-nmon )A(s)audsi |
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+L[wa—mm3mmmmﬂ

§

/ t / tw )l s)B(s)u(s)dsdnH

< ool + [ Colt =) CallA)z0lldn
t
+ [ [ ot —n =t - 9 Call Azl sy
0 Jo
t
HIBI [ ot =m) " mim) + el xldn
t
1B [ [ ot =) Cotn =5 m(s) + alla(s) | ldsdy
t
< wto [ (-9 (o) xds
0
where
1
ko= ool + = CypCab™[ A0)zo]
I(a)I(B) p—1\7 s
botP) A B b
o g CoCaCat Ao+ Coll Bl | (2
L(o)T(8) ( p—1 ) +ﬂ_1}
+ O ba P P 5
F(Oz—l—ﬂ) [ p(a—I-B) 1 ”m”L (J,R*)
L(a)I'(B) 5}
=~vCy||B|||1 + =———-Cyb"|.
o= CulBlf1+ e e,
For the last inequality, it follows from Corollary 2 of [30] that
[z(®)][x < cEa(ol(a)t?),
where Ejg is the Mittag-Lefller function defined by
o0 k
z
E = _.
5(2) Z;r@ﬂ+n
Therefore, ||z||c = sup;c; [|2(t)||x < Ea(ol'(a)b®) := w. The proof is completed. O

Let pr, : X — X be the w-radial retraction as follows

x x <w
prw(x)_{ o lelx <w,

Tol lz]|x > w.

This map is Lipschitz continuous (cf. [9]). Now, define Uy (¢, 2) = U(t, pr,x). Evidently, Uy
satisfies H(U)(1) and H(U)(2). Moreover, by the properties of pr,,, we have for a.e. t € J,
all z € X and all u(t) € Uy (¢, x) such that

w?

[ully < m(t) +7llz[x < m(t) +yw.
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Hence, Lemma 3.1 is still valid with U(t, ) substituted by Uy (¢, z). Consequently, without
loss of generality, we can assume that for a.e. ¢ € J and all z € X,

sup{[olly, 0 € Ut )} < m(t) + 7 = olt), ¢ € LPULRY) (p>max(Z, 5)). (1)

Now we consider the following auxiliary problem:

{ CDex(t) + At)z(t) = h(t), t€J, 0<a<l,, (3.2)

2(0) = zo € D(A),

It is clear that for every h € LP(J, X), equation (3.2) has a unique solution S(h) € C(J, X)
which is given by

(S = w0— / (e — 0, m) A()zods — / /Onw(t—n,n)¢(n,8)A(8)wod8dn

+/0 w(t—n,n)h(n)dn+/0 /Onw(t—77,77)¢(7778)h(8)d8dn-

Let ¢ be defined by (3.1), we put
Y, ={h e LP(J,X): ||h(t)]|x < ¢(t) ae. teJ}. (3.3)
The following property of the solution map S is crucial in our main result.
Lemma 3.2. The solution map S : Y, — C(J,X) is continuous from w-Y, to C(J, X).
Proof. Consider the operator F' : LP(J, X) — C(J, X) defined by

(FR)(t) = / b(t — n,m)h(n)dn + / /O"w—n,nw(n,s)h(s)dsdn.

It is clear that F is linear. Moreover, from simple calculation, one has

p—1

pf]- o a—1
F < » 4
IFnle < o (225) 7o (3.4)

L(a)L(B)Cy p—1 2 ath1
T Ta+p) (p(a+ﬂ)—1) b }Ilhlle(J,X).

Hence, the operator F is continuous from LP(J, X) to C(J,X). Next, let us prove the
continuity of the operator F' from w-L?(J, X) to C(J, X).

Let = € Pyy(LP(J, X)) and suppose that for any h € Z, [|hl[1rsx) <M (M > 0is a
constant). Next we will show that F' is completely continuous.

(a). From (3.4), we know that F' maps bounded subsets into bounded subsets in C'(J, X).

(b). {(Fh)(t) : h € E} is equicontinuous. Let 0 < 7 < 75 < b, we obtain

[P - ()

< H /072 P(r2 —n,m)h(n)dn — /Oﬁ Y(m — n,n)h(n)dnH
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H /0 (2 = m,m) = (- n,m]h(n)dnH !

+ /0” /077 [ (r2 = m,m) = (1 —m)]e(n, s)h(s)denH

“ir =, n)h(n)dnH

T2 n
+ / /0 (2 —n,m)e(n, S)h(s)dsdnH
< Q1+ Q2+ Q3+ Qu.

By the assumption [|A||1»(s,x) < M, Lemma 2.8 and the Holder’s inequality, we have

¢ p—1yi}
@ < o [ - in )Ildn<0w(p L) M ),
@ = 0oy [ [Mm - 9 o ldsay

1 p 1 17% ﬁ*l o
< —_ M P — .
>~ ac’/’0¢(pﬁ—1> b (7’2 7'1)

For m; =0, 0 < 5 < b, it is easy to see that @1 = Q3 = 0. For m; > 0 and § > 0 small
enough, we have

o < ' /On5w<fg—n,n>—wm—n,n)]h(n)dnH

[ o = vt = i

‘
16

_ 1
< SUPyciom _a)llY(r2 = mm) — (L — ) |B' TP M
T1
vy | =) (= )
T1—
< SUp,epor,_allY(m2 = n,m) — (1 — n, )b TP M

—1 _1 1 a1 a—1
+C¢(p2;71)1 ”M|:(T2+(S—T1)a P—(TQ—Tl) »+0 P:|.

Similarly, we have

T1—0
Qs < Wi — o) — (s — n,n>]¢<n,s>h<s>dsdnH
T1 'f]
+ / 5/ [Y(r2 —n,m) — (T —n,m)]0(n, S)h(S)dsdnH
< supyeo,r—g)l¥(m2 = m:m) — Y(m1 —n,m) ||
T1—0
% Cy / / )5 (s) |dsdn
+CyCy 5/ [(r2 = 0)* ' + (11— n)* ] (n — 8)° 7| h(s)||dsdn
S SupsG[O T1—9) ||¢(7—2 -, 77) - ¢(Tl -n, 77)”

p—1
pﬂfl

« C LS B My — 6
P
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—1 11
+= cw( )i PWEM | (1o 46 — ) — (10 — 1) + 67

« pp—1

From Lemma 2.8, we know that #(¢ — n,7n) is uniformly continuous in the uniform
topology in the varaibles t, 7, where 0 < n <t — 3 < b, for any 6 > 0. So it can be easily
seen that ()1 and @3 tend to zero independently of h € = as 79 — 7, 6 — 0. It is also
clear that @Q;(i = 2,4) tend to zero as 72 — 71 does not depend on particular choice of h.
Thus, we get that ||(Fh)(72) — (Fh)(11)] tends to zero independently of h € = as 7o — 1.
Therefore, we can get {(F'h)(t) : h € Z} is an equicontinuous subset in C(J, X).

(c). Let t € J be fixed. We show that the set II(t) = {(Fh)(t) : h € E} is relatively
compact in X. Clearly, TI(0) = {0} is compact. So it is only necessary to consider ¢ > 0.
For each € € (0,t), t € (0,b], h € E and any 6 > 0, we define

II.s5(t) = {Fes(h)(t) : h € E},
where

F. 5(h)(
- o / — )0 (B)e " AD () dady

+oz/ / / — )10, (0)e M OAM () $)h(s)dsdfds
L e A n)[/t / (t — 1) L0ga (0)e~ (= 0= 014 b () gl
/ / / — )70, (0)e =M 0= NAM) gy SV (s)dsdBds | .

It is not difficult to get that the last formula of above are bounded. Thus, from the
compactness of e~¢ %4 (¢2§ > 0) (Remark 2.6), we obtain that TI. 5(t) = {F. s(h)(t) : h €
E} is a relatively compact subset in X for each € € (0,¢) and § > 0. Moreover, we have

5 ( > — Fes(h)(®)]|
)*7L0¢ (0) e M OAM () dfdn

t €
/ / e 195<>—<f—">°‘“<">h(n>dednH

)2 7100 (0)e~ T OAM o (. s)h(s)dOdsdn

/ / / — )00, ()"0 Ws)h(swmu

)2 TL0E () M OAMI Ry >d9dnH

/ / e 195()‘(t_”)a‘“(")h(n)dMnH
t—e

)2 0E, (0)e =" “(")qs(n,s)h(s)dedsdnH

IN
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+o

t oo

/ / ' / (t — )10, (0)e~ =AM (1 5)h(s)dOdsdn
t—e JO 0
1—1

p—1\ "* T [° |
< ac(pa_l) M[b /O Gfa(ﬁ)d9+r(1+a)e }
L(a)I'(B) P—1  i-liaip-i ’
+aCC¢M[F(a+B) =) /O 0..(60)d0
r o p—1 1,
I'(l+a) pﬂ—l) E]'

+

Since fooo 0¢,(0)d = ﬁ, the last inequality tends to zero when ¢ — 0 and § — 0.
Therefore, there are relatively compact sets arbitrarily close to the set II(¢) (¢ > 0). Hence
the set II(¢) (¢ > 0) is also relatively compact in X.

Therefore, we can get the operator F' is continuous from w-LP(J, X) to C(J, X). Finally,
we show that the map S is continuous from w-Y,, to C(J, X).

Since Y, is a convex compact metrizable subset of w-LP(J, X), it suffices to prove the
sequential continuity of the map S (Theorem 4.1 of [25]). Now let {h,}n>1 CY,, h €Y,
such that

hn, = h in w-LP(J, X). (3.5)

From the boundedness of {hy, },>1 and since { F'(hy,) },,>1 is relatively compact in C'(J, X),
there exists a subsequence {h,i}r>1 of the sequence {h,},>1 such that F(h,;) — 2 in
C(J,X) for some z € C(J,X). Now, since F(hnr) — 2z in C(J,X) and hyr — h in w-
L?(J, X) (by (3.5)), it is not difficult to obtain

F(hy) = F(h) in C(J,X).

Thus, by the definitions of the operators S and F, we know S(h)(t) = xo — (FA)(t)xo +
(F'h)(t). From the above analysis, we have S(h,,) — S(h) in C(J, X). The proof is completed.
O

Consider the space Y =Y x R. Elements of the space Y will be denoted by u = (u,r),u €
Y,r € R. Endow the space Y with the norm [|i||¢ = max([|ully,|r|). Then Y is a separable
reflexive Banach space. In accordance with (2.1), the norm on the space L? (J,Y) becomes

/t t r(s)ds ) } (3.6)

where @ = (u,r), u € LP(J,Y), r € LP(J,R). Let the multivalued map U : .J x X — Y be
defined by

)
Y

to
] = Sup0<t1<t2<b{maX<H/ u(s)ds
t1

Ut,z) = {(u,r) €Y :u e Ult,z),r = g(t,z,u)}. (3.7)
Then we have the following properties of the multivalued map U (t,x):
Lemma 3.3. The multivalued map U has bounded closed values and is such that:
(1) the map t — U(t,x) is measurable;

(2) Ha(U(t,2),U(t,y)) < k(t)|e = ylx a.e., with k(t) = max{ki(t), ka(t) + pk1(1)};
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(3) for any @ = (u,r) € U(t,z), we have
Irl < ai(t) + b1 (D)2l x + co(m(t) +7llzllx),  Nully <m(t) +llzllx;

where the functions ki(), ka(+),a1(-),b1(:),m(-) and the constants p,v,c1 are the same
as in assumptions H(U) and H(g).

Proof. Using the similar arguments as Lemma 3.1 of [26] (also see Lemma 3.3 of [15]), one
obtains the Lemma 3.3. Here we omit it. O

Let dom g¢g**(t,x) be the effective set and epi ¢**(¢,z) the epigraph of the function
u— g**(t,x,u), ie.,

dom g™ (t,z) ={u €Y : g"(t,z,u) < 400},
epi g (t,x) = {(u,7) €Y : g**(t, x,u) < r}.
The following lemma gives us the properties of the function g**(t, x, u).
Lemma 3.4. The following assertions hold for a.e. t € J:
(1) dom g**(t,z) = coU (t, z);
(2) for any u € dom g**(t,x),
g (t,z,u) = min{r € R : (u,r) € el (t,z)},
and hence (u, g**(t,z,u)) € U (t,z), where u € coU(t,x) and x € X;

(3) for any € > 0, there exists a closed set J. C J, p(J\J:) < e, such that the map
(t,z,u) = g**(t,z,u) is L.s.c. on Jo x X x Y.

Proof. Using Lemma 3.3 and the similar arguments as Lemma 5.1 in [26] (also see Lemma
3.4 of [15]), one obtains the Lemma 3.4. Here we omit it. O

Analogue of Bogolyubov’s Theorem

In the present section, we shall be interested in the existence results of the control systems
(1.1), (1.2) and (1.1), (1.3) and we also show an analogue of Bogolyubov’s theorem with
constraints given by the solution sets of the control systems (1.1), (1.2) and (1.1), (1.3).

Theorem 4.1 (Theorem 4.1 in [15]). The set Ry(xo) is nonempty and the set Reu(xo) is
a compact subset of the space C(J, X) X w-LP(J,Y).

Now, we are in the position to prove the analogue of Bogolyubov’s theorem.

Theorem 4.2. For any (x.(-),u«(-)) € Reuv(zo), we can have that there exists a sequence
(@n(+),un(+)) € Ru(zo)(n > 1) such that

Tn =z in C(J,X), (4.1)

Up = Uy in LP(JY) and w-LP(J,Y), (4.2)

/2(9**(8796*(8)711*(8)) = g(s,2n(s), un(s)))ds| = 0, (4.3)

t1

lim sup
N0 0<t1 <t <b
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Proof. Let (x4(+),u«(+)) € Resu (o). From Lemma 3.4, the function ¢t — ¢**(¢, x4 (t), us(t))
is measurable and

(us (1), g (£, 2. (), ux () € U (£, 24 (1)) ace. (4.4)

From the hypotheses H(U)(3), H(g)(3), Lemma 3.4 and (3.7), we obtain the map ¢t —
coU (t,z.(t)) is measurable and there exists a function ¢ € LP(.J, RT) such that.

loU (¢, z.(1)) |y < o (1) ace. (4.5)

Let n > 1 be fixed. By (4.4), (4.5), (3.6), (3.7) and the Theorem 2.2 in [28], we know
that there exists a measurable selection vy, (t) of the map ¢t — U(¢, x.(¢)) such that

to 1
Lo / RECEAOE B (4.6)
sup / (07 (5,24 (5), 1n()) — 95, (), va(s)))ds| < - (4.7)
0<t1<t2<b | Jt; n

Hence, the sequence v,, — u, in w-LP(J,Y"). For each n > 1, by H(U)(2), we have that for
any x € X, a.e. ont € J, there is a v(t) € U(¢,z(t)) such that

1
v (t) = v(®)lly < k1 (@)ll2 () — 2(B)llx + (4.8)
Let the map H,, : J x X — 2Y\{0} be defined by
H,(t,z) = {v € Y; v satisfies the inequality (4.8)}. (4.9)

It follows from (4.8) that H, (¢, ) is well defined for a.e. on ¢ € J and for all z € X, and
its values are open sets. Using Corollary 2.1 in [28] (since we can assume without loss of
generality that U(t, z) is ¥ ® Bx measurable, see Proposition 2.7.9 in [11]), we obtain that
for any € > 0 there is a compact set J. C J with pu(J\J¢) < ¢, such that the restriction of
U(t,x) to J. x X is Ls.c and the restrictions of v, (t) and ki (t) to J. are continuous. So
(4.8) and (4.9) imply that the graph of the restriction of H, (¢, z) to J. x X is an open set
in JJ. x X xY. Let the map H : J x X — 2¥ be defined by

H(t,z) = Hy(t,2) N U(t,2). (4.10)

It is obvious that for a.e. t € J, all z € X, H(t,z) # 0. From the above analysis and
Proposition 1.2.47 in [11], we know that the restriction of H (¢, x) to J. x X is L.s.c. and so
does H(t,r) = H(t,x), here the bar stands for the closure of a set in Y.

Now we consider the system (1.1) with the following constraints on the control,

u(t) € H(t,z(t)) ae. on J. (4.11)

Since H(t,x) C U(t,x), the priori estimate Lemma 3.1 also holds in this situation. Repeating
the proof of Theorem 4.1, we obtain that there is a solution (x,(-),u,(-)) of the control
system (1.1), (4.11). The definition of H implies that (2, (-),un(-)) € Ru(zo) and

[on(t) = un(®)lly < ka (D)2 () — zn(t)lx + % (4.12)
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Since (2,(*), un(+)) € Ru(xo) and (z.(+), u«(+)) € Resv(zo), we have

(4.13)

zxo—/o w(t—n,n)A(n)xodn—/o /On P(t —n,m)e(n, s)A(s)xodsdn
+ / B(t — 0, 1) By () + / / "t = mm)d(n, ) Bls)u (s)dsdn.

(4.14)

t t n
== [t =nm)Anzadn— [ [ ot =)ot s) Amdsay
t t
D B n d — 1/ 3 B n dsdn.
+ [ vt =B+ [ [0 nmot. ) Bls)u sy
Theorem 4.1 and {(zn(-), un(-))}n>1 € Ru(zo) € Resv (o) imply that we can assume the

sequence (zn,(-),un(-)) = (@(-),a(-)) € Rev(ro) in C(J,X) x w-LP(J,Y). Subtracting
(4.14) from (4.13), we have

[+ () = 2n(t)l|x (4.15)

H/ (=) B s )—vn(nﬂdnH
/ vt =n.mBn)vn(n )—un(n)]dnH
" / / Ut = 1,191, 5)B(5)[ux(s) — vn(s)|dsdn

\

//¢t—nn (1.5)B(s)[ <>—un<s>}dsdnH

<| [ vt =Bt - oin
+Cull [ = (2 k@l ()~ zaa)lx )i
1,m) (1, 8) B(s)[ux(s) — vn(s)]dsdn

0 JO
<[ = (2 ) — o)L s

<H / (e — 1,m) Bn)lawa(n) — va ()]
\ Cell

’+C¢C¢||B|

t
+ Cyl| B[]l o /0 (t = m)* Ml (n) — 2n(n)] xdn

Z ol [ (€9 o) = (o)l

”//W‘”’? d(1, ) B(8)[ux(s) — vn(s)|dsdn

CyCyl|B|T(a)T(B)b°
(o +B)
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By the property of the operator F' defined in Lemma 3.2 and since v,, — w4 in w-LP(J,Y),
we have that for any ¢ € J,

| /otw = BB ()~ 0| 0. a5 - o

H /Ot /077 Wt —1,1m)(1n, ) B(s)[us(s) - U"(s)]denH L0, asn— oo,

Since ||z«(t)||x < w, ||zn(t)||x < w for any n, ¢ € J and z,, - 7 in C(J, X), let n — oo in
(4.15), we obtain

2. () =z

CoD@TBY N 1 _
< CyllBllkal (”rmm) / (t = )" () — 7(s)] xds.

Then by Corollary 2 of [30], we get z. = Z, i.e., z, — z, in C(J,X). Hence from (4.10),
we have (v, —u,) — 0 in LP(J,Y). Therefore u, = un — vy, + vy, = uy in w-LP(J,Y) and
L2 (J,Y),i.e. (4.1) and (4.2) hold. Then we have

sup / (07 (5, 24(5), 1 (5)) — 95,20 (5), n(s)))ds (4.16)
0<t1<t2<b | Jt;
< sw / (67 (5,22 (8),14a(5)) — 95,24 (5), U (5)))ds
v sup / (07 (5 22(5), 0 (5)) — 95 20 (5), un(s)))ds].
0<t1<ta<b | Jt;

It follows from H(g)(2) and (4.10) that
lg(t, 24 (t), vn(t) = g(t, 2n(t), un(t))] < (k2(t) 4 pki (1)) ]2+ (1) — n(t)]|x + %

Then the last inequality, (4.7) and (4.16) imply that (4.3) holds. The Theorem is proved.

O
Main Result
In this section, we present the following main result of this article.
Theorem 5.1. The problem (RP) has a solution and
min T (x,u) = inf J(z,u), (5.1)

(z,u)ERzU (x0) (z,u)ERU (o)

For any solution (x.,u.) of problem (RP) there exists a minimizing sequence (T, un) €
Ru(xzo)(n > 1) for the problem (P) which converges to (., u) in the spaces C(J, X) X w-
LP(J)Y) and C(J,X) x L2 (J,Y) and the following formula holds

lim sup
N0 0<ty <t <b

[ (07 (5,24(), 0 (9)) — 9(5,2n (), un(5)))ds| = 0. (5.2)
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Conversely, if (zn,un)(n > 1) is a minimizing sequence for problem (P), then there is a
subsequence (xy,,,un,)(k > 1) of the sequence (xn,un)(n > 1), and a solution (., u.) of
problem (RP) such that the subsequence (xp, , un, )(k > 1), converges to (T, u.) in C(J, X)x
w-LP(J,Y) and relation (5.2) holds for this subsequence (Zn, ,un,)(k > 1).

Proof. By the definition of the function gy (¢, z,w), H(U)(3), H(g)(3) and the boundedness
of the trajectories Treu (o) of the control system (1.1), (1.3) (Lemma 3.1). We can get a
function ¢ € LP(J, R") such that

—C(t) = —(a1(t) + by (H)w + c1(m(t) + yw)) < g(t, z,u), ae.t € J, (5.3)
withall z€Q={he X :|h||lx <w}, weU(tx).
The inequality (5.3) and the properties of the bipolar (see [6]) directly imply
() <gi(t,z,u) < gy(t,z,u), aeted, €@, ucy. (5.4)

Hence, it follows from Lemma 3.3 item (3), (5.4) and Theorem 2.1 of [2] that the functional
J** is lower semicontinuous on Rz (zo) € C(J, X) x w-LP(J,Y). Theorem 4.1 implies
that Resv (x0) is compact in C(J, X) x w-LP(J,Y"). Therefore, problem (RP) has a solution
(24, ux). By the assertion of item (1) in Lemma 3.4, we have

T (s, us) < J(z,u), (5.5)

inf
(z,u)ERyY (z0)

Now for this very solution (., u,) of problem (RP), using Theorem 4.2, we obtain that there
exists a sequence (Z,,un) € Ry(zo)(n > 1), such that (4.1), (4.2) and (4.3) hold. Since

] / (657 (5 74(5), () — (5, 2 (5), tn (5))) s
/ (087 (5,22 (8), () — 95, 2 (5), un(5)))ds|.

t1

< sup (5.6)

0<t1<t2<b

By formulas (4.3), (5.5), (5.6), we get that (5.1), (5.2) hold and (z, (), un()) € Ry (zo)(n >
1) is a minimizing sequence for problem (P). Let (x,(-),un(-)) € Ru(xo)(n > 1) be a
minimizing sequence for problem (P). According to Theorem 4.1, without loss of generality
we can assume that (z,,u,) = (T4, us) € Resu(zo) in the spaces C(J, X) x w-LP(J,Y) and

min(RP) = lim [ g(s,2,(s),us(s))ds. (5.7)

n— oo J

It follows from (5.4) and the properties of the function g/ (¢, z.(t), us(t) that

[ Goatohuonds <t [ g anshmds 63)
J J

< lim [ g(s,zn(8),un(s))ds.

n—oo J

From (5.7) and (5.8), we obtain

min(RP) = /](g[ﬂ*(s,x*(s),u*(s))ds = lim [ g(s,zn(8),un(s))ds. (5.9)

n—oo J
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Hence (z.(),u«(-)) € Rev(xo) is a solution of problem (RP). H(g)(3), H(U)(3) and
Lemma 3.1 imply that {g(s,z,(s),un(s))}n>1 is uniformly integrable. Therefore, by the
Dunford-Pettis theorem, we have that there exists a subsequence g(s, Ty, ($), un, (s))(k > 1)
of the sequence g(s, 2, (s), un(s))(n > 1) converging to a certain function A(¢) in the topology
of the space w-L'(J,Y). Since (un, (5),g(s,2Zn, (5),tn, (5))) € U(s,zn,(s)) ae. s € J,
Lemma 3.3 implies _

(ux(8),\(s)) € U (s,z4(s)) a.e. seE .

Using this formula and Lemma 3.4, we obtain
97 (s, x4 (5),u(s)) < A(s), a.e. . (5.10)

Hence we have for any t € J

t t

/ 907 (8, 24(8), ux(s))ds < As)ds < lem (8, Tn, (8), un,(5)))ds. (5.11)
0 0 o Jo

Now we can obtain from (5.9), (5.10) and (5.11) that
g (e (), us(t)) = A(t), ae. te.]
Hence the subsequence g(s, Zn, ($), Un, (5))) = 957 (s, 2:(8), us(s)), as k — co in w-LP(J,Y).

This implies that

lim sup
k=00 o<ty <ty <b

/ (057 (5, 20 (5), 10 () — 95, Ty (3), tmy (3))) 5| = 0.

t1

The Theorem is proved. O

@ An Example

Let J = [0,b] and = [0,1]. We consider the following heat equation:

CDga(t,y) = Lra(t,y) +a(t)x(t,y) + btult,y), t€ J, y €,
z(t,0)=z(t,1) =0, telJ
x(O,y)imo(y), yer

u(t,y) € U(t,y,x(t,y)), a.e. J x €,

(6.1)

where 0 < @ < 1 and (¢, y) represents the temperature at the point y € 2 and time t € J.
It is supposed that a(-) : J — R* is a continuous function.

Next, take X = L?[0,1] and the operator A(t) be defined by A(t)z = 2" + a(t)x with
the common domain

D(A) ={z € X : x, ' are absolutely continuous,z” € X, z(0) = z(1) = 0}.

It follows that the operator {A(t) : ¢t € J} satisfies conditions H(A)(1)-(4) and generates a
compact evolution system V' (¢, s) (cf. [10]) given by

V(t,s)=T(t —s)e Js al)dr,

where T'(¢)(t > 0) is the compact semigroup generated by the operator A with Ax = a” for
x € D(A).
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Next, suppose that U : J x Q x R — 28\ {(} is a multivalued function with closed values
satisfying the following conditions:

(1) the map (t,y) — U(t,y,z) is measurable;

(2) Hy(U(t,y,21); U(t,y, 22)) < k1(t)|w1—x2] ace. in (¢,y) € JxQ with ki in L (J, R*);

(3) |U(t,y,z)| < m(t,y) +7|z| ae. in J x Q with m € LP(J,RT)(p > 1) and v > 0.

Put z(t) = z(t,y) that is z(t)(y) = z(t,y), t € J, y € Q. Define a multivalued map
U:JxX —2X by

U(t,z) = {u is measurable : u(y) € U(t,y,z(y)) ae. inQ}, =€ X. (6.2)

From Lemma 7.3 of [27], when U is defined by (6.2), then the hypothesis H(U) is satisfied.
With A(t) and U defined above, the fractional control system (6.1) can be rewritten in our
abstract form (1.1), (1.2). Hence the abstract results obtained in the previous sections can
be applied to the control system (6.1).
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