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A PROJECTED PRP METHOD FOR OPTIMIZATION WITH
CONVEX CONSTRAINT*
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Abstract: In this paper, we introduce a projected PRP method for optimization with convex constraint
and establish its global convergence, which is a direct generalization of the classical PRP method for uncon-
strained optimization. We also did some numerical experiments to show its efficiency.
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Introduction

The classical Polak-Ribiere-Polyak (PRP) method is very popular for solving smooth un-
constrained optimization, which has been regarded as one of the most efficient nonlinear
conjugate gradient methods [11,12]. Similar to the BFGS method [18, 20, 25], the PRP
method also has been greatly extended to solve nonlinear equations [16,17,23,24].

In general, the direction generated by the PRP formula with the standard Wolfe or
Armijo line search may be not a descent direction of the objective function. To guarantee
global convergence of the PRP method for nonconvex problems, two different ways are often
used. One way is to modify the PRP formula such as the PRP+ method and the three-term
PRP method [1,2,4,5,8,10,19]. Another way is to adopt special search rules such as descent
type line searches [7,9,14,15] and non-descent type line searches [21,22].

We note that the above described PRP type methods aim to solve unconstrained op-
timization. However, they are not suitable for solve constrained optimization problems
directly. The objective of the paper is to generalize the unmodified PRP method to solve
optimization with convex constraint by utilizing the projection and some non-descent line
search.

The paper is organized as follows. In Sect. 2, we propose a projected PRP method for
optimization with convex constraint in detail. In Sect. 3, we investigate global convergence
property of the proposed method. In Sect. 4, we do some numerical experiments.
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in Engineering.
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The Projected PRP Method

In this section, we first simply recall iterative form of the unmodified PRP method for uncon-
strained optimization. Then we present a projected PRP method for solving optimization
with convex constraint.

The general scheme of the unmodified PRP method for solving the smooth unconstrained
optimization problem

i 2.1
Inin (), (2.1)
is given by k41 = xx + ardk, k = 0,1, . ... Here the stepsize ay, is computed by some line
search, and the search direction dj, is generated by the PRP formula
—9k; it k= 07
dr, = 2.2
¢ { gk B Ay, i k>, (22)

where g = V f(z)) and

PRP g/{yk—l
E = m, Yk—1 = gk — Gk—1- (2.3)

Throughout the paper, we denote 2-norm by || - ||
The aim of this paper is to generalize the PRP method for the problem (2.1) to solve
the following constrained optimization problem

min (), (2.4)

where (2 C R"™ is a closed convex set, f : R® — R is a smooth function and its gradient
g(x) = Vf(z) is available. It is clear that if z* is a local minimizer of the problem (2.4),
then it is a stationary point which satisfies the following definition.

Definition 2.1. We say that z* € 2 is a stationary point of the problem (2.4) if it satisfies
gz (x —2*) >0, VzeQ.
Let Py : R™ —  be the projected operator, that is,
P, = Argmi —z|.
o(r) = Arg min ly — ]

Set
Ty = PQ((Ek - gk:) — Tk (25)

It is well-known that r, = 0 if and only if zj is a stationary point of the problem (2.4).
Using the projection, we introduce the following projected PRP method for the problem
(2.4).

Algorithm 1. (The projected PRP method)
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Step 0. Choose xg € 2,6 >0, p € (0,1), 0 < Amin < Amax < 00. Select a positive
sequence {7} satisfying

an <n < oo. (2.6)
k=0

Set Clo = —4o- Let k£ :=0.
Step 1. If r, = 0, then stop. Otherwise, go to Step 2.
Step 2. Compute di by (2.2).

Step 3. Compute the stepsize oy, = max{oxp’| i =0, 1,...} satisfying
f(Polzy + arde)) < fzx) — 8llardi||® + i, (2.7)

where oy € [Amin, Amax)-

Step 4. Set zx41 := Po(xy + apdy). Let k:=k + 1 and go to Step 1.

Remark 2.2. By (2.5), if g,=0, then r, = 0, which means that xj is a stationary point
of the problem (2.4). Moreover, from the continuity of the projected operator and n; > 0,
then the line search (2.7) is satisfied for all sufficiently small o > 0. The non-descent line
search (2.7) is a modification of that of [21].

Now we give some important properties of the projected operator, which are very useful
for global convergence analysis of Algorithm 1. The following two lemmas come from [3].

Lemma 2.3. If z € Q, then
(Po(z) —2)" (2 = Pa(x)) >0, VaeR", (2.8)

[Pa(z) — Pa()ll < llz —yll, Vo,yeR" (2.9)

[ Po(z—ag(z)) =]

Lemma 2.4. For any fized x € ), is nonincreasing in « > 0.

Lemma 2.5. Let x;, € Q. Then

Po(zr — agr) — x|
9F (x4 — Polzy — agr)) > | Palo ag") A (2.10)

Proof. In fact, from (2.8) and z; € 2, we have

gi (zk — Palzr, — agr))
= é(il?k — Po(zr — agr) + Po(zk — agr) — (vx — agk))T(xk — Po(xy — Oégk))

Polz, — « — x||? 1 T
1P agk) el +5(PQ(Ik_agk)_(zk_0‘gk)) (zr — Po(zr — agr))

| Po(zr — agr) — ai)?
Q

Y

The proof is completed. O
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Global Convergence

In this secton, we discuss global convergence property of Algorithm 1 under the following
assumptions. To begin with, let us define the level set

0 = {a] f(2) < f(wo) + 0} 1O, (3.1)

where 7 satisfies (2.6). It is clear that z; € Q4 for all k£ > 0.
Assumption 1.

(i) The level set 2 defined by (3.1) is bounded.

(ii) There exists some convex neighborhood N of ; such that the gradient g(z) is
Lipschitz continuous in N N €2, namely, there exists a constant L > 0 such that

lg(z) =gl < Lllz —yl, Vz,ye NNQ. (3.2)
Assumption 1 implies that there exists a positive constant M such that
lg(x)|]| < M, VYxe NNQ. (3.3)
Clearly, by the line search (2.7) and (2.6), we have
klgrgo apdy = 0. (3.4)

The following result shows that Algorithm 1 converges globally.

Theorem 3.1. Let Assumption 1 hold and the sequence {xy} be generated by Algorithm 1.
Then
liminf ||rg| = 0. (3.5)
k—o0

Proof. We prove this theorem by contradiction. If it is not true, then there exists a constant
7 > 0 such that
|rell > 7, VEk>0. (3.6)

This implies that for some positive constant 71,
lgll > 7, Vk>0. (3.7)
Otherwise, there exists some infinite subset K C {0,1,2,...} such that

. _ g T, _
dm, Il =, i IPales =00~ <, Jim_ Lol = 0.
where the last inequality uses (2.9) and the fact Pq(zx) = xg. This contradicts with (3.6).
Therefore, by (2.3), (3.2), (2.9), (3.3), (3.4) and (3.7), we obtain

L —1ldk—
1

This together with (3.3) and (2.2) means that there exists a constant M; > 0 such that

lldi|l < M. (3.9)
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By (3.8)-(3.9) and (2.2), we have
EPdi_y =0, dp = —gi. (3.10)
(i) If limsup,_, .o o > 0, then (3.4) yields
lim inf |dy | = 0,

which leads a contradiction with (3.10) and (3.7).
(ii) If limsupy,_, o ax = 0, then o) = <& can not satisfy the line search (2.7). Thus,

f(Pa(zr + odi)) — flazr) > =6llorde|® + ne > =0 adi]>. (3.11)

By the mean value theorem, we have

S(Palxy + ajdi)) — flzr) — g(&r)" (Pa(zk + o dy) — x)

Q) ]
k k
_ 9x (Pa(r — ojgx) — 21) L 9l — gr)" (Pa(wr + ajdr) — xx)
aj, aj,
+gng(PQ(fEk + o di) — Po(zr — ogk))
ay
T(Po(zy — ogr) —
_ 9k (Po(zy /kgk) k)+Ak
QX
) _ 2
< | Palz aggk-) | LA

o

where ¢ lies in the segment between zy, and Pq(xy + a).dy) and the last inequality follows
from Lemma 2.5. This together with (3.11) yields

| Pa(zr — arge) — zi]?

2 < |Ag| + dad||de || (3.12)
k
Moreover, we have
|A|
Py xk—ka’ di) — xk (PQ($k+()él dk) —Pg(xk—o/gk))
< lo(en) — gl | LREEF DI Z By i) 0) |
Q, Q
< Millg(&k) — gl + llgrlllldr + gr |l

Mi|lg(&k) = grll + M||BERP die—1 ],

where the second inequality uses (2.9) and (3.9). By the continuity of g and aj, — 0 and
(3.10), we get that Ap — 0. By (2.5), Lemma 2.4 and (3.12), we obtain

Pz — o — x|
Il = | PaCee — gi) — 2 < L0 Z GI) 200 4 a2 0.
k

This contradicts with (3.6). The proof is then completed. O
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Table 1: Test results on the problem (4.2) with v = (1,2,...,n —1)7.
Algorithm 1 The PG method

n Iter 175 || 0o Time Iter 175 || 0o Time
100 74 9.1256e-06 0.049779 70 9.9467e-06 0.027479
500 60 8.2435e-06 0.092343 91 8.7241e-06 0.10784
1000 59 8.3732e-06 0.16285 104 9.289e-06 0.22721
1500 55 9.0037e-06 0.21005 116 8.5336e-06 0.38664
2000 62 8.9135¢-06 0.30178 122 8.1618e-06 0.53083
2500 78 9.2436¢-06 0.55164 128 9.8512e-06 0.71693
3000 71 9.451e-06 0.5897 131 9.2855e-06 0.91072
3500 60 9.1161e-06 0.5529 129 9.8574e-06 1.0503

Table 2: Test results on the problem (4.2) with v = 2(1,22,..., (n — 1)?)T.

Algorithm 1 The PG method

n Iter 175 || 0o Time Iter 175 || 0o Time
100 72 9.7616e-06 0.044399 67 9.1474e-06 0.025313
500 60 9.2637e-06 0.092921 98 9.2032e-06 0.12744
1000 71 9.2677e-06 0.19903 102 9.5268e-06 0.2381
1500 62 8.0182e-06 0.2427 115 8.5563e-06 0.40841
2000 66 8.5835e-06 0.35081 121 8.1772e-06 0.57016
2500 75 8.7576e-06 0.54326 125 8.4656e-06 0.74873
3000 82 9.4057e-06 0.78966 130 9.3253e-06 0.98772
3500 63 8.9983e-06 0.59293 128 8.3004e-06 1.137
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Numerical Results

In this section, we compare the performance of the following two methods for solving the
problem (2.4).

e Algorithm 1. We set the parameters 6 = 0.1, p = 0.1, Amin = Amaz = 1 and n;, = 0.5%.

e The following classical projected gradient method (PG) [13] with the same parameters
as Algorithm 1 in our numerical experiments:

Step 0. Choose 29 € Q2,5 >0, p € (0,1). Set dg = —go. Let k :=0.
Step 1. If r; = 0, then stop. Otherwise, go to Step 2.
Step 2. Compute di = —gy, -
Step 3. Compute the stepsize ay = max{opp’| i = 0,1,...} satisfying
f(Po(zp + ardy)) < fzg) + 097 (Pa(zk + ardy) — i), (4.1)
where o € [Amin, Amax)-

Step 4. Set xx41 := Po(xy + apdy). Let k:=k + 1 and go to Step 1.

We test both methods on the following problem with different ~;.

n—1 n—1
1 1
flx) = ;(1’1 —zip1)? + 12 ; Yi(wi — 1)t + EIT:E (4.2)

N |

with the constrained set Q@ = {z| — 10 < x; < 10, ¢ = 1,2,...,n}, where 7; > 0,7 =
1,2,...,n — 1, are constants. We denote v = [y1,72, -+, Yn_1]" -

The codes were written in Matlab R2015a. We stopped the iteration if & > 500 or
7k |loo < 1075, We chose the initial point zo = (1,1,...,1)T. Numerical results are listed in
Table 1 and Table 2, where Iter, ||7%||cc and Time stand for the total number of iterations,
the infinite norm of r; at the stopping point and the CPU times in second respectively.

From both Tables, we can see that Algorithm 2.1 performs better than the PG method
since it requires less iterations and less CPU times especially for relatively large n.

Conclusions

Using the projection and some non-descent line search, we present a projected PRP method
for optimization with convex constraint. It is a natural extension of the classical PRP
method for unconstrained optimization. We show that the proposed method converges
globally. Numerical results show that the proposed method performs better than the classical
projected gradient method for the given test problem. Our further study is to apply the
proposed method to some financial optimization problems [6].
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