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ON THE PROPERTIES OF TENSOR COMPLEMENTARITY
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Abstract: Properties of solutions of the tensor complementarity problem (TCP) for structured tensors
have been investigated in recent literature. In this paper, we make further contributions on this problem.
Specifically, we first derive solution existence theorems for TCPs on general cones from the results studied in
the nonlinear complementarity problem literature. An interesting byproduct is that conditions (e.g., strict
copositivity) of solution existence results for TCPs on the nonnegative cone can be reduced to copositivity,
which, to the best of our knowledge, is the weakest requirement in the current TCP literature. Moreover,
we study the topological properties of the solution set and stability of the TCP at a given solution, which
are not discussed before and further enrich the theory of TCPs.
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Introduction

The complementarity problem is a long historical topic that has become a well-established
and fruitful discipline within mathematical programming. We here refer the reader to mono-
graphs [4, 7, 14] and surveys [8, 11] for the well developed basic theory, numerical algorithm,
and applications of complementarity problems.

In recent decades, with the rapid development of the discipline of tensors, the so-called
tensor complementarity problem (TCP) over the nonnegative cone was introduced recently
for the research on structured tensors [19]. It is well known that the concept of tensors is a
natural generalization of matrices. Therefore, the classical linear complementarity problem
(LCP) is a special case of TCPs. However, most of the well established properties of LCPs
cannot be extended to TCPs directly due to the complicated structure of tensors. Accord-
ing to the definition of TCP, we can easily see that such a model falls into a special case of
the nonlinear complementarity problem (NCP), and thus many results of NCPs are certainly
applicable to TCPs, which, however, do not often embody the structure of tensors. Compar-
atively, we are more interested in some specialized properties of TCPs by fully considering
the structure of tensors. For instance, some recent papers are dedicated to showing the exis-
tence of solutions of TCPs with some structured tensors (e.g., nonnegative tensors [13, 19],
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symmetric positive definite tensors and copositive tensors [3], (strictly-) semi-positive ten-
sors [20, 22], Z-tensors [10] and M-tensors [5, 23], ER-tensors [1], and P-tensors [1, 6, 19]). In
[1], the authors considered the property of global uniqueness and solvability for TCPs with
particular tensors. Along with the booming of sparse optimization, Luo et al. [16] studied
the sparsest solutions to TCPs. Most recently, Huang and Qi [12] reformulated an n-person
noncooperative game as a TCP showing an interesting application of TCPs in management
science.

Note that all results mentioned above focus on the special case, TCPs over the nonnega-
tive cone, and require some relatively stronger conditions. Therefore, there are three natural
questions: i) can we consider the TCP on a general cone? ii) can we establish the solution
existence theorem under weaker conditions on tensors than the previous results? iii) what
more properties can we obtain for the problem under consideration?

In this paper, we consider the TCP over a general cone extending the model introduced
in [19]. As an special case of NCPs, we derive some specific solution existence results for
the TCPs under consideration from the results presented by Gowda and Pang [9]. An
interesting consequence is that conditions (e.g., strict copositivity) of the solution existence
for TCPs over the nonnegative cone can be weakened to copositivity, which is weaker than
the requirements investigated in the TCP literature. The other two important results are
the topological properties of the solution set and stability of solutions of the general TCP.
To the best of our knowledge, such properties are not studied in the current TCP literature.
All results presented in this paper further enrich the theory of TCPs.

The structure of this paper is organized as follows. In Section 2, we first describe the
general model of the TCP under consideration and introduce some notations that will be
used throughout. In Section 3, we summarize some definitions and properties, which are
preparations of the subsequent analysis. In Section 4, based on the results of Gowda and
Pang [9], we present the existence of solutions of TCPs under mild conditions. In Section 5,
we show the topological properties and stability of solutions of general TCPs. Finally, we
complete this paper with drawing some concluding remarks in Section 6.

The Model and Notation

The concept of tensors is a natural generalization of matrices. Notationally, let A :=
(@iyig...ipy )1<is sio,....imy <n denote an m-th order n-dimensional square tensor, where a;,;,...;,, €
R. Denote by 7Ty, the space of all m-th order n-dimensional square tensors. Clearly, we
can see that 7, , is a linear space of dimension n™. Here, we shall mention that all the
tensors discussed in this paper are real. Besides, we denote by Z := (0y,...;,,) the unit tensor
in Ty, pn, where oy, ...;, is the Kronecker symbol

m

1, ifiy = =iy,
Ciyoi, 1= .
s 0, otherwise.

For given A € Ty, , and q € R", the tensor complementarity problem (TCP) refers to
the task of finding a vector x € R™ such that

xeK, wi=Ax""'+qe K*, and x 1l w:=(x,w)=0, (2.1)
where K C R" is a given closed and convex pointed cone, K* is the dual cone of K defined

by
K" :={yeR"|(y,x) >0, Vxe K},
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and (-, -) denotes the standard inner product in real Euclidean space, the function F(x) :=
Ax™~1: R™ — R™ whose i-th component is given by

n

Fi(x) := (Ax™ 1) = Z Qiig iy Lig *** Tipy e (2.2)

12,00 im =1

Throughout, we define Ax™ as the value at x of a homogeneous polynomial of the form

n
m . T m—1 ,__
Ax™ =x"' Ax = E Qiyig-iy, iy Tiy *** T

11,8250yt =1

m*

Obviously, each component of Ax™~! is a homogeneous polynomial of degree m — 1. Note
that TCP (2.1) immediately reduces to the model studied in [1, 19, 20] when taking K :=
R%. In what follows, we denote TCP (2.1) by TCP(K,q,.A) for notational convenience.
Moreover, we denote by SOL(K, q,.A4) the solution set of TCP(K,q,.A), i.e.,

SOL(K,q,A) == {x e R" | K 5 x L (Ax™ ' +q) € K*}.

It is noteworthy that the solution set SOL(K,q,.A) is possibly empty for general tensors.
Therefore, it is necessary to investigate that what tensors could make the solution set
SOL(K, q,.A) nonempty and what more properties we can get for such tensors.

Throughout this paper, let I, := {1,2,--- ,n} be an index set. Denote R™ the real
Euclidean space of column vectors with length n, i.e.,

R":={x= (z1,22,...,20) " | i eERiel,},

where R is the set of real numbers and the symbol T represents the transpose. Correspond-
ingly, R} := {x € R" | x > 0} and R}, := {x € R" | x > 0}, where x > 0 (> 0) means
x; >0 (z; > 0) for all i € I,. For u € R” and v € R™, we denote by (u,v) the column
vector (u',v')T in R**™ for simplicity. For a vector x € R™ and a real number p > 0, de-
note xP! := (2,28, ...  22)T. Let e, := (1,1,...,1)T with length n. Let B,,(x,r) represent
the closed ball centered at x with radius r in R™, and in particular, denote by B,, the unit
sphere centered at 0 € R™. For a given subset N in R™, denote by cl(A) the topological
closure of N.

For given A € T, and a nonempty subset « of I,,, we denote the principal sub-tensor of
A by A,, which is obtained by homogeneous polynomial Ax™ for all X := (1,29, ...,2,) "
with x; = 0 for @ = I,,\ca.. So, Ay € Ty |a|, Where the symbol |a| denotes the cardinality of
a. Correspondingly, we denote the sub-tensor of A by Ag., which consists of the elements
Giyiy..i,, 0 A with i1 € a and io, .. .,%,, € a. Notice that Az, is not a square tensor. If the
entries a;,4,.. 4, of a given tensor A are invariant under any permutation of their indices, then
Ais called a symmetric tensor. If for every i € I,, A; := (Qiiy...ir, )1<is,....im<n, a1l (m—1)-th
order n-dimensional square tensor, is symmetric, then A is called a sub-symmetric tensor
with respect to the indices {i2,...,%,}. Apparently, a symmetric tensor A must be sub-
symmetric, but the reverse is not true. For given A := (aiyiy...in,) € Tm,n and x € R,
Ax™~2 denotes the n x n matrix with its (i, j)-th element given by

n

m—2 .
(AX )” T Z aiji3-~'i7rzxi3 e xim .

i5,eeim=1
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Definitions and Lemmas

In this section, we introduce some basic definitions and lemmas, which pave the way of our
further analysis.

Let K be a closed and convex pointed cone in R™. Recall that a nonempty set 2 C R"
generates K, thereby writing K := cone(Q) if K := {ts : s € Q, t € Ry}. If in addition
) does not contain the zero vector and for each x € K\{0}, there exist unique s € Q
and ¢t € Ry such that x = ts, then we say that Q is a basis of K. Whenever Q is a
finite set, cone(conv(f?)) is called a polyhedral cone, where conv(Q)) stands for the convez
hull of Q. It is clear that R’} is a closed convex cone in R", whose a compact basis is
A:={xeR} |e/x=1}

Definition 3.1. Let A = (aiy4y..4,,) € Tm.n, and let K be a given closed convex cone in
R™. Then, A is said to be

(i) K-positive semi-definite, if Ax™ > 0 for any vector x € K;

(ii) K-positive definite, if Ax™ > 0 for any vector x € K\{0}.
In particular, an R’} -positive semi-definite (R’;-positive definite) tensor is called copositive
(strictly copositive) tensor.

The following property characterizes K-positive semi-definite (definite) tensors and ex-
tends ones proposed in [17]. For the sake of completeness, here we still present its proof.

Property 3.2. Let K be a closed convex cone associated with a compact basis 2. Let
A € Ty . Then, A is K-positive semi-definite (definite) if and only if

min {Ax™ | x € Q} >0 (> 0).

Proof. For every x € K\{0}, there exist unique s € © and ¢t € Ry such that x = ¢s.
Consequently, the desired result follows from Definition 3.1. O

Definition 3.3. Let A € Ty, », and let K be a given closed convex pointed cone in R™*. We
say that A is K-regular if it satisfies

Ax™ £0, ¥V x € K\{0}.

Definition 3.4. Let A € T, ,,, and let K be a given closed convex cone in R™. We say that
A is K-singular if it satisfies

{x € K\{0} | Ax™! =0} # 0.

Otherwise, we say that A is K-nonsingular. In particular, we say that A is singular if it
satisfies

{x € C"\{0} | Ax"" ' =0} # 0.
Otherwise, A is said to be nonsingular.

From Definition 3.4, it is easy to see that, A is K-nonsingular if and only if, for every
sequence {0} C K with ||| — oo as I — oo, there exists a subsequence {z(!)} of
{z®1 such that ||A(z*))™~1|| - oo as I; — oo. It is clear that, if A is nonsingular, then
for any given closed convex cone K in R"™, A is K-nonsingular. From Definitions 3.1 and
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3.4, it is easy to see that, a K-positive definite tensor A must be K-nonsingular. As we
know, if a symmetric matrix A € 73, is positive semi-definite and nonsingular, then it must
be positive definite. However, if A is asymmetric, the above conclusion is not true. The
following example shows that, when m > 3, even if A € 7,,, is symmetric, K-positive
semi-definiteness and K-nonsingularity of A do not imply the K-positive definiteness of A.

Example 3.5. Let A = (a;,i5i5) € 73,2, Where a122 = a212 = @221 = G211 = @121 = a112 = 1
and all other a;,;,:, = 0. It is clear that A is symmetric. Moreover, for any x € R2, we have

A — { T3 + 22172

22 1 20129 } and  Ax® = 3z,23 + 32%a,.

Consequently, it is easy to verify that A is copositive and nonsingular, but not strictly
copositive.

Denote by C(R™) the set of nonzero closed convex cones in R", which is associated with
the natural metric defined by

§(Ky, K3) := sup |dist(z, K1) — dist(z, K3)],
llzll<1

where K7, Ky € C(R") and dist(z, K) := infuex ||z — ul| stands for the distance from z to
K. An equivalent way of defining ¢ is

5(K1,K2) = haus(K1 ﬂBn,KgﬂBn), (31)

where

haus(C1, C3) := max { sup dist(z, Cs), sup dist(z, C’l)}
z€C zeC>
stands for the Hausdorff distance between the compact sets C1,Co C R™ (see [2, pp.85-86]).
For more details of the metric d, see [18]. According to Walkup and Wets [21], the operation
K — K* is an isometry on the space (C(R"™),d), that is to say,

0(K7,K3) =0(Kq,Ks), forall Ki,Ky € C(R™).
From Definition 3.4, we immediately obtain the following lemma.

Property 3.6. Let gf(,_ﬂ) € C(R") X Tpun. If Ais K-nonsingular, then there exists a
neighborhood U of (K, .A) such that A is K-nonsingular for any (K, .A) € U.

Proof. We prove it by contradiction. Suppose that the conclusion is not true, then there
exists a sequence of {(K;, A)} satisfying (K;, A') — (K, A) as | — oo, such that Al is
K;-singular for all I. Consequently, there exists x() € K; N B,, for every I, such that

Alxym=t =0 vi=1,2,.... (3.2)

Since {x(} C B,, and B,, is compact, without loss of generality, we assume x) — x € B,
as | — oo. Furthermore, since x) € K; N B, for every | and 0(K;,K) - 0asl — oo,
by (3.1), it is not difficult to know that € K. Accordingly, by letting [ — oo in (3.2), it

f9110ws from Al — A and x(M — % that Ax™! = 0. It is a contradiction, because A is
K-nonsingular and x € K\{0}. O
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Hereafter, for given A € 7, , and K € C(R"), we denote
Tpos(K, A) = {Ax" ' | x € K}.

Clearly, when taking m = 2 (i.e., A is a matrix), Tpos(R’,.A) reduces to the closed convex
cone generated by A (see [4]). However, when m > 3, Tpos(R"}, A) is not convex in general,
but still remains the closedness that will be proved in the following lemma.

Lemma 3.7. Let A€ Ty, and K € C(R™). If A is K-nonsingular, then Tpos(K, A) is a
closed cone.

Proof. We first prove that Tpos(K,A) is a cone, i.e., ty € Tpos(K,A) for any y €
Tpos(K,A) and t € R,. Since y € Tpos(K,.A), there exists x € K such that y = Ax™~!
which implies that ty = fl(tﬁx)mfl € Tpos(K,.A) since tmix e K.

We now prove that Tpos(K, A) is closed. Note that the function F' defined by (2.2) is a
compact map, which implies F(K NB,,) is compact, since K NB,, is a compact basis of K. It
is clear that F(K NB,,) C Tpos(K,.A), which implies that cone(F(K NB,)) C Tpos(K, A),
since Tpos(K,.A) is a cone. Moreover, we claim that Tpos(K,A) = cone(F(KNB,,)). In fact,
for any y € Tpos(K,.A), there exists x € K such that y = Ax™~1. If x = 0, it is obvious
that y = 0 € cone(F(K NB,,)). Without loss of generality, we assume that x € K\{0}. Let
% := x/||x||, and then x = ||x||x. Hence y = ||x||""1Ax™! € cone(F(K NB,)). Therefore,

Tpos(K, A) = cone(F(KNB,)). Since A is K-nonsingular, it holds that 0 ¢ F(KNB,,) from

0 ¢ KNB,,. We know, from the compactness of F(K NB,,), that Tpos(K,.A) is closed. O

Notice that the K-nonsingularity of A is only a sufficient condition for the closedness of
Tpos(K,.A), which will be showed in the following example.

Example 3.8. Let A = (a4,iyiz) € Ta,2, where aj12 = a121 = a221 = ag12 = 1 and all
others a;,;,;; = 0. It is clear that Ax? = 2z175(1, 1)T for any x € R?, which means that
A is R? -singular, since Ax? = 0 for x = (1, 0)". However, we can see that Tpos(R2, A) =
{a(1,1)T | @ > 0} which is closed.

In the rest of this section, we regard Tpos(-,-) as a set-valued map from C(R"™) X Tp, p
into the power set of R™. The following lemma characterizes the closedness of the map
Tpos(:, ).

Lemma 3.9. Let (K, A) € C(R") X Ty n. If A is K-nonsingular, then the map Tpos(-,-)
is closed at (K, A).

Proof. Take any sequences {(K;, A")} € C(R™) X Tpn and y € Tpos(K;, A') satisfying
(K, A — (K, A) and y — 3, respectively. To prove the colsedness of Tpos(-,-) at
(K, A), we need to prove y € Tpos(K,.A).

For every 1, since y) € Tpos(Kj, A!), there exists x!) € K such that y() = A!(x®))m—1,
Without loss of generality, we assume x() # 0 for all I. Let z) := x(/||x(D|. Then we
have

g = [ A 2Oy, (33

It can be easily seen that z() € K;NB,, for every I. Since 6(K;, K) — 0 as | — oo, by (3.1),
we know that dist(z"), KNB,) — 0. Since {z()'} C B,,, without loss of generality, we assume
z() = 7 as | — oo, which, together with the closedness of K NB,,, implies that z € K NB,,.
Thanks to A" = A and z) — z as | — oo, we have A!(z))"~1 — Az™~ 1. It follows from
the K-nonsingularity of A that Az~ # 0 since z € K\{0}. Moreover, since y*) — y and
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AlzM)ym=1 — Az, by (3.3), we know that x| — 7 := (|[y|l/|l4z"[)7 € Ry.
Therefore, by invoking (3.3) again, we have y = ™1 Az" ! = A(tz)™~! with 1z € K,
which means y € Tpos(K, .A). The desired conclusions follow. O

Indeed, the K -nonsingularity of A is a key condition for Lemma 3.9. Below, we give an
example to show that the K-nonsingularity of A is necessary to ensure the closedness of the
map Tpos at (K, .A), even for a very special case.

1 -2
1 -2
closedness of the map Tpos at (R%,.4), we consider the sequence {A'} defined by

Example 3.10. Let A = [ } € T22. It is clear that A is Ri-singular. To verify the

1 —2-1
Al:[l _21}67'272, Vi=1,2,....
It is clear that A" — A as | — co. Moreover, we know that (1,2) € Tpos(R%,.A") must hold
for all I, because for every [ there exists x(l)izz (2 +21,1) € R% such that A'xV) = (1,2).
On the other hand, we see that Tpos(R2,A) = {aes | @ € R}. It is clear that (1,2) &

Tpos(Ri, A), which means that the map Tpos(-,-) is not closed at (Ri, A).

Now we introduce an important concept, which is an extension of the one defined in [4,
Def. 1.3.2].

Definition 3.11. Given A € T, , and a C I,,, we define C4(a) € T, a3

—Qiyig..ipy s if ’il (S In,ig,...,im € o,
(Ca(@)iyin..i, =& Tiin..inys if 41,49,...,im € a, (3.4)
0, otherwise.

Ca(a) is then called a complementary tensor of A, where 0,4, ;.. is given in the unit tensor
Z. The associated cone, Tpos(K,C4(a)), is called a complementary cone.

Property 3.12. Let A€ Ty, and o C I,,. f =0, then C4(a) =Z. If o # 0 and A, is
R‘fl-nonsingular, then the complementary tensor C4(«) of A is R’ -nonsingular.

Proof. When « = (), by Definition 3.11, it is obvious that C4(a) = Z. We now consider the
case where a # (). Take any u := (u,,us) € R, where & = I,\c. It can be easily seen
that

_Aa(ua)m—l

CAM™ = | ()™ (uag)

(3.5)
If C4(c)u™ ! =0, then A, (uy)™ ! = 0 by (3.5). Consequently, by the le‘—nonsingularity
of A, it holds that u, = 0. Moreover, it follows from (3.5) that usg = 0. Therefore, C 4(«)
is R’ -nonsingular. O

Existence of Solutions

The properties of solutions of TCPs have been investigated under certain conditions in
earlier papers. In this section, we still study along this line and in particular show more
interesting results of the TCP on a nonnegative cone, that is, we prove that TCP(R",q,.A)
has a solution under comparatively weaker conditions.

Here, we first make the following assumption.
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Assumption] 4.1. Let (K, A) € C(R™) X Tp,. For every nonempty subset a of I,,
Tpos(K,C4(a)) is closed.

From Lemma 3.7 and Property 3.12, we know that, if A, is le‘—nonsingular for the
subset « of I,,, then Tpos(R’},C4(«)) is closed. Notice that if A is strictly copositive, then
Ag s R‘fl-nonsingular for every nonempty subset a of I,,. The following example shows

that even if A € 7,, ,, is copositive and A, is le‘—nonsingular for every nonempty subset «
of I, it is not necessarily strictly copositive.

Example 4.2. Let A = (aili'zis) € 7?372, where a111 = Qg2 = 1, ailz = aig2 = -1
and others are zeros. Then for any x € R?, we have Ax? = (2} — 2122 — 23,23) and
Ax3 = (w1 + 22)(z1 — 22)%. Consequently, it is easy to verify that A, is nonsingular for
every nonempty subset a C {1,2} and A is copositive, but not strictly copositive.

The above example efficiently shows that the combination of le‘—nonsingularity and
copositivity is relatively weaker than the strict copositivity. For given K € C(R™) and
A € Tppn, we now denote

Q(K,A):={qeR"| SOL(K,q,A) # 0} . (4.1)

Proposition 4.3. For given K € C(R™) and A € Tpyn. Then, Q(K,A) given by (4.1) is a
cone. In particular, if A satisfies Assumption 4.1 with K =R}, then Q(R'}, A) is a closed
cone.

Proof. We first prove that Q(K,.A) is a cone, i.e., q € Q(K,A) and ¢t € R, implies tq €
Q(K,A). When t = 0 or g = 0, the conclusion is obvious since tq = 0 € Q(K,.A). We
now assume q # 0 and ¢ > 0. Since q € Q(K,A), we know that SOL(K,q, A) # 0.
Take x € SOL(K,q,.A). Then, it is easy to see that tTx € SOL(K,tq, A), and hence
tq € Q(K,A).

We now prove the closedness of Q(R",.A). To this end, we first prove

QR A) = | J Tpos(R}, Ca(a)). (4.2)

aCl,

For any q € Tpos(R", C4(a)) with some o C I,,, there exists u = (u4, us) € R’ such that
q = Ca(a)u™ !, that is,

Qo = _Aa(uoc)m_lv
ds = —Asa(ua)™ ! + (ug)m=1,
and hence
{ Aa(ua)m_l +490 =0,
Asa(1a)™ ! + g5 = (ug)m=1.
This means that x = (u,,0) € SOL(R",q,A), and hence q € Q(R",A). Therefore, we
have

U Tpos(R:, Ca(a)) € Q(RY, A).

aClI,

Conversely, for every q € Q(R",.A), there exists x € R™ such that

x>0, AX" ' +q>0 and x' (Ax™" ' +q) =0. (4.3)



ON THE PROPERTIES OF TENSOR COMPLEMENTARITY PROBLEMS 683

If x = 0, then q > 0 by (4.3). Consequently, we have q € Tpos(R", C4(0)) since C4(0) =T
by Property 3.12. We consider the case of x # 0. Denote a = {i € I, | z; > 0} and
a = I,\a. It then follows from (4.3) that

Aa(xa)m71 +qa = 07
yd = Ao’ca(xa)mil + qd Z 07

which implies

qa = 7Aa(xa)m717
{ qa = *A&a(xa)nkl +vya- (44)

For such a C I,,, we define C4() by (3.4) and let u = (x4, (y&)[ﬁ]). It is clear that
u € R}. Moreover, it holds that q = C A(a)u™ ™1 which implies that there exists a subset
a of I, satisfying q € Tpos(R",C4(c)). Therefore, (4.2) holds. Moreover, for a tensor
A € Tinn, there are 2™ (not necessarily all distinct) Tpos(R’}, C 4(«)), which, together with
Assumption 4.1 with K = R”, implies that Q(R",.A) is closed. O

Proposition 4.4. Let q € R" and A € Ty . If A satisfies Assumption 4.1 with K = R’}
and SOL(R" , q, A) = 0, then there exists a neighborhood V' of q such that SOL(RY ,q', A) =
0 for any g’ € V.

Proof. Since SOL(R"},q,.A) = 0, it holds that q ¢ Q(R’,.A). From Proposition 4.3, we
know Q(R’,A) is closed, which means there exists a neighborhood V' of q, such that V' N
QR , A) =0, and hence the desired result follows. O

Let A = (4,iy...5,,) € Tmn- It is easy to see that SOL(R"},0,.4) # (. If TCP(R"},q, A)
always has a solution for any q € R™, then we call A a Q-tensor. It has been well docu-
mented in [1, 3, 6, 10, 19, 22] that strictly semi-positive tensors, P-tensors, strictly copositive
tensors, ER-tensors, positive tensors, and R-tensors are Q-tensors. If A is a strong M-tensor
satisfying a;,..;,, = 0 whenever i, # i) for some j # k, Gowda et al. [10] proved that A
is also a Q-tensor. If a symmetric tensor is copositive, then such a tensor is semi-positive.
Correspondingly, TCP(R",q,.A) with a semi-positive A has a unique solution for all q > 0
(see [20]). When the underlying A is a semi-positive Ro-tensor, the authors of [19] proved
that A must be an R-tensor. Consequently, TCP(R,q,.A) has a solution for any q € R™.
In addition, it has been proved in [13] that a nonnegative tensor is also an R-tensor. When
we consider a special case of TCP(R"}, q,.A) with a second-order tensor (i.e., A is a matrix),
it is known from [4] that if A is copositive, then, for all g € R™ with the following property

[v>0, Av>0,viAv=0] = v g>0,

TCP(R",q,.A) (which is actually an LCP) has a solution. Inspired by such a result, we are
further concerned with the solution existence of TCPs (m > 3) with copositive tensors.

To simplify the notations, let S4 := SOL(R",0,.A). It is clear that S4 is a cone and
Sa € R%. Consequently, it holds that R” C S%, which implies that int(S%) contains R | .
For a class of multivalued functions with the “upper limiting homogeneity” (ULH) property,
Gowda and Pang [9] derived the existence of a solution to the corresponding multivalued
complementarity problems. According to their result, we have the following theorem.

Theorem 4.5. Let A € T, be given. Suppose that A is copositive and satisfies Assump-

tion 4.1 with K = R}. Then TCP(R",q, A) has a solution for any q € S%- Moreover,

SOL(RY, q, A) is compact for any q € int(S%)
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Proof. We first know that Q(R", A) is closed, by Proposition 4.3. We now take the multi-
valued function ®(x) in [9] as ®(x) := F(x) := Ax™~ !, then ® has the ULH property with
degree m—1. Moreover, the function I', defined by (3) in [9], is equal to F'(x). Consequently,
under the condition that A is copositive, by Theorem 2 in [9], we know that SOL(R"}, q, .A)
is a nonempty compact set for every q € int(S%), which implies int(S%) C Q(R%,.A). This
implies, together with the closedness of Q(RY,.A), that S C Q(R%},.A). We obtain the
desired results and complete the proof. O

Remark 4.6. For given Ae T, if for every subset o of I,,, A, is R‘fl—nonsingular, then
Assumption 4.1 holds by Property 3.12 and Lemma 3.9, and it is easy to see that Sz = {0},

and hence S*% = R", which means that TCP(R, q,.A) has a solution for every q € R". A
similar result was presented by Gowda and Pang, see [9, Corollary 2].

Now, we state the final result of this section. First, we introduce an important definition
that will be used in our result. For given two tensors A = (a;,i,..4,,) and B = (b; 4, i,.) €
Trm.n, the distance between A and B is measured by means of the expression

A= Bl p = Z (Qiyigening — Dirig.oin)"-

1<iy,..im<n

Theorem 4.7. Let A€ T, and q € int(S). Suppose there exists a neighborhood N of
A such that every A € N satisfies Assumption 4.1. Then, there exist positive scalars € and
c such that for all (q, A) with |q—q||+ | A—A||r < e and A being copositive, the following
statements hold:

(i) the TCP(RY,q,.A) is solvable;
(ii) for all x € SOL(RY,q,.A), it hold that ||x|| < c.

Proof. We first prove part (i) that, there exists a neighborhood A of (q,.4), such that
q € int(S%) for any (q,.A) € N, by contradiction. Suppose such no neighborhood exist,
then there exists a sequences {q"), A", v(D} C R" x T, ,, x R™ satisfying (q, A") — (q,.A)
and v\ € SOL(R?, 0, AY), such that (v(D)Tq® < 0. Without loss of generality, we assume
[V = 1 for each I. Let ¥ be an accumulation point of the sequence {v(V}. Tt is easy to
see that v is a nonzero solution of TCP(R, 0, A) and satisfies v q < 0, which contradicts
the assumption q € int(S%). Hence, the existence of A follows. Moreover, without loss
of generality, we may assume that A satisfies Assumption 4.1 for any (q,.4) € N. Conse-
quently, by Theorem 4.5, we know that, for any (q,.A) € A with A being copositive, the
TCP(R",q,.A) must have a solution. Hence part (i) is established.

We prove part (ii) by a contradiction. Suppose that no such a constant ¢ exists. Then
there exist sequences {(q), A} with (q®¥, A") — (g, A) and {x'} with ||x!|| — oo, such
that for each I, A’ is copositive, and

x>0, w:=q¥ + A D)1 >0 and xV)"w® =0. (4.5)
Let X be a subsequential limit of normalized sequence {x®/[|x®||}. Tt holds for (4.5) that

xW/IxV| > o,

q(l) Al x m—1 >0
o=t A o) =20

OT 0 O]

(@) 1 m
- X
0= fcpm ooy +A (nxmu) )
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which, by passing to the limit [ — oo in these expressions, implies that x € S 41\{0}. On
the other hand, the copositivity of A’ implies that

(l) Tx(l) X(l) T Al X(l) m—1 X(l)
(@) (V) A(xY) N

0= l [
=0 o =@ Ry

By letting I — 0o, we obtain q' X < 0, which contradicts q € int(S;I). This contradiction
completes the proof of part (ii). O

Topological Properties and Stability

As far as we know, properties on solution set such as topological properties and stability
are discussed much less in the TCPs literature. Thus, we in this section investigate these
results to enrich the theory of TCPs.

Topological properties

We assume no special structure on K other than the fact that it is closed and convex. First,
we introduce a concept for the study of topological properties of the solution set. As far as
the semicontinuity concepts are concerned, we use the following terminology (see [2, Section
6.2]).

Definition 5.1. Let W and Y be two topological spaces. The mapping ¥ : W — 2V is
said to be upper-semicontinuous at w € W, if whenever U is an open subset of Y containing
U(w), then U contains ¥(w) for each w in some neighborhood of .

Here, we define the solution set of TCPs as the mapping SOL(:, -, ) : C(R™)xR" X Ty, —
2R Then, we have the following statements, which are closely related to the results presented
in [15] for tensor eigenvalue complementarity problems.

Theorem 5.2. The following three statements are true
(i) The set L :={(K,q,A,x) € C(R") x R" x Tp,.n, x R" | x € SOL(K, q,.A)} is closed
in the product space C(R™) X R™ X Ty, X R™.
(i) Let (K,q,A) € C(R") x R" X Ty . If A is K-regular, then the following set
U SOL(K.q.4)
(K,q,A)eEN

is bounded for some neighborhood N of (K, q,.A).

(iii) Let (K,q,A) € C(R") X R™ X T - If A is K -regular, then the map SOL(-,-,-) is
upper-semicontinuous at (K,q,A).

Proof. (i) The closedness of ¥ at (K,q,.A) € C(R") x R" x T, ,, amounts to saying that

(Ki,qV, A" — (K, q,4), xU - x

x) € SOL(K;,qV, A } = % € SOL(K, q, 4), (5.1)

where (K;,q, A) € C(R") x R™ X Ty, Since xV) € SOL(K;,qV, A'), we have

x e K, w = A(xD)ym=1 4+ q € K} and (x, w®) = 0. (5.2)
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Note that 6(K7, K3) = 0(K1, K») for any K1, Ko € C(R™). By passing to the limit in (5.2),
we then have
XeK, w:=Ax""!'4+q€ K* and (X,w) =0,

which implies that x € SOL(K, q,.A), and arrive at the desired conclusion part (i).
We argue part (ii) by a contradiction. Suppose that the conclusion is not true, then
there exists a sequence {(K;,q", A"} satisfying

0(Ky, K) =0, la” —al| = 0, A"~ Allr =0 and [|x7] = oo,

such that x() € SOL(K;,q®, A), i.e., (5.2) hold for any I = 1,2,---. Here, A € Ty,
Consequently, it holds that
Al(x(l))m + (q(l))Tx(l) =0. (5.3)

Let x(0 = x0 /||x®||. We then assume that x( — x with [|x]| = 1 due to ||| = 1. From
xW/|xD| € K; and §(K;, K) — 0, we obtain x € K\{0}. Tt follows from (5.3) that

1

AlxOym 4 Wh‘”fﬁ” = 0.

Moreover, by passing the limit in the expression above, we have AX™ = 0, which contradicts
the condition that A is K-regular, since x € K\{0}.

To show part (iii), i.e., the upper-semicontinuity of SOL(, -, -) at (K, q, A), we also argue
it by contradiction. Suppose that SOL(-, -, -) is not upper-semicontinuous at (K, q,.4), then
we could find an open set U C R” and a sequence {(K;,q", A)} satisfying (K;,q, A') —
(K,q,A), such that

SOL(K,q,A) c U, but SOL(K;,q®", AN (R™N\U) # 0

for any I = 1,2,---. Now, for each I, taking x) € SOL(K;,q"), A") N (R™\U), it then
follows by part (ii) that the sequence {x()} admits a converging subsequence. By part (i),
the corresponding limit must be in SOL(K, q, . A) NR™\U, which, together with the fact that
SOL(K,q,.A) C U, leads to a contradiction. O

From part (i) of Theorem 5.2, we know that, for any (K,q, A) € C(R") x R™ X Ty,

SOL(K,q, A) is a closed set in R"; By Theorem 5.2 (ii), we know that, for any (K,q,A) €
C(R") x R™ x Ty n with A being K-regular, SOL(K, q,.A) is bounded; Moreover, for any
e > 0, by Theorem 5.2 (i) and (iii), there exists a neighborhood N of (K,q,.A), such that

SOL(K,q, A) C SOL(K,q, A) +¢B,, V (K,q,A) €N.

Stability analysis

In this subsection, we study the sensitivity of TCPs at an isolated solution. Consider the

TCP(K, q,.A) with a given solution X which is assumed to be locally unique, i.e., there exists

a neighborhood V of x such that SOL(K,q, A) NV = {X}. The cone K € C(R") is fixed
throughout the rest of this section. Like Section 5.1, we also assume no special structure on
K other than the fact that it is closed and convex. We want to study the change of x as

(q,A) is perturbed. A central question is of course whether the perturbed TCP(K,q, A),

where (q,.A) is a small perturbation of (q,.4), will have a solution that is near X. To answer
this question, we first present the following proposition.



ON THE PROPERTIES OF TENSOR COMPLEMENTARITY PROBLEMS 687

Proposition 5.3. Let K € C(R™), A€ T and q € R”. If x € SOL(K, q, .A) is isolated,
then for every neighborhood N of X satisfying

SOL(K,q, A) Ncl(N) = {x} (5.4)

and for every sequence of {(Al,qV)} converging to (A, q), every sequence of vectors {x},
where x € SOL(K,q®), A NN for every I, converges to X.

Proof. Note that such a sequence {x(l)} in the proposition must be bounded. Let x* be
any accumulation point of this sequence, which means that there exists a subsequence
{xU)Y of {x(V} such that x() — x* as i — oco. Since x() € SOL(K,q"), A%) N N
and {(A",q“))} converges to (A, q), by a simple limiting argument, it is easy to know that
x* € SOL(K,q,.A) Ncl(N). By (5.4), we know that x* = x. Therefore, {x} converges to
X as | — oo. O

Recall that the tangent cone of K at a vector x € K, denoted by 7 (x, K), consists of
all vectors v € R™, for which there exists a sequence of vectors {X(k)} C K and a sequence
of positive scalars {7} such that

xF) —x

lim x*) = X, lim 7, =0 and lim — =wv.
k— o0 k—o0 k—o0 Tk

For given x € R", denote
S(x):={veR"|v' (Ax™'+q)=0}.

Proposition 5.4. Let K € C(R"), A € Ty and q € R™. Suppose that A is sub-symmetric
with respect to the indices {ia,...,im}. If x € SOL(K,q,A) and

Z ailizig...imfvilvigfig c Xy, > 0, Vve g()_(, K) n S()_(), (55)

11,82,y 0m =1
then X is locally unique.

Proof. Assume for the sake of contradiction that X is not locally unique. There exists a
sequence {x('} ¢ SOL(K,q,.A) converging to x with x(!) # x for all I. By the definition
of 7(x,K), it is easy to see that every accumulation point of the normalized sequence
{(x® —x)/[|x® — x|} must belong to .7 (%, K). Let v be any such point. Without loss of
generality, we assume (x) —%)/[|x") —=x|| — v as | — oo. Since % and x) € SOL(K, q, A),
we have

K>x L (Ax™ '4q)e K* (5.6)
and
K>x® 1 (,4(x<l>)m—1 + q) ERK*, Vi=12, ... (5.7)
By (5.6) and (5.7), we have
7 (A" 4q) 20 (5.8)
and
(x)T (Ax" " +q) 20 (5.9)

for every I. Consequently, by (5.6) and (5.9), we have

(xD —x)T (Ax™" +q) >0, (5.10)
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and hence by diving by ||x() — %|| in this expression and letting I — oo, we obtain

vl (Ax™ ' +q) > 0. (5.11)
On the other hand, by (5.7) and (5.8), it holds that

(x® —x)7 (A(x<l))m—1 + q) <0 (5.12)

for I =1,2,.... Consequently, diving by ||[x() — x| in (5.12) and letting I — co, we obtain

v (Ax™ ! +q) <. (5.13)
since x(!) — % as | — oo. By (5.11) and (5.13), we know that v (AX™~! +q) = 0, that
is, v.€ S(x). Therefore, v € 7 (x,K)NS(X). Since A is sub-symmetric with respect to

the indices {i2,...,im}, by (5.12) and the fact that the function Ax™~! is continuously
differentiable at X, we know that for every [,

0 > xO—x)T (AxD)™1+q)
= xO—%)T (Ax™ 1+ (m— 1) Ax™2(xV — %) + o(|[x! — x[|) + q)
> (m—1EY-%)" (Ax" 2 (xY = %) +o([|x —x])) ,

where the last inequality is due to (5.10). Diving by ||x) — || in the above expression and
letting | — oo, we obtain

n
= = T Tm—2
Z Qiyigis..ip VigVigTig *  + Ti,, = V' (AX v <0,

m

i1yinyemyim =1
which is a contradiction. The proof is completed. O

We are now at the stage of extending Theorem 7.3.12 of [4] to tensors, which is the main
stability result of the problem under consideration.

Theorem 5.5. Let K € C(R"), q € R" and A € T;,n. Let x € SOL(K,q,A). If A is
sub-symmetric with respect to the indices {ia, ..., in} and (5.5) holds, then for every open
neighborhood N of X satisfying (5.4), there exists a scalar ¢ > 0 such that, for all vectors
q € R™ and tensors A € Ty n,

sup {[|lx — x| | x € SOL(X, q, A) Ncl(N)} < ¢ (lla —al +[|4 - Allr) .-
Proof. We argue by contradiction. Suppose that the conclusion is not true, then there

exists a sequence {x(W} C cl(NV) and a sequence of {(A',q")} such that, for each I, x(!) €
SOL(K,q®, A") and satisfies

<O =% >t (1a® ~ all + 14 = A1) (5.14)

It clear that {X(l)} is bounded and x() is distinct from x for every [. Consequently, by
(5.14), we know that ||q) —q|| + [|A' — A||p — 0 as [ — oo and

la” —all = o(|x"" —x|)) and [lA"~ Allr = of||x") — x]). (5.15)
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Let v be any accumulation point of the normalized sequence {(x() — %)/||x® — x||}. Tt is
clear that v € .7 (x, K), since ||x() — || — 0 by Proposition 5.3. Since x € SOL(K, q,.A)
and x() € SOL(K,q, A") for every I, we have

Kox Ll (A" '+q e K* and K >xO L A1y qP eK* VIi=1,2,....
Moreover, since x() — x and (q”, A") — (q,.A) as [ — oo, by a similar way used in
Proposition 5.4, we obtain v' (Ax™~! + q) = 0, that is, v € 5(X), and hence v € .7 (x, K)N
S(x). It is easy to see that

x0 —x)T(AxWD)ym=t L gy <0 and (x¥ —%)T (ﬂim_l + q) > 0.

Consequently, since A is sub-symmetric with respect to the indices {is,...,im}, it holds that
for every I,
0 > xO-xT ( Al(x®Dym=1 4 q(l))
= (O=x)T (A= HEO)" 1+ g0 —q+ AXD)" !+ g)
= (x"-%)T (Ax ” e 1+Ol+ o([x® —x])))
= xO-%T (4 im* — 1) Ax™2(xV —x) + g + o(||xV — x])))
> (m-1)Y-%)" (Axm 2(xU = %) +o(x — ),

where the second equality comes from (5.15) and the boundedness of {x®1 and the third
equality is due to the fact that Ax™~! is continuously differentiable at %x. By diving by
[x) — %||? in the above expression and letting I — 0o, we know

vIiAX™ 2y < 0.

It is a contradiction. The proof is completed. O

(6] Conclusions

We consider the TCP over a general cone, which is an interesting generalization of LCP
studied deeply in the literature. Unfortunately, the results of LCPs are not directly appli-
cable to TCPs due to the nonlinearity of TCPs. However, as a special case of NCPs, in this
paper, we first derive some specific forms of the solution existence results for TCP(K, q,.A)
from the results presented in [9]. In particular, when the general cone K reduces to a
nonnegative cone R as discussed in the literature, we show the existence of a solution of
TCP(R",q,.A) under copositivity, which is a weaker condition than the strict copositivity
in previous papers. Moreover, we investigate the topological properties of the solution set
SOL(K,q,.A) and stability of TCP(K, q,.A) at a given solution. These results are new and
further enrich the theory of TCPs.
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