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ON ROBUST APPROXIMATE OPTIMAL SOLUTIONS FOR
UNCERTAIN CONVEX OPTIMIZATION AND APPLICATIONS
TO MULTI-OBJECTIVE OPTIMIZATION
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Abstract: In this paper, we consider robust approximate optimal solutions for a convex optimization
problem in the face of data uncertainty. By employing conjugate analysis, we first introduce a robust type
closed convex constraint qualification, and then we establish necessary and sufficient optimality conditions
for robust approximate optimal solutions of this uncertain convex optimization problem by using robust
optimization approach (worst-case approach). In addition, we also introduce types of Wolfe and Mond-Weir
robust dual problems and investigate robust approximate weak and strong duality relations. Moreover,
as applications, using a scalarization method, we establish optimality conditions and duality theorems for
weakly robust approximate efficient solutions of an uncertain multi-objective optimization problem.

Key words: approzimate optimal solutions, uncertain optimization, Wolfe and Mond-Weir type robust
duality
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Introduction

It is well known that characterizing approximate solutions of an optimization problem is
essential since, numerically, it is much more advantageous to obtain an approximate so-
lution. In the early 1980s, several researchers have been interested in e-optimal solutions
(approximate solutions) for nonlinear programming problems from a computational point
of view, see Refs. [20,24,28]. Subsequently, much attention has been paid to characterize
approximate solutions of an optimization problem. And some results on various types of
approximate optimality conditions, approximate multiplier rules, approximate saddle-point
theorems, and approximate duality theorems for e-solutions of several scalar and vector
optimization problems have been obtained, see, for example, [12-15,23,26,34,37].
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Recently, optimization problems in the face of data uncertainty have received a great deal
of attention due to the reality of uncertainty in many real-world optimization problems. As
we know, robust optimization approach (worst-case approach), has emerged as a power-
ful deterministic approach for studying optimization problems with data uncertainty [3],
associates an uncertain optimization problem with its robust counterpart [2]. And many
researchers have obtained different kinds of characterizations of the optimal solutions for
scalar and vector optimization problems under uncertainty data by using robust optimiza-
tion methodology, see, for example, [9,19,29-31,35] and the references therein. However,
to the best of our knowledge, there have been few papers on approximate solutions of an
optimization problem in the face of data uncertainty, see Ref. [22]. So, the aim of this paper
is to establish necessary and sufficient optimality conditions for e-optimal solutions with a
constraint qualification hypothesis and to provide some corresponding robust approximate
duality results for an uncertain optimization problem. To do this, let X and Y be locally
convex vector spaces, C' C X be a nonempty closed convex set, K C Y be a nonempty closed
convex cone, f : X — R be a convex function, and g : X — Y be a K-convex function.
Consider the following convex optimization problem

inf f(z)
(P) s.t. g(z) € —K,
z e C.

This problem (P) in the face of data uncertainty can be captured by the following optimiza-
tion problem

inf f(x)
(UP) s.t. g(z,v) € =K,
zeC.

Here, Z is a locally convex vector space, v is an uncertain parameter and belongs to a convex
and compact uncertainty set V C Z.

Following [2], in this paper, we consider robust approximate optimal solutions for (UP)
by examining its robust (worst-case) counterpart

inf f(x)
(RUP) s.t. glx,v) € —K,Yv eV,
xz e,

where the uncertain constraint is enforced for every parameter v in the prescribed uncer-
tainty set V. It is worth noting that the robust counterpart, which is termed as the robust
optimization problem, aims at finding a worst-case solution that is immunized against the
data uncertainty.

As was mentioned above, the aim of this paper is to generalize the theory of approximate
optimality conditions and approximate duality theorems for certain optimization problems
to the uncertain cases. We make some contributions to the study of approximate theory
for uncertain optimization problems. More precisely, by using a robust type closed convex
constraint qualification, we first obtain necessary and sufficient optimality conditions for
robust approximate optimal solutions of an uncertain convex optimization problem which
provides a new generalization of the celebrated necessary and sufficient optimality condi-
tions for approximate optimal solutions of certain convex optimization problems to uncertain
cases. Then, along with approximate optimality conditions, we propose types of Wolfe and
Mond-Weir robust dual problems to the primal one, and examine robust approximate weak
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and strong duality, respectively. As a consequence, by using a scalarization method ( see
also [10,11,21] ), we establish necessary and sufficient optimality conditions for weakly ro-
bust approximate efficient solutions and to provide some corresponding approximate robust
duality results for a multi-objective optimization problem with uncertainty data. This ap-
proach seems to be new in the literature, and we hope it will provide a useful opportunity
to learn about approximate theory for an uncertain multi-objective optimization problem
from the related scalar optimization problem.

The paper is organized as follows. In Section 2, we recall some notions and give some
preliminary results. In Section 3, we first introduce a robust type closed convex constraint
qualification, and then obtain necessary and sufficient optimality conditions for robust ap-
proximate optimal solutions of (UP). We also show that our results encompass as special
cases some optimization problems considered in the recent literature. In Section 4, we first
introduce a Wolfe type and a Mond-Weir type robust dual problems for (UP) by virtue
of robust optimization approach, and then discuss the robust approximate weak duality
and strong duality properties. In Section 5, we establish optimality conditions and duality
theorems for weakly robust approximate efficient solutions of an uncertain multi-objective
optimization problem.

Preliminaries

In this paper, we use the standard notation, please see [27,36]. Unless otherwise specified,
let X be a locally convex vector space with its topological dual space X*, endowed with
the weak® topology w(X™*, X). For z* € X* and = € X, (x*,z) denotes the value of z* at
x, that is (z*,z) = z*(x). Given a set D C X* or D C X* x R, the weak* closure (resp.
convex hull) of D is denoted by ¥ D (resp. co D ). Moreover, for a nonempty set C' C X,
the indicator function d¢ of C is defined as d¢(x) =0 if 2 € C and do(z) = +oo if z & C.

Let f: X — RU{+o0} be an extended real valued function. The effective domain, the
epigraph and the conjugate function of f are defined by

dom f:={x € X : f(z) < +oo},

epif :={(z,7) € X xR : f(x) <r},
and

fr(a") = sup {(z", x) — f(2)},

zeX

respectively. Let Z € dom f. Then, following [16], we have

epi f* = J {(x*, (@*,3) +¢— f(z)) 12" € 85f(:i)}, (2.1)

e>0
where, for a given € > 0, the e-subdifferential of f at £ € dom f is defined by
0-f(Z) ={a" e X*: f(x) > f(Z)+ (", 2 —T) —e,Vz € X},

and 9. f(z) = 0, for any z & dom f. If ¢ = 0, the set f(z) := 9o f(Z) is the classical
subdifferential of convex analysis, that is,

of(@)={z" e X*: f(z) > f(&Z) + (=", 2 — &),YVx € X}.
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Let Y be another locally convex vector space with its topological dual space Y*, endowed
with the weak* topology w(Y*,Y). Let K C Y be a nonempty closed convex cone. Its
(positive) dual cone is defined by

K*={y"eY": (y",y) >0,Vy € K}.

We say that vector valued function h : X — Y is K-convex, iff for any z,y € X and
a€0,1],
hax 4+ (1 — a)y) — ah(z) — (1 — a)h(y) € — K.

Moreover, we say that h is K-concave iff —h is K-convex. For convenience, for any A € Y*,
the composition of mapping A o h, will be denoted by Ah. Obviously, h is K-convex if and
only if Ah is a convex function, for each A € K*. Similarly, h is K-concave if and only if A\h
is a concave function, for each A € K*.

In this paper, we endow X* x R with the product topology of w(X*, X) and the usual
Euclidean topology. Now, we give the following important results which will be used in the
following sections

Lemma 2.1 ([4]). Let fi,f2 : X — R U {+oo} be proper convex functions such that
domf; N domfs # 0.

(i) If f; and f5 are lower semicontinuous, then,
epi (fi + f2)" = cl (epi fi +epi fy).
(ii) If one of f1 and f5 is continuous at some T € dom f; N dom fs, then,
epi (f1 + f2)" =epi f{ +epi f3.

We conclude this section with a remark that an element p € X* can be regarded as a
function on X in such a way that p(z) := (p,z), for any x € X. Thus, for any o € R and
any function f: X — RU {+oo}, we have

(f+p+ ) (z¥) = f*(x* —p) — «, for each 2" € X*, (2.2)
and

epi (f +p+ )" =epi f* + (p, —a). (2.3)

Robust Approximate Optimality Conditions

In this section, we will give optimality conditions for robust approximate optimal solutions
of (UP) by examining (RUP). So, we first recall some important concepts which will be
used in this paper.

Definition 3.1. The robust feasible set of (UP) is defined by
F = {x €C:g(x,v) e —K,Vv € V}.

Remark 3.2. In the special case that V is a singleton, the robust feasible set F becomes
the feasible set of (P), that is,

Fo = {xEC:g(m)E—K}.
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Definition 3.3. Let e > 0 and z € F.

(i) We say that Z is a robust e-optimal solution of (UP), iff Z is an e-optimal solution of
(RUP), i.e.,
f(z) > f(z) -, Va € F.

(ii) We say that Z is a robust optimal solution of (UP), iff Z is an optimal solution of
(RUP), ie.,
f(z) = f(z),Ve € F.

Now, we will obtain a multiplier characterization for robust approximate optimal solu-
tions of (UP). To begin with, we first introduce a robust type closed convex constraint
qualification.

Definition 3.4. We say that robust type closed convex constraint qualification (RCCCQ)
holds, iff

U epi (A\g)(-,v))" + epi 6% is a weak* closed convex set.
vEV,AEK*

Remark 3.5. (i) A special case of (RCCCQ), where C' = X, can be found in [29]. In
this case, some completely characterizations of this constraint qualification have been
obtained. For more details, please see [29, Propositions 3.1, 3.2 and 3.3].

(ii) In the special case when V is a singleton, (RCCCQ) becomes the following constraint
qualification

(CCQ) U epi (A\go)" + epi 05 is a weak* closed set.
AEK™

It is also important to note that (CCQ) was introduced in [17] to study duality results
and optimality conditions for convex optimization problems. And various sufficient
conditions, including generalized interior-type conditions and metric regularity condi-
tions, for (CCQ) have been obtained (see [4,7,8] for details).

Now, following [29], we give some characterizations of J,cy zex- €Pi ((Ag)(-v))" +
epi 0.

Proposition 3.6. Letg: X xZ — Y be a continuous function such that for any A\ € S*,v €
V C Z, (\v) — (Ag)(z,v) is a concave function for any x € X and let V be a compact
convex set. Then,

U epi (M) 0)" + epi 65

vEV,NEK*
18 a convex set.
Proof. By Proposition 3.2 in [29], we know that (J,cy yex- Pl ((Ag)(-,v))" is a con-

vex set. Moreover, it is easy to see that epidy = C* x Ry is a convex set. Thus,
. epi -, v))" 4+ epi 85 is a convex set and the proof is complete.
vevaexs €pi ((Ag)(-, * pi 0 i t and the proof i plet O

By using the similar method of [29, Proposition 3.3], we can easily get the following
result.



626 X.-K. SUN, X.-B. LI, X.-J. LONG AND Z.-Y. PENG

Proposition 3.7. Let g : X X Z — Y be a continuous function such that for any v € Z,
g(+,v) is a K-convez function and let V C Z be a compact set. Suppose that int S # () and
there exists xo € X such that g(xg,v) € —int S, for any v € V. Then,

U epi ((A)w)) + epi o
vEV,ANEK™

is a weak™ closed set.

Slightly extending Theorem 3.1 in [29] to a robust convex optimization problem with a
geometric constraint, we can obtain the robust version of Farkas Lemma for convex functions.

Lemma 3.8. Let g: X x Z =Y be a continuous function such that for any v € Z, g(-,v)
is a K -convex function. Then, the following statements are equivalent:

(i) {xeC:g(m,v)e—KmeV}g{meX:f(:E)EO}.

(ii) (0,0) € epi f* +cl” co (Uvev,AeK* epi (Ag)(-,0))" + epi 53).

We are now in a position to present necessary and sufficient optimality conditions for
robust approximate optimal solutions of (UP) using (RCCCQ).

Theorem 3.9. For the problem (UP), let ¢ > 0,2 € F and let g : X x Z = Y be a
continuous function such that for any v € Z, g(-,v) is a K-convex function. Suppose that
(RCCCQ) holds. Then, T is a robust e-optimal solution of (UP) if and only if there exist
veEV,NeK*, ande; >0, i=1,2,3, such that

0e 8&1f(i') + 852 ((j\g) ('75)) (i') + 85360<i')’ (31>

and

e1+e2+e3—e=(Ag) (2,0). (3.2)
Proof. Let T € F be a robust e-optimal solution of (UP). Then, for any = € F,
fl@) = f(z) —e.
For any = € F, set

Then,
g(z,v) € —K,veV,x € C = ¢(x) > 0.

By Lemma 3.8, we get
(0,0) € epi ¢* + cl* co U epi ((Ag)(-,v))" + epi &5 | . (3.3)
vEV,NEK*
By (2.3), we know that

epi ¢" = epi f* + (0, f(2) —¢). (34)
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On the other hand, since (RCCCQ) holds, it follows from (3.3) and (3.4) that

(O,e—f@) € epi f*+ |J  epi (Ag)(-0)" + epi 3.
vEV ANEK*

Thus, there exist o € V, and A € K* such that
(0,6 = f(z)) € epi /" + epi ((Ag)(-,0))" + epi dc.

This follows that there exist (u*,r) € epi f*, (v*,s) € epi ((\g)(-,?))", and (w*,t) €
epi 05 such that

ut + vt Fw =0 (3.5)
and
r+s+t=¢c— f(Z). (3.6)
Moreover, by (2.1), there exist £; > 0, i = 1, 2,3, such that
u* € 0., f(Z), and r = (u*,T) + 1 — f(T),

v* € 0., ((Ag) (-,0)) (Z), and s = (v*,Z) + 2 — (Ag) (Z,0),
w* € 8.,0¢(%), and t = (w*,T) + €3.
Together with (3.5) and (3.6), we know that
0e 851f(j) + asz ((/_\g) ('76)) (j) + 36350(5),

and

8l

e—f(Z) = r+s+t
= (W Hv +wT)+er+extez— f(T) - (Ng) (7,0)

€1+ €2+ €3 — f(i‘) — (S\g) (fﬂj).

This follows that

€1 +¢&2+¢e3— (/\g) (z,0) =e.

Thus, (3.1) and (3.2) hold.

Conversely, assume that there exist o € V, A € K*, and 5Z >0,71=1,2,3, such that
(3.1) and (3.2) hold. By (3.1), there exist u* € 0., f(Z), v* € 9., ((Ag) (-,?)) (), and
w* € 0:,0¢(T), such that

u* + ot +wt=0. (3.7)

Since u* € 9., f(Z), v* € 0., ((Ag) (7)) (%), and w* € O.,0¢(Z), we obtain that, for any
x € F,

flx) = f(@) > (u*, 0 —7) — e,
~(Ag)

do(x) —dc(T) > (w*,z — T) — e3.

()\g) (z,0)

—~

Z,0) > (v, x — ) — ea,

and
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Then, adding these inequalities yield,
f@) = f(@) + (Ag) (2,9) — (Ag) (z,7)
> (W+v'+w',x—T)—e —eg —e3, for any x € F.

Moreover, together with (S\g) (z,v) <0 and (3.7), we get,

f(z) = f(@) — (A\g) (2,0) > —e1 — 2 — €3, for any = € F.
Then, it follows from (3.2) that

f@) > f(z) — e, for any x € F.

Thus, T is a robust e-optimal solution of (UP). This completes the proof. O

Remark 3.10. Let us mention that the optimality condition given in Theorem 3.9 was es-
tablished in [22] by assuming that X = R", Z = R?, K = R?, g(x,v) = (g1(x,v), ..., gm(z,v)),
and g; is a real valued function, ¢ = 1,..,m. So, the results obtained in [22] can be regarded
as a special case of Theorem 3.9.

Now, we give an example to explain Theorem 3.9.

Example 3.11. Let X = R?, Y = Z =R, K = R}, C = R% and V = [-1,1]. Let
f:R? - Rand g:R? x R — R be defined respectively by

f(z) =2z +23, g(z,v) =2} — vy,

for any z := (21, 22) € R? and v € [-1,1].
Obviously, for the problem (UP), F = {0} x [0, +00), and we can easily get

U epi (A)(0))" + epi 65 =R x (-Ry) x Ry,
ve[—1,1], AeR¢

So, the conditions of Theorem 3.9 are satisfied. Therefore, we can characterize the robust
g-optimal solution of (UP).

For example, let Z := (0,0) € F and € = 1. Obviously, (0,0) is a robust e-optimal
solution of (UP). On the other hand, for instance, when &; = %, €9 = €3 = %, v =1 and
A = 1, we can easily check that 0., f(Z) = {2} x [-1,1], 0., ((Ag) (-,)) (z) = [-2, 3] x {0},
de,00(%) = —R%, and then

Oer f(Z) + 0z, (Rg) () (2) + Dy b0() = (oo,

Thus, (3.1) and (3.2) hold.

In the special case when V is a singleton, we can easily obtain the following result which
has been investigated in [1].

Corollary 3.12. For the problem (P), lete >0, T € Fy and let g: X — Y be a continuous
K -convex function. Suppose that (CCQ) holds. Then, T is an e-optimal solution of (P) if
and only if there exist A € K*, and ¢; > 0, 1 = 1,2, 3, such that

0€ 0., f(&) + 0, (Ng) (T) + 0:,60(T),

and

e1+¢e2+e3—e=(Ag) (2).
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Letting ¢ = 0 in Theorem 3.9, we can easily get the following necessary and sufficient
optimality conditions for robust optimal solutions of (UP).

Theorem 3.13. For the problem (UP), let g : X X Z = Y be a continuous function such
that for anyv € Z, g(-,v) is a K-convez function. Suppose that (RCCCQ) holds and T € F.
Then, T is a robust optimal solution of (UP) if and only if there exist v € V, and X\ € K*,
such that

0€af(@) +0((Ag) () (&) + doc(z),
and
(A\g) (z,v) = 0.

Remark 3.14. In [19], the similar result of Theorem 3.13 has been obtained in finite
dimensional spaces by using a Slater type constraint qualification. However, by virtue of a
closed convex constraint qualification and a different proof approach, we investigate (UP) in
locally convex Hausdorff topological vector spaces. Moreover, as was mentioned in [18], the
closed convex constraint qualification is weaker than Slater type constraint qualifications.
So, the result obtained in Theorem 3.13 is different from the result obtained in [19].

In the special case when € = 0 and V is a singleton, we can easily obtain the following
result. Related results can be found in [1,4,8,17].

Corollary 3.15. For the problem (P), let g : X — Y be a continuous K-convex function.
Suppose that (CCQ) holds and T € Fo. Then, T is an optimal solution of (P) if and only if
there exists A € K*, such that

0€0f(x)+ 0 (\g) (&) + ddc (),
and

(A\g) () =0.

Robust Approximate Duality Theorems

In this section, by virtue of robust optimization approach, we first introduce a Wolfe [32]
type robust dual problem (RDyw) and a Mond-Weir [25] type robust dual problem (RDyrw),
respectively, for (UP), and then discuss the robust approximate weak and strong duality
properties between the corresponding problems.

Let y € C, e > 0and XA € K*. To (UP), we attach the Wolfe type robust dual problem

max(y x ) {f(y) + (Ag)(y, U)}

(RDw) st 0€0:,f(y) + 0, (Ag) (0)) (y) + O=500(y),
€1+éex+e3 <g,
AeK*yeCwe,

and the Mond-Weir type robust dual problem

max(y,)\,v) f(y)

st. 0€ 0, f(y) + 0, (Ag) (,v)) (y) + O=50¢(y),
e1+e2+e3— (Ag)(y,v) <,
AeK*yeCvel.

(RDmw)
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Remark 4.1. In the special case that € = 0, and there is no uncertainty in the constraint
function, (UP) becomes (P), (RDw) and (RDyw) collapse to the classical Wolfe type dual
problem

max(,,y {£() +(09)w)}
(Dw) st. 0€df(y)+9(\g) (y) + dc(y),
e K*yed,

and the classical Mond-Weir type dual problem

maxy x) f(y)

st 0€0f(y) +0(Ag) (y) + 0oc(y),
O‘g)(y) > 0,
Ae K*yeC,

(Dvw)

respectively. For more details on classical Wolfe type and Mond-Weir type dual problems,
please see [5] and the references therein.

Now, we only prove Wolfe type robust e-weak and e-strong duality properties, since
Mond-Weir type robust e-weak and e-strong duality properties can be proved similarly.

Theorem 4.2 (Wolfe type robust e-weak duality). Let ¢ > 0. For any feasible x of (RUP)
and any feasible (y, A\,v) of (RDw), we have

f(x) = f(y) + (A\g)(y,v) —

Proof. Let x be a feasible solution of (RUP) and let (y, A\, v) be a feasible solution of (RDw).
Then, y € C, A € K*, v € V, and there exist ¢; > 0, ¢ = 1,2, 3, such that

0 € 0e, f(y) + 92, (A9) (,0)) (y) + Oesd0(y), (4.1)
and
€1 +eg+e3<e. (4.2)
By (4.1), there exist u* € 0., f(y), v* € O, (Ag) (+,v)) (y), and w* € O.,0¢(y), such that
w4 vt +wt = 0. (4.3)

By u* € 0, f(y),
flx) = fly) > (W2 —y) —er1.

Thus, by v* € J., (A\g) (+,v)) (v), w* € 0:,0c(y), (4.2) and (4.3), we have

@) = (&) + O9) (v.v)
— (W +wz—y) —e1— (Ag) (y,v)
—(Whr—y) — (W —y) —e1— (A\g) (y,v)
—(Ag) (z,v) + (Ag) (y,v) — €2 — dc(x) + dc(y) —e3 — 1 — (Ag) (y,v)
— (
— (

v

Ag) (z,v) — €1 — €2 — €3.
Ag) (z,v) — €.

v
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Moreover, since x is a feasible solution of (RUP), we get g(x,v) € —K. Then, from A € K*,
we obtain that (Ag) (z,v) < 0. Thus,

f@) = (1) + 09) (0.0) = <.
This completes the proof. 0

Theorem 4.3 (Wolfe type robust e-strong duality). Lete >0,z € F andletg: X xZ =Y
be a continuous function such that for any v € Z, g(-,v) is a K-convex function. Suppose
that (RCCCQ) holds. If T is a robust e-optimal solution of (UP), then, there exist v € V,
and \ € K*, such that (iy 5\,17) is a robust 2e-optimal solution of (RDw).

Proof. Let ¥ € F be a robust e-optimal solution of (UP). By Theorem 3.9, there exist
veV, A e K*, and ¢; >0, i =1,2,3, such that

0€ ., f(Z) + 0, (Ag) (,0)) (&) + 0-,0¢(2), (4.4)
and
e1+e2+es—e=(Ag) (T,0). (4.5)
Moreover, by (4.5) and (Ag) (Z,7) < 0, we obtain that
€1+ex+e3<e. (4.6)

So, it follows from (4.4) and (4.6) that (Z,,v) is a feasible solution of (RDw). Then, for
any feasible solution (y, A, v) of (RDw),

1@+ () (@.9) = () + Ag) (w,v))

1@ = (F@) + (g) (5v)) + (Ag) (2,7)

> —c+ (\g) (z,0)
= —€+e1t+extez—¢
> —2e.

where the first inequality is from the Wolfe type robust e-weak duality. Thus, (a?, A, 17) is a
robust 2e-optimal solution of (RDyy). O

In the special case when € = 0, and V is a singleton, we can obtain the following char-
acterization of classical Wolfe type duality which has been established in [5,6,22,29] under
different kinds of constraint qualifications.

Corollary 4.4. Let g : X — Y be a continuous K-conver function. Suppose that (CCQ)
holds and z € Fo. If T 1s an optimal solution of (P), then, there exists A\ € K*, such that
(z,\) is an optimal solution of (Dw), and the objective values of (P) and (Dw) are equal.

Similarly, we can obtain the following Mond-Weir type robust e-weak and e-strong duality
properties.

Theorem 4.5 (Mond-Weir type robust e-weak duality). Let € > 0. For any feasible x of
(RUP) and any feasible (y, \,v) of (RDmw), Then,

f@) = fly) —e.
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Theorem 4.6 (Mond-Weir type robust e-strong duality). Let ¢ > 0, & € F and let g :
X XZ =Y be a continuous function such that for anyv € Z, g(-,v) is a K-convex function.
Suppose that (RCCCQ) holds. If T is a robust e-optimal solution of (UP), then, there exist
7€V, and X\ € K*, such that (:E, 5\,17) is a robust 2e-optimal solution of (RDyw).

In the special case when € = 0, and V is a singleton, we can obtain the following charac-
terization for classical Mond-Weir type duality. For related results, please see [5,6].

Corollary 4.7. Let g : X — Y be a continuous K-conver function. Suppose that (CCQ)
holds and T € Fo. If  is an optimal solution of (P), then, there erists X € K™, such that
(Z,)) is an optimal solution of (Dyw). and the objective values of (P) and (Dyiw) are
equal.

Applications to Multi-Objective Optimization

In this section, as an application of the general results of the previous sections, we examine
a classical multi-objective optimization problem

min (fi(2), fo(2), ... fal@))
(MP) s.t. g(z) € —K,
xeC.

where C' C X is a nonempty convex set, f; : X — R is a continuous convex function for any
i =1,...,n. Moreover, the feasible set of (MP) is also defined by

F= {xEC:g(x) G—K}.

This problem (MP) in the face of data uncertainty can be captured by the following multi-
objective optimization problem

min (fl(x), fa(z),. .., fn(x))
(UMP) s.t. glz,v) € —K,
zeC.

Similarly, we will obtain some completely characterizations of weakly robust approximate
efficient solutions of (UMP) by examining its robust (worst-case) counterpart (RUMP)

min (£1(2), S@),. . fa(a))
(RUMP) s.t. g(z,v) € —K,Yv €V,
x e C.

The robust feasible set of (UMP) is also defined by
FM .= {x €C:g(xz,v) € —K,Vv € V}.

In this paper, we only deal with weakly robust approximate efficient solutions for (UMP),
since one can undertake other kinds of robust approximate efficient solutions for (UMP) in
the same manner.

Definition 5.1. Let ¢ := (¢1,...,6,) € R} and 7 € FM.
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(i) T is said to be a weakly robust e-efficient solution of (UMP), iff there does not exist
x € FM, such that
fz(df) < fz(ff) —¢j, foralle=1,...,n.

(ii) 7 is said to be a weakly robust efficient solution of (UMP), iff there does not exist
x € FM, such that
filx) < fi(z), foralli=1,...,n.

Remark 5.2. In the case that when V is a singleton, the notions of weakly robust e-
efficient solution and weakly robust efficient solution stated in Definition 5.1 become the
notions of weakly e-efficient solution and weakly efficient solution of (MP), respectively.
See [5,10,12,21] for details.

The following result gives a simple characterization of weakly robust e-efficient solutions
of (UMP), which plays an important role in the study of this kind of solutions. This result
can be easily obtained using separation theorem, see also [21, Proposition 8.2].

Proposition 5.3. Let # € FM and ¢ := (e1,...,6,) € R?. Then, Z is a weakly robust
e-efficient solution of (UVP) if and only if there exist y; > 0,7 =1,...,n, Y i, u; = 1, such
that

n

Zn:/iifi(m) > zn:mfi(ff) - Zuiei, for any « € FM.
=1 =1

1= i=1

Now, by using the similar methods of Section 3, we characterize the corresponding weakly
robust approximate efficient solutions of (UMP).

Theorem 5.4. For the problem (UMP), let &z € FM, € := (e1,...,e,) € R} and let
g: X xZ =Y be a continuous function such that for any v € Z, g(-,v) is a K-convex
function. Suppose that (RCCCQ) holds. Then, T is a weakly robust e-efficient solution of
(UMP) if and only if there exist fi; > 0, i =1,...,n, Y i g =1, ANeK*, veV, a; >0,
i=1,...,n, >0, and v > 0, such that

06> 0a, (ifi) (T) + 05 ((Ag) (-, 0)) (&) + 9,6¢(2), (5.1)
1=1
and
dai+B+y—(Ag) (@,0) = fuici. (5.2)
i=1 i=1

Proof. Let T € F be a weakly robust e-efficient solution of (UMP). By Proposition 5.3,
there exist i, > 0,4i=1,...,n, Y ., ji; = 1, such that

n

Zﬂifi(w) > iﬂifi(f) - iﬂi&', for any z € FM.

i=1 =1 =1

For any = € FM, set
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Then,
g(z,v) e —K,veV,z € C = ¢(x) > 0.

Moreover, we know that
epl " =) epi (1 fi)" + (QZﬁz‘fi(f) - Zﬂm) -
i=1 i=1 i=1

So, using the same methods of Theorem 3.9, we can easily get

<O7Zﬁi5i - Zﬂzfz(@) € Zepi (mifi)* + U epi ((Ag)(-,v))" + epi 0.
i=1 i=1 i=1

vEV,ANEK™

Thus, there exist o € V, and A € K* such that

(0, Zﬂiei - ZﬂJJ:E)) € Zepi (if:)* + epi ((5\9)(.7@))* + epi 05

i=1

< *

This follows that there exist (u},r;) € epi (i f;)*, i =1,...,n, (v*,s) € epi ((Ag)(, 7)),
and (w*,t) € epi §, such that

Zuf +v" +w" =0, (5.3)
i=1
and
n n n
Z’/‘i—FS-‘rt:Zﬂi&‘i—Zﬂifi(i‘). (54)
=1 i=1 =1

Moreover, by (2.1), there exist a; > 0,i=1,...,n, >0, and v > 0, such that
u;k € aai (ﬂlfl)(j)a and Ty = <u;ka'f> +a; — ﬂifi(j)’ 1= 172a sy T

LS oF; ((5‘9) (-,T))) (i‘)’ and s = <U*7i‘> +6- (j\g) (53,17)7
w* € 8,0¢(Z), and t = (w*,T) + 7.
Together with (5.3) and (5.4), we know that

0€ Y O, (ifi) (z) + 95 ((Ag) (-,0)) () + 0y0c(2),
=1

and

> e — Y pifi()
i=1 i=1

= Z ri+s+1t
i=1

- <Zu +0* +w*,:z> +Y it B4y =Y mfi(z) - (Ag) (2,0)
=1 =1 =1
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= ZO@ +B8+7— Zﬂifi(f) - (Ag) (z,0).
i=1 i=1
This follows that
Zai +B+7— (Ng) (z,0) = Zﬂz’&'-
i=1 i=1

Thus, (5.1) and (5.2) hold.

Conversely, assume that there exist g; > 0,7 =1,...,n, Z?:l fi=1, A€ K*, o€V,
a; >0,i=1,...,n, 8 >0, and v > 0, such that (5.1) and (5.2) hold. By (5.1), there exist
uf € 0o, (i fi)(Z), i =1,...,n,v* € 95 ((Ag) (-,9)) (%), and w* € 8,0¢ (), such that

Zuf +0*+w" =0. (5.5)
i=1

Since u} € O, (i f;)(Z), i =1,...,n, v* € 85 ((Ag) (-,)) (Z), and w* € J,6¢(Z), we obtain
that, for anyx € FM,

fifi(w) — i fi(Z) > (v, — ) — i,
(Ag) (z,9) — (Ag) (z,0) > (v*,2 — 7) - B,

and
do(x) —dc(Z) > (w*,z — T) — 7.

Then, adding these inequalities yields, for any x € FM,

Z/jlfl(x) - Zﬂzfz('f) + (;\g) (ma@) - (5‘9) (jv"j)

> <§n:u’{+v* +w*,x—f> —zn:ai—ﬁ—v.
i=1 1=1

Moreover, together with (Ag) (z,7) < 0 and (5.5), we get,

S i) = S fi(®) — (30) (8.0) 2 3 i — B~ 7, for amy x € PV,

i=1 i=1 i=1
Then, it follows from (5.2) that
Zﬂifi(x) > iﬂifi(f) - iﬂi&, for any z € FM.

=1 =1

Thus, Z is a weakly robust e-efficient solution of (UMP). This completes the proof. O

In the special case when V is a singleton, we can easily obtain the following result.

Corollary 5.5. For the problem (MP), let z € F)', ¢ := (e1,...,5,) € R? and let g :
X =Y be a continuous K -convex function. Suppose that (CCQ) holds. Then, T is a weakly
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e-efficient solution of (MP) if and only if there exist fi; > 0,4 = 1,...,n, Y1 fi; = 1,
AeK* a;>0,1=1,...,n, >0, and v > 0, such that

Ou, (1iif:) (T) + 95 (Ag) (%) + 050¢ (2),

HM:

and

i+ Bt+y—(Ng) (@) = fues.
i=1 i=1

Similarly, taking ¢; = 0, ¢« = 1,...,n, in Theorem 5.4, we can easily get the following
necessary and sufficient conditions for weakly robust efficient solutions of (UMP).

Theorem 5.6. For the problem (UMP), let g : X x Z — Y be a continuous function
such that for any v € Z, g(-,v) is a K-convex function. Suppose that (RCCCQ) holds and
z € FM. Then, € FM is a weakly robust efficient solution of (UMP) if and only if there
evist fi; > 0,i=1,...,n, >0 wi=1, A€ K*, and v € V, such that

0628 fif:) (@) + 0 (A\g) () (&) + D00(®),

=1

and

(A\g) (z,v) = 0.

In the special case when V is a singleton and ¢;, = 0, ¢ = 1,...,n,, we can easily obtain
the following result.

Corollary 5.7. For the problem (MP), let g : X — Y be a continuous K-convex function.
Suppose that (CCQ) holds and & € FL. Then, 7 is a weakly efficient solution of (MP) if
and only if there exist i; > 0,i=1,...,n, Z?Zl i, =1, and A € K*, such that

0> (ki) (@) +0 (Ag) (@) + (),

i=1

and

(Ag) (z) = 0.

Finally, in this section, we introduce a Wolfe type (RMDyy) and a Mond-Weir type robust
multi-objective dual problem (RMDyw), respectively, for (UMP), and discuss the robust
approximate weak and strong multi-objective duality properties between the corresponding
problems. As was mentioned above, we also only deal with weakly robust e-efficient solutions
for the corresponding problems.

Now, let y € X, € := (e1,...,6) € R, p = (pa,...,pn) € R% with Y0y = 1,
and A € K*. To (UMP), we attach the Wolfe type robust multi-objective dual problem with
respect to weakly efficient solutions

maxy e (£10)+ 09w 0) - Faly) + O9)(p0))
st 0€ X0, 0u, (uif) (9) + 05 ( (09) (20)) () + D20 (v),
Y+ By <X e,

/j/izoaizla"'anaz?zluizla
Ae K yeCvel,

(RMDw)
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and the Mond-Weir type robust multi-objective dual problem with respect to weakly efficient
solutions

max (Y, A,0) (fl( ) afn(y))
st 0€ 350 da, (1ifi) (y) + 5 (\g) (,0)) (y) + 040¢(y),
(RMDya) St Bty — M) 0) < S s
pi>00=1,...,n,% 0 =1,
ANeK*yeCvel,

where the maximization is also over all the parameter v € V.

Remark 5.8. In the special case that ¢, = 0, ¢ = 1,...,n and V is a singleton, (UMP)
becomes (MP), (RMDw) and (RMDyw) collapse to the Wolfe type multi-objective dual
problem with respect to weakly efficient solutions

mAX 00 (f1<> ADW): - foy) + A9) W)
(MDyw) st. 0€3 i, (uzfz)(y)+8(/\9)(y)+85c(y)
i > 00 =1,...,n, 30 pi =1,
AeK’ﬂyeC,

and the Mond-Weir type multi-objective dual problem with respect to weakly efficient solu-
tions

maXy, u,\) (fl (y)a sy fn (y))
st 0€ X 0 (uafi) (y) + 0 (Ng) (y) + ddc(y),
(MDyw) (Ag)(y) >0,
Hi 2 0,i= 1a"'7n72?:1/’[/i =1,
Ae K* yeC,

respectively. For more details on Wolfe type and Mond-Weir type multi-objective dual
problems with respect to other kinds of efficient solutions, see also [5,9-12] and the references
therein.

In this section, a weakly robust (approximate) efficient solution and a weakly (approx-
imate) efficient solution of a “max” multi-objective optimization problem like the robust
multi-objective dual problem (RMDy) and (RMDyw) is similarly defined as in Definition
5.1. In what follows, we use the following notation for convenience:

u<vev—uc intRY, vwAvesv—ud int RY.

Similarly, we first give the following Wolfe type robust e-weak and e-strong multi-
objective duality properties.
Theorem 5.9 (Wolfe type robust e-weak multi-objective duality). Let ¢ :=
(€1,--.,€n) € R, For any feasible x of (RUMP) and any feasible (y, j1, A\,v) of (RMDw),
we have

(£1@)s- o fa@)) £ (@) + 09 0) = 21, Ja) + Ag)(w,v) — en).

Proof. Let z be a feasible solution of (RUMP) and (y,u, A\, v) be a feasible solution of
(RMDw). Then, y € C, p; > 0,i=1,...,n, > i i =1, N € K*, v € V, and there exist
a; >0,i=1,...,n, B >0, and v > 0, such that

0€ > day (Hifi) () + 85 (Ag) (- v)) (y) + yc(y), (5.6)

i=1
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and

n n
D+ B+v<d s
i=1 i=1
Assume to the contrary that

(@) fal@) < (1) + O9)50) = 21, fall) + M9)(w,0) = 0 )

Hence,

(1 (F1@) = A1) = O B0) + 1, Jal@) = fuly) = (9)(5,0) +6a) ) <O,

due to u € R’} . This inequality is equivalent to

Zﬂifi(x) < mei(y) + (A\g)(y,v) — Zum- (5.7)

On the other hand, by (5.6), there exist u] € o, (1ifi)(y), v* € 95 ((A\g) (+,v)) (y), and
w* € 8,0¢(y), such that

n
Zu;‘+v*+w*20.

i=1
By uj € 9a, (ki fi)(y),

/uifi(aj) - ,Uz'.fz'(y) > <U:<,JC - y> —at=1,...,n.
This follows that

dowifi@) =Y wifily) = <Z up, - y> =) o
i=1 i=1 i=1 i=1

Then, following the lines in the proof of Theorem 4.2, we can justify that

Zlh‘fi(ﬂ?) - (Z wifi(y) + (Ag) (y,v)) > - Zuifi-

This contradicts (5.7), and so the proof is complete. O

Theorem 5.10 (Wolfe type robust e-strong multi-objective duality). Lete := (e1,...,e,) €
R,z € FM andletg: X xZ — Y be a continuous function such that for anyv € Z, g(-,v)
is a K-convex function. Suppose that (RCCCQ) holds. If T is a weakly robust e-efficient
solution of (UMP), then, there exist fi; > 0,i=1,...,n, > i ji; =1, 0 €V, and A € K*,
such that (Z, i, A\, D) is a weakly robust 2e-efficient solution of (RMDyy).

Proof. Let T be a weakly robust e-efficient solution of (UMP). By Theorem 5.4, there exist
pi>0,i=1,...,n, >0 =1L, AeK" veV, a>0,i=1,...,n,3>0,and v > 0,
such that

n

0€ Y da, (1ifs) (@) + 95 ((Ag) () (&) + ,6¢(2),

=1
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and

Zo‘i +B+7- (\g) (7,9) = Zﬂi&w (5.8)

i=1

Moreover, by (5.8) and (Ag) (Z,7) < 0, we obtain that

Zai+5+7§ Zﬁﬁi-
i=1 i1

Then, (f,ﬂ,j\,i‘)) is a feasible solution of (RMDw). Moreover, for any feasible solution
(y, pts A, v) of (RMDw) and ji; > 0,i=1,...,n, > ., ji; = 1. By using the similar methods
of Theorem 4.3, we can easily get

Zﬁifi(f) + (\g) (z,0) - (Z Rifi(y) + (Ag) (Z/W)) > *QZﬂiEi-
; ‘ i=1

By Proposition 5.3, (a‘c, iy A, 6) is a weakly robust 2e-efficient solution of (RMDyy). O

Similarly, in the special case when ¢ = 0, and V is a singleton, we obtain the following
Wolfe type multi-objective duality. Related results can be found in [5,10,11] under various
conditions imposed on the objective function and the constraint conditions, or under different
kinds of constraint qualifications.

Corollary 5.11. Let g: X — Y be a continuous K-convex function. Suppose that (CCQ)
holds and & € F. If T is a weakly efficient solution of (MP), then, there exist ; > 0,
i=1,...,n, > " i =1, and \ € K*, such that (:f,ﬂ, 5\) is a weakly efficient solution of
(MDw).

Similarly, we obtain the following Mond-Weir type robust e-weak and e-strong multi-
objective duality properties.

Theorem 5.12 (Mond-Weir type robust e-weak multi-objective duality). Let ¢ :=
(€1,-..,en) €RY. For any feasible x of (RUMP) and any feasible (y, p, A, v) of (RMDnw ),
we have

(@) fal@)) £ () =ere s fuly) = n)-

Theorem 5.13 (Mond-Weir type robust e-strong multi-objective duality). Let & :=
(€1,---,en) ERY, T € F, and let g: X X Z =Y be a continuous function such that for any
v e Z,g(-,v) is a K-convex function. Suppose that (RCCCQ) holds. If T is a weakly robust
e-efficient solution of (UMP), then, there exist fi; > 0, i =1,...,n, Y o ji; =1, 0 € V,
and A € K*, such that (i‘,ﬂ, 5\,17) is a weakly robust 2e-efficient solution of (RMDyrw).

Similarly, in the special case when ¢ = 0, and V is a singleton, we can obtain the following
Mond-Weir type multi-objective duality. Related results can be found in [4,10,33].

Corollary 5.14. Let g: X — Y be a continuous K-convex function. Suppose that (CCQ)
holds and T € F. If T is a weakly efficient solution of (MP), then, there exist p; > 0,
i=1,...,n, > ji; =1, and \ € K*, such that (i",ﬂ, ;\) is a weakly efficient solution of
(MDpmw )-
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@ Conclusions

In this paper, we consider robust approximate optimal solutions for a convex optimization
problem under uncertainty in the constraint function. By using the framework of robust
optimization approach (the worst-case approach), we obtain optimality theorems and duality
theorems for robust approximate optimal solutions of the uncertain convex optimization
problem. We also show that our results encompass as special cases some optimization
problems considered in the recent literature. Moreover, we apply the proposed approach to
investigate weakly robust approximate efficient solutions for a multi-objective optimization
problem in the face of data uncertainty in the constraint function.
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