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Introduction

Sensitivity analysis usually means the quantitative analysis. It studys the derivatives of the
perturbation map when an optimization problem is perturbed. Some helpful results have
been proved in scalar optimization (see [5, 20]). In the case, the optimal solution reached
is a minimal solution, and hence unique. Lots of researchers have discussed the sensitivity
of vector optimization in [13, 14, 15, 16, 19, 21, 22, 24, 25]. For this case, the optimal
solutions most of times are multiple ones and the efficient set, in general, is not a singleton,
and therefore, sensitivity analysis may consider a set-valued perturbation map more than
a function. In general vector optimization, Tanino [24] obtained the first results about
the efficient set map called the perturbation map by making use of contingent derivatives
introduced in [2]. Several quantitative results in this direction can be found in Klose [13],
Kuk et al.[15], Li [16], Shi [21]. By virtue of convexity assumptions in vector optimization,
the papers [14, 22, 25] studied quantitative properties of perturbation maps in nonsmooth
convex vector optimization.

The second-order sensitivity analysis was considered by virtue of the second-order con-
tingent derivatives in [27, 28, 29]. Higher-order adjacent derivatives in [23] and higher-order
contingent derivatives in [26] were applied to higher-order sensitivity analysis in vector opti-
mization. Using the higher-order contingent derivatives and a separation theorem for convex
sets, Xu [30] also obtained some results about higher-order sensitivity analysis.

It is well knonwn that, unlike the contingent cone, the second-order (resp.higher-order)
contingent set is not necessarily a cone and even not a convex set in general. Hence,
second-order (resp.higher-order) contingent derivatives that introduced by the second-order

© 2018 Yokohama Publishers



464 H. LIANG, Z. WAN AND Q. HE

(resp.higher-order) contingent set lack some inherent properties the contingent derivatives
own. Then, it is more difficult to study the set-valued optimization by using the second-
order (resp.higher-order) contingent derivatives. Note that second-order composed contin-
gent cone is always closed and convex when the set we disscuss is convex. Therefore, by
using the second-order composed contingent derivatives presented in Khan [11], Zhu [31]
proposed Karush-Kuhn-Tucker sufficient and necessary optimality conditions for set-valued
optimization in second-order case extended the results of Gotz in [6].

In vector optimization problem, minimal or weakly minimal points of a subset of a
partially ordered linear space are mainly considered. But as we konw, the range of the
set of (weakly) minimal points is often too large, then, investigating some variants of these
concepts makes more meaningful. For example, various notions of proper minimality have
been introduced in [3, 4, 9, 12, 17], and Benson proper efficiency given in [3, 9, 17] plays a
major role in set-valued optimization.

Inspired by the preceding work [23, 26, 27, 28, 29, 30, 31], we investigate the qualitative
analysis for second-order composed contingent derivative under Benson proper perturbation
maps in set-valued optimization. The remaining of this article is organized as follows. Sec-
tion 2 provides some basic definitions we need in the paper. The main results in establishing
relationships between the second-order composed contingent derivative of the perturbation
map and the set of Benson proper minimal points of the second-order composed contingent
derivative of the set-valued map are given in Section 3.

Preliminaries

Throughout the paper, let X,Y be two Banach spaces, F' : X — 2¥ be a nonempty set-
valued map, C C Y be a closed convex pointed cone with nonempty interior intC' # ().
where C' is pointed if C' N (—C) = {0}. Assume that Ox and Oy denote the origins of X
and Y, respectively, X* and Y* are the topological dual spaces of X and Y. Let C* be the
negative dual cone of cone C, defined by

C*" ={peY":p(c) <0, YVce C}.

Let @ be a nonempty subset of Y, denote the closure of @ by cl@ and the interior of @) by
int@. The cone hull of @ is defined by

cone@ :={tq:t >0, ¢ € Q}.
The domain, graph and epigraph of a given set-valued map F : X — 2Y are defined by
domF :={z € X | F(z) # 0},
gphF = {(z,y) e X XY |y € F(x), = € X},
epiF == {(z,y) e X xY |ye F(z)+C, z € X},

respectively. Obviously, the epiF' is the graph of F' + C| i.e., epiF’ = gph(F + C).
The profile map F; of F is denoted by F(x) := F(z) + C, for every z € domF.
The Painleve-Kuratowski (sequential) outer (or upper) limit is defined by

limsup F(z) :={g €Y | Jzy, = &,yn — § s.t. yn € F(x,), Vn € N}.

In this paper, we let R is the set of real numbers and Ry = {r : r > 0}.
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Definition 2.1 ([9]). A nonempty convex subset B of a convex cone C # {0x} is called a
base for C, if 0x ¢ B and every « € C'\ {Ox} has a unique representation of the form

x=MAb for some A >0 and some b € B.

Definition 2.2 ([9]). Let S be a nonempty convex subset of X. A set-valued map F : S —
2Y is said to be C-convex if and only if for all 21,75 € S and A € [0, 1], we have

AF(z1) + (1 = N F(x2) C F(Azx1 + (1 — Na2) + C.
It is well known that if ' is C-convex on S, then gph(F + (') is a convex subset in X x Y.

Definition 2.3 ([2]). Let S be a nonempty subset of X, & € clS. The contingent cone
T(S,%) of S at &, is given by T(S,%) := {v € X | 3t, | 0,3v, — v, st. & + tyv, €
S, ¥Yn € N}. Or equivalently, T(S,z) := {v € X | I\, — +o0,3x,, € 5, s.t. x, —
& and My (x,, — ) — v},

Definition 2.4 ([2]). Let S be a nonempty subset of X, & € clS. The second-order
contingent set T%(S,%,w) of S at & in the direction w € X, is given by T?(S,%,w) =

limlsoup S’gtgt“. Or equivalently, T%(S,%,w) := {v € X | 3t, | 0,3v,, — v, such that & +
t

tahw + 3t20, € S, Vn € N}.

Proposition 2.5 ([10, 12]). Let S be a convex subset of X, & € clS and w € T(S,%). Then
T(T(S,&),w) = cl(cone(cone(S — &) — w)),
and
T2(S, #,w) C T(T(S,2),w).
Additionally, if Ox € T?(S,#,w), then

T?%(S,&,w) = T(T(S, &), w).
Where T(T(S,Z),w) is called second-order composed contingent cone.

Definition 2.6 ([2]). Let F : X — 2¥ be a set-valued map. The contingent derivative
DF(Z,9) of F at (Z,4) € gphF is the set-valued map from X to Y defined by

gphDF (&, §) = T(gphF, (#,7)).

Definition 2.7 ([2]). Let F': X — 2Y be a set-valued map. The second-order contingent
derivative D?F(%,9,1,9) of F at (#,9) € gphF in the direction (@,9) € X x Y is the
set-valued map X to Y defined by

gphDQF(i‘, , i, ﬁ) = T2(gphF7 (:ia :‘})7 (ﬁv @))

Definition 2.4 and Proposition 2.5 show that the second order contingent set T2(S, #,w)
is not necessarily a cone and even is not convex although S is convex . However, contingent
cone T'(S,z) and second-order composed contingent cone T'(T'(S,Z),w) are always closed
cones, and especially, are convex when S is convex. So Khan [11] and Zhu [31] proposed a
new notion of second-order composed contingent derivative for set-valued maps by terms of
the second-order composed contingent cone.
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Definition 2.8 ([11, 31]). Let F : X — 2Y¥ be a set-valued map. The second-order composed
contingent derivative D F (&, 9,4, 0) of F at (&,y) € gphF in the direction (4,0) € X XY
is the set-valued map X to Y defined by
gphD F(&,§,4,0) = T(T(gphF, (2,9)), (4,1)).
Lemma 2.9. If (&,§) € gphF and (4,9) € X X Y, then D" F(&,4,4,0)(z) is closed for
every x € domD F(&,§,4,0).
Proof. It follows dircctly from Proposition 2.5 and Definition 2.8.

Definition 2.10 ([1]). A set-valued map F : X — 2Y is called lower semicontinuous (l.s.c)
at & € X if for any sequence x,, € X satisfying ©,, — & and any § € F(&), there exists a
sequence y, € F(xz,) such that y, — . We say F is said to be lower semicontinuous on
S C X if Fis L.s.c. at every point z € S.

Lemma 2.11 ([25]). If F : X — 2Y is a C-convexr set-valued map and x € intX, then
F + C is lower semicontinuous at x.

Definition 2.12 ([2]). Let A be a nonempty subset of Y. A point Z € A is called a minimal
point of A if AN (Z — C) = {Z}. The set of all minimal points of A is denoted by MincA.

Definition 2.13 ([2]). Let A be a nonempty subset of Y. A point z € A is called a weakly
minimal point of A if AN (Z — intC) = (). The set of all weakly minimal points of A is
denoted by WMinc A.

Definition 2.14 ([3, 12]). Let A be a nonempty subset of Y. § € A is called a Benson
proper minimal point of A, written as § € PrMin(4, C), if

clecone(A+ C — g) N (=C) = {0}.
Remark 2.15. PrMin(A4,C) C MincA C WMincA. However, neither of the inverse inclu-
sions is true, as is shown in the following example.

Example 2.16. Consider the set A := {(y1,y2) € [0,2] X [0,2] | y2 > 1 — /1 —(y1 —1)?
for yp € [0,1]} in Y := R? with the natural ording cone C' := R%. A direct calculation gives
MingA := M = {(y1,1 — V1= (y1 —1)?) [ 11 € [0, 1]},

WMingA = M U{(0,42) € R* | y2 € (1,2]} U{(11,0) € R* | y1 € (1,2]},
PrMin(A,C) = M \ {(0,1),(1,0)}.

Consequently, we have
WMincA ¢ MincA ¢ PrMin(A4, C).

Definition 2.17 ([25]). Let A be a nonempty subset of X, & € X. The normal cone N4 (Z)
to A at & is the negative polar cone of the tangent cone T'(A, %), i.e.,

Na(2) = [T(A,2)° ={p € X*:p(x) <0, Vo € T(A,2)}.

When A is convex and & € A, we have Na(Z) = {p € X* : p(Z) > p(z), Yz € A}.
In the following, we introduce a concept that similar to Definition 13.2.4 in [12] (p616).

Definition 2.18. Let A C Y be a nonempty subset of Y and A + C be convex. A point
7 € PrMin(A4, C) is called a normally Benson proper minimal point of A, if

Nate(g) C int(C*) U {0y},

where C* is the negative dual cone of cone C.
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Second-order Composed Contingent Derivative
of the Perturbation Map

Let F' is considered to be a feasible set map from X to Y, where X is the Banach space
of perturbation parameter vectors and Y is the objective space. Another set-valued map G
from X to Y is denoted by

G(z) = PrMin(F(z),C), for any = € X, (3.1)

and call it the (proper) perturbation map. The aim of this section is to discuss the relation-
ship between the second-order composed contingent derivative of G and that of F.

Definition 3.1. F is said to be C-minicomplete by G near z, if
F(z) C G(z) + C, Yz € V(T),
where V(Z) is a neighborhood of Z.

Definition 3.2 ([18]). Let H be a nonempty subset of Y, H is said to hold the C-domination
property iff H C MincH + C.

Lemma 3.3 ([8]). For a cone K C'Y and its negative dual cone K* = {p € Y* : p(k) <
0,Yk € K}, we have p(k) <0 for ¢ € Y*\ {Oy«}, k € intK,or p € intK*, k€ K\ {Oy}.

Lemma 3.4. Let (Z,9) € gphF and (4,0) € X X Y. Suppose that C has a compact base B.
Then
MinCD F+(i',g,'&,’f))((£) cD F(i'v Aa Avﬁ)(x)7

for any x € X.

Proof. Let
y € Ming D' Fy (2, 9,1, 0)(x), (3.2)

then y € D" F, (&, ¢,4,0)(z). It follows from Definition 2.8 that (z,y) € T(T(gph(F +
C),(2,9)), (@,0)). By Definition 2.3, there exist sequences t,, — 07 and (z,,yn) — (2,9),
such that for Vn € N ,

(4, 0) + tn(2n, yn) € T(gph(F + C), (&, 9))-

Moreover, Vn € N, there exist sequences t& — 0% and (2, y%) — (4, 0) + t,,(2n, yn), such
that
(&,9) +ty (5, yn) € gph(F + C),Vk € N,

that is
g+thyk e F(&+tkak) 4O vn,k € N.

Since C has a compact base B, there exist a¥ > 0 and b* € B such that

k
§+th(yh — SEbE) € P + that), (3.3)

where b¥ — b,, and b,, — b. Since B is compact, b € B.
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k
We now show ?,;L — 0. Suppose to the contrary that for some ¢ > 0, we may assume

k
without loss of generality that 2‘—,: > ¢, by taking a subsequence if necessary. Then

o 10— ) =3+ 250 — SE08) + i — b}
€F(z +thak) + C.
Since y* — t,eb% — 0 + t,y, — theby, we get
(@, 0) + tn(2n, (yn — €bn)) € T(gph(F + C), (£,7)).
Because z,, — x, y, — €b, — y — €b, one obtains
(z,y —eb) € T(T(gph(F + C), (£, 9), (@, 0)),
which together with Definition 2.8 gives
y—cbe D Fy(2,9,0,0)(z).

This is a contradiction to the assumption (3.2). Therefore, ?—,} — 0. Then, from (3.3), it

follows that B
yeD F(&,9,4,0)(v).

Consequently,
MineD Fy(&,9,4,9)(z) C D" F(&,4,4,9)(z).
The proof is complete. O

Lemma 3.5 ([31]). Let F : X — 2Y be a set-valued map. (%,9) € gphF and (4,9) € X x Y.
Then, for every x € domD F(Z,4,1,0). we have

D"F(&,§,1,0)(x) + C C D" Fy (9,4, 0)(z).

Theorem 3.6. Let (Z,4) € gphF and (4,0) € X x Y. Suppose that C has a com-
pact base B and D Fy(Z,q,4,0)(x) fulfills the C-domination property for all x € Z :=
domD F(z,9,4,0). Then, for any x € Z,

D"Fy(%9,4,0)(x) = D" F(2,9,4,0)(z) + C. (3.4)
Proof. By Lemma 3.5, the conclusion
D" F(2,9,4,0)(z) + C C D" Fy(&,§,0,0)(x).

is provided. We only prove that the inclusion D" Fy (&, 7,4, 9)(z) € D" F(z,§,14,0)(z) + C.
,9,0,0)(x) and Lemma 3.4 that

It follows from the C-domination property D”F+(a:, 7,
D" F(2,§,4,0)(x) C MingD" Fy(2,9,4,0)(z) + C C D" F(&,9,4,0)(z) + C.
Thus, this completes the proof. O

Remark 3.7. If the C-domination property of D" F. (&, 4, @, 9)(z) in Theorem 3.6 is not
fulfilled, then Theorem 3.6 may not hold. The following example illustrates the case.
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Example 3.8. Let X =R, Y =R, C =R,. A set-valued map F : X — 2" is defined by

_ {x’_Q}” if ©>0,
F(:”)_{{_u, if ©<0.

Let (Z,9) = (0,0) € gphF and (&, 9) = (1,1). Then, for any x > 0,

D"F(&,§,4,0)(z) = {y | y = 2}, D" Fy(,9,4,0)(x) = R.

Clearly, D" Fy (&, 7,4,9)(x) does not satisfy the C-domination property and

1" "

D F(&,9,4,0)(x) # D F(&,9,4,0)(x) + C.
Lemma 3.9. Let A be a nonempty subset of Y. Then
PrMin(A,C) = PrMin(4A + C,C)
Proof. Let § € PrMin(A, C), by the definition 2.14, then
cleone(A + C —g) N (—=C) = {0}.
Since C is a convex cone, then C'+ C = C, one obtains
clecone(A+C+C —g)n(=C) = {0}.

Because of y € A C A+ C,
g € PrMin(4 + C,C).

On the other hand, let § € PrMin(A + C,C), then 5§ € A+ C and
clcone(A+ C+ C —g)n(=C) ={0}. (3.5)
It follows from 0 € C that
cleone(A + C —g) N (—C) = {0}.

In the following, we prove § € A. If we assume that § ¢ A, then there exists § € A with
9 # g such that y € {g} + C. Then,

0#y—7y€clcone(A+C+C—g)n(=C),
which contradicts (3.5). Therefore,
g € PrMin(4, C).
O

Theorem 3.10. Let (Z,4) € gphF and (4,0) € X X Y. Suppose that F is C-minicomplete
by G near &, C has a compact base B and D Fy(&,9,4,0)(z) fulfills the C-domination
property for all © € 2 :=domD F(&,§,4,0). Then, for any x € E,

PrMin(D" F(,§, @,9)(z),C) C D" G(2,9, 4, 0)(x).
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Proof. Firstly, we prove that
D"Fi(&,,1,0)(z) = D G (9,1, 0)(x).

Since G(z) C F(x) and F' is C-minicompleteness by G near & , there exists a neighborhood
V(Z) of & such that
Gx)+C=F(z)+C, Ve V().

Hence, for any § € G(&), z € V (%),

D" Fy(#,9,4,0)(x) = D" G(2,§,0,9)(z), (3.6)

Ys
which implies that, for any § € G(2), = € V (),

MincD" Fy (&, 9,4, 0)(z) = Ming D" G4 (&, 9,1, 0) (). (3.7)

In what follows, we prove

"

D" Gy (&,9,1,9)(x) = D" G(&,,4d,0)(z) + C. (3.8)
Lemma 3.5 applies to G, we conclude that
D" G(&,7,4,0)(x) + C C D" G4 (2,9, 4,0)(z). (3.9)

The proof of the inverse inclusion D Gy (&,9, 4, 9)(x) € D" G(&,4,1,0)(z) + C is given in
the following. By Lemma 3.4, one obtains

MingD' G4 (2,9, 4,9)(x) C D" G(, 9, 4,9)(x). (3.10)

Noticing that the C-domination property of D" Fy (&,7,a,9)(z) and (3.6), (3.7), (3.10), we
obtians

N
-
=
Q
S
fj
(Q>
:>
3
=
_l’_
Q

=Minc D’ G+ ;
CD"G(&,9, 1, v)(l’)JrC,

which together with (3.9), (3.8) holds.
From (3.6), (3.8), Theorem 3.6 and Lemma 3.9, it follows that

Pern(D F(iﬁ 9,4,0)(x),C)
=PrMin(D" F(&,9,4,9)(z) + C, C)
—PtMin(D" F (&, 9, 4,9)(z), C)
—PrMm(D G +(Z,9,0,0)(x),C)
—PrMin(D" G(#, 3, @i, 9)(z) + C, C)
=PrMin(D" G(&, 9,4, 9)(z), C)

c D"G(&,§,1,0)(x)
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The following example explains C-minicompleteness of F' in Theorem 3.10 cannot be

omitted.

Example 3.11. Let X =R, Y = R, C = R,. Consider the set-valued map F' : X — 2y
defined by
F(z)={y|y > |z|}u{0},Vz € X.

Let (£,9) = (0,0) € gphF and (4,9) = (—1,1), a direct calculation gives
G(z) ={(0,0)}, Vz € X.

Since

and

1"

D F(&,9,4,0)(z) = {y |y > —x}, Vo € X,
D G(&,9,u,0)(x) =0, Yz € X,
PrMin(D" F(&, 3, 4,9)(x),C) = {y | y = —z}, Vz € X.
Obviously, F' is not C-minicomplete by G near & and for any = € X,
PrMin(D" F(&, §, @, 9)(z),C) ¢ D" G(&, 9,4, (z).
Now, we provide an example to explain Theorem 3.10.

Example 3.12. Let X =R, Y =R, C =R, and F : X — 2Y be a set-valued map with
Fz)=A{y|y>|z|},Vz € X.

Then
Gx)={yly=|z|}, Yz € X.

Take (z,9) = (1,1) € gphF and (4,9) = (0,0). By directly calculating, one has

T(gphF, (,9)) = {(z,y) |y = =z},
T(T(gphF, (2,9)), (4,0)) = {(z,y) | y = «},
D"F(&,9,0,0)(z) = {y |y > 2}, Vo € X,
D'G(&,§,1,0)(z) = {y |y =z}, V2 € X,
PrMin(D" F(z,§,4,9)(z),C) = {y | y = 2}, Vz € X.

Consequently, B
PrMin(D F(&,9,4,0)(z),C) C D G(x 7,0, 0)(x).

Theorem 3.13. Let F : X — 2Y be a set-valued map, (%,9) € gphF and (4,9) € X x Y.
C has a compact base B, X* and Y* are * weak compact. Suppose that the following
assumptions hold:

(i) F is C-convex and & € int(domF).

(ii) ¢ is a normally Benson proper efficient point of F(&).
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Then, for every x € domD”F(i‘,g),a,@), we have

D" G(&,9,4,0)(x) C PrtMin(D" F(&, §, 4, 9)(z), C).
Proof. Let y € D" G(&,4,1,0)(z) which implies that y € D" F(&,7, 4, 0)(z). Now suppose
that y ¢ PMin(D" F(&,9,4,9)(z),C). Then

1"

clcone(D F(2,9,0,0)(xz) + C —y)N(—=C\ {0y }) # 0. (3.11)

Since y € D" G(&, 7,4, 0)(x), there exist sequences t, — 0% and (&, yn) — (z,), such
that
(@, 0) + tn(zn,yn) € T(gphG, (2,9)), YVn € N.

Moreover, Vn € N, there exist sequences t* — 07 and (z¥,y*) — (4, 9) + t, (0, yn), such
that
(&,9) + t5(vn: yn) € gPhG, VE € N,

implying
§+thyk € G(& + th2k) = PrMin(F (2 + tF2F),C), Vn,k € N.

Therefore, (& + tFz* § + tFy*) is a boundary point of the convex set gph(F + C). By a

nn’ n

separation theorem for convex sets, there exists (¢F,¢k) € X* x Y*\ {(0x+,0y+)}, such
that

Or(E+thal) + ok (i +thyk) > oF (') + ¢k (y)), V(a',y') € gph(F + O). (3.12)

We normalize these vectors without loss of generality so that ||(¢f,¢%)|| = 1. By the
assumption that X* and Y* are * weak compact, we may assume without loss of generality
that (¢, ¢k) —=* (¢n, én), (k — o). Passing to the limit as k — oo in (3.12), we obtain

on(2) + 60 (9) = @n (@) + dn(y'), V(2',y) € gph(F + O). (3.13)

Because X* and Y* are * weak compact, in the similar way, we may assume that (¢, ¢p,) —=**
(¢, ®) # (0x+,0y+), (n — c0). By taking the limit as n — oo in (3.13), one has

p(@) + 6(9) = p(a') + d(y'), Y(2',y') € gph(F + C).
Let g € F(&) + C. From the assumption (i) and Lemma 2.11, it follows that F + C is

lower semicontinuous at . Therefore, there exists a sequence j* € F (2 + tkaF) 4 C, such

that g% — §. By setting (2/,y') = (& +tEak ) in (3.12), we get that

on @+ tnan) + (G + tayn) > @n(@ + tran) + ¢ (in).
Let k — oo, we give
Pn(9) = én(9)-
By taking the limit as n — oo, one obtains
o(9) = ¢(9)-

In view of the Definition 2.17, we have

¢ € Np@)+c(9)-
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Moreover, by the assumption (i7) and Definition 2.18, we deduce that

However, because of the assumption that & € int(domF'), we conclude ¢ # Oy~, assuring
that

¢ € intC*. (3.14)

According to (3.11), let v € clcone(D" F(,§,1,0)(z) + C — y), then there exists g, €
D F(&,4,4,0)(x) and ¢, € C,~, > 0, such that

v = lim '771(?11 +cn — y) € _C\ {OY} (315)
n— oo
It follows from (3.14), (3.15) and Lemma 3.5 that

¢(7) = lim 7, (¢(Fn) + d(cn) = &(y)) > 0,

which together with Lemma 2.9, there exists § € D”F(ﬁj,g,ﬂ, 0)(x), Un —> ¥, such that
n —s 0o,

¢(H) —o(y) >0 (3.16)

holds. Analogously, because of § € D" F (Z,9,1,0)(x), this means that there are sequences
tn, = 07 and (Z,, ¥n) — (z,7), such that

(@,0) + (%0, Un) € T(gphF, (2,7)), Yn € N.

Moreover, Vn € N, there exist sequences t* — 07 and (z%,9%) — (4,0) + £, (%, ¥n), such
that

(#,9) +1,(Z5,Jp) € gphF, Vk € N,
that is

g+thgh e (@ +t5zF), vn,k € N.

n

Since t, — 0T, t* — 0%, we may assume that t,, < £,,, t* < ¥ by taking a subsequence if
necessary.
Because j +thyk € F(2+tEak), g+tk gk € F(2+t5zk), and C-convexity of F at &, one
has
O (5 + tayn) + (L= 00)(§ +1hyn) € F(05 (& + thay) + (1= 07) (2 + hzy)) + C,
k
where 6F = V‘:Tnfﬁ € (0,1), for sufficiently large k. From (3.12), we get
on(@ + than) + o (§ + thyp) 2en (05 (2 + thay) + (1= 03)(@ + Th7,))
+05 (O (G + thyp) + (1= 0)(5 + ),
hence
tn(on (@) + O (yn)) = (e (@) + D (Tn))- (3.17)

On the other hand, since (Z,9) € gph(F + C), it follows from (3.12) that

P (23) + O (yn) = 0.
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one has
tn (o (23) + O ym) = th(wn (@) + &n (un))- (3.18)
From (3.17) and (3.18), it follows that
on(@n) + O yn) > ¢ (@) + 65 ().
By taking the limit as k — oo and t,, < t,,, one obtians
Pn(Tn) + On(yn) = ©(Zn) + én(n)-

Since t& >tk

n’

And let n — oo, we have
o(y) > (7)),
which contradicts (3.16). Consequently

y € PrtMin(D" F(,7,4,9)(z), C).
The proof is complete. O
To illustrate Theorem 3.13, we give the following example.
Example 3.14. Let X =R, Y =R, C =R, and F : X — 2" be defined by
F(z)={y|y>a2*},Vo e X.

Then
G(z) ={y |y =2}, Vo € X.
Take (Z,9) = (0,0) € gphF and (@, 9) = (0,0). By calculating, we get

T(gphF, (,5)) = {(z,y) | y > 0},
(T(gphF, (&,9)), (i, 9)) = {(z,y) | y > 0},
D"F(&,g,4,0)(x) = {y | y > 0}, Va € X,
"G(&,9,1,0)(x) = {y |y =0}, ¥z € X,

,0)(2),C) ={y |y =0}, Vo e X.
Obviously, B B
D G(z,9,4,0(x)) C PrMin(D F(&,9,4,0)(z),C).
Remark 3.15. Theorem 3.13 doesn’t contain the assumption of gphF-derivability. there-
fore, the proof of the Theorem is different from Theorem 3.3 in [30].

Conclusions and Perspectives

In this paper, we studied the sensitivity of second-order composed contingent derivative
for Benson proper perturbation maps. Relationships between the second-order composed
contingent derivative of proper perturbation maps G and the set of Benson proper minimal
points of D" F(&,7,,9)(x) were discussed under some assumptions. It is well known that
the range of the set of Benson proper minimal points is smaller than (weakly) minimal
points, therefore, the study of Benson proper efficient points makes more sense. Second-order
composed contingent derivatives that introduced by the second-order composed contingent
cone has some special properties that second-order contingent derivative doesn’t own. Hence,
we can explore the weaker condition to study the sensitivity for second-order composed
contingent derivative for further works. Moreover, stability results of second-order composed
contingent derivative for Benson perturbation maps may be a great of interests.



SENSITIVITY FOR SECOND-ORDER COMPOSED DERIVATIVES 475

References

1]

8]
[9]

[10]

[14]

[15]

[16]

J.P. Aubin and I. Ekeland, Applied Nonlinear Analysis, John Wiley and Sons, New
York, 1984.

J.P. Aubin and H. Frankowska, Set-Valued Analysis, Birkhduser, Boston, 1990.

H.P. Benson, An improved definition of proper efficiency for vector maximization with
respect to cones, J. Math. Anal. Appl. 71 (1979) 232-241.

J.M. Borwein and D. Zhuang, Super efficiency in vector optimization, Trans. Amer.
Math. Soc. 338 (1993) 105-122.

A.V. Fiacco, Introduction to Sensitivity and Stability Analysis in Nonlinear Program-
ming, Academic Press, New York, 1983.

A. Go6tz and J. Jahn, The Lagrange multiplier rule in set-valued optimization, STAM
J. Optim. 10 (1999) 331-344.

M.I. Henig, Proper efficiency with respect to cones, J. Optim. Theory Appl. 36 (1982)
387-407.

Y.D. Hu and C. Ling, Connectedness of cone superefficient point sets in locally convex
topological vector spaces, J. Optim. Theory Appl. 107 (2000) 433-446.

J. Jahn, Vector Optimization: Theory, Applications, and Extensions, Springer-Verlag,
Berlin Heidelberg, 2004.

B. Jim “nez and V. Novo, Optimality conditions in differentiable vector optimization
via second-order tangent sets, Appl. Math. Optim. 49 (2004) 123-144.

A.A. Khan and G. Isac, Second-order optimality conditions in set-valued optimization
by a new tangential derivative, Acta Math. Vietnam. 34 (2009) 81-90.

A.A. Khan, C. Tammer and C. Zalinescu, Set-valued optimization: An introduction
with applications, Springer-Verlag, Berlin Heidelberg, 2015.

J. Klose, Sensitivity analysis using the tangent derivative, Numer. Funct. Anal. Optim.
13 (1992) 143-153.

H. Kuk, T. Tanino and M. Tanaka, Sensitivity analysis in parametrized convex vector
optimization, J. Math. Anal. Appl. 202 (1996) 511-522.

H. Kuk, T. Tanino and M. Tanaka, Sensitivity analysis in vector optimization, .J. Optim.
Theory Appl. 89 (1996) 713-730.

S.J. Li, Sensitivity and stability for contingent derivative in multiobjective optimization,
Math. Appl. 11 (1998) 49-53.

Z.F. Li, Benson Proper Efficiency in the Vector Optimization of Set-Valued Maps, J.
Optim. Theory Appl. 98 (1998) 623-649.

D.T. Luc, Theory of vector optimization. Springer-Verlag, Berlin Heidelberg, 1989.

Z.H. Peng, Z.P. Wan and W.Z. Xiong, Sensitivity analysis in set-valued optimization
under strictly minimal efficiency, Evol. Equ. Control Theory. 6 (2017) 427-436.



476

[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

H. LIANG, Z. WAN AND Q. HE

R.T. Rockafellar, Lagrange multipliers and subderivatives of optimal value functions in
nonlinear programming, Math. Programming Study. 17 (1982) 28-66.

D.S. Shi, Contingent derivative of the perturbation map in multiobjective optimization,
J. Optim. Theory Appl. 70 (1991) 385-396.

D.S. Shi, Sensitivity analysis in convex vector optimization, J. Optim. Theory Appl. 77
(1993) 145-159.

X.K. Sun and S.J. Li, Stability analysis for higher-order adjacent derivative in
parametrized vector optimization, J. Inequal. Appl. 2010 (2010) Article ID 510838 .

T. Tanino, Sensitivity analysis in multiobjective optimization, J. Optim. Theory Appl.
56 (1988) 479-499.

T. Tanino, Stability and sensitivity analysis in convex vector optimization, SIAM J.
Control Optim. 26 (1988) 521-536.

L.T. Tung, Higher-order contingent derivatives of perturbation maps in multiobjective
optimization, J. Nonlinear Funct. Anal. 2015 (2015) Article ID 19 .

Q.L. Wang, Continuity of second-order contingent derivative of the efficient set map
for parametrized multiobjective optimization, Positivity. 17 (2013) 415-429.

Q.L. Wang and S.J. Li, Second-order contingent derivative of the pertubation map in
multiobjective optimization, Fized Point Theory Appl. 2011 (2011) Article ID 857520.

Q.L. Wang and S.J. Li, Sensitivity and stability for the second-order contingent deriva-
tive of the proper perturbation map in vector optimization, Optim. Lett. 6 (2012) 731—
748.

Y.H. Xu and Z.H. Peng, Higher-order sensitivity analysis in set-valued optimization
under henig efficiency, J. Ind. Manag. Optim. 13 (2017) 313-327.

S.K. Zhu, S.J. Li and K.L. Teo, Second-order Karush-Kuhn-Tucker optimality condi-
tions for set-valued optimization, J. Global Optim. 58 (2014) 673-679.

Manuscript received 17 November 2016
revised 7 August 2017
accepted for publication October 17 2017



SENSITIVITY FOR SECOND-ORDER COMPOSED DERIVATIVES

HONGWEI LIANG

School of Mathematics and Statistics

Wuhan University, Wuhan 430072, P.R.China
E-mail address: hongweiliang@whu.edu.cn

ZHONGPING WAN

School of Mathematics and Statistics
Computational Science Hubei Key Laboratory
Wuhan University, Wuhan 430072, P.R.China
E-mail address: zpwan-whu@126.com

QILONG HE

Economic and Management school of Wuhan University
Wuhan 430072, P.R.China

E-mail address: 2014101050076@whu.edu.cn

477



