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LIMIT ANALYSIS FOR THE OPTIMAL VALUE OF A CLASS
OF MINIMAX OPTIMIZATION PROBLEMS*

Frr CHEN, ZH1 Guo Fencf anp K.F.C. YU

Abstract: A novel method is presented to analyze the limit for the optimal value of a class of minimax
optimization problems with parameter. The minimax optimization problems can be transformed into semi-
infinite programming (SIP) problems, and the optimal value series of the SIP problems with parameter
are analyzed. First, we obtain that the optimal values of the cost function is monotonically decreasing as
the parameter increases, and then the limit exists and can be computed by choosing a sufficiently large
parameter. Next, we propose a novel method to obtain the limit of the optimal values by introducing a
series of simplified subproblems. We derive the conditions and apply the fixed point theorem to prove that
the function obtained by the proposed method is exactly the continuous limit function when the parameter
tends to infinity, and the maximum value obtained by the proposed method is exactly the limit of optimal
value series as the parameter tends to infinity. For illustration, numerical experiments are demonstrated to
show the effectiveness and efficiency of the proposed method.
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Introduction

In real applications, the optimization problem is widely considered [2,4,5,10]. Among the
optimization problems, minimax optimization is a class of non-differentiable optimization
problems, where the cost function is the worst case of several objectives. This kind of
optimization problems has been widely used in engineering design and game theory. In
many cases, the minimax optimization problem is equivalent to a semi-infinite programming
problem [3,6,7]. In general, the algorithms for solving the semi-infinite programming problem
include the discretization method [6, 7], gradient based method [1], cutting plane method
[8,9], exchange method [11] and so on. All these algorithms have their own characteristics.
For example, the discretization method is very expensive, while it’s also very stable and
robust to solve any semi-infinite programming problems. The exchange method is very
efficient, while it is only used in some special cases such as linear and convex problems.
These methods can also be used to solve the minimax optimization problem.
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Minimax optimization plays important role in engineering design. In many engineering
problems such as [2,10], the maximum error depends on the frequency response function,
where the frequency response function is related to the filter length, and the filter length
represents the implementation complication and cost. Basically, if the filter length can be
chosen arbitrary large, we hope that the optimized error can approach to the ideal zero
error. However, this case is not always true. Hence, it’s required to analyze the limit of
optimal value series as the filter length increases. This can be treated as a guidance to
decide whether the problem is designed according to a given performance index.

In this paper, we consider a class of minimax optimization problems with a parameter
L, where L is the number of chosen basis functions. These problems can be transformed
into semi-infinite programming problems. We first analyze the monotonicity of the optimal
values and propose a novel method by formulating a series of simplified subproblems to find
the limit of the optimal values as the parameter L tends to infinity. Then, we apply the fixed
point theorem to prove that the maximum value obtained by the simplified subproblems is
exactly the limit of the optimal values as the parameter L tends to infinity.

The paper is organized as follows. In section 2, we consider a class of minimax optimiza-
tion problems and transform it into semi-infinite programming problems. In section 3, we
first analyze the monotonicity of the optimal values. Then, we propose a new method to
compute the limit of optimal values by introducing a series of simplified subproblems. We
apply the fixed point theorem to verify that the maximum optimal value of the subprob-
lems is exactly the limit of the optimal values of the semi-infinite programming problems.
Numerical examples are illustrated in section 4 and conclusion is summarized in section 5.

Problem Formulation

We consider a class of minimax optimization problems in this paper which comes from the
application problems in [2,10]. The problem is formulated as follows:

minmax g(H(x,t))
(P) T teQ
st.H(x,t) =xp(t),Vt € Q,

where

T

€T = (3917902,"' 7iL'N) y Ly = (361'17»%‘27"' J%‘L),

H = (Hl,HQ,"' ,HN)T7§0:(¢17§027"' v(PL)T7

L
Hy(z,t) = appr(t)(i=1,2,--- ,N).
k=1

The functions {pg(t),k = 1,2,---} is a set of basis functions in continuous function
space, and § is a given nonempty compact set in R. Hence, for each i, H;(x,t) is expressed
as the linear combination of the basis functions and L is the number of basis functions. The
function g € C?(RY,R) and has lower bound, that is, there exists a real number M € R
such that

g(H(x,t)) > M, Y c RV vteQ.

It can be seen that the function max g(H (x,t)) in Problem (P) is nonsmooth, which
€

can not be solved directly. In general, this problem can be transformed into a smooth
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optimization problem. For this, let y = max g(H(x,t)), the problem (P) is equivalent to
€

the problem as follows:

min y
Yz
P(L) . g(H(z,t) —y <0, Vteq,
N H(@.t) = ze(t),

where 2 is a compact set with infinite points. For any point ¢ in Q, g(H(x,t)) —y is a
constraint function. Therefore, g(H (x,t)) — y contains infinite constraint functions. Then,
the minimax optimization problem (P) is transformed into a semi-infinite programming
(SIP) problem P(L). Note that both the cost function and the constraint function for each
t are smooth, gradient based method can be used to solve the problem P(L).

Obviously, the problem (P) (or P(L)) is related to the parameter L. Then, if the
parameter L changes, the corresponding optimal solution and optimal value also change. In
general, the parameter L is related to the implementation cost in real applications. If the
parameter L increases, then the implementation cost also increases. Hence, we optimize the
problem such that the performance can also be improved. It is necessary to analyze the
change rule between the optimal value and the parameter L.

Optimal Solution Analysis

Optimal solution of the problem

Denote the optimal solution and optimal value of the problem P(L) with the parameter L
by y*L and x*, respectively. Obviously, we have

*L *L
=max g(H(x .
Y te%) g(H( 1)

First, we have the following result.

Lemma 3.1. The optimal value series {y** : L =1,2,---} of Problem P(L) is monotoni-
cally decreasing and there exists a limit as L tends to infinity.

Proof. Suppose that Ay, is the feasible set of the problem P(L) related to y, that is,
Ap ={yeR |3z c RVL st g(H(x,t)) —y < 0,Vt € Q).

To prove that {y*L': L = 1,2,---} is monotonically decreasing as L increases, it’s required
to show that A C Apy1 as L increases, i.e., Vy € Ay, we have y € Ap41.

Since ¢k (t) is a basis function and the set of basis functions can be spanned into a space.
Denote Ay, = {p1(t),02(t), -+ ,oL(t)}, then Ar is a set with respect to L. Obviously, we
have Ap C Ary1, and then span(Ar) C span(Ar,,,), where

L
span(Ar,) = {H;(t) : Hi(t) = z;p(t) = inkgok(t),i =1,...,N,Vx; € RF},
k=1

F: (F17F27"' 7FN>

Since H;(x,t) € span(Ap,),i € {1,2,--- N}, then for any y € Ar, there exists a vector
x(F) € RVE such that g(H (z™),t)) —y < 0. Note that

H(a:(L),t) € spanN(AL) - SPCWN(ALH)-
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In particular, we choose one vector (X1 as

T
-’.U(L+1) - (ZﬂgLJrl)’ mgL+1)a U ’m%’Jrl)) 3

T
2D = (m§L+1),x§L+1),~~ ,xEL“),O) ’

then, we obtain
H(zY ) = H=xWD 1),

and
g(H ("t 1)) —y = g(H(x") 1)) —y <0, VteQ.

Hence, y € Apy1. Note that y is arbitrary, we have Ay, C Ap41.

Obviously, the optimal value series of the cost function is monotonically decreasing as L
increases.

Moreover, g has a lower bound and the optimal value is monotonically decreasing as L
increases, there must be a limit of the optimal value series {y*'}. The proof completes. [

Since the optimal value series is monotonically decreasing, its limit must be the best
value, which has the guidance sense in practice. That is, if the designed performance is
better than the limit, it is impossible to find a suitable L such that performance is satisfied,
and then the design can be ignored. If the designed performance is poorer than but very
close to the limit, it is required to choose a sufficient large L to implement the design. If the
designed performance is poorer than and not close to the limit, then the design is normal
and can be implemented easily.

By Lemma 3.1, the limit Llim y*L can be approximated by the optimal value y* when
——+o00

L is a sufficiently large value. However, if L increases, the number of variables also increases
and the computation of the optimal value becomes very expensive. Then, efficient method
for computing the limit is required.

Remark 3.2. For the choice of L to estimate the limit by the optimal value y*”, it is required
to analyze the estimated error between the limit and the optimal value y*. However, the
estimation depends on the choice of basis functions. Then, there is no uniform formula of
the estimation for different basis functions. Basically, the analysis of power series is easy,
while the analysis of trigonometric series is relatively difficult. Furthermore, since there is
an optimization operation, the function H (x(**) t) is not necessary the partial sum of the

expansion of Llirf H (2" t). Then, the estimation of the error can be very large. For
—+00

this, we estimate the limit by gradually increasing the parameter L in numerical experiment
and choose L when the improvement of the performance is sufficiently small.

Limit value analysis

In order to find the limit of the problem P(L), we propose a novel method by treating the
function H as the variables and solve the problem directly. That is, for each ¢t € €, we
formulate a subproblem as follows:
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It can be seen that for each ¢ € €2, the problem P(t) is a general optimization problem,
where H (t) is the decision vector. Denote the optimal value of the problem P(t) by y;.

Then for any ¢ € €2, the optimal solution H (t) and the corresponding optimal value can be
obtained by solving Problem P(t). Then, we set

— 1
Y ngyt (3.1)

Note that the optimization of H(t) has ignored the effect of the parameter L, therefore,
y* must be better than all the optimal values of the problem P(L). To find the conditions
such that y* is the limit of the optimal value series {y*X : L = 1,2,---}, we first have the
following lemma.

Lemma 3.3. If y; is the optimal value of Problem P(t) for any t € Q, then the constraint
must be active, that is, g(ﬁ:,t) =yf.

Proof. Assume that the constraint is not active, that is, g(ﬁ:, t) —y; < 0. Define a new
number y§ by y§ = g(ﬁ:, t), then we obtain

yr > g(H, t) = y;,
. )
g(Ht7t) — Y% = 0.

Then, (y(’j,H: ) is also a feasible solution of Problem P(t). However, yj is better than y;,
which contradicts the optimality of y;. Hence, the assumption does not hold and we have
g(H;,t) —yF = 0. The proof completes. O

By Lemma 3.3, if Problem P(t) is optimized, the constraint must be active. Hence,
(v, ﬁ: ) is also the optimal solution of the following problem with equality constraint.

min y

~ y,H

P(t) . JolH ) —y =0,
S.T.

H = (F17F27 T 7FN)
The K KT optimality condition satisfies the following condition:

(Voo f(wo))" =0, (3.2)

where w = (\,y, H), f(w) = y+A(g(H,t)—y) is the Lagrange function, X is a multiplier, and
wo = (Ao, Yo, Ho) is the optimal value of Problem Is(t) at tg € Q. By direct computations,
(3.2) becomes

F(to, wo) =0

)

where
i— A
F(t,w) = g(H,t) -

A (Vegg(H, 1)

Note that F' is a (N + 2)-dimensional vector function, its gradient with respect to w can be
computed as
-1 0 0
VF = 0 -1 Vgg(H,1)
(VagE.0)" 0 AVZ(H.1)
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Then, by direct computations, we obtain
det (VF) = \det (V%g(ﬁ, t)) .

Based on the discussion above, it is obvious that the optimality condition is a group of
equations for each t. Then, the optimal solution w can be determined by the equations (3.2)
for any t in 2. Hence, the optimal solution w is a vector function of ¢. To discuss whether
this function is continuous, we have the following theorem.

Theorem 3.4. Suppose that F(tg,wy) = 0, det (V%g(ﬁo,to)) #0. If F and VF are

continuous in U x V C R x RN*2 which is a neighborhood of the point (to,wy). Then,

there exists a neighborhood Uy x Vo C U XV of (to, wo) , and a unique continuous function
Y : Uy = Vi such that F(t,¥(t)) =0, t € Up.

Proof. First, we denote the closed interval with center to and distance r by B(tg,r), and

the closed ball with center wq and distance § by B(wg,§). We denote all continuous vector

functions which are defined in B(tg, ) and taken value in B(wy, §) by C(B(to,), B(woq,d)).
Since the constraint is active, we have A # 0, and

det (VF(to, wo)) = Adet (Vg(Ho,to)) # 0.
Then, the matrix VF(ty, wg) is invertible and we have
(VF(to,wp)) " VF(to,wo) = 1. (3.3)
Define a mapping T : ¥ — T as follows.
(T4)() = (1) = (VF(to,w0)) " F(t.9(1)).t € Blto,r).

First, we define a norm in C(B(to,r), B(wo,d)). For any two vector functions %(t) and
¢(t) on C(B(tg,r), B(wp,d)), its norm can be defined by

1%(8), p(1)l| o0 = max [¢h;(t) — ¢i(t)]-

~ max m
i€{1,2, ,N+2} t€B(to,r)

It follows by (3.3) and the continuity of VF that Ve > 0, there exist r > 0,6 > 0 and
continuous functions ¢, -+, N2 € C(B(to,r), B(wo,d)), such that

7= (VP w0) ™ Gl ) <

where ||| is the maximum of the absolute value of all matrix elements, and

VF (tv 901)

G(p', VT

VE (V)

Hence, for any two vector functions v(t), ¢(t) in C(B(to,r), B(wg,d)), we have
Ty — T = (t) — p(t) — |(VF (to, wo)) " (F(t,3(1)) - F(t, d)(t)))] :

Based on the mean value theorem, there exists n; € (0,1) such that

@ (t) = niab(t) + (1 — ;) (1),
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and

Fi(t, (1) — Fi(t, 6(t)) = VE(t,¢'

Note that ‘
1" (t) — wol[oo

PROBLEMS 321

D) (@(t) — &(1))-

= [lm((t) —wo) + (1 = 0:)(d(t) — wo)l|oo

N

IN

we have ¢'(t) € C(B(to,r), B(wg,6), Vi =1,2,--- ,N

(VF(to,wo)) " (F(t,9(t)) — F(t

VFl(t,(pl)
= (VF(tg,wo)) " ( :

VFnia2(t, ™V 1?)

< mill(t) — wolloo + (1 = mi)|A(t) — wo)lloo

+ 2. Then,

,9(1)))

) ($(t) — (1))

= (VF(to,wo)) " G(@',--- .o 2)(3(1) - $(1)).

Hence, we have

[T — Tl

= (1 E @ wo) T Gt ) () — (1)

IN

IN

(N +2)e| (% (t) = (1)) oo

Set € < it implies that

1
2(N+2)°

T4~ T < s~

o0

(N +2) |1 = (VF(to, wo)) " G+, 02| - (w(0) = $(0)

o0

Bl oo

Therefore, T is a contraction mapping in the subspace C(B(to,7), B(wo,?)).
Furthermore, it follows by (3.3) and the continuity of F'(t,w) that there exists 7, > 0
such that if 0 < r < r1, we have for any ¢ € B(tg,r) that

(VF(to,wp)) " F(t,'wo)H

[
< 3

(VF(to,wo)) " F(t,wo) —

o

F(to,wo)Hoo (3.4)
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For convenience, we also denote the constant function defined in B(to,r) and equals to wq
by wg. Obviously, wy € C(B(to,r), B(wog,d)), then

Twy = wo — (VF(to, wo)) " F(t,w). (3.5)

By (3.4) and (3.5), we have
) 5
HTwo—wdk;:WVF@mw@) Fuﬂwﬂhf<5

Thus, for any ¥ € C(B(to,r), B(wy,d)) which satisfies 9 (tg) = wo, if 0 < r < r1, we obtain

N

[T% —wollso < [[T% — Twolloo + [[Two — wol[es
sl —woll + §

) 6 __

I4d_s

IN

IN

Let X = C(B(to,r), B(wg,d)), then (X,].|«) is a Banach space, which is complete.
Note that T is a contraction mapping and TX C X. It follows by the fixed point theorem
that there exists a unique @ € X such that Ty =1, i.e.,

$(t) = (VF(to,wo)) ™" F(t,9(t)) = 4(t), ¥t € Blto,r).

Then,
(VF(to,wo)) " F(t,4h(t)) =0, Vte Blto,r).

Hence, we have
F(t,(t)) =0, Vte B(t,r).

Note that t(t) is unique, we obtain % (tp) = wg. The proof completes. O

In order to discuss the continuous property of ¥ (t) for all ¢ € Q, we have the following
theorem.

Theorem 3.5. Suppose that F(t,w(t)) = 0, det (Vzﬁg(ﬁ, t)) #£0,VteQ. If F and VF

are continuous in a neighborhood of the point (t,w(t)) for any t € Q. Then, w(t) must be
continuous in Q and is the unique function which satisfies F(t,w(t)) = 0,Vt € Q.

Proof. 1t follows by Theorem 3.4 that for any v € €, there exist r, > 0, and a unique
continuous function 1" (t), which is defined in B(v,r,), such that F(v,9"(t)) = 0,Vt €
B(v,7,). Then, the equations F(v,"(t)) = 0 is also satisfied in the open interval B(v,r,).

For the set of open intervals {B(v,ry);,v € 2}, it is a cover of the set Q. Since 2 is
compact, there exists a finite subset v;,¢ = 1,2,--- ,m,, such that the set {B(v;,ry,) : ¢ =
1,-+- ,my} is also a cover of Q.

For each interval B(v;, 1, ), it follows by the uniqueness of v (t) which satisfies F'(¢, 1 (t)) =
0 that 9 (t) = w(t),Vt € B(v;,7y,). Since w(t) is continuous in each interval B(v;, 1y, ), w(t)
is also continuous in the union of the set {B(v;,7y,) : i = 1,--- ,m,}. Hence, w(t) is also
continuous in 2. The proof completes. O

Then, by the theorems above, we can show that the limit can be obtained by the proposed
method, which is stated as follows.
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Theorem 3.6. Assume that the conditions in Theorem 8.4 hold for any t in Q, then,

: L *
LE)I-EOO v N 1?685( Ye-
Proof. For each t € ), we can obtain the optimal cost function value y; and the optimal
solution H, of Problem P(t), where the constraint is also active. Let H (t) = H,, we
can define a vector function H (t) for all ¢ € Q such that g(H (t)) — y; = 0, where
It follows by Theorem 3.5 that we have H (t) € CN(Q). Then, there exists a series
{HD () : L =1,2,...} with each H®)(¢) in span™ (AL) such that

*

lim HP @) =H'(t), VteQ.
L—+oo
Define a new problem:
min y

st g(HP (1)) —y < 0,Vt € Q.

This problem is only a special case of Problem P(L). Suppose that the optimal value of the
problem above is y%*. Then, by the optimality of Problem P(L), we have y“* > y*I'. Note
that the constraint must be active at some t € €Q, it follows by the continuity of the function
g that we have

lim 0= lim <maxg(H(L)(t)) —yL*) =maxg(H (t))— lim y"*

L—+00 L—+oo \ teQ teQ L—+o00
Hence, :
. * *
AR YT = e
Since y&* > y*L, then . :
. X . . _ *
SRS BT T 30

On the other hand, for each L, we have "' € span™¥ (AL) € CN(Q). Note that the
optimization of Problem P(t) in the space C™ () is optimal, we have

*xL *
> maxy, .
y T teQ Yt

Then, we obtain

i *L> . .
LBEYT 37
Thus, by (3.6) and (3.7), we have
: *L __ *
LEI—&I-IOO N I?EEB( Ye- (38)
The proof completes. O

The importance of Theorem 3.6 is that we can have two ways to compute the limit of
the optimal values. The first is to increase the parameter L, where a sufficiently large value
should be chosen to estimate the limit. However, the number of variables is very large and
the optimization is very expensive. The second is to solve the subproblem P(t) for every ¢
and find the maximum. Since the parameter L is ignored, the complexity of each subproblem
has been greatly reduced and the limit can be obtained efficiently.
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Numerical Experiments

In the section, the relation (3.8) can be verified by the following two examples, where the
computations were implemented in Matlab.

Example 4.1. We consider the minimax optimization problem as follows:

2 N
min max |AT () H(x,t) — Ga(t)| + kz H?(z,1)
=1

TERNL teQ
A(t) = cos((2k — 1)t +2),k = 1,2, , N,

s.t. L -
Hy(x,t) =S apt™1 k=1,2,--- N,
i=1

where N = 4 and
Q=0Q,UQy, Q =10.17,0.37], Qo = [0.5m, 7],

1, teq,
Gd(t):{ 0, teQ;.

This example can be considered as an interpolation problem, where the power functions
are used as the basis functions and Hj(x,t) is the polynomial function. It can be seen that
this minimax optimization problem is equivalent to the semi-infinite programming problem
as follow:

min 2z
, 2 N
st |AT (O H (x,t) — Ga(t)| + 3 Hi(x,t) <z
k=1

First, we choose the parameter L from 1 to 10 and solve the problem. The optimal values
can be depicted in Figure 1. It can be seen that the optimal value series is monotonically
decreasing as L increases.

Next, it’s not difficult to verify that the conditions in Theorem 3.5 hold. Then, we can
apply the proposed method to compute the limit of the optimal values. For this, we compute
the optimal value by solving the subproblems for each ¢, then we take the maximum and
obtain the limit, which can also be depicted in Figure 1. It is obvious that the optimal
value series approaches to the limit as L tends to infinity. Hence, the relation (3.8) has
been verified. Note that, the running time of computing the limit is only 0.5772 seconds.
However, it costs 21.3721 seconds to obtain the maximum z* = 0.3401 in the case that
L = 6, which shows that the proposed method is efficient.

Example 4.2. In acoustic signal processing [10], the linear phase FIR filters are designed
such that the actual response fits to a given ideal response. This problem can be transformed
into a minimax optimization problem as follow:

2 N
_in max|A T(HH (x, ) = Ga(f) 23 Hi(z, f)
Ak( )_COS((Qk_l)f+2) 1327"'aNa
s.t. L
Hk:( ) Z leOSZf 1a2a"'aNa

=1
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0.5 T T T T T T T T
optimal value

0.48 — — — limitvalue |

0.46 1

044 | 1

042 b

cost value

04 1

Figure 1: The optimal values with different parameter L in Example 1.

where N =5 and
Q=0UQy, QO = [0.0571',0.57(], Qo = [0.671',7'(],

Gd(f):{ (1) ;Egi

The first term of the cost function is the error between the actual response function and
the second term is the regularization to prevent the singularity of the problem. It can be
seen that the cosine functions are used as the basis functions. This minimax optimization
problem is translated into the semi-infinite programming problem as follow:

min z
zZ,x

st |AT(H)H (z, f) — Ga(f) ’ + 2]%1 Hi(z, f) < z.

To solve this problem, we first verify that the conditions in Theorem 3.5 hold. Then,
we treat the function H(x, f) as the variables first and obtain the limit as 0.4545. Next,
we choose the parameter L from 1 to 12 and obtain the corresponding optimal values by
solving the problems. The optimal values and the limit value can be depicted in Figure 2.
It can be seen that the optimal value series is monotonically decreasing and approaches to
the limit as L tends to infinity. Thus, the relation (3.8) is true and the proposed method
is effective. Furthermore, we apply the proposed method to compute the limit with only
0.3276 seconds, while the running time to obtain the maximum is 51.7143 seconds in the
case that I = 8. Hence, the proposed method is more efficient.

Conclusion

In this paper, we considered a class of minimax optimization problems with parameter L,
which can be transformed into a series of equivalent semi-infinite programming problems
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Figure 2: The cost function value with different parameter L in Example 2.

and can be solved by gradient based method. We analyze the limit of the optimal values
as the parameter tends to infinity. To compute the limit, we proposed a novel method by
decomposing the problem into a series of simplified subproblems. Then, we computed the
maximum of these optimal values to obtain the limit. Furthermore, we deduced the condition
and applied the fixed point theorem to support the theoretical basis of the proposed method.
Finally, we verified the effectiveness and efficiency of the proposed method by numerical
examples which show that the suitable L value is different with different basis functions.
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