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Abstract: In this paper we associate with the problem (P) consisting of minimizing the supremum h of a
family of extended real-valued convex functions on a given closed convex set C' a modified Lagrange dual
problem (D). Exploiting recent developments of the authors on convex duality, we provide min-sup and inf-
max duality theorems for the pair (P) — (D), we characterize the subdifferentials of the objective function g
of the reformulation of (P) as an unconstrained problem (nothing else but the sum of h with the indicator
of C) and its conjugate g*, and finally we give an explicit expression for the optimal set of (P).
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Introduction

It is well-known that minimax optimization problems arise in a huge number of applied
fields as engineering design [12], computer-aided-design [13], circuit design [18], optimal
control [16], etc. In the convex setting, and besides the duality for the sum of convex
functions (recently considered in [17]), the duality for the supremum of a family of convex
functions is in the heart of convex optimization and has many applications, specially in
zero sum game theory (see [9] for instance) and min-max convex optimization (see [1] and
references therein). In this note we present updated versions of more or less classical results
by using recent improvements established in [4] and [5].

Having X a locally convex separated topological vector space, T" a possibly infinite index
set, (ht)ep a family of extended real-valued (h; : X — RU {400}, t € T') lower semicontin-
uous (Isc in short) proper convex functions on X, and C' a non-empty closed convex subset
of X, we are concerned with the problem

(P) infh(x), s.t. xz € C,
where h is the supremum function given by

h :=sup h;.
teT
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A classical way to associate a Lagrangian dual problem to (P) is to transform it in
a cone-constrained convex optimization problem (see e.g. [2, page 80]). To this end, let
us consider the locally convex product space RT partially ordered by the closed convex
cone RSC and to which we add a greatest element denoted by oco. A representation of the
topological dual of R” is furnished by the space R(T) of mappings & : T — R whose support
suppé = {t € T : & = £ (t) # 0} is finite. The standard bilinear coupling is then as follows:

<€7 (nt)teT> = ZteTgtntv (57 (nt)teT) S R(T) X RT.

We denote by ]RS_T) the positive cone of R(T) and by

Sp = {5 eRP Y, 06 = 1}

the unit simplex in the same space. Let us introduce the set

M := () dom hy,

teT

where domh; 1= {x € X : hy () < +o0} is the effective domain of h;. We now associate
with (P) the problem

(Py) inf f(z,7), s.t. (z,7) € C xR, g(z,7) € —RY,

where, for each (z,r) € X xR,

(he () = 1)4eq, if (x,7) € M xR,
o0, else.

flzyr):=r, glz,r) = {

It holds that (P) and (Pp) have the same optimal value, which may be +o0.
The usual Lagrange dual problem associated with the cone-constrained convex problem

(P()) is

D inf b eeRrRD.

(Do) SUP et e (f(z,r) + (& 9(z, 7)), s.t. E ERY
The optimal value of (Dg) satisfies

sup(Dy) = supgeRiT) inf(, ye(cnm xr (1" + ZteTﬁt (he (z) — 7’))
= supEeRiT) infreonm (ZteT&ht (z) + inf,cr T (1 — ZteTft))

= SUD¢esp infzecnm ZteTftht (x),

with the rule inf ) = +oo.
Setting
Lo (2,8) := Y erbihe (x), for (z,§) € (CNM) x Sr,

we have

—oo < sup(Dy) = gsGuSpT xei({‘lrgM Lo (x,¢) < zeiCIJ’lrfwM §S€uSpT Lo (z,€) = inf(P) < +o0.

We intend to get a simpler version of the above Lagrangian Ly by introducing

L (xvg) = ZteTgtht (l‘), for (33,5) € X x ST7
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where
ZteT&ht (I’) = ZtESuppfgtht (I’), fOf (I,E) e X X ST. (].1)

It is worth noting that (1.1) enables to define ), _&:hs (x) for the elements x of X that do

not belong to M, and it is equivalent to adopt the convention 0 x (+00) = 0 (see [15, p. 24];

another possibility is to set 0 x (+00) = 400, which is the choice made for instance in [19]).
For each x € X we have

h(x) = sup ZteTgtht ()
£eSr

and, consequently,
inf(P) = inf sup L (x,§).
x€C§€ST

We thus introduce another Lagrange dual of (P) by setting

(D) sup inf L(x,€), s.t. £ € Sp.
¢ zel

It holds that
—o0 < sup(D) < sup(Dp) < inf(P) < +o0. (1.2)

Let us give a simple example for which the two Lagrangian dual problems (Dg) and (D)
are different.

Example 1.1. Take X = C =R?, T = {1,2}, Sy := St, hy (z1,22) = €*2, hy (x1,22) = 23
if (z1,22) € Rx R4, and hg (x1,22) = 400, otherwise. We have M = R x Ry, and for
(&1,&2) € Sa, & # 0, one gets

1£2f (£1h1 + Eghg) = IJI\}[f (€1h1 + €2h2) = —0Q,
while, for (£1,&2) = (1,0), one has

iﬂglzf (&1h1 +&h) =0#1 = ijfé[f (&1hy + &2h2) .

Consequently,
0 = sup(D) < sup(Dg) = 1 = inf(P).

The paper is organized as follows. Section 2 is devoted to the converse strong duality
min (P) = sup(D), which is established in Theorem 2.4 by using a recent result about con-
sistency of infinite convex systems [5, Corollary 3]. This property entails the equality of
both optimal values and the existence of optimal solutions for the primal problem (P). In
Section 3 we get a formula for the Legendre-Fenchel conjugate (ic + h)" of ic + h, where
ic denotes the indicator function of C, in connection with the property inf(P) = max (D)
(Theorem 3.3 and subsequent corollaries). Finally, Section 4 is concerned with the subdif-
ferential O (ic + h) of the objective function ic + h (Theorem 4.4, Corollary 4.5) and also
with the subdifferential d (ic + h)* of (ic + k)" (Theorem 4.6, Proposition 4.7), which gives
a formula for the optimal set S (P) of the problem (P) (Corollaries 4.8 and 4.9).

The Min-Sup Property

In order to establish the relation min (P) = sup(D) we need to recall some lemmas. Having
a non-empty closed convex subset A of X and f € T'(X) (the class of lsc proper convex
functions on X), we denote by A (resp. foo) the recession cone of A (resp., the recession
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function of f). It holds that (ia),, =1ia., epife = (epif),,, foo = ifom j, Where epi f is
the epigraph of f and dom f* the effective domain of f*, and [f <r]_ = [foe < 0] for all

r € R such that [f < 7] # 0 (here [f <r]:={z € X : f(z) <r}). For any family of closed
convex sets (A;)rer with non-empty intersection, one has (see e.g. [8, p. 375])

<m—’4t> = ﬂ (At)oo' (2.1)

teT teT
We also have (see, e.g., [8, p. 377]) that, for any (z,7) € X x dom f,

o) t LEEs) @)

s——+o0 S

and this formula straightforwardly leads us to the following equality for any pair f,g € I (X)
such that dom f N dom g # 0:

(f + 900 = foo + 9oo- (2.2)

Moreover, the definition epi foo = (epi f),, together with (2.1), yield the following property
for any family (f:),., C I'(X) such that f := sup,cr f: is proper:

foo =sup (ft)y - (2.3)
teT

Having B C X*, B # (), we denote by B~ the negative polar cone of B, that is, B~ =
i <0] = {x € X :15 (z) <0}. Recall that, by the Hanh-Banach Theorem, the negative
bipolar of B coincides with the w*-closure of the convex cone generated by B, i.e., B~~ =
cI”” cone B. In the sequel we denote by 7* the Mackey topology on X*. Recall that a convex
function ¢ : X* — R := [—o0, +00] is said to be 7*-quasicontinuous ([6], [7]) when the
affine hull of dom ¢ is w*-closed (or, equivalently, 7*-closed) and has finite codimension,
the relative interior of dom ¢ with respect to the topology induced by 7* is nonempty
(i.e. rint(dom ) # (), and the restriction of ¢ to rint(dom ) is continuous. If ¢ is 7*-
quasicontinuous, then ¢* is weakly-inf-locally compact (meaning that, for each r € R, the
sublevel set [¢* < r]is w-locally compact) [11, Corollary I1.3]. The converse is true whenever
p € I'(X*) [6, Proposition 5.4]. We will use the fact that any extended real-valued convex
function on X* which is majorized by a convex 7*-quasicontinuous one is 7*-quasicontinuous
too [11, Theorem I1.3].

Lemma 2.1 ([11, Theorem II1.3]). Let ¢ : X* — R be a convex function which is 7*-
quasicontinuous and such that ¢ (0x«) # —oo and 1" cone dom ¢ is a linear subspace.
Then O¢ (0x+) is the sum of a non-empty w-compact convex set and a finite dimensional
linear subspace.

Lemma 2.2. Let g € T'(X) be weakly-inf-locally compact and such that [geo < 0] is a linear
subspace. Then infx g € R and argmin g is the sum of a non-empty w-compact convex set
and a finite dimensional linear subspace.

Proof. Let us apply Lemma 2.1 for ¢ = g¢*. Since g is w-inf-locally compact, g* is 77-
quasicontinuous. Since g € I' (X)), ¢g* is proper, and so, g* (0x~) # —oo. Finally,

" conedom g* = (dom g*)” " = [Fomgr <0] =900 < 0]

is a linear subspace. We conclude the proof by noting that argming = 9g* (0x+) (see, for
instance, [19, Theorem 2.4.2(iii)]). O
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Lemma 2.3 ([5, Corollary 3]). Let (ft),cp be a family of functions from I' (X), and C be
a non-empty closed convex subset of X. Assume that

BN (ry. N £ e aninf
INeRY T i+ ZteT)\tft is w-inf-locally compact (2.4)
and
ﬂ [(ft)oo £ 01N Cx is a linear subspace. (2.5)
teT

Then the following statements are equivalent:
(¢) The system {x € C; f; (x) < 0,t € T} is consistent.

(i) infe Y Aefe S0, YA€ Ppi= RN {07}
(iii) infe ), Aefe <0, VA€ Sr.
We are now in position to state and prove our first result.

Theorem 2.4. Assume that

Ter® . Toh is weinf.
IANeRY: g+ ZtET)\tht is w-inf-locally compact (2.6)
and
ﬂ [(ht), < 0]NCx is a linear subspace. (2.7)
teT

Then, either inf (P) = sup(D) = 400, or min (P) = sup(D) € R.
Moreover, if sup(D) < +oo then the optimal set S (P) is the sum of a non-empty w-compact
convez set and a finite dimensional linear subspace.

Proof. Assume first that sup(D) = +o0. By (1.2) we have inf (P) = 4o0.
Assume now that sup(D) < 400 and let r be an arbitrary real number such that r >
sup(D). By definition of (D) we have

infy . &he <1, VE € Sr,

or, equivalently,

inf ZteT& (he —7) <0, V€ € Sp.

Setting f; := hy —r, t € T, in Lemma 2.3 we quote from (2.6) and (2.7) that the
conditions (2.4) and (2.5) are satisfied whatever r may be. We infer that the system
{x € C;(hy —r) (z) <0,t € T} is consistent and so there exists T € C such that inf (P) <
h(zZ) < r. Since r > sup(D) is arbitrary, we get that sup(D) > inf (P) and, by (1.2),
sup(D) = inf (P) € [—o0, +00[. It remains to prove that inf (P) # —oo and (P) does admit
optimal solutions. To this end let us introduce the function g :=ic + h.

Since inf (P) # +o0o we have that g is proper and, so, g € I' (X). From (2.2) and (2.3),
we have

Goo = (IC)oo + sup (ht)oo = i(C’oc) + sup (ht)oo )
teT teT
and consequently, [geo < 0] = Coo N ﬂ [(ht)o, <0]. In order to apply Lemma 2.2 to the
teT
function g it remains to be checked that g is w-inf-locally compact. If X in (2.6) is equal to
07, then C is w-locally compact and, since h is w-lsc, g = i¢ + h is w-inf-locally compact. If
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1

A # Op, let us set £ = (ZteTXt) A. Then € € St and ic + ZteTEtht is a w-inf-locally

compact minorant of g. Since g is w-Isc, it follows that g is w-inf-locally compact too. From

Lemma 2.2 we infer that inf (P) = infx g € R with argming # (), that means that (P)
admits optimal solutions.

The last assertion in Theorem 2.4 is also a consequence of Lemma 2.2. O

Remark 2.5. If X is finite dimensional, condition (2.6) in Theorem 2.4 is automatically
satisfied.

Let us revisite Example 1.1. One has [(h1), <0] = R xR_, [(ha),, < 0] = R_xR4,
and Cy = R x R. Thus, condition (2.7) in Theorem 2.4 fails since

[(h1)o, £0IN[(h2),, <0]NCsx =R_x {0}

is not a linear space.
Notice that the sufficient condition (2.7) for converse strong duality is not necessary as
the following modification of Example 1.1 shows:

Example 2.6. Take X = R?, C = R xRy, T = {1,2}, Sy := Sp, hy (71, 22) = €*2 and
ha (z1,22) = x1. We have M = R?  and

max(D) = 1 = min(P),
while

Coo N[(F1)se <0 N[(h2)oo <0l =R xRi)N(RxR_)N(R_ x R)
=R_ x {0}

is not a linear subspace.

In the case when C'N M is non-empty and closed we can apply Theorem 2.4 replacing
C by C'N M. We obtain a result involving the classical dual (Dy) instead of our dual (D).

Corollary 2.7. Assume that C N M is non-empty and closed, and the two conditions below
hold:

I e Rf) T denm + ZtETXtht s w-inf-locally compact (2.8)
and
ﬂ [(ht)o S0IN(CNM)s is a linear subspace. (2.9)
teT

Then, either inf (P) = sup(Dy) = +00, or min (P) = sup(Dy) € R. Moreover, if sup(Dy) <
~+oo then the optimal set S (P) is the sum of a non-empty w-compact convez set and a finite
dimenstonal linear subspace.

The Inf-Max Property

Let us consider the function ¢ : X* — R given by

= inf (i )
P EIEHST IC+Zt€Tftht
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and the set

A:= | epi (ichZteTftht)*. (3.1)

£eSt

It is not difficult to check that 2 is convex and lies between the strict epigraph and the
epigraph of ¢, i.e.
epi, p C A Cepip.

It follows that cl® 2 =cl* epi, ¢ = c®” epip and, for each z* € X*,
p@*)=inf{t eR: (", t) € A}. (3.2)

Lemma 3.1. (See also [2, Proposition 12.1]) The function ¢ is conver and ¢* = ic + h.
Moreover, if C Ndomh # ), then c1¥ 21 = epi(ic + h)*.

Proof. Since 2 is convex, it follows from (3.2) that ¢ is convex. One has

e = <inf£eST (iC + ZteTgtht)*)*
= SUPgeg, (lo + ZteTé_tht -
= SUPges, (lo + ZtET&ht
=ic +supeeg, ), &b =ic + .

Finally, if C Ndomh # 0, then dom ¢* # () and, consequently, ©** = ¢l . In other
words,

*

o®" A = epicl® ¢ = epip** = epi(ic + h)
O

In order to state the next theorem we have to recall the concept of closedness regarding
a set which has been introduced and used in [2] (see also [3] and [14] for related approaches).

Definition 3.2. Having two subsets A and B of a topological space, one says that A is
closed regarding to B if BNcl A= BnN A.

Clearly, a closed subset is closed regarding any subset. Also, A is closed regarding B if
and only if A is closed regarding each subset of B.
Now we can state:

Theorem 3.3. Assume that CNdom h # 0. Then, for any xz* € X*, the following statements
are equivalent:

(i) (ic +h)" (z*) = minges, (ic + ZtGTgtht> (x*), including the value +oco.

(i1) A is w*-closed regarding {x*} x R.

Proof. Assume first that (ic + h)* (z*) = +o0.

By Lemma 3.1 we have ¢ (z*) = ¢™* (2*) = 400 and the statement (i) holds true. Since
dom ¢* = CNdom h # (), we have that ¢** = cI”" . So, ¥ ¢ (z*) = 400 and {z*} xR does
not meet the set {z*} x ¢l epi. Recall that ¢l epig = cI*" 2. Therefore, {z*} x R does

not meet 1" 2A and this proves that 2 is w*-closed regarding {z*} x R. So, the statements
(¢) and (47) are both true in this case.
Assume now that o := (ic + h)" (z*) # +o0.
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Since ic +h € T'(X), we have that (ic + h)" € I' (X*) and therefore, @ € R. By Lemma
3.1 it holds that i .
(x*,a) € epip™ =cl” epip =cl” A (3.3)
If (i) holds we get from (3.3) that (z*,«) € 2 and there exists £ € St such that

nf (ic + Zteqffht) (z¥) < (10 > ftht> ) < a. (3.4)

Since i¢ + ZfeTftht <ig + h for all £ € S, we have

2, (10 + X pbitn) 2 o+

and, by (3.4), @ = mingeg,,. (ic + ZteT&ht) (z*) (the minimum « is attained at ¢).
Conversely, if o = mingeg, (ic + ZteTftht)* (z*), let us prove that (4¢) holds. So, let
r € R be such that (z*,7) € ¢l 2 =epip**. By Lemma 3.1 we have a = (ic + h)* (z*) =
©** (2*) < r and there exists £ € Sy such that (ic + ZteTgtht)* (z*) < r, and this entails
(x*,r) e AU O
Corollary 3.4. Assume that C Ndomh # 0. The following statements are equivalent:

() inf (P) = max (D), including the value —cc.
(i1) A is w*-closed regarding {0x+} x R.
Proof. Apply Theorem 3.3 with z* = 0x«, noting that — inf (P) = (ic +h)" (0x+). O
According to Corollary 3.4, applied again to Example 1.1, the set
A= U epi(&ih +&ho)”
€S>
is not closed regarding {0} x R. Moreover, the set
U epi(im + &1ht + &ah2)”
§ES2
is closed regarding {0} x R since this fact corresponds to the strong duality for the usual

Lagrangian L :

inf(P) = max inf (611 (2) +E2he (@) = 1,

the maximum being attained for £ = (1,0).

In fact, as long as the standard Lagrangian dual (Dy) is concerned, we can replace again
C by CNM provided that CNM is non-empty and closed. In this way we get from Corollary
3.4:

Corollary 3.5. Assume that CNdomh # O and C N M is closed. The following statements
are equivalent:
(1) inf (P) = max (Do), including the value —oo.

(ii) U epi (iCmM + ZteT&hO is w*-closed regarding {0x~} x R.
£eST

Finally we present a straightforward consequence of Theorem 3.3:

Corollary 3.6. Assume that C' Ndom h 75 (0. The following statements are equivalent:

(i) (ic + h)" = minges, (10 + Z L& t)
(73) A is w*-closed.
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Subdifferential and Argmin Calculus

Let us consider again the function g = ic + h. The set
argmin g = {x e CnNdomh: g(z)= i&fg}

coincides with the optimal solution set S (P) of (P), and we have
z€8S(P)< 0x- €0g(x) e xedg (0x+).

Therefore, computing the subdifferential of the functions g and ¢* is of crucial importance in
our context. In this section we will apply Theorem 3.3 and its corollaries to obtain formulas
for dg, 0g*, and argmin g.

Given z € C Ndom h = dom g, let us consider the set

M (z) = {g €8> ihi(x)=h (x)} . (4.1)
Next lemma furnishes another expression for M ().

Lemma 4.1. We have M (z) ={£ € Sp: hy (x) = h(z) Vt € supp&}.

Proof. One has & € M (z) if and only if Zte gﬁt (ht (x) — h(x)) = 0. Since hy () < h(x)
supp

for any ¢t € T, each term of the above sum is non-positive. Since this sum is equal to zero,
each term of the sum must be equal to zero.

Conversely, if hy () = h(z) for each t € supp&, then Z &ht Zt T§t =
h(z),and £ € M (z). D

Let x € CNdomh = dom g. Concerning dg let us quote two general facts in Proposition
4.2 and Theorem 4.4 below.

Proposition 4.2. dg(z) > U 3(lc+z &eh f) ).

EeM(z)

Proof. Let z* € U 8(10—1—2 §tht> (). Let ¢ € M (x) be such that
EeEM(x

¥ e 8(1C+Z fthf> . Noting that Z {tht < h, ic + ZteTZtht < g, and
(1(;—!—2 ftht> > g%, we have

@5) —g@) <g (@) *
<(io+>, &) @)
) -y Gk (@)
= (2" z) —h(z) = (z",2) —g ().
So, (z*,x) — g (z) = ¢g* (¢*) and z* € dg (x). O

Proposition 4.3. For any x € dom g, the convex set A in (8.1) is w*-closed regarding the

set



510 M.A. GOBERNA, M.A. LOPEZ AND M. VOLLE

Proof. Let x € domg and (z*,7) € £clw* 2A)N B (z) . By Lemma 3.1 one has g* (z*) < r and,
by definition of B (), there exists £ € M (z) such that

z* € (ic + Ztethht) (z), (4.2)
and so,
ro>g"(a*) > (z%,2) — g (2)
= (¢*,2) — h (x)
=) - Y ke (@)
= IC+Zt€TEtht) (")
The last equality comes from (4.2). Thus, (z*,r) € epi (ic + ZteTEthtY C A O

Theorem 4.4. For any x € dom g, the following statements are equivalent:
() dg@)= U oic+y., _ &h)@).

EeM(x)
(13) A is w*-closed regarding Og (x) x R.

Proof. (i) = (ii) comes from Proposition 4.3.

Let us prove that (i4) = (i). By Proposition 4.2 it suffices to prove that the inclusion
"C” in (i) is satisfied. So, let 2* € dg (z). By Lemma 3.1 we have (z*, g* (z*)) € (cI® 2) N
(0g (z) x R) and, by (i), (z*,g* (z*)) € A. Thus, there exists £ € St such that

(9" (&) € epi (ic + 3, &)

and
(z*,2) — h(z)

IN

ED DR AC

(z
(lc-l‘z ft t) (z*)
9" (@") = (a*,2) = g () = (e",2) — h (a).

IAIA

It follows that ZteTZtht (z) = h(x) and

<lc + Z o5ih t) (") = (", z) — ZteTgtht (2),
or, in other words, £ € M (z) and z* € 0 (ic + ZteTEtht) (x). O

Corollary 4.5. [10, Theorem 2] If A is w*-closed then for any x € dom g, it holds

dg@)= U d(ic+d,_ &) (@).

£EM ()

We end this note by establishing a new formula for the subdifferential of the conjugate of
the function g = i¢ 4+ h. We shall also derive from this formula an expression for the optimal
solution set S (P), which furnishes necessary and sufficient optimality conditions.

We associate with & € S the set

N (€) = {x €Cndomh:Y  &hi(w)=h (x)} .
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By (4.1) we have
reN(E) e M(x)

and, by Lemma 4.1,
N () :={xeCndomh: h;(x) =h(x) Vt €suppl}.

Theorem 4.6. For any x* € dom g* one has

05 () > U (N@©na(io+Y,  &h) ().

£eSr

If, additionally, A is w*-closed regarding {x*} x R, then

05 (@) = U (N©no(ic+Y,_ &) ().

£EST

Proof. Let € € Sy and x € N ﬂ 0 <1C + Z ftht) . One has

7 @) < (io+ Zteﬁt@* (")
— 2y =Y, &b ()
= <$*,$> - h(l‘) = <$*7$> - g(I)

and, consequently, g* (z*) = (z*,z) — g (z), that is, x € 9g* (z*) .
To prove (4.3), let = € dg* (z*) . By Lemma 3.1 we have

(z*, (z*,z) — g (z)) € (A1 AN {z*} xR

511

and, since 2 is w*-closed regarding {z*} x R, we have (z*, (z*,z) — g (z)) € . So, there

exists & € Sy such that

(", (@ 2) g (@) € epi (ic + Y, Eh)

and

We thus have ZtETEtht () =g(x) =h(z), z € N (), and

N ZteTgtht - (IC + Z gt t) (@),

* . -~ .
that means z* € 9 (lc + ZteTftht) (z) or, equivalently,

x € (ic + ZtETgtht)* (z%).

We can state a partial converse of Theorem 4.6.
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Proposition 4.7. Let z* € X* be such that 9g* (z*) # 0 and assume that (4.3) holds.
Then A is w*-closed regarding {z*} x R.

Proof. Assume that (z*,7) € ¢l 2. We have to check that (z*,7) € 2.
By Lemma 3.1 we have g* (z*) < r. Picking x € Og* (z*), which is non-empty, there

exists, by (4.3), £ € Sp such that z € N (§) N0 (1(; + Z §tht) . Then we have

g @) < (ic - ZteTa h) (@)
ZteT@ht

:<1‘*7I>— () = (2", 2) — g (x) < g~ (z7).

Therefore, g* = (1C—|—Z §tht> (z*) and

(2", 7) € epi (ic + ZteTEtht)* c AL

O
Corollary 4.8. Assume that inf (P) € R. We have
S(P)> geLgT (N (&) Nargmin (10 + ZteT&ht)> .
If, additionally, A is w*-closed regarding {O0x~} x R, then
S(P)= ggT (N (&) Nargmin (10 + ZteTgtht)> .
In other words, for any x € C Ndomh one has
3¢ € Sy hy(z) = h(x) Vt € suppé,
zeS(P)e{ and -
r € argmin (ic + ZteTftht) .
Proof. Apply Theorem 4.6 with * = 0x~, noting that dg* (0x+) = argmin g and
(10 + Z ftht) (0x+) = argmin (IC + Z ftht)
for each & € Sp. O
Corollary 4.9. Assume that
0 #£S(P)= §€LéT (N (&) N argmin (1(; + ZteTgtht)) .
Then A is w*-closed regarding {0x~} x R.
Proof. Apply Proposition 4.7 with z* = 0x«. O
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