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Abstract: In this paper, we consider the convergence properties of the alternating direction method of
multipliers (ADMM) for solving linearly constrained nonconvex minimization model whose objective contains
coupled functions. Under the assumption that the associated functions satisfy the Kurdyka-Lojasiewicz
inequality, we prove that the iterative sequence generated by the ADMM converges to a critical point of
the augmented Lagrangian function, when the penalty parameter in the augmented Lagrangian function is
sufficiently large. This result recovers that in [19] when the coupled term in the objective function vanishes,
i.e., the range of the penalty parameter that ensure the convergence of ADMM for solving two-block separable
nonconvex optimization problem. We also analyze the convergence rate of the algorithm under some suitable
conditions on the problem’s data. Some extensions are also presented.
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Introduction
In this paper, we consider the following nonconvex optimization problem

min f1(z) + f2(y) + H(z,y)

(1.1)
st. Az 4y =0,

where f; : R® — R U {+oc} is a proper lower semicontinuous function, fo : R™ — R
is a continuously differentiable function whose gradient V fs is Lipschitz continuous with
constant L1 > 0, H : R™ x R™ — R is a smooth function, A € R™*" is a given matrix, and
b € R™ is a vector. Problem (1.1) captures a number of important applications arising in
various areas, for example, the control of a smart grid system [1, 7, 26], the appliance load
model [31], cognitive radio network [33, 36]; just mention a few and the interested readers
can refer to [21] for more discussion.

Let 8 > 0 be a given parameter. Define the augmented Lagrangian function for problem
(1.1) as

La(z,y,A) = fi(x) + fa(y) + H(z,y) — A (Az +y —b) + gl\Ax +y— bl (1.2)
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where A is the Lagrangian multiplier associated with the linear constraints. Based on alter-
nately optimizing the augmented Lagrangian function L£g(-) for one variable but with the
others fixed, the alternating direction method of multipliers (ADMM), originally proposed
in [17], generates the iterative sequence with the following recursion:

okl € argmin, {Ls(x, y*, AF)},
yFt! € argmin, {Lg(zM 1y, AF)}
)\k-‘,—l — )\k _ ﬂ(ACC’H'l + yk-i-l —b

: (1.3)
)7

starting with (y°, A\%) € dom fo x R™. Here, dom f» denotes the domain of fs.

When f1, fo are proper lower semicontinuous convex functions and H = 0, the conver-
gence of the two-block ADMM has long been established, we refer the readers to [10, 11, 12,
14, 15, 17, 20, 34] for a discussion about convergence and convergence rate in the convex
setting. As mentioned in [22], when the objective functions are not separable across the
variables, the convergence of ADMM for the general problem (1.1) is still an open question,
even the objective functions are convex. Recently, Gao and Zhang [16] considered the case
where H is a smooth convex function and fi, fo are convex functions. Under the assump-
tions that VH is Lipschitz continuous and fs is strongly convex, they proved the sequence
generated by the proximal ADMM for problem (1.1) converges to an optimal solution. Chen
et al. [8] analyzed the convergence of the two-block ADMM for problem (1.1) with coupled
quadratic objective function.

In this paper, we consider the problem (1.1) without assuming the convexity of fi, fa,
and the coupled term H. A very important technique to prove the convergence for nonconvex
optimization problems is assuming the objective function satisfying the Kurdyka-Lojasiewicz
(KL) inequality (See Definition 2.4). Using the important KL inequality, we prove that if
the augmented Lagrangian function is a KL function, then the sequence generated by the
ADMM (1.3) converges to a critical point of the augmented Lagrangian function. We refer
the reader to [2, 3, 5, 13, 18, 19, 23, 24, 30] for the recent literature concerning the convergence
of nonconvex optimization problem relying on the KL inequality.

The rest of this paper is organized as follows. In section 2, we summarize some prelim-
inary materials and useful results for further analysis. In section 3, we present the conver-
gence of the scheme (1.3), where the convergence rate is also provided under some further
assumptions. Some extensions are made in section 4. Finally, we give some concluding
remarks.

Preliminaries

In this section, we first introduce some notations that will be frequently used in the analysis
later.

Let x € R™, y € R™, we denote v := (z,y) € R™ x R™. Throughout this paper, we use
the convention 0-0co = 0. Let F': R™ = R™ be a point-to-set mapping. Then its graph is
defined by

Graph F':= {(z,y) e R" x R™ :y € F(x)}.

We define the distance of a point x € R™ to a subset S of R" by

d(z, 8) := Inf [ly — =

When S = 0, we set d(z,5) := +o0, for all z.
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We now recall a few definitions concerning subdifferential calculus for nonsmooth func-
tions, see, e.g. [28, 32| for more details.
Given a function f: R™ — R U {400}, we define its epigraph by

epi f:={(z,0) e R" xR : f(z) < a}.

We say that the function f is proper (respectively, lower semicontinuous) if the above set is
nonempty (respectively, closed). The domain of the function f is defined by

dom f:={z e R": f(z) < +o0}.

Definition 2.1. Let f: R™ — R U {+0o0} be a proper lower semicontinuous function.
(i). The Fréchet subdifferential, or regular subdifferential, of f at € dom f, written df(z),
is the set of vectors z* € R"™ that satisfy

lim inf fly) = flz) = (z",y — 2)
yAT Yy ly — x|

> 0.

When z ¢ domf, we set Of (x) := 0.
(ii). The limiting-subdifferential, or simply the subdifferential, of f at x € dom f, written
Of (), is defined as follows:

Af (z) == {z* € R™ : Jup, = x, f(xn) = flz), 2% € Of (x,), with 2 — 2*}.
Remark 2.2. From Definition 2.1 we can find that

(i) The above definition implies df(z) € 8f(x) for each 2 € R™, where the first set is
closed convex while the second one is only closed.

(ii) Let (zx,z}) € Graph 0f be a sequence that converges to (z,z*). By the definition of
Of (x), if f(xk) converges to f(x) as k — +oo, then (x,2*) € Graph 0f.

(iii) A necessary condition for x € R™ to be a minimizer of f is

0 € df(x). (2.1)

(iv) If f: R™ — R U {400} is proper lower semicontinuous and g : R™ — R is continuous
differentiable, then O(f + g)(x) = df(z) + Vg(z) for any = € dom f.

A point that satisfies (2.1) is called a critical point. The set of critical points of f is
denoted by crit f.
Let us recall an important property of subdifferential calculus.

Lemma 2.3 ([2]). Suppose that H(x,y,z) := f(x)+g(y)+h(z), where f : R" — RU{+o0},
g:R™ = RU{+o0} and h: RP — R U {400} are proper lower semicontinuous functions.
Then for all (z,y,z) € dom H = dom f x dom g x dom h, we have

8H<$,y72) = amH(x,iU’Z) X 8yH($,y7Z) X 8zH(3U,yaZ)~

The Kurdyka-Lojasiewicz property plays a central role in our analysis. Below, we recall
some essential elements.
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Definition 2.4 ([2] Kurdyka-Lojasiewicz inequality). Let f : R" — R U {400} be a
proper lower semicontinuous function. For —oo < 11 < 12 < +00, set

[m < f<ma]={zeR":m < f(z) <n2}.

We say the function f has the KL property at 2* € dom Jf if there exist n € (0,+0o0], a
neighborhood U of z*, and a continuous concave function ¢ : [0,77) — R4, such that

(i) »(0) = 0;

(ii). ¢ is C* on (0,7) and continuous at 0;

(iil). ¢'(s) > 0,Vs € (0,7);

(iv). for all z in UN[f(z*) < f < f(z*) + 7], the KL inequality holds:

' (f(x) = f(2"))d(0,0f(z)) = 1

Definition 2.5 ([3] KL function). Denote ®, be the set of functions which satisfy (i),
(ii) and (iii). If f satisfies the KL property at each point of dom Of, then f is called a KL
function.

Remark 2.6. One can easily check that the KL property is automatically satisfied at any
noncritical point x* € dom f; e.g., Lemma 2.1 and Remark 3.2 (b) of [2].

Lemma 2.7 ([5] Uniformized KL property ). Let Q be a compact set and let f : R™ —
RU{+o0} be a proper lower semicontinuous function. Assume that f is constant on Q and
satisfies the KL property at each point of Q. Then, there exist € > 0, n > 0, and ¢ € ®,
such that for all T € Q and for all x in the following intersection

{zx eR" : d(z,) <e}N[f(Z) < f < f(Z)+n],
one has,
¢'(f(x) — f(2))d(0,0f(x)) > 1

Definition 2.8 ([4]). A proper lower semicontinuous function f : R — RU{+o0} is called
semiconvex with constant w > 0 if the function

z— f(@) + 3 |

is convex. Specially, if w = 0, then ¢ is convex.

Remark 2.9. (i). Definition 2.8 is equivalent to
fy) = f(z)+ b,y —96>—*||y—96||2 (2.2)

for all ,y € R™ and all p € 9f(x).

(ii). It is well-known that the set of semiconvex functions contains several important classes
of (nonsmooth) functions as special cases, for example, p-convex functions [9] and
primal-lower-nice functions [27]. Moreover, it is easily seen that every twice continuous
differentiable function f with bounded second derivative is semiconvex. For general
properties of semiconvex functions, see, e.g. [4, 6].

Definition 2.10. We say (z*,y*, \*) is a critical point of the augmented Lagrangian func-
tion L£3(-) (1.2), if it satisfies:

AT * — V H(2*,y*) € 0f1(x*),

N =V H(z*,y) =V fa(y*), (2.3)
Az +y* —b=0.



ADMM FORNONSEPARABLE NONCONVEX OBJECTIVE AND LINEAR CONSTRAINTS 493

The following lemma is useful in the derivation of the main results.
Lemma 2.11 ([29]). Let h : R™ — R be a continuously differentiable function whose
gradient Vh is Lipschitz continuous with constant L > 0, then for any x,y € R"™, we have
L
[h(y) = h(x) = (Vh(z),y — )| < Sy — 2|

For any two vectors x and y with the same dimensions, we have

lz +yl* < @+ &llzl® + (1 + %)HyIIQ, vE > 0. (2.4)

Convergence

In this section, we prove the convergence of the ADMM (1.3) under the following assumption.

Assumption 3.1. Let f1 : R" = RU{+o0} be a semiconvex function with constant w > 0,
fo : R™ — R be a continuously differentiable function whose gradient V fo is Lipschitz
continuous with constant L1 > 0, and let H : R™ x R™ — R be a smooth function. Assume
the following holds:

(1) (z,y)617%£><72m H(.’,E,y) > —0oQ, mlelgn fl('r) > —00, yg712fm fQ(y) > —00;

(ii) For any fized x, the partial gradient YV, H(x,y) is globally Lipschitz with constant
Lo(x), that is

IVyH (2, y1) — VyH(x, y2)|| < La(z)|lyh — v2ll, Yy1,y2 € R™;

For any fized y, the partial gradient V. H(x,y) is globally Lipschitz with constant
Ls(y), that is

IVaH (21,y) = Vo H (22, y)|| < Ls(y)ller — wall, Vai, 22 € RY;
(iii) There exist La, Ls > 0 such that
sup{Lo(z") : k € N} < Ly, sup{Lz(y*): k€ N} < Ls;

(iv) VH is Lipschitz continuous on bounded subsets of R™ x R™. In other words, for
each bounded subset By x By C R™ x R™, there exists M > 0 such that for all
(Z‘i,yi) € By x By, i=1,2:

(Vo (z1,51) — Vo H(x2,92), VyH (21,51) — Vy H (2, 92)) || < M||(z1 — 22,91 — y2)[;
(v) ATA = ul for some pu > 0;
(vi)

(Ls +w) + /(Ls + w)2 + 16puM? (L + Lo) + /(L1 + L2)? + 16(L3 + M?)

B > max{ 2 5

1.
(3.1)
Note that, if we set

Bu Ly+w 2M? B—Li—Ly 203 2M?

2 2 B’ 2 B B

we know § > 0 in view of (vi) of Assumption 3.1.

b
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Remark 3.1. Now, we specify the conditions in Assumption 3.1 to some special cases of
f1, fo and H. For example, the SCAD-{5 model model proposed in [35] can be rewritten in
the following equivalent form:

n
min [|[Mz — My = b|> + > ga(lail) + Iyl
z,y

. (3.2
st. x+y=0.

where ) )

Az, |21 < A,

—(2¥)%24+2a\ |z |—\2 i

ar(lzl) = § o tadlnlr A< |zi] < ah,
2 .
%, |z} > a.

It we set f1(z) := 32001 ga(lzil), fo(y) := |lylI*, H(2,y) := | Ma—My—b||* and A := I, then
problem (3.2) fits our scenario. Since V,H (z,y) = 2MT(Mxz — My — b) and V,H (z,y) =
—2MT(Mz — My — b), it is easy to know the conditions (i)-(v) in Assumption 3.1 hold.

Before the proof, let us present the variational characterization of the scheme (1.3).
Invoking the optimality condition for (1.3), we have

0 € Ofy(zF 1) + Vo H(zF 1 yF) — ATAF 4 BAT (Azk+1 4+ 4% — b),
0 = Vio(y*tl) + V, H(zF L y* ) — Ak 4 g(Axh T 4 g+ —p), (3.3)
)\k+1 — )\k _ ﬂ(A.T]H_l + yk+1 _ b)

Using the last equality and rearranging terms, we obtain

AT)\]CJrl + ﬂAT(ykJrl _ yk) _ VxH($k+1,yk) c 6f1(xk+1)7
/\k+1 _ vyH(szrl’ykJrl) — vf2(yk+l)’ (34)
ARFL = AR — B(Agk L 4 i+l — ).

In the sequel for convenience, we often use the notation {w* := (2* y*, \¥)}ren and
{vF := (2%, y*)}ren. We begin our analysis with the following lemma.

Lemma 3.2. Let {w*}rcn be the sequence generated by the ADMM (1.3) which is assumed
to be bounded, then we have

L) < La(wk) — duF+! — b2 (3.5)
Proof. From the definition of the augmented Lagrangian function £3(-), we have
Eg(xk+1,yk+1,)\k+1) _ Eﬁ(l‘k+1,yk+1,>\k) 4 <)\k _ >\k+17Axk:+1 + yk:—i-l _ b>

1
= Lo yM A + BIIA’“ = AR (3.6)

Note that

La(a® T yF ) = La(F T yF T AF)
= fi(@™) + fo(yF) + H(@FT yF) — (OF, Ak 4% — 1)

B
AT byt = bl = (A @) + ) + H @y

O AR g ) 4 DAk g )y
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8 B
= Fa(") = ") + ANy =yt 4 DA gt 0P - S AR 4y )
HH (2 yb) — H (P . (3.7)

By the Lipschitz continuity of V f, it follows from Lemma 2.11 and the second equality of
(3.4) that

b

5 [y" Tt —yF |2 (3.8)

Fo(y") = fa(y" ) = (WH = W H (@M o), yf — )
By simple manipulations and using A*+! = \¥ — B(AzF+1 + ¢F+1 — b)), we know

§||Azk+1 + yk _ bH2 _ §||Al,k+1 + yk+1 _ b||2

s

= Gl =g O Ayt =y, (3.9)

Since V, H (x**1.) is Lipschitz with constant Ls(z**1), it follows from Lemma 2.11 that

H(zE L kY — B2k +L o F 1) > H (R k1) ok — k1 — Ly(a™*) E+1 k2

(@Y%) = H(z", g™ ) 2 (Vy H (@™, g™ )y =y ) SELL eI~
(3.10)

Substituting (3.8), (3.9) and (3.10) into (3.7) yields
—Li—L k+1

Lo yf X0 = Ly(ab g o > T e )

- 2
On the other hand,
E@(mk,yk,/\k) _ £@($k+1,yk,/\k)
= f1(a®) + fo(yF) + H(2F, y%) — (N, AP + 4% —b) + §||Ax’f + 4% —b)?
—{ 1@ + fa(yh) + H(@H k) — (A, Ae T gk —b) + §||Aa;k+1 +y* —0)*}

= S@%) = A 4 (A - AR + Dt gy bl = Dt o
+H(xk7yk) 7H(xk+1ayk)' (312)
Combining (2.2) and the first relation of (3.4), and using the semiconvexity of f1, we have

fl(xk) > fl($k+1)+<AT)\k+1+ﬂAT(yk+l—yk)—vng(.Tk—H,yk),l‘k—xk+1>—%”l‘k+l—l‘ku2.

Again since V,H (-,y*) is Lipschitz with constant Ls(y*), it follows from Lemma 2.11 that

L k
H(a y) ~ HE,g9) 2 (VL HE, ), ok - o) - DD e

By (v) of Assumption 3.1, it follows that
HAkarl _ Aka2 > N||5L'k+1 _ CL’k||2.

Thus, combining the above three inequalities with (3.12), we obtain

— La(vF) —
Lol yh X = Lyt g a0y > BB e e g
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Furthermore, since VH is Lipschitz continuous on bounded subsets and {(z*,y*)}ren is

bounded, we have
[N 22
= VL") + VyHE@ g ) = Va(y*) = V H (", M)

<2V = VAEOI? + 2|V, H (M y ) =V, H (2", )2

2Ly — M) 2MP R — 2R )P 4 20 |y — R
= (2LF +2MP)[ly" T — ¥ |I? + 203 || — 2F|?,

which, together with (3.6), (3.11) and (3.13) implies
Ly(y*™) +w  Bu  2M?

Lo < Ly(wh) + (= B A Ct
2L2 2M? B — Ly — Ly(zFt!
R B

< Lp(wh) =l —oF|?,

(3.14)

where the second inequality follows from (vi) of the Assumption 3.1. The proof is complete.

O

If (3.1) holds, then § > 0, and it follows Lemma 3.2 that {£z(w"*)}xen is monotonicity
nonincreasing. The range of § in the assumption is not optimal. In fact, the range of 3 is

nothing but 8 > 2L proposed in [19] when H = 0. We show this in the following.
First, we recalculate (3.14). By (2.4), for any £ > 0 we have

H)\k-i-l _ )\k”2

= V") + Vy H (@ y* ) =V (y") =V H (2", ") |2

<+ YIVAEE™) = VAREHIP+ 0+ %)\\VyH(w’““,yk“) = VyH (")

<2L3|yF Tt — F |12 4 2022 — 2R 202y — R P

— (L OL (1 + %)Mz)lly’“l Pt %)MQII:E’““ e

Substituting (3.11), (3.13) and (3.15) into (3.6), we obtain

L3(yk+1) +w  Bp M?

Lo(w™™) < La(w®) +( e

2 2 1) 13
1+or3 | U+ M gLy — Ly(a*t))
T 2

By simple calculation, when

/8 > ma‘X{/Bla ﬂZ})

where

(L + Lo) + /(L1 + L2)? +8[(1+ L3 + (1 + 1M

B = 5

and

Ly +w+ \/(Lg +w)? + 8uM?(1+ ¢)
52 = .

2

(3.15)

)yt — ).

(3.16)
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Then, we have ~
La(@H) < Lawh) = FloH — o2,

< . 2 1+4)Mm? CLi—
where § := min{ £t — %‘ + MTZ(l + %), (HE)LI + ¢ +5ﬂ) .y L% L2} > 0.
If H =0, then we have Ly = Lg = M = 0. Moreover, we have £ = 0. Thus (3.16)

reduces to w
B > max{2L,, ;} (3.17)

Furthermore, if f; is a convex function, then w = 0 and (3.17) is the same condition as
that proposed in [19] to ensure (3.5) holds. Notice that, in [19], they only assume f; is a
proper semicontinuous function. The reason is that, to prove (3.5) holds, it does not need to
estimate the difference between Lg(z*,y*, A\¥) and Lg(2*1 y* A*) in [19]. Consequently,
from this point of view, the condition in [19] is a special case of our condition.

Lemma 3.3. Let {w*}ren be the sequence generated by the ADMM (1.3) which is assumed
to be bounded. Then the following holds

“+o0
Dt — wh? < oo
k=0

Proof. Since {w*}ren is bounded, then there exists a subsequence {w"i};cy such that
wki — w*. First, we know L3(+) is lower semicontinuous due to the continuity of fo and H
and the closedness of fi. That is

Ls(w*) < liminf L5(w*).

Jj—-+oo

Consequently, {L5(w"i)};en is bounded from below. Note that, Lemma 3.2 implies that
{L5(w*)}ren is nonincreasing and thus {Lz(w*)},cn is convergent. Moreover, we have
{Ls(w")}ren is convergent and Ls(wk) > L5(w*). Rearranging terms of (3.5) leads to

BlloA T —oH|? < La(wh) — La(whHh),

Now, summing the above inequality over k = 0,...,n yields
Do dlt T =0k < L) = L") < Lo(w) = Lo(w”) < +oc,
k=0

Since § > 0, we have > ;20 [[vF+! — v¥||? < +00. Thus,
+o0 too
D R = 2F)? < oo, D IR = F|? < +o0. (3.18)
k=0 k=0
—+oo
Moreover, it follows from (3.14) and (3.18) that Y [[\**! — \¥||2 < +oc0. Therefore, we
k=0
obtain 327 [[wh ! — wk||? < +o0. O

Lemma 3.4. Let {w*}rcn be the sequence generated by the ADMM (1.8) which is assumed
to be bounded. Then, there exists ( > 0 such that

d(0,9L5(w" 1)) < ¢l — o).
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Proof. By the definition of the augmented Lagrangian function £g(-) and (iv) of Remark
2.2, we have

axﬁﬁ(wk+1) — 8f1(x’“+1) + VEH(xk—i-l’yk-&-l) _ AT)\k-H + ﬁAT(A$k+1 + yk+1 _ b),
OyLa(whth) =V fa(y"*) + V, H(a"H, y* 1) — M4 B(AH 4y —b),
ONLp(whtl) = —(Azh+l 4y —p).
(3.19)
Substituting (3.4) into (3.19) produces

AT(NF = XY 4 BAT(y" 0 — yfF) + Vo H (28, y5 ) = Vo H(@M o) € 0, Lp(w ),
()\k' _ )\k-‘rl) c 8y£5(wk+1)7
%(}\k-&-l _ )\k) c (%\ﬁg(wk—’_l).

Set( {chl7 §+17 §+1) — (AT()\k_)\k+1)+ﬁAT(yk+l_yk)+va(xk+1,yk-&-l)_va(xk-&-l,yk)7
AR XRFLLARHL_)\F)), then it follows from Lemma 2.3 that (¢, &7, 6571) € 0Ls(w" ).
Furthermore, there exist (y, (2,3 > 0 such that

et & el

< Gl =yl GINT = N+ GV H (@ g ) = Vo H (25 y7) (3.20)

Again since VH is Lipschitz continuous on bounded subsets and {(z*,y*)} is bounded, it
follows
Vo H (", y™ ) = Vo H (@ yP)| < Myt — o). (3.21)

From (3.14) we know

IASFL— XF < VRM|PH — 2 208 + 202y g (3.22)

By setting ¢ = \/((l + /203 +2M?2 - (o + M(3)2 + (vV2(3M)2, it follows from (3.20),
(3.21) and (3.22) that

2)
d(0,0L5(w**h))

k1 okl ok
<& e

< (G /208 +2M%G + MG)[ly* ! — ¢ ||+ V26 M|l — o)

< C”karl - Uk”v
where the third inequality follows from the Cauchy inequality. The proof is complete. O

Let {w*}ren be a sequence generated by the ADMM (1.3) from a starting point w®.
The set of all limit points is denoted by S(w°), i.e.,

S(w®) := {w* : 3 a subsequence {w"i};cn of {w*}ren converges to w*}.
In the following, we summarize several properties of the limit point set.

Lemma 3.5. Let {w*}ren be the sequence generated by the ADMM (1.3) which is assumed
to be bounded. Let S(w®) denote the set of its limit points. Then

(i) S(w°®) is a nonempty compact set, and

d(w”, S(w®)) = 0,as k — +o0;
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(ii) S(w%) C crit Lg;

(iil) Ls(-) is finite and constant on S(w°), equal to inf Lz(w*) = lim La(w*).
keN k—+oco
Proof. We prove the results item by item.
(i). This item follows as an elementary consequence of the definition of limit points.
(ii). For any fixed (z*,y*,A*) € S(w?), there exists a subsequence {(z*/,y*i A*)}cn of
{(z*, y*, \*) ke n converges to (x*,y*, A*). Since ¥ is the global minimizer of L5(z, y*, \F)
for the variable x, it holds

£ﬁ($k+1,yk7 )\k) < Eﬁ(l'*, yk’ )\k)
Using the above inequality and the continuity of £g(-) with respect to y and A ensure

limsup L ("1, y*i AF) = limsup L (T R NG < £g(a*, y*, \). (3.23)

Jj—+oo Jj—+oo

On the other hand, Lemma 3.3 implies ||w*** —w*|| — 0, which means that the subsequence

{(zhitl ykitL ARt} also converges to (z*,y*, A*). From the lower semicontinuity of
L3(-), we have
liminf Lg(zP+ Rt ARFY > £a(a* g%, A7), (3.24)

Jj—r+o00

Then by combining (3.23) and (3.24) together we can get

lim Lg(ahi T R T NRTY) = Lo (2%, %, \Y), (3.25)
Jj—+oo
which implies
im f(2M ) = f(2%). (3.26)
J—+oo

Passing to the limit in (3.4) along the subsequence {(z*+1 y*i+1 A\Fit1)} .\ and invoking
(3.26) and the continuity of V fo(-), Vo H(:,-), V,H(-,-), it follows that

AT N — VYV, H(z*,y*) € 0f1(x*),
A=V H(z",y*) =V f2(y"),
Az* +y* —b=0.

Then, (x*,y*, \*) is a critical point of (1.3), i.e., (x*,y*, \*) € crit Lg.
(iii). For any point (z*,y*,A\*) € S(w®), there exists a subsequence {(z",y* A\Fi)} ey
converges to (z*,y*, \*). Since {Lz(w")}ren is nonincreasing, combining (3.23) and (3.24)
lead to

lim £ﬁ(xk,yk,)\k) = La(z™, y*, \").

k—+oco

Therefore, L5(-) is constant on S(w?). Moreover, inf Lz(w*) = lim Lg(w"). a
keN ko0

We are now ready for proving the main result of this paper.

Theorem 3.6. Let {w"}rcn be the sequence generated by the ADMM (1.3) which is assumed
to be bounded. Suppose that Ls(+) is a KL function, then {w*}ren has finite length, that is

—+o00
3wkt — k|| < oo,
k=0

and as a consequence, we have {w*}ren converges to a critical point of Ls(-).
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Proof. Since from the proof of Lemma 3.5, it follows that Lg(w*) — Lg(w*) for all w* €
S(w). We consider two cases.

(i). If there exists an integer ko for which Lgz(w*0) = Lg(w*). Rearranging terms of
(3.5) we have that for any k > ko,

Bl — o2 < Lawt) — La(whHh) < Lp(w) — L(w?) = 0,

implying that v**1 = v* for any k > ko. Associated with (3.14), for any k > ko + 1, it
follows that w**! = w* and the assertion holds.

(ii). Now, assume Lg(w*) > Lg(w*) for all k. We claim there exists k > 0 such that for
all k > k,

Fllo™ =R |2 < ¢l — o T A s, (3.27)
where A, , = ¢o(Lg(wP) — Lg(w*)) — @(Lg(w?) — Lg(w*)). To see this, note that
d(w”, S(wP)) — 0 and Ls(w*) — Ls(w*), then for all ¢,y > 0, there exists k > 0 such
that when k > l;, we have

d(w®, S(w®)) < e, Lg(w*) < Ls(w") < Lg(w*) +n.

Since S(w") is a nonempty compact set and Lg(-) is constant on S(w), applying Lemma
2.7 with Q := S(w?), we deduce that for any k > k

@' (Ls(w®) — Lo(w"))d(0,0Ls(w")) > 1.

Since Lg(w*) — Lg(wkH) = (Lg(wk) — Lg(w*)) — (La(wFH1) — Lg(w")), making use of the
concavity of ¢ we get that

P(Lo(w") = La(w")) = p(Le(wh) = Lo(w")) 2 @' (Ls(w") = Lo(w))(La(w") - La(w" ).
Thus, using the inequalities d(0,Ls(wk)) < ¢|lv* — vk~ and ¢ (Ls(w*) — Lg(w*)) > 0,
we obtain
Ls(w") = Lg(w*H)
p(La(w") — Ls(w")) — p(La(w* ) — Lo(w"))
@' (La(wk) — La(w*))
< Cllo* = " Hllp(Lp(w®) = La(w®)) = p(La(w" ™) = Lo(w"))].

Combining Lemma 3.2 with the above relation gives (3.27), as desired. Moreover, (3.27)
implies

IN

o4+ = oM <\ S Apallot = oA,
Notice that 2v/af < a + 3, for all a, 8 > 0. Then we obtain
2k ¥ < ok — o + A (3.28)

Summing the inequality (3.28) over k = k+1,...,m yields

m m C
2 e N AR A [ 581 mr-
k=k+1 k=k+1
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Since ¢(L(w™ ) — Lg(w*)) > 0, rearranging terms and letting m — +oc lead to

+oo

Bl i S ; .
D It b < R = oF ) 4 2L () = Ls(w)), (3.29)
k=k+1

which implies

+oo
Z [oFH — oF|| < 4-o00.
k=0

Thus, it follows that

+oo +oo
St =t < oo, Y Iy -yt < oo
k=0 k=0

These, together with (3.22), we obtain

—+oo
Z ||/\k+1 _ )\k” < +o0.
k=0
Moreover, note that
||wk+1 _ wkll
= ([laF = AF|Z 4 [y = gF 2 4 AR = AR)2)
<™ = N [l = R I = AF (3.30)
Therefore,
—+oo
Z |wk !t — w| < 400,
k=0

and {w*}ren is a Cauchy sequence (see P.482 of [5] for a simple proof), which converges.
The assertion then follows immediately from Lemma 3.5. a

We now establish the convergence rate for the ADMM (1.3). The proof of the following
result is similar to that in [19] and hence omitted here.

Theorem 3.7. Let {w*}en be the sequence generated by the ADMM (1.3) and converges to
w* = (x*,y*, \*). Assume that Lg(-) has the KL property at (z*,y*, \*) with ¢(s) := cs'7?,
0 €[0,1),c > 0. Then the following estimations hold:

(i) If 0 = 0, then the sequence {w*}ren converges in a finite number of steps.

(ii) If 6 € (0, ], then there exist ¢ >0 and T € [0,1), such that
||<xk’yk’)‘k) - (m*,y*, )‘*)H < CTk'
(iii) If 0 € (1,1), then there exists ¢ > 0, such that

H(’Ik7yk’ )‘k) - (l'*,y*,A*)H < Ck?ze%l.
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Extensions

The simple structure of ADMM allows us to extend it to the more general setting involving
p > 2 blocks for which Theorem 3.1 holds. Thus, we can easily extend our previous analysis
to the more general model:

min > filws) + H(ay, - xp)

i=1
s.t. All’l + AQZL’Q + 4 Ap—ll'p—l + Tp = b,

(4.1)

where f1 : R" — RU{+o0}, fi : R" - R,i=2,---,p—1, f, : R = R and H :
R™M x ---R"-1 x R™ — R are functions, A; € R™*™ ¢=1,---,p—11is a given matrix,
b € R™ is a vector. Using the Gauss-Seidel idea in solving the associated augmented
Lagrangian function, it is natural to directly extend the scheme (1.3) to the problem (4.1)
with p > 2, and the resulting iterative recursion is:

ah e argminml{ﬁg(m,x’g, szl AR
A= argminmi{ﬁg(x’fﬂ, s g ok Lak A,
(4.2)
J'J;Jrl € argminwp{ﬁg(xlf+1, e axlgtiv Lp, )‘k)}v
p—1
AFFL = 2P — ﬂ(z; Akt 4 aptt —b),
where
P p—1 8 p—1
Lo, xp,A) = Zfi(xi)—l—H(J;l, s ) — (A, ZAimi+xp—b>+§H ZAixi—l-J;p—sz
i=1 i=1 i=1

is the augmented Lagrangian function of problem (4.1), A is the Lagrangian multiplier
associated with the linear constraint, and 8 > 0 is the penalty parameter.

Next, we use the notation {w* := (2%, .- ,x’;,)\k)}keN and {0F := (aF,--- ,m’;)}keN for
succinctness.

Theorem 4.1. Let f1 : R™ — R U {400} be a semiconvex function with constant w > 0,

fitR" 2 R,i=2,---,p—1, fp : R™"=Rand H:R™ x---R"-1 xR™ = R be smooth

functions with inf H(xq,--- ,x,) > —00, irg filx) > —oo for any i = 1,--- |p — 1,
T;ER™

in7f2 fo(zp) > —oco. Let {0*}ren be the sequence generated by algorithm (4.2) which is
T, ER™

assumed to be bounded, then there exists 01 > 0 such that
Ak Ak N K
L5 (b < LG (W0") — 1] ok )12

Moreover, suppose that [}é(.) is a KL function, then {*}ren has finite length, that is
—+o0
MR — k| < oo,
k=0

and as a consequence, we have {W*}en converges to a critical point of L5(-).
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Proof. Since the proof is similar to Lemma 3.2 and Theorem 3.6, we omit the details. O

Remark 4.2. If H =0, then problem (4.1) and algorithm (4.2) reduce to those considered
in [18].

Remark 4.3. Recently, Li, Sun and Toh [25] present a majorized ADMM with indefinite
proximal terms for solving linearly constrained two-block convex composite optimization
problems. From a numerical point of view, it is advantageous to pick an indefinite S or
T whenever possible. Motivated by this, we can also solve both subproblems by adding
indefinite terms, leading to the following scheme: Let S and T be given symmetric, possibly
indefinite matrix. The ADMM with indefinite proximal terms for problem (1.1) reads as:

okl € argmin, {Ls(x, y*, AF) + %Hx — 2|2},
yF+1 € argmin, {Lg(z" T, y, M) + Sy — v 113, (4.3)
2N+l — (ke B(Axk+1 + yk+1 _ b)

Furthermore, we can also extend the algorithm (4.2) with indefinite proximal terms to solve
(4.1). We omit these details for succinctness.

Conclusions

In this paper, we analyzed the convergence of the alternating direction method of multipliers
(ADMM) for solving linearly constrained nonconvex minimization model whose objective
contains coupled functions. Under the assumption that the associated functions satisfy
the Kurdyka-Lojasiewicz inequality, we proved that the iterative sequence generated by the
ADMM converges to a critical point of the augmented Lagrangian function, provided that
the penalty parameter in the augmented Lagrangian function is larger than a threshold.
Under some further conditions on the problem’s data, the convergence rate of the algorithm
was also established. Some extensions are also presented.
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