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OPTIMAL CONTROL PROBLEMS FOR THE VISCOUS
MODIFIED NOVIKOV EQUATION*

LEI ZHANG AND BIN Liuf

Abstract: This paper deals with the optimal control problem for the viscous modified Novikov equation.
We first investigate the existence and uniqueness of weak solution to the equation, and then prove that
the controlled system admits a optimal control. Moreover, we show that the data-to-solution mapping is
Gateaux differentiable. As an application, a necessary optimality condition corresponding to the distributive
value observation is established. Finally, an illustrative example is also provided.
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Introduction

In this paper, we consider the optimal control problem governed by the following modified
Novikov equation [7]:

Uy — Ugpgr + (b4 Duuy — butigtipy — U Upee =0, (z,t) € (0,1) x (0,T), (1.1)

where b is a real parameter in R, the unknown function wu(z,t) represents the fluid velocity
at time ¢ and in the spacial direction .
If b = 3, the equation (1.1) reduces to the celebrated Novikov equation [8]:

Up — Uggr + U Uy — BUUL ULy — U Uper = 0, (z,t) € (0,1) x (0,T), (1.2)

which was discovered recently by V. Novikov in his symmetry classification study of nonlocal
partial differential equations. After the Novikov equation was derived, many papers were
devoted to its study from the mathematical point of view. For example, it is shown that
the Novikov equation has a matrix Lax pair, bi-Hamiltonian structure, infinitely many
conserved quantities [8], and admits peaked soliton (peakon) solutions [4]. In [15], Tiglay
investigated the local well-posedness of (1.2) in the Sobolev spaces. Meanwhile, by using a
Cauchy-Kowalevski type theorem, Tiglay established the existence and uniqueness of real
analytic solutions. Zhao and Zhou [18] give the symbolic analysis and exact traveling wave
solutions to a modified Novikov equation. Taking advantage of the special structure of the
equation, Jiang and Ni [5] established sufficient conditions on the initial data to guarantee
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the formulation of singularities in finite time. Yan, Li and Zhang [17] studied the local
well-posedness of the Novikov equation in the Besov spaces. In [16], the authors established
the global existence of strong solutions to the weakly dissipative Novikov equation.

By comparison with the b-equation [3]:

Up — Uzt + (b4 Dutty — bugliye — wzee =0, (x,t) € (0,1) x (0,T), (1.3)

it is clear that Fg¢s.(1.1) has nonlinear terms that are cubic, rather than quadratic of b-
equation. Moreover, by taking b = 2 and b = 3 in Egs.(1.3), respectively, we obtain the
famous Camassa-Holm equation and the Degasperis-Procesi equation, which attracted many
researches in the area of partial differential equations. For example, in [13], Tian, Shen and
Ding studied the optimal control of the viscous Camassa-Holm equation, and in [10], Shen,
Gao and Tian considered the control problem of the viscous generalized Camassa-Holm
equation. Tian, Shi and Liu [14] studied the boundary control to viscosity Degasperis-
Procesi equation. Olivier [9] proved the controllability and asymptotic stabilization of the
Camassa-Holm equation, and in [11], Shen and Gao considered the optimal control problem
to the viscous weakly dispersive Degasperis-Procesi equation.

From a physical point of view, the nonlinear shallow water wave equations have already
been widely applied to some important research fields in physics and engineering. For
instance, these equations can be utilized to model the gravity wave in some bounded domain
(typically, the surface wave in a man-made pool), and the Rossby and Kelvin waves in the
lakes, rivers, oceans and atmosphere. It is worth mentioning that the nonlinear dispersive
equations can also be employed in the studying of coastal engineering, wherein the most
attractive aspect of this field is to generate the long water waves in laboratories by choosing
an effective control strategy. One of the most interesting things that attracts our attention is
that the shallow water wave equations mentioned above are closely related to the modelling
of the tsunami waves (such as the Indian ocean tsunami happened in 2004). In recent years,
people pay much attention to realize the operation mechanism of prototype tsunami in the
laboratory (e.g., in the water channel or the swimming pool), and hope to find a really
efficient control mechanism to generate expected long water waves in the man-made pool.
Naturally, in the course of these researches, an optimization problem need to be considered,
that is,

Question: How can we generate the exact waves on the water by the hydraulic efficiency
servo-system or the other electric engines in an ‘optimal way’ such that the man-made water
waves are close to the expected waves as far as possible?

To the best of our knowledge, it seems that the study of the viscous Novikov equation
from the point of view of control theory is a completely open field, especially the optimal
control problem. Due to the research interests and being inspired by the previous papers,
we are mainly concerned with the ‘Optimality Problem’ research field mentioned above, the
purpose of this paper is to study the optimal distributed control problems involving the
following viscous modified Novikov equation

Ut — Uggt + (b + ]-)uzum - buuru:mr - uzuT’I"E - 5(“ - urT)T'r = 07

(z,t) € (0,1) x (0,T), (1.4)

where B(u — Uz )ae 18 the viscous item and 5 > 0 is a real constant. More precisely, the
optimal control problem considered in this paper can be stated as follows:

. 1 2 O 12
min {J(y,w) = §||Cy — 2|5 + §||w||%}7
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subject to
Yt — BYra + uys + byuu, = Bw, (z,t) € (0,1) x (0,T),
y(2z,0) = u(z,0) — uge(z,0) = ¢, x € (0,1), (1.5)
w(t)|z=0,1 = Uz (t)]z=0,1 = Ugz(t)|s=0, =0, t€(0,7).

where the time T > 0 is given, y = © — Uy, ¢ € H, 7 and % are two Hilbert spaces,
which are equipped with the norm || - ||, and || - ||#, w is the control and B is the control
operator. The first term in cost functional measures the physical objective, the second one is
the size of the control, where § > 0 plays the role of a weight. Our aim is to adjust the body
force w so that the state variable of the system can be driven to a given desired state z4 as
much as possible without using too much energy and work, where w is a distributed control
belonging to the Hilbert space 7. Moreover, we prove the existence of optimal control for
the controlled system, and establish a necessary optimality condition corresponding to the
distributive value observation. Finally, an illustrative example is also provided.

Notations. Let T' > 0, Q = (0,1). Denote by H = L?(0, 1) the usual Lebesgue function
space equipped with the norm |ly||g = (fo1 ly|2dz)'/2, and the corresponding inner product
is defined by (-,-). The space V = H}(0,1) is the closure of C§°(0,1) in H'(0,1) with the
norm ||y|lv=(|lyll% + llvzl1%)"/?. V* = H=*(0,1) and H* = L?(0,1) are dual spaces of V'
and H respectively. It is well known that V is dense in H and V — H = H* — V*.

Define [|ul|gmo) = ||[D™u|lg, where D™ = 9™ /0x™,m = 0,1,2,.... A new space
W(0,T;V) is introduced as W(0,T; V) = {yly € L*(0,T;V),y; € L*(0,T; V*)}, which is a
Hilbert space endowed with the norm

1
lyllw o,7:v) (||y||2L2(0,T;v) + ||yt||%2(0,T;V*))2-

Furthermore, we write L2(V'), C(H), L?>(L>) and W (V) in place of L?(0,T;V), C(0,T; H),
L2(0,T; L) and W(0,T; V).

The plan of the remaining sections is as follows: Section 2 is devoted to the well-posedness
of Egs.(1.1) and the estimate for the norm of weak solution by initial data. In Section 3,
we prove that the controlled system admits a optimal control, and show that the data-to-
solution mapping is Gateaux differentiable. In section 4, a necessary condition for optimality
is established. In the last section, we give an illustrative example.

Existence and Uniqueness of the Weak Solution

In this section, we first study the initial/boundary-value problem for the viscous modified
Novikov equation without the control item,

Ut — Uyt + (b + 1)U2Um - buumuxz - UQUxmm - ﬂ(u - uacat)zz = f7
t) e T
@) eQxOD), )
u(z,0) = uo(z), =z €9,

u(t)|$:0,1 = uw(t)‘aZ:O,l = Ugx (t)‘a::OJ = O, te (O,T)

By setting y = u — uy,, then Egs.(2.1) takes the form of a quasi-linear evolution equation
of parabolic type:

yt_ﬁymx+u2yx+byuu:r :f7 ({177t) EQX (07T)7
y(z,0) = u(z,0) — uza(x,0) = ¢, 2 €Q, (2.2)
u(t)|x=0,1 = Uaf(t)|w=0,1 = um(t)|w=0,1 =0, te(0,7),
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where b, € R, >0, ¢ € H, andf € L*(V*).
In order to prove the existence of weak solution to the viscous modified Novikov equation,
we give the definition of the weak solution in the space W (V).

Definition 2.1. A function y(x,t) € W (V) is called a weak solution of Eqs.(2.2), if

%(ym) + BYa, o) + (WP, ) + blyung, ©) = (f,@)v-v,

for all ¢ € V in the sense of 2'(0,T), and y(x,0) = ¢ € H is valid.

Theorem 2.1. Let ¢ € H, f € L?(V*), then there ewists a unique weak solution to the
Eqs.(2.2) in the interval [0,T]. Moreover, the solution mapping {¢, f} — y is continuous.

Proof. We choose {w;}jen in V as the eigenfunctions of the Laplacian operator with one
dimension subject to the Dirichlet boundary condition

2 = )\ .
— 07 wj = Aj wj,
(JJJ‘|8Q:0.

We also normalize w; such that ||w;||g = 1. From the elliptic operator theory [2], {w;}jen
forms base functions in V. Now, we will use the Faedo — Garlekin method [6] to find the
approximate solutions.

Let m be a given positive integer, define the ansatz space [11] by

Vin = span{wy,wa, ...,wn} CV,

and set

Um = > 9" (wi(x) -
i=1
Performing the Garlekin procedure to the Fg¢s.(2.2), we have

Ymt — /Bymx:c + ugnymx + bymumumﬂc = fa
Ym(z,0) = ¢(z) € H, (2.3)

um(t)|x:O,1 - Um,m(t)|z:0,1 = um,zx(t”mzo,l = 07

where 4., = U — Uz, and ¢, — ¢ strongly in H.

Thus (2.3) is reduced to the initial value problem for a system of nonlinear first-order
ordinary differential equations (ODE). By applying the theory of ODE [2], we deduce that
there is a time t,, > 0 such that Fg¢s.(2.3) admits a unique local solution in [0, t,,].

Now, we prove the existence of weak solution by analyzing the limiting behavior of y,,
and u,,, which implies that the solution is uniformly bounded as t,,, — T'.

Multiplying the first equation of Fg¢s.(2.3) by wu,,, and integrating with respect to z on
Q, we get

(lumllzr + llumllyr) + BUlumll + lumlF2)

1 1
= b/ u%ummummdﬂc + / ufnumxmdx + (f,um)v=v. (2.4)
0 0

DO =
&=
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By integrating by parts, we discover
1 1
/ ufnumzmdx = —3/ ufnumwummdx. (2.5)
0 0

Since f € L%(V*), we can assume that

I fllv+ < Ch, (2.6)

where C is a positive constant.
By Sobolev embedding theorem [2], we have

1
/ u?n“mr“mmdx < HumH%wHumr”HHumMHH < k2||um|‘:\3/”“m”H2v (2.7)
0

where k > 0 is a real number, which depends only on 2. It follows from (2.4) — (2.7) that

1d
S By + ) + 8l + i)
1
< |b 3‘ / U umwumwwd$| + <f, um>V* v
0

< 1200~ il el + 11 ol
k(b
< Tn w4+ Bl + /annw + Bllunl}
C E*(b -3
< Gt e+ ) + L
02 k(b —3)2 3
< St (e + ) + 2 (o + )
So,
1d C?  k*(b—3)? 3
335 (lam B+ T2 < 4+ S22 (a2 ) (28)
By setting

h(t) = lumll; + lumll5,

since h(t) > 0, we first multiply both sides of the inequality in (2.8) by h(t), and then use
Young inequality [2] to obtain

2 403 9\2
%%lﬁ(t) < %h(t)—‘r (b= 3) R (t)
~1/3 /
kA (b — 3)2 c3 2k4(b—3)%
(HE)(F) e
< Cy (1 + h4(t)), (2.9)

where
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Then, integrating both sides of (2.9) from 0 to T, we get
h2(t) < tan {402T + arctan (||um(0)||§, + ||um(0)||2v)} <l (2.10)
where C'5 > 0 is a constant.
From the above analysis, we obtain ||u, ||z < C3, |luml|lv < Cs, for Vt € [0,T].

Multiplying the first equation of Fg¢s.(2.3) by —umz., and integrating with respect to x
on €2, we get

(el + et 32 ) + B (et 32 + 13 )

1
= 7<f7 umxm>V*,V + (b + ]-) / ugnummummmdx
0

N | =
SIS

1 1
- b/ ufnmummumdx —/ ufnumzmummdx. (2.11)
0 0

By using integration by parts, we discover

1 1
2 2
/ U, Uz za Umar AT = —/ Uiy e Urna U AT (2.12)
0 0

Due to the Sobolev embedding theorem and Poincaré inequality [2], we deduce that

1 1
/ U Uz Umazzdd < [t || T / [EYmy—
i S T T P
<l (Nt + Nt
< Bl (1Pl + e
< BOED ) e
< BOADG B (2.13)

2

and

1

1
/ U2 Uz Umar AT lumllZee | |[umazetmes|de
0

<

N 0

< kQHumH%/”umwmcHH”UmszH

< B2CE w11 2.14)

where 1 > 0 is the Poincaré constant, which is a real number which depends only on  [2].
It follows from (2.11) — (2.14) and Young inequality that

1d
5@(”%”% + ||um|\§p) + 5<||um||§12 + ”um”?m)

1
2
0

1
0

+ 1 £ lv [lmae v

< 16— ROt 122 15 + 516+ 1272 + DO [z + 1l i 2

2 1
< 21— PR By + 5 s + 310+ 20K + 1)C
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B
2+ Dl

2
+B”f|

2
Vv

2 1 2
< (5o - 1PK1CE + 310+ 10207+ 1)C2 ) L+ 511

+ B(llwmllZrz + lluml7s)

202
< Calllum %+ um32) + B(umla + ) + =5
where Cy = %|b — 1k*C4 + £1b+ 1|k*(n? + 1)C%. Then, form (2.15) we obtain
1d 2
g (Tl + oz ) < O (ol + 2 ) + 562

By applying Gronwall inequality [2] to (2.16), we obtain

tm |3 + [tm |32 < CZ, where C5 > 0.

737

(2.15)

(2.16)

Multiplying the first equation of Egs.(2.3) by y.,, and integrating with respect to z on

Q, we get

1
2dt

By integrating by parts, we discover

1 1
/ yfnumumxdx = - / ufnyma:ymdx
0 0

Due to the Sobolev embedding theorem, we deduce that

1
et e i 2 / ydi
0

k;llumllvl\u%I\HallymH%
k=C3C5]|ym || -

1
2
/ Y UmUma dz
0

INIA A

From (2.17) — (2.19), we get

1d !
5%”3/711”%{ =+ 6||ym||%/ < N fllvellymllv + 16— 1|/0 |y,2numumx|d:r
< ||2f|v* yﬁmHerIb*lIkQCsCsIIymlli
< S+ Gl + o= 114l
Thus, we have
l1d 2 1d 2 B 2 207 2 2
i < - s < - )
2dt”ymHH < 2dt||ym||H+ 2Hym”v =3 +|b = 1|E*C3C5 || ym |71

By using Gronwall inequality, there exists Cg > 0, such that

7 Fers

d 1 1
*HymHQH + /BHymH%/ = <fa ym>V*,V - b/ y?numumxda: - / u2mymﬂcymdm- (2'17)
0 0

(2.18)

(2.19)

(2.20)
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Integrating both sides of (2.20) from 0 to ¢, we obtain
1 g [t 2TC? 1
glonlls + 5 [ lwlipds < 52+ Tb— 142Cs05C3 + ol

Hence,

2 [ 2TC? 1
[yl Z2v) < 5 (ﬂl +Tb—1|k*C5C5CF + 2||¢I%1> £ ¢ (2.21)

Next, we prove the uniform boundness of the sequence {ym+}. By Fg¢s.(2.3) and Sobolev
embedding theorem, we obtain

|Ymillv- = Sup (Y, V)v v
lvllv=1
S I SHup |<f + Bym:vw - ugnymz - bymumumxa V>V*7V‘
v Vil
< fllve + Bllymlly +E*C3Cs + [bIE>C3lymm v
<

Cy +K2C3C6 + (8 + kG2 [yllv-

Then, by using Schwarz inequality [2], we obtain

2
lymtllf- < 3CF + 36*C1CE + 3(8 + BIk2CE) llyml-

By performing integration on the interval [0, T], we deduce that

2
lymill3evey < BTCE+3TRCICE +3(8+ bIK*C3) llymll3 (v

A

2
3TC2 + 3Tk CAC2 + 3¢, (B + |b|k20§) . (2.22)

Thus, for a given T', the approximate solutions {ym, }men is uniformly bounded in W (V).
Then we can conclude there exists a subsequence, again denoted by {y,,}, such that

Ym — Y weakly in  L%(V),
Yt — Ut weakly in  L?(V*), (2.23)
Ym — Y weakly star L (H),

Ymaz — Yoz  weakly in  L2(V*).

In order to verify that y is a weak solution to Fg¢s.(2.2), from (2.23), it remains to verify
the convergence of the nonlinear terms. By Aubin compactness theorem [1] and (2.23), we
get

Ym — Y strongly in  L*(H). (2.24)
Since the space W (V) is compactly imbedded into C(H) [6], we have
Ym — Y strongly in  C(H). (2.25)

Similar results can be obtained for the sequences uy,, Umy and Um,z,. Moreover, from [15],
it can be shown that

Ym — Y strongly in  L*(L*). (2.26)
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From (2.24) — (2.26), for each ¢ € L?(V), we have

T 1
/ / (ufnyrmfuzyz)gadxdt
o Jo
T 1 T 41
/ / (u72nymz—u31yx)<pdwdt / / (U%yx—qugc)wdxdt
o Jo o Jo
T

T
S/O ”um”%w”ym_y||HH(P||th+/O [z, = w?llpo lyllz ol v dt

< E2C¥ym — yll 2 llellz2ovy + Iyl lub, — w?ll 2o el 2 vy
— 0, m — oo, (2.27)

< +

a;

nd
T /1
/ / (ymumumz - yuuz><pdxdt
o Jo
T /1 S
< ’/ / (ymumumzymumum)sﬁd:ﬂdt‘Jr‘/ / (ymumumymuum)gpdxdt‘
0 70 o Jo
T ,l
/ / (ymuuz —yuuz)cpdxdt’
o Jo .

T
S/ ||ym||L°°||Um||L°°||Um—U||H||<P||vdt+/ [Ymll oo l[wm = ullpoo [[ull o]l vdt
0 0

1T )
5 [ o= sl
0

+

T T
< KCallun — ulloun [ lwmlli=lolvae+ b [ lamle~lum ~ ullv lullalelva
0 0
1 2
=+ §||U||C(H)||Z/m —yllzzeoyllell L2 ov)
< kCsllum — ullolym 2o [l L2 vy + nkllullen ume — uallo

Nymll L2y llell L2 vy + *Hu”%(H)”ym =Yl lellLz vy
2
— 0, m — oo. (2.28)

On the other hand, from (2.23), we have y,,,(0) — y(0) strongly in H. So, by the uniqueness
of the limit, we obtain

y(x,0) = ¢. (2.29)

Therefore, the function y is a weak solution of Eg¢s.(2.2).
Now, it remains to prove the uniqueness. Let yi, y2 be two solutions of Fgs.(2.2), and
denote y = y1 — y2, u = up — ug, then u satisfies

Ut — Uggt — B(U - umx)xm = u%ulzxz - ugu2zxz - (b + 1)(”%“11 - ugUQz)
+o(U1U1 U120 — U2U2z U222 ) (2.30)
and u(z,0) = 0. Multiplying (2.30) by u, then integrating with respect to x on Q, we get

1d
57 (lully + uli?) + B (Il + ull%-)

1 1
= / (u%uum — u%uhm)uda: —(b+ 1)/ (ufulm — u%ugm)udx
0 0
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1
+ b/ (ululxulm — ungzugm)udI. (2.31)
0

Multiplying Eqs.(2.31) by u, and use the same technique as that used in the proof of the
existence, we deduce that there exist My, Ms, M3 > 0, such that

1d
5 27 (alldr = Wl ) + 81l + lullf ) < Mullulallully + Malully lullzz + Msullalul 72,
then, it follows from Young inequality that
1d
57 (ull3r + Tl ) + 8 (lali? -+l )
2 2 2
< SEEEE a2l + Bl + )

M2 +2M2 2M2
SmaX{ S T (el + ) 4+l + o)

& M (Jlully + lali ) + Bl + ). (2.32)
By using the Gronwall inequality, we get
lullf =+ lully < ¥ (Ju@)F + [u(O)]F2) = 0.

i.e., u =0, and we have proved the uniqueness of the weak solution.
Finally, the continuity of the mapping from {¢, f} to the weak solution y(¢,z) is an
immediate consequence of the inequality (2.32). Thus the proof is completed. O

In the following, we shall establish the inequality for the norm of weak solution with
initial datas, which is necessary in discussing the existence of optimal control.

Theorem 2.2. Let ¢ € H, f € L?(V*), then there exist constants Ly, Ly > 0, such that

I3y < I+ Lo (1132 0e) + Il ).
Proof. Multiplying the first equation of Fg¢s.(2.2) by u, and integrating over 2, we obtain

1d !
o () + (1l + ) = b [ s
0

1
+/ u3uwwzdx + <fa U>V*,V-
0

As we did in the proof of Theorem 2.1, we can get the estimates: ||ul|lg < Cs, |lully < Cs,
where Cj is a constant as same as in Theorem 2.1. Similarly, we obtain ||u||gz < C5, where
C5 > 0 is a constant the same as in Theorem 2.1.
Again, multiplying the first equation of Fg¢s.(2.2) by y and integrating over € yields
Ld, o 2 Ly
3351918 + Bl = fdvey = 6= [ sPuda, (23

Then, by Young inequality and Sobolev embedding theorem, we have

1d

2 B 2 2 2
—— «F+ = k2lb — 1|C5C5 . 2.34
9 dt v T+ D) lyll5 + k7| |C3Cs |yl ( )

2
Iyl + Bllylly < Ll



THE OPTIMAL CONTROL OF NOVIKOV EQUATION 741

So, from (2.34), we get

1d

2 £l + k2o — 1|C5C5 |yl 3 (2.35)

2
B
then, Gronwall inequality and (2.35) imply that

B
lyllz: + S lylly <

IN

ol < exp (22— 11aCsT) (161 + 5
< max {1, 5 pexp (28710~ 11CaGsT) (I + 1))
Cs (11613 + 1132y )- (2.30)

Integrating both sides of (2.35) on [0,T], we obtain

N

(1>

4
ol + By < I3y + 2K%0 = UCACRT (Il + 171y + 1ol
4
(145 + 2800~ 1O ) (I oy + 0l ) (237)
On the other hand, from Egs.(2.2), we have

IA

lyellv- = sup (y,,v)v=v
vy =1
< ” silup (f + BYaw — Uys — byuuy, v)v= v|
1% V:1
< | fllv+ + Bllyllv + k*C3Cs + [b]k*C3 |yl
< O+ BC3Cs + (B + 1KCE ) lyllv, (2.38)

From (2.27) — (2.38) and integrating (2.39) from 0 to T', we have

IN

2r(Cy + kQCgCe)z +(8+ IbIkQC;?)ZHyII%z»(m
2 2
27(C1 + K2C3Cs) + Ca(B+ IkC3) (IF130v-) + Il )- (2:39

Finally, we deduce from(2.37) and (2.39) that

Hyt||2L2(v*)

IN

Il < 27(Co+12C3C) + oL+ (8+ °C3) ] (17w + 1)
2 Lu+ Lo (|11 ve) + 9l ).

This completes the proof of the theorem. O

Existence of Optimal Control and its G-Differentiability

In this section, we shall prove the existence of optimal control, and further prove that the
solution mapping on control variables is Gateaux differentiable.

3.1. The existence of the optimal control.

Suppose that the Hilbert space %, the space of controls, is equipped with the norm |- ||
and suppose that

Be L(U,L*(V")). (3.1)
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We are also given an observation operator C € Z(V; ), # is an another Hilbert space
with the norm || - || . Moreover, z4 is a fixed desired state in %, and § > 0 plays the role
of a weight.

The optimal control problem that we want to deal with can be represented as follows:

. 1 )
(P)  min {J(y.w) = 5lICy — zall% + 3wl }, (3:2)
subject to

Yt — BYze + Uy, + byuu, = Bw, (z,t) € Q x (0,7),
y(z,0) = u(x,0) — uze(z,0) =0, z€Q, (3.3)
u(t)|a::0,1 - ux(t)|a::0,1 = uwx(t)|a::0,l = Oa te (OaT)7

where y = 4 — Uy, ® € H, >0, b€ R and B is the control operator introduced above.
The following theorem is presented to demonstrate the existence of the optimal control.

Theorem 3.1. For given ¢ € H, then there exists an optimal solution (y*,w*) for the
control problem (P).

Proof. From Theorem 2.1, for every given w € %, there exists a unique weak solution y(w)
to the Eg¢s.(3.3). In view of (3.2), we have

)
I(,w) = 5wl (3.4)
We deduce from Theorem 2.2 that
i3y < Lo+ Lo(IBelBawe + l61%)
< it Lymax {11BI2} (Jwl +llsl% ),

which implies that [|y|w ) — +00 = [|w||2z — +0c. Then, we have
J(y,w) = +oo as | w|a — +oo. (3.5)

As the norm is weakly lowered semi-continuous [2], we observe that J is weakly lowered
semi-continuous. Since J(y,w) > 0 is bounded below, for all (y,w) € W(V) x %, there
exists a constant v > 0 such that

v = Jnf J(y,w). (3.6)

Thus, we can deduce from (3.4) — (3.6) that there is a minimizing sequence {(y",w")}nen
such that

v= lim J(y",o"). (3.7

n—-+o0o

We know from (3.7) that the sequence {J(y",w™)}nen is bounded, and then the sequences
{w"}nen and {y"} are also bounded. Hence, we may extract a subsequence, again denoted
by {(y",w™)}nen, such that

y" =y, weakly in W (V), (3.8)
w" = w*, weakly in % . (3.9)
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It follows from (3.8) and (3.9) that

T
lim (Yt —y*, o(t))y-vdt =0, Vo e L*(V), (3.10)
n—-+oo 0
and
T
lim (Bw"™ — Bw*, p(t))y-vdt =0, Yo L*(V). (3.11)

n——+oo 0

Since W (V) is compactly embedded into L?(L*°) [12], we derive that y™ — y* strongly in
L?(L*°). Since W (V) is compactly embedded into C'(H) [6], we can also derive that y™ — y*
strongly in C(H). Furthermore, u" — u*, u? — u¥, u?, — u’, strongly in L?(L*) and
C(H) respectively.

In order to verify y* is a solution to (3.3) corresponding to w*, we should analyse the
limit in the nonlinear terms. By using Holder’s inequality [2] and Poincaré’s inequality, for
every ¢ € L*(V), we have

T 1
/ / un 2 n _ u*)2 *)Lpdl‘dt
<| / / P utdact] + / / (s - ) paat

_/ 1(u™)? = (u™)? [z ly" ||H||<P||th+/ 1)z ly™ = y* [l ellvat
0 0

<y leanll(w™)? = (@)l 2w lellz vy + 18" = y* o el Lz 1 (w*)?[| L2 (o)
— 0, n— oo, (3.12)

and

T 1
/ / y"u"ug y*u*u;)godxdt
0o Jo

T T 1
< ’/ (y"u"u;I y u"u godxdt‘ +’/ / yru"ul — y"u*u*)godxdt’
0 Jo o Jo

/0 /0 (y"u*u* — y*u*u*)gpdmdt’

T
/O 1@z ll(@)l o [u® = v mllollvdt

T
+/0 19" | poe [lu™ = w || zoe [u*]| & [ 0]l vt
1 4 n * *\2

3 ly"™ =yl ll(u®) " llellvdt

< knllu” — v leanlluzllcan v =) llellrz vy + knlle oo lluz — vglleam
ly™ | z2(z)llell L2y + §||(U*)2HC(H)H3J" =Y 2@ lellrz (v

— 0, n— oo (3.13)

Since y™ — y* weakly in W(V'), we can infer that y"(0) — y*(0) weakly in H. Then we get

y*(0) = ¢. (3.14)
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Then, it follows from (3.10) — (3.14) that (y*,w™) satisfies Egs.(3.3), and such that

J(y*,w*) ml&J(y,w).

we

Hence, there exists an optimal control to the control system (3.1) — (3.3). Moreover,
due to the relation u = (1 — 92)~ly, we can find a optimal control for the viscous modified
Novikov equation. O

3.2. The Gateaux differentiability of the solution mapping.

Now, we are in a position to prove that the solution mapping is Géateaux differentiable
on control variables. It is well known that if w is an optimal control, then it satisfies the
necessary optimality condition

DJ(w)(v—w) >0 forall v € Xy, (3.15)

where DJ(w) denotes the Gateaux derivative of J(v) = J(u(v),v) at v = w. Recall the
definition, a mapping f : D C FE; — E5 is said to be Gateaux differentiable at xq € D, if
there exists a linear bounded operator DJ(z¢) € L(E1, E2) such that

tim [A~(f (20 + An) — f(z0)) = DJ (zo)| =0, for all € Ey. (3.16)

What we would do is to analyze (3.15) in view of the proper adjoint state system, and prove
that the mapping v — y(v) of Z — W (V) is Gateaux differentiable at v = w*, and Dy(w*)n
denotes the derivative in the direction n € % .

Theorem 3.2. The map y — y(v) of % — W (V) is Giteaux differentiable at v = w*, and
the Gateauz derivative of y(v) at v = w* in the direction v—w* € %, say z = Dy(w*)(v—w*),
is a unique weak solution of the following system:

2t — Brae + (20 + 2)u vy — bujuy, +uj,,]0

+ [(u*)? — bu*ul, )0, — bu*ul0py + (uW*)%0p0e = Bh, in Qx (0,T),
g(t)|z:O,1 = em(t”z:O,l = 011@)'%:0,1 = 07 on (OvT)7
z2(z,0) =0, nQ,

(3.17)

where z =0 — 0.
Proof. Let us set h = v — w*, u* = u(w* + A\h), and

A =0 —0), = X y(w* + M) —y(w*)], 0 = A" (u(w* + Ah) — u(w*)),
where \ € (—¢,€), A # 0 and 2* = 6* — 62, . Tt is not difficult to check that 6* satisfies:

0} — 02, — B(O* = 02,00 + 71 (2, t) + 75 (2, 1) + 73 (2,t) = Bh, inQx(0,T),

0 (t)|a=0,1 = 02 (t)|a=0,1 = 02, (£)|a=0,1 = 0, on (0,7), (3.18)
2Mz,0) =0, inQ,

where

T (2, 8) = (b+ 1)(u +u*)0 uy + (u*)?63,
Ty (2, 1) = —b0 Mudul, — bu0ru), — bu*uto)

xr rxT T’ xTx?
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my (2, t) = (u* + u")0 g, + (1) 00,
Multiplying (3.19) by 9*, and integrating on (0, 1), we obtain
= (||9*||H 1021 ) + B(16* I + 102132
+/ (1), t) + 7 (2, 1) + 75 (2, 1))0 N da = / 0> Bhdz. (3.19)
0 0

By using Sobolev inequality and Young inequality, from the estimate corresponding to y, u
in section 2 and section 3, we have

1

1 1
/Wf‘(x,t)G)‘(x,t)dx = /(b+1)(uA+u*)ui‘|6’>‘|2d:cf/ uwrul]0N2dx
0 0 0

< (81 + Dlludlloo (e loo
Hlu*lloo) + g llsollu*[loo] 167 1, (3.20)
1 1
/O Wg‘(m,t)e)‘(x,t)dx:/[ borupud, — butOrul, — butulion, )0 dx

0
< Hui\”OOHuwwyOO”e)\H%I + [l oo llue oo 107 |22 [167 11
*
+ 1w lloo 1wz oo 1671221167 | 2,

1 1 1
/ T (x, )0 (x,t)dx = —/ u, (ud 4 k)0 de — 2/ ) (u +u)0r0) dx
0 0 0

e e O S
oo + 0 e 1612167 - (322

On the other hand, from Theorem 2.1, we have the following basic properties, that is,

hm u(w + Ah) = u(w*), strongly in W (V). (3.23)

Then, by (2.25), (2.26) and Young inequality, we obtain from (3.19) — (3.22) that

1
S (10°0% +10°12) + 5 (107 + 10152
B B
< 0% + SO + SN e + 1Bl (3:24)

where M is a positive constant. Here and below, we let M(k € N) be some positive
constants which depend only dependent on €,7T. Hence, Gronwall inequality yields that,
there is a constant Ms > 0 such that

017 + 10T + 16™MZ2 vy + 102172 2y < Mo (3.25)

Similarly, by using the same argument as in (2.16) and (3.12), there exists a constant M3 > 0
such that

IOMF + 116™ 172 < Ms. (3.26)

Now, multiplying the first equation of (3.19) by 2*, we have

1 1
3l B+ 81 + [ (et + (o) + (e )Pde = [ PBhda 20
0 0
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By (2.25), (2.26), (3.18), (3.19) and Young inequality, we have

/1(wf(m, B 4 (@, t) + (@, ) = /1[(1) F 1) + w0+ (u)20)) P da
0 0

r xxT r T rrx

1
—|—/ [0 udu), — bu 0 ), — buul 6], |2 dx
0

1
+ / (W + 0 )0y + (u)205,,) 2 da
0

< (101 + D (lludlloe + luzalloe) (oo + I o) 10Xl ll2* 122
+ bllulloo luelloo 167 |l =N 22
+ (bl lloolluzalloo + T 1210 v 124122
+ [0l lloo ez oo 107 [l 2* 112
+ s lloo (oo llu o) 10712 23 [y + Nl ool oo 107 L zr2 122
+ [l 316" L2212 v

< My(|0Mellz e+ 18V 2 e+ 10 a2 M v + 10 a2 123 v)
B
< Ms||2* g + ZHZ)‘”V»

Hence, we deduce from (3.27) that
Ld
2dt

by using Gronwall inequality, we obtain that [|2*(|%, + ||z>‘||%2(v) < Ms. Then, from (3.19)

and (3.28), we get that ||z>‘||%2(v*) < My. Thus, z* is bounded in W (V), and there exists a
subsequence, still denoted by itself, such that

B
125 + Bl < Msll=Mlu + S 1124y + 1Bl (3.28)

A =z weaklyin L2(V), 2} = 2z weakly in L*(V*). (3.29)

On the other hand, by Aubin theorem, we have that z» — z strongly in L?(V) N C(H).
Hence, by (3.20), (2.25), (2.26) and the fact that u» — u strongly in W (V'), we deduce that

(2, ) — 2(b 4+ Dutut 4 (u*)?0,, weakly in L*(H), (3.30)
7 (2, t) = —buiul, 0 — bu*u’ 0, — bu*u’ 0., weaklyin L?(H), (3.31)
T (@, 1) = 2utul, 0 + (u*)*0uss, weakly in L*(H), (3.32)

This yields that 2* — z = Dy(w*)(v — w*) in the weak topology of W (V). However, we
shall further prove that z» — z in the strong topology of W (V). To this end, we subtract
(3.18) from (3.17). By setting £* = 2* — 2, we obtain

(2* = 2)s — B(2* — 2)pe + I (2, t) + 1 (2, 1) + Hg‘(aj,t) =0, inQx(0,7),
(0)\ - 9)|x:0,1 = (035\ - 91)|x:0,1 = (ei\m - 0%”120,1 =0, on (OaT)v (3-33)
&Nx,0) =0, inQ,

where
I} (z,t) = (b4 1) (u + u*)ud — 2(b+ Du*ut6 + (u*)?(0) — 6,), (3.34)
T (z,t) = b(utul, 0 — udul,07) + bu* (ul, 0, — uh,00) + bu*ul (e — 02,), (3.35)

Hg‘(x, t) = (u>‘ + u*)uA 0 — 2utul, 0+ (1[*)2(49;‘:m —Orzz), (3.36)

rrx
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since z* — 2z strongly in L?(V) N C(H), and u* — u strongly in W (V), we see that
1} (z,t) — 0, strongly in L?(H), i=1,2,3. (3.37)
Multiplying the first equation of (3.33) by ¢* and integrating on (0, 1), we obtain

1d 3
5 1€ + BIEMY < SIEME + Mo (IR + T2 117 + T31%), (3.38)

Hence, by using Gronwall inequality, we deduce from (3.32)and (3.38) that £ — 0 strongly
in L2(V), and €* — 0 strongly in L>(H) as A — 0.

Finally, by means of (3.33) and (3.37) — (3.38), we deduce that £, — 0 strongly in W (V),
as A — 0, which implies the Gateaux differentiability of y(v) at v = w*.

Thus, the proof is completed. O

The Necessary Optimality Condition

Since we have already proved in subsection 3.2 that the mapping y — y(v) of Z — W(V)
is Gateaux differentiable at v = w* in the direction v — w*, then so is u. Hence, we could
rewrite the optimality condition (3.15) as follows:

(Cy(w*) — 24, C(Dy(w)(v —w*))) e + (Nw*, v —w*)g >0, Yv € -

If we denote

A = canonical isomorphism of JZ to J¢’,
C* = the adjoint operator of C.

Then, the above formula reduces to

(C*"A(y(w™) = 2za), Dy(w™) (v —w*))wo,r;vy,wo,rvy + (Nw', v —w")g >0,
Yo € Uyq. (41)

Now, we are concerned with a type of observation C of distributive. Let 5 = (L*(H))?,
and C € L(W(V); ), and q(v) = Cy(v) = (u(v;-),u(v;T)) € (L?>(H))?. In this case, the
cost functional that we consider is represented by

J(v) = / lu(v) — zq|*dzdt —|—/ |u(v; T) — mrp|?de + (Nv,v)g, Yo € Uaa, (4.2)
Q Q

where zg € L?*(H), my € H are desired values. Then the optimality condition (4.1) is
represented by

/ (w(w™) — zq)0dzdt + / (u(w*;T) —mp)0(T)dx + (Nw*, v — w*)gy >0,
Q Q

Yo € Uy, (4.3)
where 6 is the solution of (3.17). We introduce the adjoint state ¢ = ¢ — 1., by

—ot — BPza + [2bu*u:: + Ugpy — (3b + G)U;U;x - QU*UEMW - (U*)2wxacx
—(b+ 6)utui i, + [(3b+ 6)urul, +5(u*)? + (u})?|e = w(w*) — 24,
in Qx (0,7), (4.4)
Y(t)|e=0,1 = V2 (t)|a=0,1 = Yz (t)]|z=0,1 =0, on (0,7),
oz, T) =u(w*;T) —mp, in Q,
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Since (u(w*) — 24, u(w*;T) —mr) € L2(H) x H. Problem (3.17) admits a unique weak
solution in W (V'), a fact which follows by applying the linear theory of parabolic equations
with the flow of time reversed (change ¢ to T'—t). Whence, we could provide the character
of the optimal control in the following theorem.

Theorem 4.1. The optimal control w* is characterized by the following equations:

—pr = Bpze + [2buug 4wl — (3b+ 6)ujuy, — 20t ug, JY — (W) rs
—(b+ 6)uruithe, + [(3b+ 6)u*ul, + 5(u*)? + (ul)?|ve = u(w*) — 24,
in Q% (0,T), (45)
Y()|z=0,1 = Vu(t)|z=0,1 = Yz (t)|z=01 =0, on (0,7T),
oz, T) = uw(w*;T) —mrp, inQ,

and the first order necessary optimality condition:
/ PY(Ww*)B(v —w*)dxdt + (Nw*,v —w*)y >0, Yv &€ Uq. (4.6)
Q

where u(w*) is the optimal solution corresponding to the optimal control w* of (3.3).

Proof. We multiply the first equation of (4.5) both sides by 6 and integrate over [0, T]. Then,

we have
r d r 4 *\2 * ok
[ G- [ (@ 00w
—l—/ <[2bu*u; +ur,. — (Bb+6)uiulr, — 2utul, |, 9>dt
0
T T
+/ <[(3b +6)utulk, + 5(u)? + () ibe, 9>dt = / (u(w™) — zq,0)dt. (4.7
0 0

By integrating by parts, and considering the equations (3.17), we can verify the left-hand
side of (4.7) yields

T

T
—(pw™;T),0(T)) + / <¢,zt - ﬂzm>dt + / <[(2b + 2)utuy — bugug, + ug,,]0
0 0
+ [(u*)2 —butul, |0, — buulf0,. + (u*)29mm,w>dt

T
=— / (uw(w*;T) — mrp)0(T)dx +/ (¢, Blv — w™))dt. (4.8)
Q 0
Thus, (4.7) and (4.8) yields that
T T

/0 (u(w )—zdﬁ)dt—i-/ﬂ(u(w T — mp)0(T)da :/O (W, Bo—w)dt.  (4.9)

From (4.3) and (4.9), we can deduce that
/ YW )B(v —w*))dxdt + (Nw*,v —w™)gy >0, Yo € %q.
Q

This completes the proof of Theorem 4.1. O
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An Example

In this section, we given an example to show how to solve the optimal control problem for
the Novikov equation by means of the above results and the numerical method.

In general, by the necessary optimality condition of optimal control is an effective nu-
merical method for solving the optimal control problems. Basically, there are two ways for
numerically solving optimal control problems through necessary conditions. On is the mul-
tiple shooting method, which is the most powerful numerical method in seeking the optimal
control of the lumped parameter systems through solving a two-point boundary-value prob-
lem obtained by the Pontryagin maximum principle. Of course, except for the complexity
when the original problem involves inequality constraints of both state variables and con-
trols, the difficulty for shooting method additionally includes the “guess” for the initial data
to start the iterative numerical process. It demands that the user understands the essential
of the problem well in physics, which is often not a trivial task. To overcome this difficulty,
people develop the gradient method; and then the “min-H” approach corrected from the
gradient method [19, 20, 21]. In the following, we utilize the min-H iterative method to solve
the extremum problem.

Noting that the first-order necessary optimality condition (4.6) can be rewritten as

(H,(v" ,w*),w") = min (H, (", w*),w), (5.1)

weU
where H(¢,w) = fQ Y Bwdzdt + %(Nw,w)a;/, and 1 is the adjoint function satisfies the
adjoint system (4.5). Then the so-called “min-H” iterative algorithm is formulated as follows:

Stepl: Give w?, determine u®(z,t) (or y°(z,t)) through the state equation (3.3).

Step2: By w® and u°(z,t), solve the adjoint equation (4.5) to get ¥°(x,t).

Step3: By u°(z,t), ¥°(z,t) and the Pontryagin maximum principle (5.1), to determine
wh.

Step4: Calculate J(w?). If it does not reach the minimum, replace w® with w' and redo
the steps above until we get the proper J(w?!).

However, it is an optimal control problem of the distributed parameter system governed
by the nonlinear partial differential equations, to get the numerical solutions for the optimal
control-trajectory pair is not an easy job. Here, although we do not give the detailed
numerical simulation, the algorithm do give the concrete steps so that people can follow and
finish this nontrivial work.
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