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ON THE CONVERGENCE OF ALTERNATING DIRECTION
METHOD MULTIPLIERS WITH LARGER STEP SIZE THAN
GLOWINSKI’S
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Abstract: The alternating direction method of multipliers (ADMM) is a popular approach for solving
separable convex programming problems. The proximal ADMM (PADMM) is introduced for easing the
solvability of each subproblem when a closed-form solution is not available. In 1982, Fortin and Glowinski
proposed to enlarge the range of the step size for updating the multiplier from the value 1 to the range
(0, 1+T\/§) Meanwhile, he pointed out that a larger step size can speed up the numerical performance. In
this paper, we theoretically analyze the global convergence of the PADMM with the range even larger than
Glowinski’s. Moreover, its worst-case convergence rate in the ergodic sense is also discussed.
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tion method of multipliers, step size, convergence
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Introduction

We consider the following convex model
min{f () + 02(y) | Az + By =b, v € X, y € Y}, (1.1)

where A € R™*™ B e R™*" b e R™, X C R™ and Y C R™ are closed convex sets,
01 : R" — (—o00,400] and 0y : R™ — (—o00,+00] are convex (not necessarily smooth)
functions. Throughout, we assume that the sets X and ) are assumed to be easy to calculate
projections. Let 8 > 0 be the penalty parameter. The augmented Lagrangian function of
(1.1) can be written as

Lola..0) = 02(a) + 0a(y) — NT(Az+ By —b) + 2| Az + By — b, (12)

with A the Lagrange multiplier.
One may apply directly the augmented Lagrangian method (ALM) in [21, 22] to (1.1),
the iterative scheme is

(x’”l,y’”l) = arg min{Ls(z, y, )\k) |z e X, ye )}, (1.3a)

ML= AP — A B(AZF T ByMt — ), (1.3b)
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where v € (0,2) guarantees the convergence. However, the nonseparability of the (x,y)-
minimization problem in (1.3) may destroy the functions 6y and 6’s own properites/strcutures.
To overcome this difficulty, one may consider the following ADMM [16, 13] scheme to solve
(1.1):

2" = argmin{Ls(z, y*, \F) |z € &}, (1.4a)
Y"1 = argmin{ L (" y, \¥) |y € V}, (1.4b)
AL = AF oy B( AR+ 1 ByRtl _p), (1.4c)

with v € (0, 1+2\/5). Note the ADMM decouples the subproblem (1.3a) into two easier ones
by fixing one variable and minimizing with the other, followed by a dual updating step.
We remark here that the ADMM scheme (1.4) is different from the over-relaxed ADMM
(see [2, 8, 9]). Thus, the parameter v in (1.4c) is different from the relaxed factor in the
over-relaxed ADMM. The convergence of (1.4) has long been established under a different
context [7, 8, 12, 13]. We refer to, e.g., [2, 9, 10, 15], for some reviews on ADMM.

By noting the fact that the subproblems in (1.4) may still be difficult to solve even if each
proximity of the functions 6; and 65 [18] preserves a closed-form solution. A remedy way is
to add an appropriately chosen quadratic proximal term in the corresponding subproblem.
Let us take the xz-subproblem as an example. Suppose that the proximity of the function
61 deserves a closed-form solution, e.g., 81 (x) = ||z||1 [2]. In order to solve the subproblem
(1.5a) relatively easily, we can linearize the augmented Lagrange term by choosing R =
€1 — BATA when A # I. Moreover, if the function 6, is a quadratic function, namely,
01(z) = %xTElx + ¢"x, then we can linearize either the function 6; or both 6; and the
augmented Lagrange term simultaneously. Or equivalently, we choose R =¢§1 -3 if A=1,
orset R=¢I—BATA— X, when A is not identity. A similar strategy is also applicable for
the y-subproblem, and more details can be found in [4, 18]. An immediate consequence is
that the related subproblem is usually easy to solve.

Hence, it results in the following proximal alternating direction method of multipliers
(PADMM) scheme:

1
2P = argmin{Ls(z, y*, \¥) + §||a: —zM|% |2z € XY, (1.5a)
. 1
Yy = argmin{La (@ y, A + Slly = ot 51y € V3, (1.5b)
NAFL —\F B (AzP L+ Byt —b), (1.5¢)

where v € (0, %) and R = 0 and S > 0 are two symmetric positive semidefinite matrices
[11]. When R and S are two positive scalar matrices (i.e., ¢/ with some positive constant
¢), the above PADMM scheme with v = 1 reduces to the splitting method in [7]. He et al.
[17] established the global convergence of (1.5) with v = 1, and both of R, S are symmetric
positive definite matrices in the variational inequality context and even considered varying
B, R and S at each iteration. Later, Xu [26] extended the convergence analysis for (1.5)

with v € (0, 1+2‘/5), and both of R, S are symmetric positive definite matrices. Recently,

Fazel et al. [11] analyzed the convergence of (1.5) with v € (0, 1+T‘/5) and R, S are both
self-adjoint positive semidefinite linear operators. Since R, S can be positive semidefinite
linear operators, the PADMM (1.5) includes the classical ADMM (1.4) as a special case.

In [11], the PADMM is also called semi-Proximal ADMM.
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The introduction of the relaxation factor v in (1.5¢) is attributed to Fortin and Glowinski.
Both of the z- and y-subproblems in (1.5) are usually computationally expensive, while
updating the Lagrange multiplier is much cheaper. Moreover, it has been numerically verified
that a large step size in (1.5¢) leads to a better performance, see numerical results in [14] and
further in [5, 20, 25]. Furthermore, the relaxation parameter 4’s range is (0,2) in the ALM

(1.3) while the range is (0, 1+2‘/5) in the PADMM (1.5) (including ADMM). This gap may
result from the fact that the step (1.3a) in the ALM is substituted by the componentwise
minimization steps (1.4a) and (1.4b) in the ADMM, since the latter is regarded as an
incomplete version of the former.

Besides [13], this question has recently attracted some efforts in the literatures [24, 6]. In
[24], the authors showed the first attempt to adopt a large step size in the PADMM (1.5) for
solving conic programming. Furthermore, the authors [6] simplified the conditions in [24]
14+v/5
=7)

2

and emphasized the necessity of further enlarging the range v € (0, and commented
as “the ADMM with a computationally more attractive large step-length that can even
exceed the practically much preferred golden ratio of %”. These conditions proposed
therein (see Theorem 2.2 in [24] and Theorem 4.1 in [6]) require the summability of an
sequence asymptotically and some practical techniques were introduced to implement these
conditions.

In this paper, we conduct a rigorous convergence analysis of the PADMM (1.5) with a

0, l=rtvr 46745 ‘g2+6T+5) under some moderate and checkable conditions. This range

step size v € (
is much larger than (0, 1+T\/5) and the scalar 7 will be specified in Assumption 2.2. Indeed,
there always exists a positive scalar 7 satisfying Assumption 2.2 by setting S = (I — g
and ¢ = A\pax(X2) with X9 defined in (2.2). This choice of S is usually adopted when the
function 5 is a quadratic function [4]. Note the above setting of S is positive semidefinite
instead of positive definite. It implies that we obtain some improvement on the range for -y
without any enlargement for the matrix S involved in the y-subproblem (1.5b). In addition to
establishing the global convergence, we also analyze its ergodic iteration-complexity. Indeed,
we carry out the ergodic iteration analysis in terms of the partial primal-dual gap [3] (see
page 121), the feasibility violation and the decrement of the objective function.

The remainder of this paper is organized as follows. In Section 2, we summarize some
notations, present the basic assumptions, and characterize the optimality condition of (1.1).
In Section 3, we prepare some properties, lemmas and theorems for facilitating global con-
vergence and convergence rate analysis. Then, the global convergence and convergence rate
are studied in Section 4. Finally, some conclusions are made in Section 5.

During the second round review of this paper, we noticed that He and Ma [19] considered
the following proximal-ADMM to solve (1.1):

oF T = argmin{Ls(z, y*, \¥) |z € X'},
yF ! = argmin{Ls(a" 1, y, \) + LBy — v¥) [ [y € V), (1.6)
MNetl — \F ’Y,B(A.’L'k+1 T Byk+1 _ b),

with Lg defined in (1.2). They established the global convergence of (1.6) for solving (1.1)
with ¥; = ¥y = 0 defined in (2.1)-(2.2) when the step size y € (0, L=V +67+5 ”22+67+5) and B has
full column rank; and also derive a worst-case O(1/t) convergence rate in the ergodic sense.
Note that the scheme (1.6) is a special case of the (1.5) with setting R = 0 and S = 7B ' B.
This case has been covered by our results, see Remark 2.1 in Section 2. Nevertheless, our
results differs from theirs in three aspects. First, our results are more general: We introduce
semi-proximal terms both in z and y subproblems. Second, the proximal matrix S in (1.5)
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is not necessarily positive definite while the proximal matrix in (1.6), i.e. 73BT B is positive
definite due to B full column rank. Moreover, our analysis shows that the range of the step
size «y can still be larger than (0, 1+2\/5) when 65 is a quadratic or smooth function while
without any enlargement in the proximal term, see Remark 2.2. Third, we carry out the
ergodic iteration analysis in terms of the partial primal-dual gap, the feasibility violation
and the decrement of the objective function, while the ergodic iteration analysis in [19] is

measured by the partial primal-dual gap.

Preliminaries

In this section, we define some notations to be used, present some assumptions, and show
the optimality condition of the model (1.1) in the variational inequality context.

Notations

For a set D, ri(D) denotes the relative interior of D. For a vector x € R™, ||x||2 represents
V> oiy |zi]?. Given a symmetric positive semidefinite matrix ¥, we denote ||z||s; := V2T Xz.
The notation M > 0 means M is positive semidefinite and M > 0 means M is positive
definite. Since 6; and 65 are closed convex functions, there exists two symmetric positive
semidefinite matrices 31 and Y5 such that

(x—2")"(g—g) > |z - w’||%17 Vz, 2 € dom(,), g € 901(z), ¢’ € 061(x'),
(2.1)

and

(y=y) (h=1)>|ly—yI|%,, Yy, ¥ € dom(6:), h € 302(y), h' € 002(y).
(2.2)

The definitions above for #; and 6. are flexible enough to include convex functions, i.e., 6;’s
(1 =1,2) are convex when ¥, = 0.

By letting
(= (g (X 0
= ()= (8) 2= (0 2)

the inequalities (2.1)-(2.2) can be written compactly as
(w—u)"(s =) > |lu— |3

Assumptions

Throughout this paper, we suppose that the following assumptions hold.

Assumption 2.1. The solution set of (1.1) is nonempty. There exists
u' = (2',y") € ri(dom(01) x dom(63)) N F,
where

F={u=(x,y) € X x Y| Az + By = b}.
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Assumption 2.2. Suppose 01 and 0 in (1.1) satisfy (2.1)-(2.2) with two symmetric positive
semidefinite matrices X1, Xo. The matrices R and S defined in (1.5) are symmetric positive
semidefinite. The matrices A, B in (1.1), ¥1, ¥ and R, S satisfy

YW+ ATA+R>0, X,+B'B+S>0.
For given 8 > 0, there exists a positive scalar T > 0 such that

2%, + S - BB B. (2.3)

Remark 2.3. The condition (2.3) can be relaxed to
2%, + S = f7B' B, (2.4)
whenever B has full column rank.

Remark 2.4. We remark that if the function 6, is a quadratic or smooth function, then
there always exists a positive scalar 7 (not small) satisfying (2.3) for the PADMM (1.5) even
with a positive semidefinite proximal term [6, 11]. For example, let 65(y) := %yTEgy +cly.
We can choose S = (I — ¥y with ¢ = A\pax(¥2) when B =1, and S = (I — 3B'B — %,
with ( = )\maX(BBTB + 32) when B # I and it has full column rank. Then the maximum
scalar T satisfying (2.3) can be computed as follows:

_ Amin(X2) +¢

— 1.
"7 Brmax(BTB)

Further, it reduces to

)\min(EQ) + C

T=—,

B

when B = I. Usually, the 7 defined above is large when Ayax(X2) is large with 3 given due
to C > Amax(22)~

Each subproblem in (1.5) is well-defined under Assumptions 2.1 and 2.2.

Optimality condition

In this section, we characterize the optimality condition of the problem (1.1) in the varia-
tional inequality context. Denote 2 := X x ) x R™. Define the Lagrangian function of the
problem (1.1) by

L(z,y,\) = 01(x) + 02(y) — AT (Az 4+ By — b). (2.5)

Under Assumption 2.1, it follows from [23, Corollary 28.2.2] and [23, Corollary 28.3.1] that
(z*,y*) € domf; x domfs is a solution of (1.1) if and only if there exists a Lagrangian
multiplier A* € R™ such that (z*,y*, \*) is a saddle point to the Lagrangian function (2.5).
Thus, under Assumptions 2.1 and 2.2, we can characterize the optimality condition of (1.1)
as

e X, 0i(z)—0(x")+ (@ —a) (=ATN) > %||:1:—:c*||221, Ve X,
vredl,  Oa(y) —b(y)+ -y ) (=BTN) =3ly-yl},, Vyed,  (26)
A* € R™, (A= AT (Az* + By* —b) >0, VA eR™.
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More compactly, the system (2.6) can be written as the following variational inequality (VI):

1
VI(Q,F,0): w €Q, 0u)—0u*)+w—w) Fw)> §||u —u*||E, Yw € Q,

(2.7a)
where
x v —ATA
“:( )’“’: y | 0u)=01(2) +0a(y), Fw)= |  —BTA
i A Az + By —b
(2.7b)

The solution set of VI(Q, F’, #) is denoted by Q* which is nonempty under Assumption 2.1.

Preparation for Convergence

In this section, we present several lemmas and theorems for facilitating global convergence
and convergence rate analysis. The following three lemmas are elementary, and the proof is
trivial and thus omitted.

Lemma 3.1. The mapping F(w) defined in (2.7b) satisfies
(w' —w)"[F(w') - F(w)] =0, VYw, weR™mn2tm,
Lemma 3.2. For a matriz H € R™"*"™ with H = 0 and vectors a, b, ¢, d € R", we have

1 1
(a=0)"H(c—d) =5 [la—dl —lla—cllf] + 5 [lle = bl = lld = blF]

Lemma 3.3. Suppose that X1, Yo and R, S are symmetric positive semidefinite. The
matrices A and B are given in (1.1). Then, for any 8 > 0, we have 1 + BATA+ R = 0
whenever 1+ AT A+ R = 0. Analogously, Yo+ BB B+S = 0 whenever Yo +BTB+S = 0.

Next, we introduce an auxiliary vector w* = (¥, 5", 5\’“), defined as
ik k+1 7 k41 (3.1a)
and
M= \F — B(AzFH + ByF —b), (3.1b)

where the sequence {w*} is generated by the PADMM (1.5).
The coming lemma reveals the relationship among w”, @w* and w**1.

Lemma 3.4. Let {wk*1} be generated by (1.5) and w* be defined by (3.1). Then, we have
whtt = wk — M(w® — "),
where

I 0 0
M=|o0 I 0o . (3.2)
0 _'YﬂB '7/Im
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In the following, we characterize the optimality condition of the PADMM (1.5) with
variational inequality.

Lemma 3.5. Let {w**!} be generated by the PADMM (1.5) and @* be defined by (3.1).
Then, we have

@* € Q, 0(u)—0(a*) + (w—a")" [F(i") — Qw* —w")] >0, VweQ,

(3.3a)
where O(u) and F(w) are defined in (2.7b) and the matriz Q is defined by
R 0 0
Q= 0 S+BB'B 0 |. (3.3b)
0 -B %I

Proof. First, according to the optimality condition of the x-subproblem in (1.5a), we get
e X, i)~ 01 + (o )T [~ATRE 4 RGE - ab)] > %Hx a2,
VzekX. (3.4)
Analogously, using the optimality condition of the y-subproblem in (1.5b), we have
7" €Y, 0a(y) = 02(5") + (y—§") " [-BTN + (S + BB B)(5* — 4]
> Ly — g2, Yy e . (3.5)
Finally, according to the definition of M| we obtain

A eR™ (A= M) T[(AZF + Bj* —b) — B(I* — %) + (1/8)(\F = AF)] >0,

VAeR™. (3.6)
Combining (3.4), (3.5) and (3.6), and using the notations in (2.7b) and the definition of @
in (3.3b), the assertion follows immediately. O
Next, we further introduce a positive semidefinite matrix
R 0 0
H=| 0 S+BB'B 0 . (3.7)
0 0 7%(3[

According to the definitions of @ in (3.3b) and M in (3.2), it holds that Q@ = HM. Conse-
quently, we can rewrite

(w— &) TQ(w* — %) = (w — &*) T H(wk — whth), (3.8)

where the equality follows from Lemma 3.4. Based on Lemma 3.5 and (3.8), we show the
discrepancy between the auxiliary vector @w* and any point in Q.

Theorem 3.6. For the sequence {w*} generated by the PADMM (1.5), we have
O(u) — 0(a") + (w — @w*) " F (")
> 5 (= — o — b ) 4 5 (et — @~ o ), Ve e,
(3.9)
where H is defined in (3.7).
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Proof. First, since Q = HM, substituting (3.8) into (3.3a) yields
ke, 0(u)—0(@") + (w— &) TF(@*) > (w—@*)TH@w" —w*t), Vw e Q. (3.10)
Due to Lemma 3.2, we have
- 1
(w—@") T H(w* —w"h) = S (Jw = w" = [lw - w*||7)

1 ~ i
+o (lw® =@ = [lw™ = a* ). (3.11)

Substituting (3.11) into the right-hand side of (3.10), the assertion follows directly. O

Consequently, we take a further analysis for the second term of the right-hand side of
(3.9). Thus, we define it as:

1 i i
5 (" = @* 3 = [l = @¥|). (3.12)

A(w®, wh ) =
Lemma 3.7. For the sequence {w*} generated by the PADMM (1.5), we have

1
Ak, wh ) = 2 (lla* =2+ g~ v 3eppm s

+(2 = 7)BlIr*T1? 4+ 28(By* — ByFt) Tkt

(3.13)
with
PRl = APt 4 Byt b, (3.14)
Proof. First, due to (3.1), we have
N\ = grRtl 4 BB(yF — R Y. (3.15)
Consequently, combining with (1.5¢), we get
ARFL 3k = \RHL kg ak Sk
— B gkt 53( oy
= (1—7)pr** + BB(y" ’““) (3.16)
Combining the above two equalities, we further obtain
> (”)\k _ K2 AR 5\k||2)
= 7% (I18r*F1 + BBy — y* )17 — (1 = 9)Br* T + BB(y* — y*)|1?)
= Bl@=Ir P +2(By" - Byt T (3.17)

On the other hand, invoking (3.1) and the definition of the matrix H in (3.7), we get

1 ~ .
5 (™ = @17 — [lw* T — @)

1 - -
Sl it R e IR Y (P Ak|2—|Ak+1—Ak|2)].

Finally, substituting (3.17) into the above equality, and recalling the definition of A(w", w**1)
n (3.12), the assertion follows immediately. O
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Then, we give a further analysis for the crossing term in the right-hand side of (3.13).

Lemma 3.8. Let {w*T!} be generated by the PADMM (1.5) and @* be defined by (3.1).
Then, we have

B(By* — By*)Trh 1l > (1 — 4)B(By* — By*™) Trk + [ly* — o113,

o yM I, (3.18)

1
b k+1||s ||Z/

1
2

.
where r**1 is defined in (3.14).

Y

Proof. Setting y = y* in (3.5) and y = y**! in (3.5) with k := k — 1, recalling §* = y**+!
(see (3.1a)), and then adding them together, we obtain

(v =y )T {=BT(F =X ) + (S + BBTB) — ) - (vF - o)
> [ly* =y, (3.19)
On the other hand, due to (3.15), we get

A= NTE= [N = Bt BBy — )] - T - Bt 4 BBy -yt )
= AN B g Bt BBy — ) - BB -yt
=7 Bt gt = it BBy — k) — ﬂB(yk —y")
= (1—7)Br* =¥ 4+ BB —y¥) — BB(yF — ).
Then, substituting the above equality into (3.19), we obtain
B(By* — By* ) ekt > (1 —4)B(By* — By**) ok
Hly® =" HE + =) TS =y + -y,

Finally, using Cauchy-Schwarz inequality, it yields

_ 1 1, W
W =y TS =y ) > =Sl =y E - Sl - R
Combining the last two inequalities, the assertion follows directly. O

In the following lemma, we further treat the crossing term in (3.18).

Lemma 3.9. Let {w**'} be generated by (1.5). Suppose that Assumptions 2.1 and 2.2 hold
and v € (0,2). Then, there exists a sufficiently small positive scalar o such that

1 2 — ’y
(1- 7)5(Byk - Bka)Trk + §||yk - yk+1|\%+222+ﬁBTB + ——B]r k+1||2

1 , (1—7)?
> SauBlByt — By P+ S g (2 - Hr’“Hz)

1 1
30BN+ Soly R,
(3.20)
where r* is defined in (3.14) and

1
K= =
2

(1 + 74 (12__77)2> 7 (3.21)
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Cr:=1+71—k, (3.22)

(1-7*

Cyi=2—vy— (3.23)

Proof. First, invoking (2.3) in Assumption 2.2, there exists a sufficiently small positive scalar
o (0 < o < 1) such that

255 4+ (1 —0)S = BB B.
Consequently, we get
k ktINT ok Lok kg2 2= o k12
(1—=)B(By" —By™™") 'r +§Hy -y Hs+222+ﬁBTB+T5||7“ I
g
> (1=m)B(By* — By"™)Trk + S+ 1)|By" — By

2—~ 1 . .

+ 2SR + ol - 2.

(3.24)

Then, using Cauchy-Schwarz inequality, we have

K 1— )2
(1 -8By — By v = LByt — By - L g,

Consequently, substituting the last inequality into (3.24), and combining the definitions of
Cy in (3.22) and Cs in (3.23), the conclusion follows directly. O

The lemma below shows that both of the coefficients C7, Cy are positive when v belongs

to a certain range larger than (0, HT\E)

Lemma 3.10. Assume that 7 € (0,+00), and the step size v in (1.5) satisfies

( 1T+¢m>
ye |0, .

5 (3.25)

Then, we have

D (147 - 525 >0

ii) C1 >0 and Cy > 0, where Cy, Cy are defined in (3.22), (3.23), respectively.

Proof. For assertion i), we first observe that

(1—9)?

pp— >0 P2+ (r—1)y—(1+27)<0.

14+7—
Then, it is easy to show that the above last inequality holds when ~ satisfies (3.25). For
assertion ii), note that the upper bound for v in (3.25) is an increasing function with respect
to the parameter 7. Moreover, the limit value of the upper bound is 2 when 7 tends to

0. l=r+v7T16r 15
) 2

positive infinity. Thus, we have v € ( ) C (0,2). Consequently, we have

a) (1—7)3
v satisfies (3.25)(:>) (277)<H<1+Tg Cy >0, Cy>0.
-
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In fact, for implication (a), (3.25) guarantees the inequality (1 7) < 1+ 7 holds. Note that

& defined in (3.21) is the middle point of the interval ((1 7)” , 14 7') Thus, the implication

(a) is obviously true. The implication (b) follows directly from the definitions of C4 in (3.22)
and Cy in (3.23). O

The coming theorem is the basis for establishing the global convergence and estimating
the convergence rate for the sequence generated by the PADMM (1.5).

Theorem 3.11. Let {w**1} be generated by the PADMM (1.5) and w* be defined in (3.1).
Suppose that Assumptions 2.1 and 2.2 hold. Then, for any w € , we have

(wF T wh w) < @(wF, wh Tt w) + O(u) — 8(@") + (w — %) " F(w)
1 1 1
~{CBIB = By 4 SO + gt S+ ol - R
(3.26)
with

1 (1—7)?
+ oyt —yFE + Tﬂ||7“k+l||27

1
¢(wk+l7wk7w) =3 wk+1 - w”%[ 2|

(3.27)
where k is defined in (3.21).
Proof. First, substituting (3.18) into (3.13), we get
A(wk, wktt)
> 2 (I~ R+ I 0 s + 2= B

1 1 _
+2Uf—vM%Byk—lﬁﬁ+UTrﬂ-+§H 2Hy’“—y’”H?

Then, using (3.20) and the definitions of Cy and Cj in (3.22), (3.23), respectively, we have

A(wk, wk“)

yk k+1||s

>}C Bu* — ByFtL|2 (1—9)? E+102 1.k 2 EC k4112
> SCB|IBY* — Byt + = ﬂ(llr 12 = lIP4]1%) + 5CeBlr+

1 1
3l = U + St — g

Consequently, invoking Theorem 3.6 and the definition A(w”,w**1!) in (3.12), and then
combining the above inequality, we obtain

_ 1
Hyk—yk]ﬂ%4-§ﬂwk—y””ﬂé

O(u) — 0(a") + (w —@") T F(a")

1

1
> (= w0 — o —wh ) + 5t —

1—9)? 1

+§C1ﬁ||Byk _ Byk+1”2 + %ﬁ (”rk-&-l”Q _ ||7“k||2) + 502ﬁ||rk)+1||2

1
Sy — ht1)2,

1
3l =y R -

_ 1
; U3+ Sollyt -y

Finally, invoking Lemma 3.1 and using the definition ®(w**!,w" w) in (3.27), the assertion
(3.26) follows directly. O
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Based on Theorem 3.11, we can show the following contractive property of the sequence
w®} generated by the PADMM (1.5).
g Y

Theorem 3.12. Let the sequence {w*} be generated by the PADMM (1.5). Suppose that
Assumptions 2.1 and 2.2 hold. Then, for any w* € Q*, we have

(I)(wk+17 wka w*) S (I)(wk7 wkilv U)*)

1 1 1
~{C8BY — By 4 ZCaBI T + gt -

1 e 1
P =+ ol - B
(3.28)

Proof. First, using the definition of " in (3.1) and combining (2.7) with setting w = wk*1,

we have

) — 0(u") + (@ —w*) TF(w')
= 0 — 0() + (W )T
> 2t~

Setting w = w* in (3.26)-(3.27), and combining the above inequality, the assertion (3.28)
follows directly. O

Convergence analysis

In this section, we show the global convergence and estimate the convergence rate in terms
of the iteration complexity for the PADMM (1.5).

Global convergence

We summarize the global convergence of (1.5) in the following theorem.

Theorem 4.1. Suppose Assumptions 2.1 and 2.2 hold. Assume that the step size v satisfies
(3.25). Let the sequence {w*} be generated by the PADMM (1.5). Then, the sequence {w*}
converges to a solution point w*> € Q*.

Proof. Let (z°,3°, A\%) be the initial iterate. According to Theorem 3.12, we have
O (w1 wk, w*) < ®(wk, w1t w*)

1 1
- (3C81B6F ~ I + 3Casl

1 1
Hglebt =k G - R ol - ) Vet e (@)

It follows from the above inequality that

1 1
Z( BB~y + SCBI P + Ll — o
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1 1
3ol = s+ I - ) < o),

Invoking Lemma 3.10, it yields C7,Cs > 0, and hence we have

lim By =y =0, lim ] =0,
— 00 k—o00

lim [|2** — 2¥||p =0, lim [ly* — "5 =0,
k—o0 k—o0
(4.2)
and
lim [|2*t — 2*[|g, =0, lim [y**! - y*[|s, = 0. (4.3)
k—o0 k—o0

Then, it follows from the last equations that the sequences {¥1z**!} and {Zoy*+1} are
bounded. It follows from (3.28) and the definitions of ®(w**!,w*, w) in (3.27) , H in (3.7)
that the sequences { Rz**1}, {(S + BB B)y**1} and {\*} are all bounded. Combining the
boundedness of the sequences {32y*T1} and {(S + BT B)y**1}, the sequence {(S + 25 +
BBT B)y**+1} is bounded. Together with the positive definiteness of (S + Xy + BB B), this
implies the boundedness of {y**1}. Noting Az*+ By* = b, and using the triangle inequality,
we have

A =) < P U]+ By — By

We further obtain the boundedness of the sequence {Az**!}. Combining with the bounded-
ness of the sequences { Rx**1}, {321}, and the positive definiteness of (R+X; + AT A),
the sequence {z**1} is bounded. Thus, the subsequence {w*} is bounded. Hence, there
exists a point w™ € Q and a subsequence {w*t} such that

lim ||w® —w*>| = 0. (4.4)

t—o0

According to the optimality condition of (1.5), we have

01(%) — 91($k+1)
—|—($ _ xk+1)T{_AT [/\kJrl _ (1 _ 'y)ﬂTkJrl _ ,BB(yk _ yk+1)] + R(:quLl _ JL‘k)} >0

02(y) — O2(y* ) + (y — ") T{=BT [MF+ (v = 1)BrF ] + S(y* T —y¥)} > 0,
()\ _ )\k+1)T[Axk+1 + Byk-i-l —_b— %()\k _ )\k-i—l)] > O7
Ywe Q.

Setting k = k; — 1 in the above inequality system, and then letting ¢ — oo and using (4.2),
(4.4) and the lower-semicontinuity of 6, and 63, we have

01(x) — 01 (x%°) + (z — ) T{=ATX>*} >0,
O2(y) — b2(y™) + (y —y=) {-BTx>*} > 0,
(A= 2°)T(Az® + By> —b) > 0, Vw e

It implies that w™ is a solution point. Hence, (4.1) is also valid if w* is replaced by w®®,
ie.,

<I>(wk+1,wk,w°°) < @(wk,wk_l,woo).
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Since ®(w**! wk,w>) > 0, it implies that limy_; ®(w**! wk, w™>) exists. Thus, we get

lim ®(wh wk w>®) = lim ®(w, wh =1 w>) =0, (4.5)
k—o0 t—o00

where the last equality follows from the definition of ®(w**1, w* w) in (3.27) and (4.4) and
(4.2). Then, it follows from (4.5) that

lim (2" =2 g =0, lim [[¢** —y®sypprp =0, lim [[AF1— 2= =0.
k—o0 k—o0 k—o0
(4.6)
Moreover, (4.3) is also valid if w* is replaced by w®, i.e.,
lim [|2* — 2%z, = 0, lim [y** =y, = 0. (4.7)
k—o0 k—o0

Hence, we can show

" —y™|s,4887B+s = 0.

Qv
Using the positive definiteness of (S + X + BT B), we get
Jim g+ =y = 0.
Then, using the triangle inequality, we have
[AZHY — Ax®|| < 7™ + || By** — By™|.
Thus, it follows that

lim ||AzFT! — Az®| = 0.
k—o0

Then, combining (4.6) and (4.7) with the above equality, we obtain

lim [|z**!

o - =7UOO||21+¢3ATA+1{1 =0.

Thus, due to the positive definiteness of (R + X1 + BAT A), we get

lim [lz**! — 2% = 0.
k—o0

Therefore, we have shown that the whole sequence {w*} converges to w, which is a solution
point. This completes the proof. O

Remark 4.2. From the proof, we see that Theorem 4.1 is also valid even if (2.4) holds and
B has full column rank.

Remark 4.3. As we mentioned before, the PADMM (1.5) is reduced to the classical ADMM
(1.4) when R = S = 0. Therefore, the convergence of the ADMM (1.4) with v satisfying
(3.25) can also be established under Assumptions 2.1 and 2.2 with R = S = 0.
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Convergence rate

To estimate the convergence rate in terms of the iteration complexity, we first recall the
concept the partial primal-dual gap in [3] which is defined as:

Gp (W) = sgg{c(a,x) —L(u, N}, Vi eQ,

where the set D is a subset of 2.
With simple calculations, we have

Gp(w) = sup {0(a) — O(u) + (0 — w)TF(w)}

weD

As shown in [3], if D contains a solution of the VI (2.7), we have Gp(w) > 0 for any w € Q.
If @ lies in the interior of D and Gp(w) = 0, then @ is a saddle point of £ defined in (2.5).
Next, we define the average of the past ¢ iterations as follows:

t

t
e %Z@k, gei= Y 0k, ::%Zak, and 0y ::;Zwk. (4.8)

k=1 k=1 k=1 k=1

—_

Obviously, w; € € because of the convexity of 2. In the following, we characterize the
convergence rate of w; defined in (4.8) in terms of the partial primal-dual gap, and the
feasibility violation and the decrement of the objective function.

Theorem 4.4. Suppose Assumptions 2.1 and 2.2 hold. Assume that the step size vy satisfies
(3.25). Let the sequence {w*} be generated by the PADMM (1.5), and &y, G, Uiz Wy be defined
in (4.8). Then, the following assertions hold.

1) Let W be defined in (4.8). There exists a point w™ € Q* such that

lim U~}t = w™
t—o0

[2)] For Cy == 1|y° — y*||% + (1 ﬂ||7’1||2 with K defined in (3.21), we have

Olii) — ) + (e — w) F(w) < 7 |5’ = wllfy + G (4.9

3) There exists a constant Cy > 0 such that

Cs
| A%, + By — b||*> < 2 (4.10)
4) There exists a constant Cs > 0 such that
C
10(ii;) — O(u™®)| < 73 (4.11)

Proof. 1) First, it follows from Theorem 4.1 that there exists w™ € Q* such that w* con-
verges to it. Then, from (4.8), we have

.. o1 .
lim @ = lim — = lim @® = lim w*™! = w™®
t—00 t—oo t k— 00 k—oo
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where the second equality is due to Stolz-Cesaro Theorem (see, e.g. [1]), and the third
follows from (3.1), (3.16) and Theorem 4.1.
2) It follows from Theorem 3.11 that

O(u) — O(a*) + (w — ") T F(w) > &(w* w® w) — d(w”, w1 w), YweQ.

(4.12)
Then, summarizing the inequalities (4.12) over k = 1,...,t, we obtain
t t T
t0(u) — 3 0@) + (tw -3 wk) Fw) + ®(w, 0, w) >0, YweQ.
k=1 k=1

Then, using the notation of w; in (4.8), the last inequality can be written as

1 ~k ~ T 1 1,0

7 > 0@ — 0(u) + (i — w) F(w) < “o(w!,w’w), Vweq. (4.13)

k=0

It follows from the definition of @; in (4.8) and the convexity of 8(u), it follows that

O(1;) <

~+ | =

> 0@").

t
k=1
Substituting them into (4.13), the assertion (4.9) follows directly.
3) By invoking Theorem 4.1, we see that the sequence {w*} converges to a solution point
w™ € Q*. Thus, the sequence {w*} is bounded. Let us define
~ 2
Cyi= —— ( AL — X2 4 sup[||AFFE — A 2)
oz (N = X1 -+ sup) §

which is a constant independent of k. Then, we have

t 2

1
| AZ: + Bje —b]* = Ht > [43" + Byt o]
k=1

2

o)

Cy
t77

_ i 1 yt41 2
= g o] < im

where the first equality follows from (4.8), the second follows from (1.5¢) and the fourth
follows from Cauchy-Schwarz inequality. The assertion (4.10) is proved immediately.
4) Tt follows from L(s, A>°) > L(u>, A°°) that

(AT = A2 I = A)f?) =

- I o 4~ N 171 o B B
O(ay) —0(w>) > (A ,Aa:t—|—Byt—b>Z—§ (tl)\ ||2—|—t||Axt—|—Byt—b||2>

Y]

1 oo -
= (X2 + C),
(4.14)

where the second inequality is because of the Cauchy-Schwarz inequality and the last is due
to (4.10). On the other hand, setting w := w™ in (4.9), we obtain

~ [o'e) ~ [e'e) e’} 11 [e’e} s
0(a,) — §(u>) + (0, —w>) " F(w ) <5 |5let —w™lE+C
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Invoking the definition of F' in (2.7b), we have
~ 00 [ee] 00 =, ~ 1 o] ~
(e = w) T F(w™) = =(\%, Ay + B — b) > = (A + C2),

where the last inequality is similar to (4.14). Combining these two inequalities above, we
get

_ 1
O(a) — O(u™) < n

1 ~ 1 _
St —wlE + Cu | + (< + Ca), (415)

The inequalities (4.14) and (4.15) indicate that the assertion (4.11) holds by setting Cs :=
[3llw! —welE + C1] + (1A% + C2). O

From the proof, we can see that the assertions 3) and 4) of Theorem 4.4 follow directly
from the first two assertions. Suppose that the set D is compact and contains the sequence
{w*} and its limit w™, then we define

_ 1 _
A= sup{in1 — wH%I +Ch}
weD

Thus, after ¢ iterations of the PADMM (1.5), the point @, defined in (4.8) satisfies

| >

Gp () < —.
Therefore, we establish the O(1/t) ergodic convergence rate measured by the partial primal-
dual gap, the primal feasibility and the objective function, respectively.

Conclusions

The proximal alternating direction method of multipliers (PADMM) (including ADMM as a
special case) is a popular and efficient method for separable convex programming. Moreover,
Glowinski proposed a large dual step size belonging (0, 1+2\/5) to accelerate the numerical
performance of ADMM. However, it was unknown whether or not the step size in the
Glowinski” ADMM can be further enlarged; a case with potential advantages in numerics.
We carry out a rigorous convergence analysis in a more general framework, i.e. PADMM
under some moderate and checkable conditions. Furthermore, we also establish the worst-
case O(1/t) convergence rate in the ergodic sense, measured by the partial primal-dual gap,
the feasibility violation and the decrement of the objective function.
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