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Abstract: In this paper, we consider the generalized polynomial variational inequality (GPVI). By using
the proposed regular condition, we establish a sufficient condition for the existence of solutions to the GPVI.
The compactness and uniqueness of the solution set of the GPVI are investigated. We present an extension
of Hartman-Stampacchia’s theorem for the GPVI and use this result to propose sufficient conditions for the
nonemptiness and compactness of the solution set of a class of the GPVI. Several illustrating examples are
presented to compare obtained results with existing ones in [SIAM J. Control Optim. 33, (1995), 168-184]
and others. Our main tools are the theory related to exceptional family of elements, structure of tensors,
and recession cone.
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Introduction

Variational inequalities (VI) theory, which was introduced by Stampacchia [20], is an im-
portant branch of the mathematical sciences. The VI provides us with a simple, natural
general and unified framework to study a wide class of problems arising in pure and applied
science. The VI has been studied extensively due to its successful applications in many
fields including economic equilibrium, control theory, game theory, transportation science,
and operations research.

Let F,G : R™ — R”™ be two given polynomial maps and let K be a nonempty closed
convex subset of R™. The so-called generalized polynomial variational inequality (GPVI)
defined by (F,G,K), denoted by GPVI(F, G, K), is to find a vector € R™ such that

G(z) € K and (F(z),y —G(z)) >0 Vy € K,

where (-, -) denotes the standard inner product in real Euclidean space.
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In the case where G is the identity map, G = IR", GPVI(F, IR", K) reduces to polyno-
mial variational inequality (PVI) which is denoted by PVI(F, K),

Find z € K and (F(z),y —z) >0 Vy € K,

(see, for instance, [2, 5, 6]). If F is a affine mapping, then PVI(F, K) reduces to the
generalized affine variational inequality (GAVI). The GAVI and quadratic programming
problems have been studied in detail in [5, 9, 10, 11, 12, 21, 22]. For the case where K
is a cone, GPVI(F, G, K) is the following generalized polynomial complementarity problem
(GPCP) (see [7, 19]), which denoted by GPCP(F, G, K),

Find x € R" such that G(z) € K, F(x) € K* and (F(z),G(z)) =0,

where K* is the dual cone of K and GPVI(F,idg~, K) is a polynomial complementarity
problem (see [1] and references therein).

Note that generalized polynomial variational inequality (GPVI) is a special case of the
following generalized variational inequality (GVI): Find a vector € R™ such that

G(z) e K and (F(x),y—G(x)) >0 Vy € K,

where F,G : R® — R™ are two given continuous maps and K is a nonempty closed convex
subset of R™. This problem was firstly proposed by Noor [14]. The GVI has received
considerable attention in recent three decades. Noor [15] also showed that the minimum
of a differentiable hg-convex function on the hg-convex set K in R™ can be characterized
by the GVI. Moreover, the problem GVI(F, G, K) is equivalent to a class of the fized point
problems: Finding Z such that z = F(Z), where F(z) = z — G(2) + Px(G(z) — F(z)) and
Pk is the projection of R™ onto K.

One of the central problems in the GVI theory is the existence of a solution. Research on
the existence of a solution to the GVI has played a very important role in theory, algorithms,
and practical applications of the problem. Since Noor [14] introduced the GVI problem,
many authors have developed many numerical methods for the GVI problems. Under the
assumption that functions F' and G are locally Lipschitz continuous and G is injective, Pang
and Yao [16] provided a sufficient condition for the existence of solution to GVI(F, G, K).
Recently, Wang et al. [23] proposed a sufficient condition for the uniqueness of solutions
of GPVI(F, G, K) by making use of properties of the involved polynomials. Some sufficient
conditions for existence of GPCP(F, G, K) have been proposed in [7, 19]. However, some
previous assumptions for the existence of GVI(F, G, K) in the above papers are rather strong
when they are applied to GPVI(F, G, K); for instance, the map G must be assumed either
injective [16] or surjective [15]. For the special cases where K is a compact set, establishing
a Hartman-Stampacchia type theorem is very necessary to study algorithms.

In this paper, we propose a new regular condition for the GPVI. This concept is dif-
ferent from existing ones. By using the proposed regular condition, we establish sufficient
conditions for the existence of the GPVI with G being an arbitrary polynomial map. The
obtained results develop and complete some aspects of the corresponding ones in [2, 7, 16].
Our main tools are the theory related to exceptional family of elements, structure of ten-
sors, and recession cone. We expect that the regular condition presented in the paper will
be useful in the study of the GPVL
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The outline of the paper is as follows. Section 2 gives some preliminaries. In Subsection
3.1, we propose a new regular condition for the GPVI. By using this regular condition, we
present sufficient conditions for the solution existence of the GPVI in Subsection 3.2. In
Subsection 3.3, we investigate the existence for the special case where K is a compact set
and applications.

Preliminaries

Throughout this paper, for any positive integer n, R™ denotes a real Euclidean space
equipped with the scalar product (-,-) and the induced norm || - ||. A tensor is a natural
extension of a matrix (see [17]). For any given positive integers m and n with m,n > 2, we
call A = (@iy4y...4,, ), Where a;y4,..4,, € Rfori; € {1,2,...,n} and j € {1,2,...,m}, an m-th
order n-dimensional real square tensor; and denote the space of m-th order n-dimensional
real square tensors by Rl

For any A = (a;,i,..4,,) € R and o = (r1,22,...,2,)T € R", Az™~! is an n-
dimensional vector whose ¢th component is given by

n

—1
(Ax™70); = Z Qiigig...ipy LioLig - - Li,

12,83,y im =1

for every i € {1,2,...,n} and Axz™ is a homogeneous polynomial of degree m, defined by

n
T —1y _
Ax™ =zt (Az™ ) = E Qiyig.. iy TiyTig - Ti, -

11,82, im =1

Denote by PI"" the set of polynomial maps H : R™ — R™ such that there exists
% e R for every i € {2,...,r} and ¢ € R™ satisfying

H(z) = ZC(i)xi_l +ec
=2

For each A € RI"" denote by
A(AM) := {Xx € R: 3z € R” such that ||z]| =1, ANz = \z}

the set of Z-eigenvalues of A" (see [17, p. 5]).

Let .
F(z) =Y A"a2"" ta (2.1)
r=2
and l
G(z) =Y BPar~' 4, (2.2)
p=2

where A" ¢ RIPM B®) ¢ RP7 for every r € {2,...,m}, p € {2,...,1} and a,b € R".
Denote
F>(x) := Alm) g1
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and
G=(x) = BOg L,

Let
A= (AM AP q) e T = R RE < R

B:=BWO,. . B® p)erhn = REA x| x REM x R",

The set of solutions of generalized variational inequality (GPVI) defined by (F,G,K)
is denoted by SOL(F,G,K). We also denote by SOL(A(™) B K>) the solution set
SOL(F>,G>, K*) of generalized variational inequality (GPVI) defined by (F'*°, G, K*°).

Tensor A(™ is called positive definite on a set C'if AW a"™ > 0 for every = € C'\ {0}. We
say that A(") is positive semi-definite on a set C if A" > 0 for every x € C.

Let C' C R™ be a cone, denote

C*:={yeR": Ty >0 VheC}.
Let S C R™ be a nonempty closed convex set. The recession cone of S is defined [18, p.
61] by
S :={veR":x+tve SVreSVt>0}.

It follows from the above definition that S + S C S. Clearly, S C S 4 5° since 0 € 5.
Thus, S = S + 5. According to [18, Theorem 8.3],

S :={v e R": 3z € S such that = + tv € SVt > 0}.

Let I, G be two continuous functions. A set of points {#*} C R" is called an exceptional
family of elements (see [23, 25]) for the pair (F,G) with respect to z € R™ if ||z¥|| — oo as
k — oo; and for each z*, there exists a scalar o > 0 such that z¥ := o*(2F —2)+G(2F) € K
and

—a’(a" — ) — F(a") € Nic ("),

where N (2*) is the normal cone of K at z*.
The following is useful in our proofs.

Proposition 2.1 (see [23, 25]). For two continuous mappings F,G : R® — R"™ and a
nonempty, closed and convex set K C R™, there exists either a solution of GVI(F,G, K) or
an exceptional family of elements with respect to any given T € R™ for the pair (F,G).

We call F' is copositive with respect to G on K if
(F(z),G(x)) 20

for every = € R™ satisfying G(z) € K.
We say that F' is strictly monotone with respect to G on K if

(F(z) = F(y),G(x) = G(y)) > 0

for every z,y € R™ satisfying « # y and G(x),G(y) € K.
A well-known result on the existence and uniqueness of solutions for the GVI is proposed
by Pang and Yao [16, Proposition 3.9] as follows.
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Proposition 2.2. Let K be a nonempty, closed and convex subset of R™, and let F and G
be two continuous functions from R™ into itself with G being injective. Suppose that:

(i) there exists a vector u € G~1(K) and positive scalars o and | such that
1G(z) = G(u) < [lz— ull
holds for all x € G=Y(K) with ||z| > «;
(ii) F is strongly monotone with respect to G on K | i.e., there is a scalar ¢ > 0 such that
(F(z) = F(y),G(z) = G(y)) = cl|lz — y|”
holds for all G(x),G(y) € K with © # y.

Then, GVI(F, G, K) has a unique solution.

Main existence results

In this section, we present sufficient conditions for existence of GPVI(F,G, K). A new
regular condition is proposed in Subsection 3.1. The existence results are presented in
Subsections 3.2 and 3.3.

A regular condition

For each positive integer pair (p, q), denote

P if p>gq,
P20 if p<q.

The following new concept plays a key role in proving the main results.

Definition 3.1. One says that GPVI(F, G, K) is regular if
SOL(F*™ + 61mp I, G 4 0mpI, K<) ={0} Vp>0, (3.1)

where I := idgn.

By the definition of the GPVI, we obtain that GPVI(F, G, K) is regular if and only if
there exists no (z, p) € (K \ {0}) x Ry such that

BWg=1 4 Om,1pr € K™,
A(m)x’m—l + 6l,mpm c (KOO)*, <A(’m)xm—1 + 6l,mpx= B(l)xl—l + 5m,lpl’> =0. (32)
Remark 3.2. To characterize the existence of solutions for the problem GPCP(F,G,C),
with C being a cone in R™, Ling et al. [7] presented the following concepts: The pair

(A BWD)Y is called ERC -tensor pair if there exists no (x,v,t) € (C'\ {0}) x Ry x Ry such
that

AMgm=1 4 e e 0*, BO2 4tz € C, <A(m)xm_1 + vz, BOZ 4 tm> =0. (3.3)
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Then, (3.3) is equivalent to
SOL(F* +vl,G* 4+ tI,C) = {0} V(v,t) € Ry xRy. (3.4)

Clearly, when C' = K®°, the regular condition (3.2) is weaker than (3.3). The following
example illustrates the above relation.

Example 3.3. Consider the problem GPVI(F,G,K) with n =2, m =1 =2, and K :=
{(2,0) € R? : z > 0}. For each z € R, let G(z) = (z2 — 2,221 — 225 + 7) and F(z) =
(x9 —1,—3x1 + 5xa + 1). We obtain that K> = K and (K*°)* = {(u,us2) : uy > 0}. For
each pair (v,t) € R, we have

G™(z) + te = (2 + tax1, —2x1 — 229 + t22),

F°(z) + vax = (xg + vy, —321 + 529 + vX3).

Choose (9,%) = (1,0) and let any Z = (%1, %) € R2. Then, Z € SOL(F>®+0I,G®+tI, K*)
if and only if
To >0, —2T1 — 2T =0, To+T1 >0, To(Ta +T1) =0.

We obtain that Zo > 0 and Z; + Zo = 0. Hence, SOL(F> + 0I, G +tI, K*) # {0}. This
follows that (3.3) is not satisfied.
For any p > 0, let ¥ = (1,%2) € R%2. Then, y§ € SOL(F* + pI,G*® + pI, K*) if and
only if
P2+ i1 >0, =251 = 25>+ pa = 0, (52 + pyin)* = 0.
It implies that § = 0. Hence, SOL(F> + pI, G + pI, K*) = {0} for every p > 0 and the
condition (3.2) is satisfied.

The following concepts are used in the main theorem. The pair (A(m), B(l)) is said to be
a RS -tensor pair (see [7, 24]) if there exists no x € C'\ {0} such that
BWz!=t e ¢, Amgm=t e ¢, (Almgm=t g1y =, (3.5)

Then, (3.5) is equivalent to
SOL(F*,G*,C) = {0}. (3.6)

If SOL(A(™), I,R") = {0}, then A(™) is called Ry-tensor, which has been used to study the
existence and stability for tensor variational inequality and tensor complementary problem
(see [1, 2]).

Existence under the regular condition

The main result is presented in the following theorem.

Theorem 3.4. Let K C R™ be a nonempty closed convex set and GPVI(F, G, K) be regular.
If one of the following conditions is satisfied:

(i) m=1;

(ii) m > 1 and A™) is positive definite;
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(iii) m <1 and BW is positive definite,
then SOL(F, G, K) is a nonempty and compact set.

Proof. Suppose, on the contrary, that GPVI(F, G, K) has no solution. Then, it follows from
Proposition 2.1 that there exists an exceptional family of elements for the pair (F,G) with
respect to 0 € R™, i.e., there exist {z*} C R" satisfying ||z*| — oo as k — oo and o* > 0
such that z* := o*2F + G(2*) € K and

—okah — F(2%) € N (o"2® + G(2F)).
By the definition of the normal cone, we obtain that
(c*zk + F(a®),y — oFa® — G(a%) >0 Wy e K, (3.7

that is,
(o ety — F(a") = G(a")) + (F(a"),y — Ga®)) — (")?[«"[* > 0 (3.8)

for every y € K. By the fact that ||2*|| — oo as k — 0o, we may assume that ||z¥|| > 0 for
all k — oo.
Case 1: m > [. Dividing both sides of the inequality (3.8) by ||z*||™*!=2, we obtain that

ok <xk y—F(xk)—G(x’“)>

[l* =2 \ [J* =t
F(zk — Gk kY2
+ ,fx),y kl(x) - ,fo)l > 0. (3.9)
[J|m=t ]|t B K
Without loss of generality, we may assume that HE—ZH — h for some h € R™ with ||A| = 1.
Denote:
k._ o
S
K < at y—F(xk)—G(iEk)>
u® = , — ,
Bl [k [t
and

o { Fah) y- G(zk>>.

R P

From (3.9), we have
k2
)" 2o

k, k k

We now show that {p*} is bounded. Indeed, suppose, on the contrary, that p¥ — 400
as k — +o0. Consider the following two cases:
Case 1.1: m = 1. Then, we obtain that

\ oy =, AR —a =Y B (@Rt — b
lim v®° = lim , L
k—o0 koo \ ||ZF|| |||t

— _<E’ (A(m) + B(l))ﬁm,—1>

= — (A 4 BO)pm
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and

lim v* = lim
k—oco k—o0

<Zl”_2 AD (@)1 4q y— S, B @kt - b>

[Ed ’ [l* =
_ 7<A(m)ﬁmfl’6(l)ﬁmfl>.
Dividing both sides of the equality (3.10) by (p*)? and letting k& — oo yields —1 > 0, a

contradiction.
Case 1.2: m > [. From (3.10) it follows that

pFuP 4+ 0% > 0. (3.11)
Then,
‘ oy S AV —a— L, B @k — b
lim ©° = lim , P
k—o0 koo \ ||ZF|| ||k |1
= —(h, A™pm=1)
= Al
and

lim v* = _<A(m)ﬁm—178(1)]‘11—1>.

k—oc0

By the assumption that A(™ is positive definite, we have A h™ > 0. Then, we obtain
pkuk +oF = —0

as k — +o00, contrary to the inequality (3.11).

Therefore, {p*} is bounded. Without loss of generality, we may assume that p¥ — p
for some p € R,. Applying [18, Theorem 8.2] to 2 = pF||a*||!~22% + G(2*) € K and
W — 0, we have

1 & p " G(z%)

= — ph+ BORpIL ¢ K,
e R

Fix w € K. For every h € K>, we have z := w + h|z*||'~* € K. From (3.7) it follows that
(M lla®)' 22 + F(a), 2 = p* |22 — G(a")) 2 0,

that is,
(Ml (122" 4 F (), w+ bl = pFfla?) Pt — Gat)) > 0.

Dividing both sides of last inequality by [|z¥||™*!'~2 and letting k — oo yields:
(AMpm=t h — BORY — 5RY > 0 if m >

and
(AMpm=t 4 ph b — BOR=Y — ph) >0 if m = L.



ON GENERALIZED POLYNOMIAL VARIATIONAL INEQUALITY 123

These lead to 0 # h € SOL(F®° + 6mp I, G™ + 8,,1p 1, K*), contrary to the assumption
that GPVI(F, G, K) is regular.
Case 2: m < l. Dividing both sides of the inequality (3.8) by ||*||*!=2 we obtain that

o <x’“ y—F(m’“)—G(w’“)>+< F(z*) y—G(ﬂck)> (o*)° 0.

[\ o [ i A P i

It implies that

ok < ok oy — F(z*) — G(mk)> N < F*) y— G(:ck)> > 0. (3.12)

[l® (=2 \ | (B [k =t k=t
Denote:
k= 7016
B
e[y Fh) - G
AN el [l® = ’
and . )
o[ Fh) oy G
AN ot K o LA
From (3.12) it follws that
rkwk 40k > 0. (3.13)
We have
m r r— l —
lim w® = lim < o Y R AN 2y BW(z*)rt —b
koo k—oo \ ||l2F]| ||k -1
— (h,BOR

_ _B(Z)Bl

and limy,_, oo v* = — (AR~ BORI=L) From the assumption that B is positive definite
it follows that BWA! > 0. If {rk} is unbounded, then r*w* + v* — —oc0 as k — +oo,
contrary to the inequality (3.13). Hence, {r*} is bounded. Without loss of generality, we
may assume that r¥ — 7 for some 7 € R,.. For every h € K, for some w € K, we have
Z:=w + hljz*||'"! € K. Substitute z = Z into the inequality (3.7) yields

(rF a2t + F(ah),w + hl|la® |7 = a2t — Gt)) > 0.

k Hm+172

Dividing both sides of last inequality by ||« and letting & — +oo gives

(A=t 4 7R, b — BORTY) > 0.

That is, 0 # h € SOL(F>® + 8§ ;7 I, G + 6,,,7 I, K*), contrary to the assumption that
GPVI(F, G, K) is regular.

By the above cases, we obtain that GPVI(F, G, K) has a solution.

Next, we show the boundedness of the solution set of SOL(F, G, K'). Suppose, on the con-
trary, that SOL(F, G, K) is unbounded. Then, there exists a sequence {y*} € SOL(F, G, K)
such that [|y*|| — +oo as k — 4oo. Without loss of generality we may assume that
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lly*|| = oo as k — oo, ||y¥|| # 0 for all k, and ||y*||~'y* — © with ||v|| = 1. For each k, we
have G(y*) € K and
(F(y"),y - G(y") >0 vy € K. (3.14)

Applying [18, Theorem 8.2] to G(y*) € K and W — 0, we have

1 k 1 0)=l—1 S
AT e = ||yk||“(23(p . *b)%()“ <K

as k — oo. Fix w € K. For every v € K*°, we have
z:=w+v|yF|"! € K.

From (3.14) it follows that

m l
<ZA““> W)z Y BP (- b> >0,
r=2 p=2
that is,

m l
< S ADGEY g w4 ol - 3T B b> >0,

r=2 p=2

Dividing both sides of the last equality by ||y*||™*!~2 and letting & — oo yields
(Atmgm=L iy — BOGL) > 0.

Then, 0 # o € SOL(A™), BW, K>), contrary to the assumption that GPVI(F, G, K) is
regular. Therefore, SOL(F, G, K) is bounded.

Let any a sequence {z*} C SOL(F, G, K) such that z*¥ — z as k — +oo for some z € R".
Then, for some y € K, we have

G(7*) € K and (F(2F),y — G(z*)) > 0 Vk. (3.15)

Since F' and G are continuous and K is closed, passing the expressions in (3.15) to limits as
k — oo, we obtain that

G(z) e K and (F(2),y —G(2)) >0

This follows that SOL(F, G, K) is closed. Therefore, SOL(F,G, K) is a compact set. The
proof is complete. O

The following example illustrates an application of Theorem 3.4.
Example 3.5. We consider the problem GPVI(F, G, K) with n =2, m =1 =4,
K := {(v1,22) € R? : 23 — 2, < 0},
F(x) = (223 — bwyae — 4wo + 1, =325 + z1200 — 21 — 2),

and
G(x) = (28 + 23 — 21,25 + 1120 + 1) Vo = (21,22) € R
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Then, K is nonempty since (0,0) € K. From the fact that the function ~ defined by
y(x1,m2) := 22 — 21 is a convex quadratic function it follows that K is a closed and convex
set. According to [3, Lemma 1.1], we have K*° = {(21,0) : 1 € Ry }. Then, for each p > 0,
we obtain that

F(a) + pz = (20 + pur, 323 + pa),

and
G®(x) + pz = (a3 + py, a3 + pa).

Suppose that Z = (Z1,Z2) € SOL(F>® + pI, G* + pI, K*), that is,

G*(Z) + pz € K, (3.16)
F(z) + pz € (K™)", (3.17)
(F*°(z) 4+ pz,G*(Z) + pz) = 0. (3.18)

From (3.16), we have Z; > 0 and Zy = 0. Then, for every v = (v1,0) € K> with v; > 0,
one has
(F>(Z) + pZ,v) = v1(275 + pZ1) > 0.

Hence, (3.17) is satisfied. By (3.18), we have
73 (221 + p)(] + ) = 0.

This follows Z; = 0. Thus Z = (0,0) and the regular condition is satisfied. Therefore, the
presented problem has a solution by using Theorem 3.4.

In the following corollary, we characterize the uniqueness of solutions of GPVI(F, G, K)
under the assumptions, which is different from [23, Theorem 2].

Corollary 3.6. Suppose that the assumptions in Theorem 8.4 are satisfied. Then,
GPVI(F, G, K) has a unique solution provided that F' is strictly monotone with respect to G
on K.

Proof. The emptiness of SOL(F, G, K) # ) follows from by Theorem 3.4. We now prove that
GPVI(F, G, K) has a unique solution. Indeed, suppose, on the contrary, that GPVI(F, G, K)
has two different solutions Z and &. Then,

(F(z),G(2) = G(7)) = 0 and (F(£), G(z) - G(2)) = 0.

It follows
(F(#) - F(2),G(2) - G(@)) < 0.

This contradicts the assumption that F' is strictly monotone with respect to G on K. There-
fore, the problem GPVI(F,G, K) has a unique solution. O

Remark 3.7. The assumptions that G is injective and F' is strongly monotone with respect
to G on K in Proposition 2.2 are omitted from Corollary 3.6. The following example
illustrates an application of Corollary 3.6 and it also shows that [16, Proposition 3.9] cannot
apply for this problem.
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Example 3.8. Consider GPVI(F,G,K) with n = 2, m = [ = 4, K := {(21,0) € R? :
1 € Ry}, for all z = (z1,70) € R?, F(x) = (23, 223 — 7129 + 225 + 1), and G(x) =
(23,23 — 3z — 18). Then, K* = K and (K*)* = K* = {(z1,22) : 21 > 0}.

Since K is a cone, this problem reduces to the problem GPCP(F, G, K) as follows: finding
x € R? such that

G(z) e K, F(x) € K*, (F(z),G(x)) = 0.
We can check that Z = (Z1,Z2) = (0,3) is a solution of the above problem.

For every © = (x1,22),y = (y1,y2) € R" satisfying  # y and G(z),G(y) € K. Since the
equation 3 — 3z — 18 = (z — 3)(23 + 3z2 + 6) = 0 has a unique solution z = 3. Hence,
9 = yo2 = 3 and 1 # y1. Suppose that GPVI(F, G, K) have two different solutions z and
Z. Then,

&1 # T, 1 =91 =3, (F(2),G(Z) — G(Z)) >0, and (F(2),G(z) — G(&)) > 0.

It follows

(F(2) - F(z),G(2) - G(x)) < 0.
This contradicts the fact that (F(z), G(2) — G(z)) = (23 — 23)? > 0. Therefore, F is strictly
monotone with respect to G on K and this problem has a unique solution.

We have
F(2) + p = (2 + pr1, =225 + p2)
and
G™®(x) + px = (23 + pr1, 25 + prs).

Let any z = (21, Z2) € SOL(F™ + pI, G + pI, K*), that is,

G™(Z)+pzc K=, (3.19)
F>(2) 4+ pz € (K*)*, (3.20)
(F*(2z) + pz,G*(2) + pz) = 0. (3.21)

By (3.19), we have Z3 = 0 and z; > 0. For every v = (v1,0) € K° with v; > 0, we obtain
(F>®(2) + pz,v) = v1(22 + pz;) > 0.
and (3.20) is satisfied. From (3.21), we have
(2} + pz1)? = 0.

It implies z; = 0. Hence, z = (0,0) and the presented problem is regular. Applying Corollary
3.6, this problem has a unique solution.

However, from the fact that G(0,0) = G(0,v/3) = G(0, —v/3) = (0, —18) it follows that
G is not injective; hence, [16, Proposition 3.9] cannot apply for this problem.

The following corollary characterizes the existence for GPCP(F, G, K).

Corollary 3.9. Let GPCP(F,G, K) be regular. Suppose that the assumptions in Theorem
3.4 are satisfied. Then, GPCP(F,G, K) has a solution.

Proof. This corollary follows immediately from Theorem 3.4. O

Remark 3.10. The regular condition used in Corollary 3.9 is weaker than one used in [7,
Theorem 3.1] (see Remark 3.2).
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Existence for the case where K is bounded and applications

For the case where K is compact, the existence for the problem GPVI(F, G, K) is proposed
as follows.

Theorem 3.11. If K is a nonempty compact convex set and if A(BW) C Ry \ {0} then
GPVI(F,G, K) has a solution.

Proof. Suppose, on the contrary, that GPVI(F,G, K) has no solution. By using similar
arguments as in the proof of Theorem 3.4, there exist {z¥} C R" satisfying ||z*|| — oo as
k — oo and o > 0 such that z* := o*2* + G(2¥) € K. Without loss of generality, we may

ZEk

assume that ;i — h for some h € R™. Denote

K o*

P ke

We consider the following two cases:
Case 1: {p*} is unbounded, that is, p*¥ — 400 as k — +oo. Then, applying [18, Theorem
8.2] to zF = o*z* + G(2) = p¥||2*||'22* + G(2*) € K and W — 0, we have

1 & xk n 1 G(zb)
2F = —.
k|||t 2]l pF " [l

— he K> ={0}.

This contradicts the fact that ||h|| = 1.
Case 2: {p*} is bounded. Without loss of generality, assume that p¥ — 5 for some
p € R™ and p > 0. Applying [18, Theorem 8.2] to ¥ = pk||z*|!~22% + G(2*) € K and

1
TR =t — O, we have

1 k k zk G(zk) _7 D7l—1 50
e = e P BURT € K = {0,

This follows that
BORIY = —ph,

that is, —p < 0 is a eigenvalue of B, This contradicts the assumption (7). Therefore,
GPVI(F, G, K) has a solution. O

Remark 3.12. Applying Theorem 3.11 for G = I with A(G) = {1}, we get well-known
Hartman-Stampacchia’s theorem for PVI (see [4]).

By using the result obtained in Theorem 3.11, we get the following important results.

Theorem 3.13. Let K C R™ be a nonempty closed convex set, 0 € K, and A(B(l)) -
R \{0}. Assume that F> is copositive with respect to G> on K>°. The following statements
are valid:

(i) If (AU, BW) is a RE™ -tensor pair then SOL(F + F,G + G, K) is a nonempty compact
set for every (F,G) € Plm=tnl y pli=tn].

(ii) SOL(F + ¢,G, K) is a nonempty and compact set for every ¢ € int{G>(SOL(A™),
BW, K<))1*,
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Proof. Suppose that K C R™ is a nonempty closed convex set, A(BY) c R, \ {0}, 0 € K,
and F*° is copositive with respect to G on K.
(i) Suppose that (A™ BW) is a RE ™ -tensor pair. For each i = 1,2, ..., denote

K,={zeR":z€ K,|z]| <i}.

Then, we may assume that K; is nonempty compact set. For some (F,é) e plm—1nl
Pl=1n] by using Theorem 3.11, we have

SOL(F + F,G+G,K;) # 0

for every i. Let any 2! € SOL(F + F,G + G, K;). We prove that {z} is bounded. Indeed,
suppose, on the contrary, that {z‘} is unbounded. Then, we may assume that x* > 0 for
every i and z'/||2*|| — © for some © € R™. By the fact that 2* € SOL(F + F,G + G, K;),
we have G(z%) + G(z%) € K; and

(F(z') + F(2%), 2 — G(z') — G(z%)) > 0 (3.22)
for every z € K;. Since G(z%) + G(z) € K and W — 0, applying [18, Theorem 8.2], we
have

1
1 i\p— (o0 =l— o]
W(ZBQ})(JI )p 1 +b+G($ )) — B(I)Ul 1 c K
=2

as i — oo. Multiplying both sides of the inequality (3.22) by |z°||~("*+=2) and taking
i — o0 yields
(Atmgm=1 g1 < 0. (3.23)

Since F'* is copositive with respect to G*° on K°°, we have

<A(m)@m_178(1)’ﬁl_l> >0

By this and (3.23), we have
(Amgm=1 G = . (3.24)

For any v € K\ {0}, one has y* := 0+ MMU € K and

ol
ly'll = G (") + G| <.

Hence, y* € K;. By (3.22) one has

(F(z') + F(a').y' = G(a') = G("))

:<F(xi) L B, ||G<xZ>H;”G<xZ>||

v —G(2") — é(xl)> > 0.
Multiplying both sides of the last inequality by [z*||~(™*+!=2) and letting i — oo yields

=l—1
<A<m>um—17 18997 ”v> > (Amgm=1 pUg=1y = 0.

o]l -
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Hence, (AMom=1 v) > 0, that is, A™o™~1 € (K°°)*. By this and (3.24), we deduce that
B e K>, AmymTt e (K*)* and (Aot BT =0,

that is,
0+ o € SOL(A™ BY ), (3.25)

contrary to the assumption that (A, B is a R§°-tensor pair. Therefore, {z} is bounded.
We may assume, without loss of generality, that x' — # for some # € R™. Since G(z°) +
G(z') € K and since K is closed, we have G(Z) + G(Z) € K. Passing (3.22) to limits as
i — 00, we obtain

(F(z) + F(z),2 — G(z) — G(z)) > 0. (3.26)
Hence, T € SOL(F+F,G+ @,K).

Suppose that SOL(F + F,G + G, K) is unbounded. Then, there exists {y’} ¢ SOL(F +
F,G + G, K) such that ||z%| — oo and 2'/||2|| — § for some Z € R". Repeating the above
arguments, we obtain that 0 # z € SOL(.A(m),B(l), K®°), contrary to the assumption that
(A BO)Y is a RE™ -tensor pair. Therefore, SOL(F 4 F, G+ G, K) is a nonempty compact
set.

(i1) For each ¢ € int{G>(SOL(A™) B K>))}*. By the similar arguments in part (4)
with F = ¢ and G = 0, we obtain (3.22)-(3.24). Repeating the arguments in part (), one
gets 7 € SOL(A™) BY | K>°). From (3.22), taking z = 0, we have

(F(z") 4 ¢, —G(z%)) >0,

that is,
(¢,G(z")) < —(F(a"),G(z")) < 0.

Dividing both sides of the last inequality by ||z°||'~! and letting i — oo yields

<c, B(l)@l_1> <0.

This contradicts the assumption that ¢ € int{G>°(SOL(A™),B" K>))}*. Therefore,
SOL(F + ¢, g, K) is nonempty. The boundedness of SOL(F + ¢, g, K) follows from a similar
analysis as in part (7). O

For the special case where G = I, from Theorem 3.13, we obtain the follows corollary.

Corollary 3.14. Let K C R" be a nonempty closed convez set, 0 € K, F* is copositive on
K. The following statements are valid:

(i) If A is a Ry-tensor on K™ then the solution set of PVI(F + F, K) is nonempty and
compact for every ' e Plm—1nl.

(ii) The solution set of PVI(F + ¢,K) is nonempty and compact for every c €
int {SOL(A™) I, K*°)}*.

Remark 3.15. The obtained results in Theorem 3.13 and Corollary 3.14 are useful for
studying the stability of parametric GPVIs and PVIs. This interesting topic will be con-
cerned in our next studies. Part (i¢) in Corollary 3.14 is a recent result obtained by Hieu [2,
Theorem 4.1]. A better result, which can be easily obtained from Theorem 3.13, has been
proposed by Ma et al. [8].
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Conclusion

In the paper, to investigate the solution existence of the GPVI, we have proposed a new
regular condition (Definition 3.1). We have presented sufficient conditions for the solution
existence of the GPVI (Theorem 3.4). By this main theorem, we have obtained the existence
results for the boundedness of the solution set and the special case where K is a compact
set (Theorems 3.11 and 3.13).
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