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Abstract: We propose a g-conjugate gradient algorithm using quantum calculus for solving unconstrained
optimization problems. The direction generated by the proposed method always yields a descent direction
for the objective function due to g-gradient. The method does not depend on the convexity of the objective
function. The parameter ¢ is utilized in modified method with Armijo-type line search to ensure that the
algorithm is a stable and fast convergence. Further, numerical results are reported to show the efficiency of
the proposed method.
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Introduction

Optimization problems are presented in many applications, especially in science [20] and
engineering [13, 21], image processing [16, 19], and solving M-tensor equations [22, 23], etc.
The development of effective methods to solve such problems is essential. The gradient-based
descent algorithms such as steepest descent [25], Newton’s method [26], quasi-Newton [27]
and conjugate gradient methods [28, 33| are generally fast and precise for solving large scale
unconstrained optimization problems. The steepest descent and conjugate gradient descent
methods are first order methods that require only the gradient of the objective function in
every iteration. On the other hand, Newton and Quasi-Newton methods are second-order
methods which require gradient and Hessian of the objective function in every iteration.
The Newton and quasi-Newton methods require O(n?) to calculate and store Hessian or
approximate Hessian matrix of n-dimension problems at each iteration. However, first-
order methods only need O(n) storages and calculations at each iteration. Our focus is
to study the first-order method for solving problems. The conjugate gradient methods are
efficient methods for solving large scale unconstrained optimization problems due to their
lower computational cost and lower memory requirements.
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MTR-2018/000121) and the University Grants Commission (IN) (Grant No. UGC-2015-UTT-59235).
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The presence of several optima makes global optimization difficult for local optimizer
methods unless the search is started to the vicinity of the global optimum or multiple starting
points are supplied. For many applications where the objective function is a black-box and
values are computed through a computer simulation, the gradients of the objective function
are not available. Then, evolutionary algorithms [7] and simulated annealing [14] are better
suited for escaping local minima for solving such complex problems but suffer from the high
computational cost due to their slow convergence to the global optimum. Also, there exists
no convergence proofs and the empirical convergence is quite slow. The main reason for this
slow convergence is that these methods explore the global search space by creating random
movements without using much local information about promising search direction [29]. In
contrast, local search methods have faster convergence because of using local information to
determine the most promising search direction by creating logical movements.

The quantum calculus is a novel theory that is based on finite difference re-scaling.
First, g-exponential functions were discovered in g-calculus by Euler, and then Gauss, who
discovered the g-binomial formula. But, the systematic development of g-calculus begins
from F. H. Jackson who reintroduced the g-difference operator in 1908 for g-analogs of
series, and special numbers [9]. He reintroduced the concept of the g-derivative, which
is also known as the Jackson derivative [17, 18]. Recently, the use of g-derivative in the
area of unconstrained optimization is studied as the g-variant of steepest descent method
[11]. The results show the effective performance to escape many local minima to reach the
global minimum. Searching for global optimum [11] using g-steepest descent and g-conjugate
gradient methods are proposed with a stochastic approach which does not focus order of
convergence of the scheme. Further, Newton and quasi-Newton methods with local and
global convergent schemes using g-calculus are proposed to solve unconstrained optimization
problems [4, 5] where the g-gradient vector is an extension of the classical gradient vector
with the aid of the parameter ¢ and with the property that it reduces to the classical gradient
when ¢ equals 1.

There are some well-known different conjugate gradient methods, such as the Fletcher-
Reeves (FR) method [10], Hestenes-Stiefel (HS) method [15], Polak-Ribiére-Polyak (PRP)
method [30, 31] and Dai-Yuan (DY) [8] method. A spectral gradient method is proposed
by combining the conjugate gradient method and the spectral gradient method [3]. The
reported numerical results show that the method performs well. Unfortunately, the spectral
conjugate gradient method can not guarantee descent directions. Thus, the scaled conjugate
algorithm [1] is developed based on quasi-Newton BFGS update formula and Wolfe line
search to ensure the decrease in the objective function. Further, (FR) method is modified
with different scalar parameter to converge globally [37].

In this paper, we utilize g-calculus in the modified (FR) [37] method such that the
direction generated by the proposed method always provides a descent direction. We prove
that the modified (FR) method with Armijo type line search due to g-gradient is globally
convergent.

The paper is organized as follows. Section 2 presents g-conjugate gradient for the mod-
ified (FR) method in the context of g-calculus. Section 3 proves the global convergence of
the method and the results of numerical experiments are shown in Section 4. Lastly, Section
5 provides conclusion.
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¢-Conjugate Gradient Descent for Objective Function

We first present some concepts and fundamental results related to quantum calculus. In the
following, ¢ is a positive number such that 0 < ¢ < 1. Let the g-integer [n] be defined as

[n] = 111‘1;, for n € N, and the derivative of 2™ with respect to = be given as [n]z" !, then

for a function f: R — R, the g-derivative [17] is given as:

Dof(e) = 1B =1ED g g2, (2.1)

T —qx

The g-derivative reduces to an ordinary derivative when ¢ — 1 or when x — 0. The first-
order partial g-derivative of function f : R®™ — R with respect to the variable x;, where
i=1,...,nis [32]:

flay, o qimi, o xn) — [, Xy ey )

DQ¢,$¢f($) = 0T — T , x; #0,q; # 1. (2.2)

Thus, the g-gradient is presented as the vector of n first-order partial g-derivative of f which
is expressed as:

qu(x)T = [th,flf(x) T quwl?if(x) T qul'nf(w)] ’ (23)

where the parameter ¢ is now a vector ¢ = (q1,...,¢,-..,qn)’ € R™. We first present the
following Algorithm 1 [24, 34] to find the gradient of the function using g¢-calculus. However,
the higher-order g-derivative of f can be found in [2].

Algorithm 1 ¢-Gradient Algorithm (¢g-GA)
1: Input ¢; € (0,1),f: R —> R, 2.
2: if x =0 then
s Setg o lim (1) 2 0).

(z—gqxz) 77

else

fz)=f(gxz)
Set g < “C=pn

: Print Vg f(2) < g.

=]

Example 2.1. Let f : R? — R be defined as f(z1,22) = 223 + 3z3. Then V,f(z) =
3(1+q+¢%)at
2(1 + Q).’EQ
We can also present the g-gradient for non-differentiable or discontinuous functions pro-

vided ¢; # 0 and z; # 0 for all 4. The following result is due to [11] as:

Proposition 2.2. If f(x) = ag + a”x where ap € R and a € R", then for any x,q € R"

Vof(@) = Vf(z) = a. (2.4)
Proof. The partial derivative of f with respect to x;, where i = 1,...,n, then
0 P ]’L,...7 n) — s yeeeyLjyeny Ty
ai(l‘l,l‘g,...,xi,...,l‘n):hli_{l(’)lo f(xhx% & + x})L f($1 2 .23 .13 ),
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Let o7 = [y
gradient of f is:

Vi(z)

that is,

Using (2.2), we

Vyf(z)

that is,
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qiZTi—Tq

a0+ anTndn —A0—AnTn

dnTn—Tn

To T; xn], and a7 = [al as a; an].
i lim flrithme, . iy zn) = (21,22, Tiy s Tn) ]
g—f(xl,xg,...,xn) h—o00
8]‘1 lim flxi,xoth, . xi,xn)—f(T1,22,..,Ti,.. Ty
Do (Il,JZQ,...,.Tn) h—00
of (1‘ z T ) = lim flzr,eo, . xith, . xn) = f(21,22,.., 25, Tn)
dx; 1,425..-54n Pt
5 :
-T:p{l (.Z‘l, Tyenny Z‘n)_ lim f(ocl,xg,..A,xi,...,xn-l—h}Z—f(xl,xQ,.A.,xi,...,xn)
Lh—00 i
lim aptaixritarth—ag—aixy
h—0
lim aptasxatash—ag—asxs
h—0
Vix)= ,
lim agta;r;t+ah—ag—a;x;
h—0 h
lim antantntanh—an—a,y
| h—0 h ]
T
Vfix)' = [al as a; an] .
obtain
_ of -
( Il) (x11$27 ‘7mn)
a [ f(®191,%2, s Tiye s Tn) = F (21,22, @iy yTn) ]
of q1T1—T1
<Bx2> (Il’xQ’ : 7x”) f@1,22q2, @iy T )= f (21,82, 0, Ty )
q2 q2T2—T2
of T fELme, i @) — f(B1,02, Ty T )
GED (1‘1,.732, ,l‘n) qiTi—%T;
qi
f@1,22, . Tise T @n) = f (1,22, Tiyee s Tn)
af L dnTn —Tn —
<amn> (xhx% 7xn)
o dn -
r a0+a1%1¢1—ag—aix1
q12Z1—T1
ag+asTaqa—ag—asT2
q1T2—T2
qu(x) = a0+a;T;q; —ag—a;T; s
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that is,

Vef(@=lar az ... ai ... a,]. (2.7)
From (2.6) and (2.7), we get (2.4). O

Consider the unconstrained optimization problem:
minimize f(z), x€R", (2.8)

where f: R™ — R is real-valued continuously ¢-differentiable function. We intend to utilize
the conjugate gradient methods for solving (2.8). Let 2" € R™ be the starting point to solve
this problem. The method generates a sequence of iterates {z*} recurrently through the
following scheme:

LR :xk+akd§, E=0,1,..., (2.9)

where d’; € R" is the line search direction, and «ay, is the step length moved along d’; [35].
For k = 0, the search direction is steepest descent direction and determined as:

d) = ~V,f (), (2.10)
and for £k =1,2,..., we apply the following formula
df = —Vof(a") + Bedi ™, (2.11)

where B is a scalar algorithmic parameter or conjugate gradient parameter. The step-length
ay is obtained by exact or inexact line searches for the global convergence of conjugate
gradient methods. In the case of an exact step length, one seeks <y along the direction d’;
such that

o, = argmin{ f(2* + ad5)|a > 0}. (2.12)

The algorithm does not run more than n iterations to find the minimizer of quadratic
functions. The parameter ) is chosen to minimize a strictly convex function so that the
direction d’; and d’;’l are conjugate with respect to the Hessian of the objective function.
Consider an objective function in the following form:

f(z) = ixTQz — 27D, (2.13)

where Q = QT > 0, and V, f(z*) = Qz — b.

Lemma 2.3. For quadratic function with positive definite Hessian @, the conjugate direction
algorithm always holds in the sense of g-calculus as: (V,f(z*1))Td' =0 for allk, 0 < k <
n—1,0<1i<k, and each g; € (0,1).

Proof. Note that Q(zFt! — 2F) = (Qz**! — b) — (Qz* — b), then
Vo f (@) = Vo f(2*) + a,Qd}.
We prove by mathematical induction. For kK =0 :

(Vo f(@)Td) = (Qz' —b)"d) = (Q(a° + apd)) — b)"do = (Q2° + cQd — )" dY),
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that is,
(Vo f (") dy = (Qa° + aoQdy — b)dy = (2°)7Qd° + ag(d®)" Qd® — b d°.

(Vaf(2°))"dy

For exact line search [25], we have ag = — (TG . thus
q q

0\\7" 70
i IR
q q

= (Qa® = b)Td” — (Vo f(2))"dy.

(Vof(z')"d) = (2°)'Qd)) —

Since Qz° — b=V, f(z°), then

(Vo f(@')Tdg = (Vo f (a°)dg — (Vo f ()" dg = 0.
Assume that the result is true for k — 1, then

(Vof(z")"dy =0 (2.14)
for 0 <14 < k — 1. Then, we prove that the result is true for k, that is,
(qu(:vk“))Tde =0,
where 0 < ¢ < k. There are two cases:
1. For 0 <1 < k, we know that
Vof (2*h) = Vo f(a*) + arQdy,
that is,
(Vo f (@) dy = (Vo f (%) dg + o (dg) " Qdy.

From @Q—conjugacy [28] in light of g-calculus, (d’q“)TQde = 0, where k # i, and from
mathematical induction hypothesis, (V4 f(z*)Td} = 0, thus

(Vof (@) Tdl =0,

forall 0 <7 < k.

2. For i =k,
(Vo f (@™ )T dy = (Qa** —b)Tdy
\v4 k Tdk T
= (o el ) qat v
(dg)" Qdg
= (qu(xk)ng - (qu(xk)Td];a
that is,

(Vo (17 dE = o.
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This completes the proof. O

The Fletcher-Reeves (FR) method is a well known conjugate gradient method, where
the parameter S is computed using g-gradient as

e IV
B =B = g (215)

We see from (2.11) that for each k > 1, the g-derivative of f at 2* along the direction d’; is
given by

Vof (@M)dy = =IVaf@)|? + B (Ve f (@) dg ™ (2.16)

It is obvious that if exact line search is used, at that point we have (Vg f(a*))Tdi™t =0

and we obtain
(Vof (@) "y = Vo f ()] < 0. (2.17)

Note that vector d’; is a descent direction of f at z*. Zoutendijk proved that the (FR)
method with exact line search is globally convergent [36]. The Armijo-type line search
guarantees the descent property of d’; , that is, ay, satisfies the following inequality:

f@® + apdl) < f(@¥) + 610k (Vo f (27)Tdl — 62071 d5 |1 (2.18)

where d; € (0,1) and 0 < d3. We present the following modification [37] due to g—derivative
as:

db = —0hV f(a®) + BE R for k=12, (2.19)
where

Ay Yk
o= 4 " 2.20
e 220
Since yr = V,f(z**1) — V, f(2*), then from (2.19)

dk _ d];ilyk—l
! [V f(ab=1)|?

d¥Lyi_q
= LV f(ah) +
A ARA

Vof (@*) + By fdg ™!

G
Ve / DR

that is,

o TV )Y, )
q [Vaf @I

Multiplying V, f(2*) on both sides and using (2.11), we obtain

(dg)"Vof (") = ~IIVqf (). (2.21)
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Thus, d¥ provides a descent direction of f at z*. Since (Vg f(2*))"ds~ = 0, then

ﬁk o dg_lykfl

= W f@

It is natural to say that the modified (FR) method reduces to the standard (FR) method
as ¢ approaches (1,...,1)T and 19’; = 1. Based on the above discussion, we present g-
Conjugate Gradient Algorithm with Armijo-Line Search (¢-CGAALS) to solve unconstrained
optimization problems (2.8) which is given in Algorithm 2.

Algorithm 2 ¢-Conjugate Gradient Algorithm with Armijo-Line Search (¢-CGAALS)
1: Given constants d; € (0,1),p € (0,1),62 > 0, ¢° € (0,1) for i =0,...,n — 1. Choose a
starting point z° € R”.
Compute V, f(z°) using Algorithm 1.
if |[Vf(2?)|| < e then
Stop.
else
Set d) « =V f(z).
7. for k=0,1,2,... do

8: Determine a stepsize aj, = max{p~/,j = 0,1,2,...} satisfying
fa + ardl) < f(2%) + 6100 (Vo f (2F) T dl — G207 d} |1 (2.22)
9: Update 2% «— 2% + apdf.
10: if |V f(2*+1)|| < € then
11: Stop.
12: else
13: Compute B + BEE using (2.15).

14: Compute the search direction d¥ by (2.19).

Remark 2.4. 1. The starting vector parameter (qo,...,gn—1) is chosen in such a way
that each ¢; € (0,1) for i =0,...,n — 1. Further, a suitable mechanism is attained to
generate the next g for each 0 < ¢; < 1, where ¢ = 0,...n—1. The detailed description
about this mechanism is given in Section 3.

2. The stopping criteria is given as the general gradient of objective function which is
computed at each iterative point z*.

Note that df; is a descent direction in the context of g-derivative. If vector ¢ does not
approach to (1,...,1)T, then search directions are not necessarily descent directions and
this makes it possible for Algorithm 2 to escape from local minima to global minima. Our
direction generated by modified Fletcher-Reeves given in [37] is modified by replacing the
gradient with g-gradient which always possess a descent direction due to (2.19), and does
not depend on any line search used, so the modified Armijo line search with backtracking is
utilized under mild conditions to obtain the global convergence of Algorithm 2.
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Global Convergence

In this section, we need the following assumptions on the objective function to prove the
global convergence.

Assumption 3.1. 1. Let 20 be a starting point for the iteration (2.9), (2.10) and (2.11)
such that the level set Q := {x € R"|f(x) < f(2")} is bounded.

2. In some neighborhood N of ), f is continuously g-differentiable and for L > 0, we
have

IVef(@) =Vof(Wl < Lz —yll, VzyeN. (3.1)

From Proposition 2.2, condition (3.1) of Assumption 3.1 is obvious for classical gradient.
Thus, g-gradient and classical gradient provide same result as we have proved. To show that
condition (3.1) of Assumption 3.1 holds under general gradient for satisfying the Lipschitz
condition, we compute each ¢; [4] as: With a starting number ¢ € (0,1), for k =0,1,...

k41 qr
T =1-— . 3.2
where ¢ = 0,...,n—1. It is worth mentioning that each ¢; finally approaches 1 when k& — co.

We present the following example to show the numerical solution of g-gradient and general
gradient for a given function.

Example 3.2. Consider a function f : R3 — R such that f(z) = 22?7 — 23 + 323 + 5.

We find the g-gradient by taking (¢3,q?,¢3)% = (0.91,0.91,0.91)T, we run Algorithm 1
for k£ = 30 iterations. The generated numerical values are provided in Table 1 where the
last column is the computed g-gradient of the function at x. At xz = (1,—1,1)7, and
q=(q%,q%,¢3°) = (0.998812 , 0.998812 , 0.998812)T we get the g-gradient of f as:

V. f(x) = (3.997625 , 1.998812 , 8.989316).
On the other hand, general gradient of f provides:
V f(x) = (4.0000 , 2.0000 , 9.0000).
The three dimension graphics is given in Figure 1.
Remark 3.3. 1. From Proposition 2.2, both ¢-gradient and gradient vectors are same.

2. For other nonlinear functions, we have provided Example 3.2 which demonstrates that

the g-gradient and gradient vectors are almost same for large value of k as g;, where

i =1,...,n, approaches 1 due to (3.2). From computation point of view, we obtain
approximation results for both vectors.

Thus, from the above two justifications, condition (3.1) of Assumption 3.1 also holds for

the general gradient and subsequently satisfies for the general gradient Lipschitz condition.

The sequence {z*} generated by Algorithm 2 is in Q. Thus, the sequence {f(z*)} is also
decreasing. For constant v > 0, we have

IVef(@®) <7, Vazeq. (3.3)
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Table 1: ¢-Gradient Iteration using (3.2) for Example 3.2.

q=(af. dF . &7 f@F)  flga) Vq(zF)

0 3O U= W~ O

N N N N N el el e e el e
O X TR WN RO OO U Wi~ O

0.910000 , 0.910000 , 0.910000)T 9 8.260713  (3.820000 , 1.910000 , 8.214300)T

0.090000 , 0.090000 , 0.090000)T 6.002187  (2.180000 , 1.090000 , 3.294300)T
0.977500 , 0.977500 , 0.977500)T 8.802022  (3.955000 , 1.977500 , 8.799019)T
0.891389 , 0.891389 , 0.891389)T 8.124824  (3.782778 , 1.891389 , 8.057889)T
0.944288 , 0.944288 , 0.944288)T 8.526009 (3.888576 , 1.944288 , 8.507905)T
0.962228 , 0.962228 , 0.962228)T 8.672735  (3.924457 , 1.962228 , 8.664336)T
0.973271 , 0.973271 , 0.973271)T 8.765815  (3.946543 , 1.973271 , 8.761586)T
0.980137 , 0.980137 , 0.980137)T 8.824763  (3.960275 , 1.980137 , 8.822419)T

0.984685 , 0.984685 , 0.984685)7
0.987843 , 0.987843 , 0.987843)7
0.990122 , 0.990122 , 0.990122)T

( )
( )
( )
( )
( )
( )
z ;
8.864268 (3.969371 , 1.984685 , 8.862872)7
8.891915 (3.975687 , 1.987843 , 8.891034)7
8.911969 (3.980243 , 1.990122 , 8.911387)7
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )

0.991817 , 0.991817 , 0.991817)T 8.926956 (3.983634 , 1.991817 , 8.926555)T
0.993112 , 0.993112 , 0.993112)T 8.938437 (3.986225 , 1.993112 , 8.938154)T
0.994124 , 0.994124 , 0.994124)T 8.047423  (3.988247 , 1.994124 | 8.947216)T
0.994928 , 0.994928 , 0.994928)T 8.954583  (3.989856 , 1.994928 , 8.954429)T

8.960379 (3.991156 , 1.995578 , 8.960262)T

0.996111 , 0.996111 , 0.996111)T
0.996553 , 0.996553 , 0.996553)7
0.996924 , 0.996924 , 0.996924)7
0.997238 , 0.997238 , 0.997238)7
0.997507 , 0.997507 , 0.997507)7
0.997738 , 0.997738 , 0.997738)7
0.997939 , 0.997939 , 0.997939)7

3.992222 | 1.996111 , 8.965045)T
3.993106 , 1.996553 , 8.969015)7
3.993848 , 1.996924 , 8.972346)7
3.994477 | 1.997238 , 8.975169)7
8.977618  (3.995014 , 1.997507 , 8.977581)T
8.979689  (3.995476 , 1.997738 , 8.979658)T
8.981485  (3.995877 , 1.997939 , 8.98146)7

8.965135
8.969086
8.972403
8.975215

0.998114 , 0.998114 , 0.998114)T 8.983054 (3.996227 , 1.998114 , 8.983033)T
0.998267 , 0.998267 , 0.998267)T 8.984431 (3.996534 , 1.998267 , 8.984413)T
0.998403 , 0.998403 , 0.998403)7 8.985648  (3.996806 , 1.998403 , 8.985633)T
0.998523 , 0.998523 , 0.998523)7 8.986727 (3.997046 , 1.998523 , 8.986714)T

0.998630 , 0.998630 , 0.998630)7
0.998726 , 0.998726 , 0.998726)T
0.998812 , 0.998812 , 0.998812)T

8.987689  (3.997261 , 1.99863 , 8.987678)7
8.988551  (3.997452 , 1.998726 , 8.988541)T

( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
E |
(0.995578 , 0.995578 , 0.995578)7
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
( )
z ;
( ) 8.989325 (3.997625 , 1.998812 , 8.989316)"

NeliNeliNeleiNeiNe Ve iNe Ve JiNe Ve JiNe Ve Ve liNe BiNe BN« JiNe Ve JiNe Ve BN« Ve Ve BiNe BiNe BiNe BiNeo i)
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Figure 1: 3D Graphics of Example 3.2

Theorem 3.4. Let {z*} and {d%} be generated by Algorithm 2 and there exists a constant
c1 > 0 such that the following inequality holds for all k sufficiently large,

\v4 kY (12
¢ > o V@I ﬁﬁé"ﬁﬁ” . (3.4)

Proof. From the given Assumption 3.1 and (2.22), we have

S (~r0n(Vof (2))7dS + 203 d5]?) < . (35)
k=0

This together with (2.21) yields

> aglldl|? < oo, (3.6)
k>0

and

Sl Vef@h)? == an(Vef () Tdk < cc.

E>0 k>0
In particular, we have
. k _
klirgo ag||dgll =0,

and

lim ay ||V, f(z%)] = 0. (3.7)

k—
We now prove (3.4) by considering the following two cases:

1. ap = 1,

2. ap < 1.
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When we take Case 1, then we get [|[Vqf(2%)|| < [|dF||. In this case, inequality (3.4) is
satisfied with ¢; = 1. From the mean value theorem in g-calculus, there is a t* € (0,1) such
that z* + t*p~LoydF € N and
fz* + p_lakd’;) — f(z®) = pT eV f(2F + tkp_lakd’;)Td’;
= p‘lakvqf(xk)d’; + p Yap(Vf (2 + akdf;)T)d’;
< oV, fak)TdE + Lp2ad |dh |,

Substituting the last inequality into (3.3), we get

(1= 0)pllVyf ()2
(L + d2)||d |2

(677 (3.8)

O

The Armijo line search is an important inexact line search, and it is very simple because

it requires only one gradient evaluation per iteration. In practice a line search procedure
may have to be equipped with several mechanism that guarantee that a step-size satisfying
the termination criteria will indeed be obtained. We have used g¢-derivative to compute
the g-gradient and replaced general gradient. We solve several numerical test problem to
show the advantage of ¢-gradient in backtracking Armijo line search for obtaining the least
number of iterations and function evaluations, respectively.
Feasibility of Backtracking Armijo Line Search with g-gradient: Note that (2.22)
establishes convergence to stationary points of smooth functions using an inexact line search
with a simple sufficient decrease condition. Armijo condition ensures that the line search
step is not too large. To prevent large steps relative to decreasing of f, we require (2.22)
with 6; € (0,1). Typical values of §; ranges from 10~* to 0.1. As ¢ approaches (1,...,1)T
for large value of k, backtracking Armijo search in the sense of g-calculus starts to behave as
a classical backtracking Armijo search. Moreover, due to inclusion of g-gradient, the value
of step length is responsible to converge fast in comparison to the classical condition. Note
that x* is generated by Algorithm 1 with backtracking Armijo line-search, then we find a ¢-
stationary point in a finite number of steps, which is eventually an approximation of general
stationary point, but if the function f is unbounded below , so the minimum does not exist.
If Vq(2*) and d do not become orthogonal and ||d¥| - 0, then ||V, f(z)|| — 0 when ¢
approaches (1,...,1)7 as k — oo. Thus, this is necessary to prove the global convergence
theorem in the g-calculus context.

Theorem 3.5. Suppose {x*} is generated by Algorithm 2. Then, for some k, we have
lim inf||V,f(z¥)|| = 0.
k—o0

Proof. From the sake of contradiction, we suppose that the conclusion is not true. Then,
there exists a constant € > 0 such that

IVof@®)| =€ k>0 (3.9)
We get

dg|I* = (857)?lldg ™ I1* = 205 (dg)" Vo f (2%) = (0)?[| Vo f (%)
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Dividing both sides of this inequality by (V,f(z*)Td}), we get

k|2 1| , a1 20k 20k
[Ff @~ (T f @) T~ PO @ f@ e~ @, @) dh(V, @)
LR N 20k ok
_((qu(w’“)) ) AR A Al
e (9% — 12 |
= NI V@ O | W@ DIe
[P 1

< Nuf @ 1)H4 ATl

k—

; T

The last inequalities implies

3 quf QZk

k>1 k>1

This is a contradiction. Thus, the proof is complete. O

Proposition 3.6. Let {x*} be the sequence generated by a q-gradient method x*+1 = xF +
akd’; and satisfies qu(xk) — 0., then every limit point of sequences that it generates is a
q-stationary point of f.

Proof. There exists a subsequence {z*}x and € > 0 such that |V, f(2*)| > € for all k € K.
Since {z*} is bounded it has at least one limit point z* and we must have |V, f(z*)| > ¢
But this contradicts our hypothesis, which implies that z* must be a g-stationary point. [

Numerical Results

We now report the numerical performance of Algorithm 2. We compare our numerical
performance with modified Fletcher-Reeves (CG(MFR)) method given in [37] and report
that our method is very efficient to solve non-convex unconstrained optimization problems.
The parameters in Algorithm 2 is specified by

1
53
All codes (¢-CGAALS) and (CG(MFR)) are written in MATLAB (2017a) and run on a
personal laptop equipped with Intel(R) Core(TM) i3-4005U CPU, 1.70 GHz CPU processor,
4 GB RAM memory, and Windows 10 operating system. We have taken general gradient

e=10"% p= 51 =10"3, 5, =105

norm
Vi(z*) <e
for both algorithms as stopping criteria to terminate. We solve test problems using 50

different starting points and report the part of numerical results in Table 2, Table 3, and
Table 4. The following notations are used in tables:

IT : Number of iterations



70 K. KEUNG LAIL S. KANT MISHRA AND B. RAM

Table 2: Numerical Summary for Example 4.1

SI.No] (q0, ¢1)T Starting Point x* f(z*) Fe | IT
1 (0.9758 , 0.9758)T | (—3.9613, —3.4445)T | (-2.9971 , —3.006)T | -78.1607 | 57 | 4

2 (0.96517 0.9651)7 | (—3.4938, —0.3831)T | (—2.9092, —3.0132)7 | -78.3314 | 37 | 6

3 (0.9825 , 0.9825)T | (—2.6454 , —2.849)T | (—2.9006, —2.9292)7| -78.3209 | 11 |2

4 (0.9713, 0.9713)T | (—3.8476, —4.0759)T | (-2.9317, —2.9639)T | -78.308 26 | 4

5 (0.9640 , 0.9640)" | (—0.7785, —0.4756)T | (—2.9974, —2.9616)7" | 78.1349 50 |6

6 (0.9876 , 0.9876)7 | (—4.0262, —0.1013)" | (-2.9081, —2.9311)7 | -78.3306 | 38 | 6

7 (0.9850 , 0.9850)7 | (—3.8704, —2.8057)T | (—2.9083, —2.9466)7 | -78.3319 | 39 | 4

8 (0.9720, 0.9720)7 | (—4.1465, —3.4444)T | (-3.0743, —3.0321)7 | -77.7651 | 35 | 8

9 (0.9749 , 0.9749)T | (—3.8617, —3.7097)7 | (—2.9495, —2.9935)T | -78.2914 | 14 | 2
10 (0.9735, 0.9735)7 | (—2.8215, —2.9564)7 | (—2.9130, —2.9764)7 | -78.3301 | 36 | 3

Table 3: Comparative results for different ¢ for Example 4.2
SL. No.  (q0 ¢1)T Starting Point q— CGAALS C( (MFR) IT F,
@ @) IT_F, F@)

1 (0.9696 , 0.9762)T (1.2363 , —1.5076)7  (3.4359 , —2.3260)T 1.84851 3 16 (3 3072, —2.2679)7 1.78E+00 6 19
2 (0.9636 , 0.9636)T  (2.8090 , —1.4694)7  (3.4499 , —2.3196)T 1.94E+00 3 14 (3.3972, —2.2679)7 1.78E+00 7 18
3 (0.9861 , 0.9861)T  (1.3385, —1.0357)7  (3.4024 , —2.2994)T 1.78E+00 5 23 (3.3972, —2.2679)T 1.78E+00 5 23
4 (09582, 0.9582)T  (2.7230, —1.1945)7  (3.4257 , —2.4191)T 1.86E+00 4 34 (3.3972, —2.2679)T 1.78E+00 8 23
5 (0.9832, 0.9832)T  (2.4172, —2.3454)T  (3.3972, —2.3056)7 1.78E+00 4 43 (3.3972, —2.2679)T 1.78E+00 6 16
6 (0.9579 , 0.9579)T  (1.9407 , —2.7557)7  (3.4182, —2.3691)T 1.80E+00 4 23 (3.3972, —2.2679)T 1.78E+00 8 35
7 (0.9672 ,0.9672)7  (1.1690 , —1.2833)7  (3.4450 , —2.3181)T 1.90E+00 5 27 (3.4450,-2.3181)T 1.78E+00 5 27
8 (0.9801 , 0.9801)7  (1.0974 , —2.1683)7  (3.4086 , —2.3151)7 1.78E+00 2 17 (3.3972, —2.2679)7 1.78E+00 5 17
9 (0.9879 , 0.9879)T  (2.7013 , —2.1042)7 (3.3978 , —2.3059)T 1.78E+00 3 19 (3.3972, —2.2679)7 1.78E+00 5 12
10 (0.9528 , 0.9528)7  (2.7933 ,—1.4550)7  (3.4600 , —2.3351)7 2.01E+00 3 14 (3.3972, —2.2679)7 1.78E+00 7 15
11 (0.9954 , 0.9954)7  (0.3675, —2.0443)7  (3.4011 , —2.2740)7 1.78E+00 6 25 (3.3972, —2.2679)7 1.78E+00 8 23

F,.: Number of function evaluations
x* :  Minimizer

f(x*): Minimum function value

Example 4.1. Consider a test function f : R® — R such that f(z) = (2] 4+ 23 — 1627 —
161’% + 5x1 + 5x2).

The function is continuous and non-convex and multimodal function. The search space
s [-5, 5] and we choose ten different starting points with ten different values of vector ¢. On
MATLAB platform, with these starting points, and tolerance limit of the general gradient
norm 107, the proposed Algorithm 2 reaches to the solution point. Results are summarized
in Table 2 for 10 different ¢ as follows:

Example 4.2. Consider a function f : R? — R such that f(z) = (2% + x5 — 10)? + (21 +
23 —7)2 + (2% + 23 — 1)%

This is Continuous, Differentiable, Non-Scalable, and multimodal function. The global
minimization is located at x* = (3.4091 , —2.1714)T and f(2*) = 1.7127. Starting with
the initial 11 random points generated from the search space [—3,3], we are looking the
solution point for 11 different vector ¢ given in Table 3. We conclude that the proposed
algorithm converges fast in comparison to (CG(MFR)) with the least number of iterations
and function evaluations. The graphics of the function is given in Figure 2.

We now report some numerical experiments as given in Table 4. We test Algorithm 2 on
well-known 31 test problems from CUTE library [12] where 15 test functions are non-convex,
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Figure 2: 3D Graphics of Example 4.2
Table 4: Summary of 31 Numerical Experiments
Description of Test Functions ¢-CGAALS CG(MFR)
Sl. | Test Function Search Domain | Nature Starting Point IT| F. IT| F,
No.
1 Ackley Function [-15, 30] Convex (0.4,0.3)T 4 |13 15 | 68
2 Beale [—4.5, 4.5 Non-Convex | (1, 2)T 10 | 23 13| 57
3 Bohachevsky [—100, 100] Convex (5, 3)T 4 | 14 6 | 26
4 Booth [—10, 10] Convex 6, —1)T 4 19 5 | 14
5 Branin [~5,10] [0,15] | Non-Convex | (=3, 0)T 7|22 717
6 Brent [-10, -10] Convex (-5,-5)T 3|5 4 |28
7 | Camel 3 Hump [-5, 5] Non-Convex | (—1,-5)T 8 | 17 9 |17
8 | Dixon & Price [-10, 10] Non-Convex | (=3, 1)T 8 |20 9 |25
9 | Extended Beale 4.5, 4.5] Non-Convex | (1,08,1,0.8)7 8 |19 9 |27
10 | Freudenstein-Rooth [-10, 10] Non-Convex (0.5,0.5,0.5,0.5)T 8 | 25 9 | 37
11 | Goldstein & Price (-2, 2] Non-Convex | (1, 1)T 7|38 11 ] 50
12 | Griewank [—600 , 600] Non-Convex | (1, 3)T 8 |21 9 |20
13 | Himmelblau 6, 6] Non-Convex | (1.5,1.5,0.5, 1.5)7| 14 | 30 14| 37
14 | Humps -5, 5] Non-Convex | (—4, 4)T 9 | 25 9 |30
15 | Hyper-Ellipsoid [-65.53 , 65.53]| Convex (1, 33)7 4 |10 3|8
16 | Levy [—10, 10] Non-Convex | (4, 6)T 5 | 15 8 |21
17 | Matyas [—10, 10] Convex (-3, -7 5 | 14 3|7
18 | McCormick [—1.5,4] [-3,4] | Convex (1, -2)7 419 5 |18
19 | Michalewicz 0, 7 Non-Convex | (2.1, 3.5)T 9 |55 10 | 22
20 | Prem -1, 2] Convex (1, 15T 6 | 16 7 |20
21 | Perturbed Quadratic | [—4, 5] Convex (1, -2)T 4 17 4 |17
22 | Power [0, 4] Convex (1,2,1, D" 10 | 39 14 | 74
23 | Rastrigin [-5.12, 5.12] | Non-Convex | (—4.1, 1.7)T 5 |13 6 | 22
24 | Rosenbrock -5, 10] Non-Convex | (=3, 2)T 17| 37 19 | 47
25 | Schwelel [—500, 500] Convex (1, 2" 4 |27 6 | 17
26 | Schaffer [—100, 100] Non-Convex | (=3, 1)T 20| 12 22| 54
27 | Sphere [0, 10] Convex (-1,2.3)T 3|8 2 |5
28 | Shekel [0, 10] Convex (4,3,2,1)7 9 |41 8 | 44
29 | Sum Squares [-5.12, 5.12] Convex (—1.65, 4.76)" |3 |7 4 |17
30 | Trid (-4, 4] Convex (1, 4T 5 |10 6 |20
31 | Zakharov [-5, 10] Convex (-1,3)T 4 |11 6 | 26
and compare its performance with the methodology used in [37], that is, (CG(MFR)). We

compare the performance of (¢-CGAALS) with (CG(M FR)) using the performance profiles
introduced in [6], which is suitable when function evaluations F, constitute the dominant
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Figure 3: Performance Profile for Number of Iterations

computational cost while running Algorithm 2. The performance profile in Figure 3 shows
that (¢-CGAALS) is competitive than the (CG(MFR)) in term of number of iterations I7.
The comparison graph in terms of number of function evaluations is also given in Figure 4.

01r g-CGAALS
' == == CG(MFR)
. .

1 1 1 1 1 1 1
1 15 2 25 3 35 4 4.5 5 55
T

Figure 4: Performance Profile for Number of Function Evaluations

Conclusions

In this paper, quantum calculus is used in the Armijo type line search to decrease the value
of objective function. The global convergence of the proposed algorithm has been provided
under mild conditions. In numerical experiments, the search process gradually moves from
global search in the beginning to the local search in the end and it is shown that the proposed
method is promising. From applications point of view, the authors hope that this concept
may be further extended for multiobjective optimization problems.
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