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EXPECTED RESIDUAL MINIMIZATION METHOD FOR STOCHASTIC
MIXED VARIATIONAL INEQUALITY PROBLEMS
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Abstract: In this paper, we study a class of stochastic mixed variational inequality problems (SMVIPs) in
finite dimensional spaces. It can be observed that the SMVIP may have no common solution for almost every
realization in general. In order to get a reasonable resolution, we first present a deterministic formulation, the
expected residual minimization (ERM) formulation, for the SMVIP by means of some merit function. Then
we establish some basic properties of the ERM problem and propose a quasi-Monte Carlo approximation
approach to solve it. We also obtain some convergence results of optimal solutions and stationary solutions
of the approximation problem to their true counterparts.
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Introduction

Let S C R™ be a nonempty closed convex subset, F' : R — R"™ be a continuous vector-
valued mapping, and g : R" — R U {+00} be a lower semicontinuous, proper and convex
function with closed effective domain. The normal cone operator for S at x € S is defined
as

Ng(z):={z € R"|(z,y —z) <0,Yy € S},

where (-, -) denotes the standard inner product in R", and Ng(x) := () for any = ¢ S. The
subdifferential operator for g at x is defined as

dg(x) := {7 € R"|g(y) > g(x) + {1,y — x),Yy € R"}.

See [29, Definition 8.3] for details. Consider the generalized variational inequality problem
(GVIP(F, g, S) for short, see [10, 24]) of finding a vector = € S such that

0 € F(z) + dg(x) + Ng(x),

which is also known as a generalized equation [26]. This problem and its various special cases
have a large variety of applications in partial differential equations, equilibrium problems in
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games, economics and transportation analysis, nonlinear programming, etc., see[4, 5, 9, 13,
16, 22, 27, 32).

If int{dom(g)} NS # (), the problem GVIP(F, g, S) can be stated in terms of the function
g rather than its subdifferential mapping (see [24]), i.e. GVIP(F, g, S) can be written as the
problem of finding = € S such that

(F(x),y — ) +g(y) —g(x) >0, Vyes.

In this paper, we consider such an equivalent variational inequality formulation, called mixed
variational inequality problem (denoted by MVIP(F g, S)), which was originally studied by
Duvaut and Lions [8]. Since the function F' may involve some random factors or uncertain-
ties in many practical problems, in this paper, we focus on the following stochastic MVIP
(SMVIP): Find z € S such that

(f(x, &),y —x) +9(y) —g(x) 20, VyeS, ae {w)eEE. (1.1)

or equivalently

P{E(w) € 2: (f(z,6(w),y — ) +9(y) —g(x) 20, VyeS}=1,

where f : R™ x Z — R" is a real vector-valued mapping, £ : Q@ — = C R" is a random
vector defined on the probability space (€2, F, P) supported on closed set Z, and “a.e.” is
the abbreviation for “almost every”. To simplify the notations, we will use £ to denote either
the random vector £(w) or an element of R™ depending on the context. Due to the existence
of the randomness, problem (1.1) may not have a solution in general, which means that (1.1)
is not well-defined if we want to solve (1.1) before knowing the realization of £. Therefore,
our first step is to find a reasonable deterministic formulation for the above SMVIP.

The SMVIP (1.1) is obviously a generalization of the stochastic variational inequality
problem (SVIP) of finding = € S such that

<f($7£)7y_x>207 VyES, a.e.geE,

which has received much attention in the recently [3, 12, 17, 18, 19, 36]. One popular
deterministic formulation for SVIP is the so-called expected residual minimization (ERM)
formulation, which was firstly presented by Chen and Fukushima for the stochastic comple-
mentarity problems in [3] and then was extended by Luo and Lin to the general SVIP in
[18], by minimizing the expectation of some residual function. Motivated by these works on
SVIP, in this paper, we study the ERM formulation for the SMVIP (1.1).

The rest of the paper is organized as follows. The ERM formulation of SMVIP based
on a regularized gap function is presented in the next Section. In Section 3, we give the
approximation problem generated by quasi-Monte Carlo method for ERM formulation, and
we show the convergence results for the global optimal solutions and the stationary solutions
of the approximation problem under some moderate assumptions. In Section 4, we present
a uniform exponential convergence theorem for stationary solutions of sample average ap-
proximation problem when the sample size is sufficiently large.

In what follows, || - || denotes the Euclidean norm of a vector or the spectral norm of a
matrix, whereas | A||r denotes the Frobenius norm. Moreover, we always assume that g(z)
is a lower semicontinuous, proper and convex function on S C dom g¢(z). In addition, we
suppose that the following assumptions hold throughout:

Assumption 1.1 (Al). The function f(z,§) is (Borel) measurable in ¢ for every € R™
and continuously differentiable in = for a.e. £ € Z;
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Assumption 1.2 (A2). The function f(z,&) is integrably bounded with respect to &, i.e.
the expected value function F(z) := E[f(x,£)] is well defined and finite valued, where E
denotes the expectation with respect to the random variable ¢ € =.

ERM Reformulation for SMVIP

Consider the classical variational inequality problem (VIP): find z € S such that
(F(z),y—2)>0, Vzeb.

Recall that « € S is a solution of the VIP if and only if
0=2— Ps(z —a 'F(z)),

where Pg is the orthogonal projector onto S and a > 0 is a given scalar. The norm of the
right-hand side in the above equation can serve as a residual function for the VIP, which
is usually called the natural residual. In addition, Fukushima introduced the following
regularized gap function for the VIP in [11]:

@
Lo(2) == max{(F(z),z — y) — 5 |z — y[I*}.
yeSs 2
This function has a number of interesting properties, in particularly, it has better smoothness

properties comparing to the natural residual.
Now we introduce a mapping pg : R" — S, called the restricted proximal map, that is
given by

L) : Q2
py(2) = argglelg{g(y)+ 2||Z ylI*},

where « is a positive prox-parameter and the point z is called the prox-center. If S = R™,
pg‘(-) becomes the well-known proximal map, which was first introduced by Moreau in [21]
and became a fundamental tool in convex and nonconvex optimizations, see [28, 29] for
details. In [33], the author investigated the merit functions and error bounds for a class of
generalized variational inequalities by using the proximal map. In this paper, we use the
restricted proximal map to investigate the properties of SMVIP. Note that, since g(x) is
proper and convex, the objective function above is proper and strongly convex, hence pg is
single-valued. It is not hard to show that the restricted proximal map is nonexpansive (i.e.
Lipschitz constant is 1, see [28, Section 31]).

In order to get a reasonable formulation for the SMVIP, we now consider the related
scenario-based mixed variational inequality problem. For a given £ € E, the related scenario-
based MVIP, denoted by MVIP(f(-,£),g,5), is to find = € S such that

(f(z,8),y —z)+g(y) —g(z) >0, VYyeSs.

Using the restricted proximal map p§, we can define a function h: R" x £ — R" by

ha(z,€) == x — py(z — a” ' f(2,€)).

The following lemma shows that ||hq(+, €)|| plays the similar role for the MVIP(f(-,£),g,5)
as the natural residual for the classic VIP.

Lemma 2.1. For a given £ € Z and any « > 0, the vector x € S solves MVIP(f(-,€),q9,5)
if and only if heo(x,&) = 0.
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Proof. Tt is obvious that hs(x,£) = 0 is equivalent to
. o -1 2
z = argmin{g(y) + Zlly — (z —a" f(z, )},
yeSs 2
which is equivalent to

0 € dg(z) +a(r — (v — a™ f(x,€)) + Ns(z) = 9g(z) + f(x,€) + Ns(2),

or
—f(x,&) — 7 € dg(x) for some 7 € Ng(x).

By the definition of the subgradient of g, we have that, for any y € .5,
g(y) > g(.’E) - <f(1’,§) +7,y— (E> > g(.’E) - <f(1',§),y - .’E>,

where the last inequality follows from the normal cone Ng(z) at € S. This means that z
solves MVIP(f(-,£),9,95).

On the other hand, if x € S solves MVIP(f(+,£),g,S), it is equivalent to that x is a
solution of the convex programming problem

min (f(z,§),y) + g(v)

yeS
for the fixed £ € Z. We can get from its optimality conditions that
0€dg(x) + f(z,§) + Ns(z),
which means that h(z,€) = 0 holds. O
On account of the restricted proximal map pg, we can also define a regularized gap

function r : R" x 2 — [0, o0] by

rale,€) == max{(f(x, ). ) + 9(x) ~ 9(v) — 5|1z — v}, (2.1)

where « is a positive parameter. Then for any € R™ and £ € =, we have

ra(@,§) = {(f(z.),x = p§(z — a” f(@,0)) + g(x) — g (o) (x — ™ f(2.€)))
— Sl =Py — ™ fla, )% (2:2)

In fact, since p§(y) € dom g for any y € S, (2.2) is obvious if x ¢ dom g. If x € dom g,
we may suppose that y is the unique solution of the right side of (2.1) because of the strong
concavity. It follows that

0€ f(z,8) + 9g(y) + a(y — ) + Ns(y),

which implies that y uniquely characterizes the solution of the problem
. « _
min{g(y) + S lly — (z — o™ f(z,))II*}.
yeS 2

So we have y = pg(z — a~tf(z,€)) by the definition of py, from which we obtain (2.2).

From (2.2), we see that, for each v € § C dom g and & € =, r4(z,€) is finite valued and
continuous in z under the assumptions (A1) and (A2). The following theorem shows that
ro(x,€) can also serve as a merit function for MVIP(f(-,£), g, S).
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Theorem 2.2. For a given £ € 2 and any « > 0, the vector x € S solves MVIP(f(-,€),g9,5)
if and only if ro(x,€) = 0.

Proof. First, we show that, for any x € S and fixed £ € =,
a
rol@,€) 2 Slha(z, 6P (2.3
In fact, from the definition of p, p§ (z — a~tf(x,£)) satisfies the optimality condition

0 € dg(py (z—a™" f(x,8)))+a(p (a—a™ f(z,8)~(z—a™ f(z,6)+Ns (py (z—a " f(x,£))).
This implies

—f(@,§) —a(py(z —a™ f(2.€)) —x) — 7 € Ig(pg (x — o™ f(2,€))), (2.4)
where 7 € Ng(pg(z —a~' f(z,€))). It follows from (2.4) that, for any y € S,

9(W)—9(pf (z—a™ f(2,€)))+(f (2, &) +a(p (e—a™ f(z,€))~z),y—p; (x—a ™" f(x,€))) 2 0,

Picking y = x, we have

9(x) = 9(py (x — o™ f(2,8))) + (f(2,8), ha(,8)) = allha(z, )|,

which implies (2.3) together with (2.2).

As a result, for fixed &, if © € S satisfies ro(2,£) = 0, we have hq(z,§) = 0 and
hence, from Lemma 2.1, z solves MVIP(f(-,£),9,5). On the other hand, if z € S solves
MVIP(f(-,€),9,5), then ho(x,€) = 0 holds, which implies = = p§ (2 — o' f(x,£)). Due to
(2.2), ro(x,€&) = 0 holds. O

Based on the previous theorem and motivated by the work of Chen and Fukushima [3],
we suggest the following ERM formulation for problem (1.1):

iy 0(2) i= Elra(0,6)] = [ ra(e. Op(€)d¢ (2.5)

where p is the probability density function of the random variable £ and is supposed to be
continuous on = throughout. It is obvious that, if p is known and the objective function 6
can be integrated out explicitly, we do not require any discretization procedure in dealing
with the above ERM problem. Unfortunately, 6 generally can not be calculated in a closed
form or is difficult to evaluate exactly, so we have to approximate it by means of some
discretization techniques.

We discuss some properties of the ERM problem (2.5) below and study approximation
methods for solving (2.5) in the next section. First, we let Sy and S* be the solution set of
problem (1.1) and the optimal solution set of problem (2.5), respectively.

Definition 2.3 ([15]). A bivariate function f(x,&) is monotone on S at Z uniformly in Z, if
(f(z,&) — f(z,8),z—x) >0, Vx €S, ae. EE
f(z, &) is strictly monotone on S at  uniformly in =, if
(f(z,8) — f(z,8),z—x) >0, Ve €S,z #T, ae. £EE;
f(z, &) is strongly monotone on S at z uniformly in = with modulus o > 0, if

(f(2,8) — f(z,8),Z—2) > 0| —z|?, VxS, ae £€E.
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To simplify the notation, we say f(x,&) is uniformly (strictly, strongly) monotone on
S if it is (strictly, strongly) monotone at every point of S uniformly in Z. Obviously, the
uniform strong monotonicity implies the uniform strict monotonicity, which implies the
uniform monotonicity.

Theorem 2.4. Assume that for a.e. £ € =, T is a solution of the related scenario-based
MVIPs, or T is an optimal solution of problem (2.5) with zero optimal value, then T is a
solution of problem (1.1). Furthermore, if f(x,£) is strictly monotone on S at T uniformly
in IT with II C Z and P(II) be any positive scalar, then T is the unique solution of problem
(1.1).

Proof. By assumptions, we have 0 = 6(Z) = E[r,(z,£)]. Noticing that r,(z,£) > 0 always
holds, we have r,(Z,€) = 0 for any Z € S and a.e. £ € Z. By Theorem 2.2, T is a solution
of problem (1.1).

If problem (1.1) has another solution Z, then we have
(f(@,€),& —7) +9(&) —g(¥) 2 0, ae §€E,
(f(&,8), 5 —2)+g(T) —g(2) >0, ae. £ €Z.
Adding the above two inequalities, we have
(f(z,8) = f(#,8),7 - %) <0, a.e. E €E,

which is a contradiction to the strictly monotonicity on S at Z uniformly in II. As a result,
Z is the unique solution of problem (1.1). O

Next we discuss the error bound conditions and the boundedness of the level set defined
by
L3(c):={x € S|0(x) < c},

where ¢ is any nonnegative number.

Proposition 2.5. Assume that Sy is nonempty and f(x,£) is monotone on S uniformly in
and strongly monotone on S uniformly in © with modulus o > 0, where © is a subset of
with P(©) =m > 0. If a € (0,2mo), then

[1] [1]

d(z, So) < \/(m o — %)71 o(z), VzeS. (2.6)

Moreover, the level set L (c) is bounded for any ¢ > 0.

Proof. Let T be a solution of problems (1.1), we have from the definition of §(z) that

0(x) = Elra(z,§)]

> max{(E[f(z,)),x —y) + 9() = 9(y) = 5llz = yII"}
> (B[f(@,9).x —7) + g(x) — 9(2) = 5 o — ]

= /@[(f(m,g),x — @) + g(z) — g(z)]d¢

+ /E\@Kf(x,é),x =) +g(2) - g(@)ldg — S |l — )2
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> [ (£, ~3) + o) - g(@)ds + m-alx ~ o]
o
+L@Kﬂa>w—@+g@wm@mm—2m—fn

where the inequalities above follow from the Jensen’s inequality, the strong monotonicity of
f uniformly in O, i.e.
<f(£L',§) - f(i'vf)’x 7i’> > Oa Vf € Ea
and the monotonicity uniformly in =, i.e.
(f(z.6) - f(2,6), 2~ 7) 2 olla — 2|, VE€O.
It concludes that (2.6) is true. The second part follows from (2.6) immediately. O

As mentioned in the introduction, problem (1.1) may not have a solution in general. So
we can’t apply Proposition 2.5 in very many situations to obtain the desired robust error
bound results, which is important in our theoretical feasibility of our proposed method.
Fortunately, we have the following error bound results by means of the related scenario-
based MVIP.

Theorem 2.6. Assume that = is a finite set, and for each & € E, f(-,€) is strongly monotone
on S with modulus o > 0. Let So(§) be the solution set of MVIP(f(-,£),q,S), which is
supposed to be nonempty. Then

Eld(x, So(§)] < /(0 = 3)" 8(),

for any o € (0,20).
Proof. By the proof of Proposition 2.5, for each £ € =, we have
@
ra(x,€) > (0 — 5)d2(f€750(§))~

Integrating on both sides of the above inequality at the same time, the conclusion is obtained
by Jensen’s inequality immediately. O

Remark 2.7. Suppose z* is a solution of problem (2.5)(not necessarily zero valued). The-
orem 2.6 shows that

Eld(z*,50(&))] < \/(o— — g)*1 - min 0(zx), (2.7)
2 €S

Unlike an error bound for the deterministic counterparts, the left-hand side of (2.7) is in
a high probability to be positive. If §(z*) equals to zero, then z* is a solution of problem
(1.1). Otherwise, the inequality (2.7) suggests that the expected distance to the solution
set Sp(§) for the related scenario-based MVIP is also likely to be small at solutions of ERM
formulation (2.5). In other words, we may expect that a solution of ERM formulation (2.5)
has a minimum sensitivity with respect to random parameter variations in SMVIP. In this
sense, solutions of ERM formulation (2.5) can be regarded as robust solutions for SMVIP.
Thanks to the discretization of the expectation operator in next section, it’s rational to
require the finiteness of the support set =.
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Quasi-Monte Carlo Method

In the rest of the paper, we suppose that Z is a nonempty closed set (not necessarily com-
pact), ¢g(-) is twice continuously differentiable and Lipschitz continuous on S with Lipschitz
modulus L. And, besides the assumptions (A1) and (A2), we further suppose the following
assumption :

Assumption 8.1 (A3). |f(2,€) = f(3,€)] < #(&)]lz — |l for any 2,y € S with E[x()] <
+o0.

Moreover, the probability density function p of the random variable ¢ is supposed to be
known and subsequently, we apply the well-known quasi-Monte Carlo simulation techniques
to approximate the expectations involved in (2.5). That is, we first employ a quasi-Monte
Carlo method to generate a set of observations Zj, = {¢%]i = 1,2, ..., N;} € = with N}, — oo
when k — oo, then treat the following problem as an approximation of (2.5):

1 . )

min 0°(2) 1= 3= 3 ra(e.E)0(€) (3.1)
§'€Eg

See [23] for more details about the quasi-Monte Carlo approximation techniques. The fol-

lowing results will be used later on.

Lemma 3.1 ([23]). If ¥(§) is integrably bounded over E, then

Lemma 3.2. For any a > 0, the reqularized gap function ro(x, &) and its gradient V zrq (2, €)
are measurable in £ for every x € R™.

Proof. Tt follows from [30, Chapter 1, Theorem 19] under assumption (Al). O

From Lemma 3.1 and Lemma 3.2, together with the integrability of r,(x, ) on E for each
x € S under assumption (A2), it yields

0(x) = lim 0%(x). (3.2)

k—o0

Theorem 3.3. For a.e. £ € B, ro(z,§) is continuously differentiable with respect to x.
Moreover, for any x € S, we have

VO(x) = E[Vyra(x,§)]. (3.3)
Consequently, 0(x) is continuously differentiable, too.

Proof. Since for a.e. £ € B, f(x,€) is continuously differentiable with respect to = and g(z)
is twice continuously differentiable, in a similar way to [11, Theorem 3.2], we can show that
for a.e. £ € B, ro(z,€) is continuously differentiable with respect to x. Furthermore, we
have

Vara(2,€) = f(2,€) + V() — (Vo f(2,6) — o) (pf (z — a7 f(2,€)) — x) (3.4)

for any x € S, a.e. £ € 2. Since r,(z,£) > 0 for any x € S, it follows from (2.2) that

Sl =pf @ =™ £, )
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(f(z,8), 2 —pg(x — a7 f(2,0))) + g(x) — g(pf (z — a7 f(2,€)))
lz = 0§ (z — o= (2, I f (2, Il + L).

IA A

Then we have
& = py(z —a™ f(2))] < (IIf(x Ol + L). (3.5)
From (3.4) and (3.5), we have
IVara(z, )| < [[f(z, ] + IIVg( M+ (Ve fa, &)l + )|z — p§ (z — o™ f(2,€))|
< f (2, Ol + L+ — (le/ﬁ s+ ) (Lf (2, Il + L) (3.6)

Therefore, 0 is continuously differentiable and (3.3) holds from the Lebesgue’s control con-
vergence theorem under the assumptions (A1)-(A3). O

However, there is no guarantee that such a solution is a global optimal solution of the
ERM problem (2.5). So, we establish the convexity of the regularized gap function and
show that the resulting ERM problem (2.5) is a convex problem. Now, we established
some sufficient conditions for the convexity of the regularized gap function when f is affine.
Suppose that f is in a special structure of f(z,&) = M(&)z + q(£), where M(£) € R™™,
q(¢) € R™ for any € € E.

Definition 3.4. We call M () uniformly positive definite with modulus ¥y if there exists a
positive constant 9 such that
inf 2T M(€) x> .
§EE,||=|=1
Theorem 3.5. Suppose that M () is uniformly positive deﬁm'te with modulus ¥y, then the
reqularized gap function ro(x,€) is convex in x for all a > and strongly convezr with

modulus ¥ for all o > 55~ (1 + ) with ¥ > 0.

2197

Proof. The proof is similar to [2, Theorem 2.1], so we omit the details. O

Since the sum of (strongly) convex functions is also (strongly) convex, as a consequence,
the (strongly) convexity of 6(x) is the same as rq(x,&). In what follows, we investigate
the limiting behavior of the approximation method mentioned above. We denote by S} the
optimal solution sets of problems (3.1).

Theorem 3.6. Suppose that z* € Si for each k and x* is an accumulation point of the
sequence {x*}, then x* € S*.

Proof. Without loss of generality, we can assume that {z*} itself converges to z*, which
belongs to S obviously. Let the sequence {z*} be contained in a compact convex set C C S.
By the mean-value theorem, for each z* and &?, there exists 2 = Ay z® + (1-Xdg)xzeC
with Ag; € [0, 1] such that

Ta( )_Ta(xvf) Vara(z kz7§) (x — ).

Since the functions Vg(x), f(x,€&) and V, f(x, &) are continuous with respect to « under the
assumptions (A1)—(A3), it then follows that

04(4) = 0] = I3 30 (rale ) = rala” €l

§IEE

)
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§EEL
1 1 ¢t *
N 2 () Vera(2, 60T (& — a*)|
IS
1 . o
<2 — 2| N D o€ Vara(H, €], (3.7)

£i€Ek
which tends to zero as k — +oo by (3.6) and the assumptions (A1)—(A3). Notice that
0% (a*) — 0(2)] < 16%(2") — 0% (*)] + 10" (") — O(2™)],
we have from (3.2) and (3.7) that

0(z*) = lim 0% ().

k—o0

Since z* € S for each k , it follows that
08 () < 0% (x), VxS,

Letting kK — +o00, we obtain
O(z*) < 0(x), Vxes,

that is, z* € S*. O

Since problems (2.5) and (3.1) are generally nonconvex, next we consider the convergence
of stationary points. To this end, we suppose that

S:={x e R"|blx) <0,c(z) =0},
where b(z) = (bi(xz),b2(x),...,bp(2)), c(z) = (c1(z),c2(z),...,cq(x)), bj : R" = R (i =
1,2,...,p) are differentiable convex functions and ¢; : R* — R (j = 1,2,...,q) are affine

functions. Denote I(z) := {i | bi(x) = 0,1 <1i < p}.

Definition 3.7. (1) z* is said to be stationary to (3.1) if there exist Lagrange multiplier
vectors (¥ € RP and n* € RY such that

Vo* (k) + chw )+ anvcj(xk) =0, (3.8)

j=1
0<¢P Lb@ar) <o, c(z®) =0. (3.9)
where ulv means uTv = 0.

(2) «* is said to be stationary to (2.5) if there exist Lagrange multiplier vectors ¢ € RP
and n € R? such that

Vo (z*) + Z GiVbi(z™) + > m;Vei(z*) =0, (3.10)

0<¢Lba*)<0, c¢(z")=0. (3.11)
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Definition 3.8 ([35]). Let ¢ : R™ x E — R™ be a real vector-valued mapping, X C R" be
a closed subset and x € X be fixed. ¢ is said to be calm at z with modulus (&) if ¢(z, &) is
finite and there exist a measurable function v : E — Ry and a positive number ¢ such that

lp(z",6) =z, )| < v(E)ll2" — ]|

for all ' € X with ||2" — || <0 and £ € E. ¢ is said to be calm on X if it is calm at every
point of X (the constants v(£),d may depend on the point x).

Lemma 3.9. For any {«*} C S with 2% — 2* as k — oo, suppose that each V. f;(-,€)
(7=1,...,n) is calm at z* with modulus v;(§) integrably bounded over =. Then we have

Vo(z*) = Jim. VOF ().
Proof. Tt follows from (2.2) and (3.4) that
IW’“( ") = Vor(a")|
Z (Vara(z", €)= Vara(z*,€))p(€")|

o
il

[I

SNL > ph (Hf(xk,ﬁi) — f(2*, €))| + [[Vg(a*) — V()|

k EIEE
+ Vo f(F, €)p5 (aF — a7t fa®,€7)) = Vo f (2%, ))pf (¢ — a7 f(a*, 6))
+ Vo f(aF,€)a" = Vo f(a*, )| + af2® — ||

+allpg (@* — a7 (", €) — py (@t — a7 @t €N)]).

It is easy to verify that
lim — > p(&)If (2, €)= fa", €)= 0 (3.12)

by the assumption (A3) and Lemma 3.1. Moreover, by the mean-value theorem, for each
z¥, there exists A € [0, 1] such that

Vg(2") / Vig( (z% —2*) d,

where zF(\) = Az¥ + (1 — A\)z*. Notice that there must be a compact convex set U C S
containing the whole sequence {#*}. Due to the twice continuous differentiability of g, there
exists a positive constant M such that max{||z||,||V2g(2)||} < M for any z € U. Then we
have

R : .
. gZ H||IVg(a*) — Vg(a™)| N%;kp(wn v - ax
1 ) 1
< > &) [ VPO la* — | dA
Ni Py 0
M i ! k *
SNQEZP@>OHx 2| dX
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§'EER
It then follows that
: 1 i k * _
Jim = > () V(*) = Vg(an)l| = 0. (3.13)
(RS
Now we prove
klggoﬁ ; NV (@,6) = Vaf(a™, €)= 0. (3.14)
=k

In fact, from the relation between the spectral norm and the corresponding Frobenius norm
of a matrix, we have

X | | |
N, p(fl)Hvzf(xkng) - me(l'*,fl))n
ST
<o 3 AE)IVaf ()~ Vaf @t )
k EIEE
<5 2 AENTahiah €~ Vafy @t €I
j=1 §PEEK

By the calmness of V, f;(-,€) at «*, we can get

. Z ENVafi(a®, &) = Vaufi(@*, )] < NL Yo a€) @t —ar]. (3.15)

k —
5’6 = IgS=

letting k — oo, we have (3.14) immediately from Lemma 3.1.
It follows from the nonexpansivity of py that

N > o) a® —aTf (et €D) —p et — a7 " E)]
IS
1 ; .
N R ()]
1 i * - 7 *  ~1
<Nk£§j p(€) (llz* — 2|l + a7 | f(«*,€9) = f(2™.€")]))
S 2 €)X (k- et e) - £ ), (3.16)
§TEEK §TEEK

which tends to zero as k — oo taking into account of (3.12). Notice that, from (3.5), we
have

lpg (2" — o™ f(2*, €))I < 2| + lz* = pg (a* — a7 f", )
<M+~ (Ilf( &)l +L).
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Then we have

Z Vo f(a®, €)pg (" —a™t f(a*,€)) = Vaf (2", €))pg (=" — a7 f(a*, )]

F
:Ni Z NV f (", ) (po (2% — a7t f(aF, &) — p (2" — a7 f(a7,£Y)))
+

§ie
(V. VoS €))ps  —a” (et €)]
< Z (HVf CEN g (e — a7l fak,€0) = pf (" — a7 (", €D)]
IS
+IVaf @, &) = Vo f @, €I - I " = a7 f (@, €I
<m0 AN 156" — a6 - 5 — a7 )
IS
IV f @, €)= Vo €] - (M + 2 (7€) + 1))
<o 0 AN 5 3 A"~ a ek 6) - g (e — a7l €)]
IS IS

1 i i P 1 i 2 P
5 5ieZEk,o(e)||vgcf<ac’“,£l> = Vel @ N 5 5Z_EZEkp(f Y(M + =(| (2", €D + L)),
(3.17)

which tends to zero as k — oo by (3.14)—(3.16) and (A2)—(A3). In addition, we have from
(A3) and (3.14) that

1

- E; p(EN|Vaf(aF, )z -V, f(z*,€)a"|
-~ 2 AT ENEH =)+ (Ta 048) = Tufla ")
N 2 AT N ot =1 41928 = a1
< 2 AN I =7l + 2 [958, = Vof(a” €))
Sj\lfkgieak p(€")] Z: =]

" 52 PENIVaf (a*,6) — Vaf(a*, 1) (3.18)

which tends to zero as k£ — oo.
Thus, it follows from (3.12)—(3.18) that

lim VO* (%) = VoF (z*).
k—o00

Since

IVOF (2%) — VO(x*)| < |VOF (2¥) — VOF (2*)| + |[VOF (z*) — VO(2*)],
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due to Lemma 3.1 and Theorem 3.6, we obtain the conclusion. O

Definition 3.10 ([25]). We say that a feasible point z* of problem (3.1) conforms to the
approximate KKT (AKKT) conditions if there exist a sequence {z*}, ¢¥ € RP, n¥ € RY
such that lims_, o ¥ = 2* and

lim Vé)k )+ Z(ka )+ an Ve, (z") =0,

k— o0
lim min{(f,—bi(x =0, i= 17"' D
k—o0

Given z € S, we define

2)i={ ) (Vb +me] ) | G € Ry,m; €R}. (3.19)

i€l(x)

Definition 3.11 ([1]). We say that = € S satisfies the cone-continuity property (CCP) if
the set-valued mapping x = K (), defined in (3.19), is outer semicontinuous at x, that is,

limsup K (z') C K(z).
' —x

The CCP has been shown to be the weakest possible strict constraint qualification, under
which the AKKT implies the KKT. See [1] for details. Now we investigate the limiting
behavior of the stationary points obtained by the quasi-Monte Carlo method.

Theorem 3.12. Suppose z* be stationary to (3.1) for each k and z* be an accumulation
point of {x*}. If the CCP holds as a constraint qualification at z* and each V, fj( €)
(j =1,...,n) is calm at x* with modulus ~v;(§) integrably bounded over Z, then z* is a
stationary point of problem (2.5).

Proof. Without loss of generality, we assume that {z*} itself converges to z*. Since z* is
a stationary point to (3.1) for each k, then there exist Lagrange multiplier vectors ¢* € RP
and n* € RY satisfying (3.8) and (3.9). Let ¥ := V@(2*) — VO*(2¥). By virtue of Lemma
3.9 and the continuity of the gradient of 8, we have

lim e* = lim (VO(z") — VO(2*) + VO(z*) — VO* (")) = 0.

k—o0 k— o0

It is easy to see that
ek = vo(a*) + Z CEVb; (%) + Z nEVe;(z") — 0. (3.20)
Thus, we have

> Vb +va¢] K () (3.21)
i€l(x*)
and

e —voEt) = Y (Vb +anvcj ) (3.22)

i€I(z*) j=1
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Taking limit in (3.22), we have from the continuity of V6(-), (3.20), and (3.21) that

_ — k k
Vo(x khl& Z ¢ Vb (") + Z njVej(a") € hg;s;p K(z").
i€l (x*)
Moreover, we know
limsup K (z) C limsup K (2') C K (z*),

k—o0 ! —x*

where the last inclusion follows from the CCP assumption. Therefore, we have
—Vl(z*) € K(z*),

which is equivalent to (3.10). Then, taking limit in (3.9), we obtain (3.11) immediately.
That is, z* is stationary to problem (2.5). O

Exponential Convergence of Stationary Points

We proceed to discuss the rate of convergence of stationary points, that is, how fast 2*
converges to x* in the sense of Definition 3.7. From the computational perspective, it is
important because it concerns the efficiency of the SAA method. One of the most impor-
tant issues concerning the convergence analysis is how to predetermine the sample size in
order to estimate an approximate solution within the prescribed precision and confidence.
It is a remarkable breakthrough that the classical Cramér” s large deviation theorem [7]
is found to deliver this. In some practical instances, it is difficult or computationally ex-
pensive to obtain an iid sample particularly when the sample size is large while Cramér™ s
large deviation theorem requiring iid sampling. Indeed, the well-known quasi-Monte Carlo
method does not require iid sampling and yet it works remarkably well. See an extensive
discussion on the benefits of non-iid sampling by Homem-de-Mello [14]. As far as we are
concerned, Dai, Chen and Birge [6] seemed to be the first to investigate the convergence
of SAA estimators under general sampling (including iid and non-iid). They used the well-
known Gérther-Ellis theorem [7] to establish the exponential convergence. Homem-de-Mello
[14] presented a comprehensive study of this issue and derived the exponential convergence
of statistical estimators of optimal solutions in stochastic programming under non-iid sam-
pling. More recently, Xu [35] studied the uniform exponential convergence of SAA for a class
of random functions under general sampling and apply the established convergence results
to nonsmooth stochastic optimization, stochastic Nash equilibrium problems and stochas-
tic generalized equations; Sun and Xu[34] discussed the uniform exponential convergence
of sample average approximation of random functions in which they extended the similar
results to the discontinuous situations. By applying the result in [14] and [35], here we
investigate the exponential convergence of stationary points as those presented in Section 3.
In this section, the samples are generated by randomized quasi-Monte Carlo method14].

Lemma 4.1. Let X be a compact subset of S. Suppose:
(i) Vg(z) is calm on X with modulus L';
(ii) each Vi f;i(-,€) ( =1,...,n) is calm on X with modulus J;(§) integrably bounded over

—
—

then V1o (z,€) is calm on X, whose modulus is bounded by p(§) := v/n-k(€)(2—a~1k(£))+
26(8) +2M" -3 Ji(§) +2a+ L', and M’ := max,ex ||z
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Proof. For any x,y € X, we have from (3.4) that

[Vara(2,8) = Vara(y, )|l
<I(f(@,6) = f(9,6) + (Vg(x) = V() + (Vaf (2, = Vo f(y,€)y)
+a(pg(z—a f(2,8) —py(y—a ' f(y,€)) —alz—y)
— (Vaf (2,6)p5 (& — ™ f(2,6) = Vaf (4, )py (v — ' f(y,€)) ]
<[ f(@,8) = f(w, O+ [IVg(x) = V)l + [IVaf(@,8) (@ — y) + (Vaf (2,6) — Vaf(y,6)yll
+all(@—y) —a (f(@,8) = fy, )] +allz -y
+ IV f (2,8 (P (x — a™ ' f(2,€) — P (y — 2 f(,9)))
+ (Vo f (2,8) = Vo f (1,0) 05 (y — o f(1,9))

Since X is a compact set, the conclusion can be drawn under the assumptions. O

To establish the uniform exponential convergence, we need some assumptions on asymp-
totic behavior of the sample average of the modulus of the function. Let

MN (t) — E{et[VQN(x)—VG(x)]}.

x

Lemma 4.2. For every x € X and t € R, the limit

M,(t) :== Wm MN(t)

exists as an extended real number and M, (t) < oo for t close to 0.

Proof. Consider the random function f(x,¢&), and let
Mi\’[f(t) = E{et[fN(:I;)—E[f(x7£)]]}7

where f¥(z) = Nik dcics, flx,€Hp(£Y). First, we show that for every € X and t € R,
the limit

NP N
Myg(0) = tim MY (1)
exists as an extended real number and M, ;(t) < oo for t close to 0. Indeed, it is satisfied
particularly in the case when the samplings {£']i = 1,2, ..., N} } are generated by randomized
quasi-Monte Carlo method, see detailed discussions about this issue by Homem-de-Mello
[14]. From the definitions of #(x) and 0V (z), the conclusion is obtained directly.
O

Assumption 4.1. Let p¥ := Nik deics, p(€)p(€7). There exists a positive constant A such
that

Prob{p" > pu} < e **

for any p > E[p(&)].

A similar assumption is made in [35]. Assumption 4.1 means that probability distribution
of the random variable p(§) dies exponentially fast in the tails. In particular, it holds if this
random variable has a distribution supported on a bounded subset.



ERM METHOD FOR SMVPS 719

Lemma 4.3 (Uniform exponential convergence of sample average V0*(z)). Let X be a
compact subset of S and Assumption 4.1 holds. Suppose that the moment generating function
E[ep(g)t] is finite valued for t close to 0. Then for any small positive number e > 0, there
exist positive constants ¢(e) and B(e), independent of k, such that for k sufficiently large,

Prob{ sup V6" (z) = Vo(a)|| > €} < é(e)e™).
rzeX

Proof. we refer to Shapiro’s earlier result [31, Proposition 2.1] which states that if a random
function is continuously differentiable w.p.1 and is Lipschitz continuous with an integrably
bounded Lipschitz modulus, then the expected value of the function is continuously differen-
tiable. Under these assumptions, we are able to derive the uniform exponential convergence
by virtue of [35]. We omit the details of the proof. O

Let T* and T* be the sets of stationary points to (2.5) and (3.1), respectively. Assume
that both 7% and T* are nonempty.

Theorem 4.4 (Exponential convergence of stationary points). Suppose z* be a solution of
(3.1) and the sequence {z*} is contained in a compact subset X of S almost surely. Assume
the conditions of Lemma 4.3 to be hold, then for any small positive number ¢ > 0, there exist
positive constants c(€) and S(e), independent of k, such that

Prob{d(zk,T*) > e} < ele)e RA),

Proof. We need to translate the uniform exponential convergence of V6*(x) to Vé(x) into
the exponential convergence of z* to T*. To this end, we need some sensitivity analysis
of generalized equations discussed in [35]. So, equivalently, we consider stationary points
satisfying the following generalized equation rather than those in Definition 3.7, that is,

0 € VO(x) + Ns(z), (4.1)
and the perturbed equation

0 € VO*(x) + Ng(z). (4.2)
Then the conclusion follows from Theorem 3.3, Lemma 4.3 and [35, Lemma 4.2]. O

Remark 4.5. It is important to note that the constants c(¢) and S(e) in Theorem 4.4
may be significantly different from their counterparts in Lemma 4.3. To establish a precise
relationship of these constants, we need more information about the sensitivity of the true
problem at the stationary points. One possibility is to look into the metric regularity
condition for the set-valued mapping G(z) := V0(z) + Ng(z). If there exists a constant @
such that

d(z, T*) < Q-d(0,G(x))

for z close to T*, then we can establish
d(z",T%) < Q- | V6" (z) — VO()].

We refer interested readers to [20, 29] for recent discussions on metric regularity. Under this
circumstance, the constants c(e) and S(e) in Theorem 4.4 can be easily expressed in terms
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of their counterparts in Lemma 4.3. Similar to the discussions in [35], we may estimate the
sample size. To this end, we assume that there exists a constant g such that for all z € X

M,(t) < e€°/2
for all t € R. Then, following [35, Remark 3.2], we can obtain an estimation of the sample

size, that is, for § € (0,1), Prob{d(a:N,T*) > e} < 8 when

N

Y

oWe [nn (M) +ln(%)}’

€2

where D :=sup, ,.cx ||z — 2’| is the diameter of X and O(1) is a generic constant.
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