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A STRONG CONVERGENCE THEOREM IN BANACH
SPACES BY A NEW SHRINKING PROJECTION METHOD
FOR TWO DEMIMETRIC MAPPINGS IN A BANACH SPACE
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Abstract: In this paper, using a new shrinking projection method, we prove a strong convergence theorem
for two demimetric mappings in a Banach space. Using this result, we get well-known and new strong
convergence theorems in Hilbert spaces and Banach spaces.
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Introduction

Let H be a real Hilbert space and let C' be a nonempty, closed and convex subset of H. For
a mapping U : C — H, we denote by F'(U) the set of fixed points of U. Let k be a real
number with 0 < k < 1. A mapping U : C' — H is called a k-strict pseud-contraction [3] if

Uz = Uyl* < llz = ylI* + k|2 = Uz — (y = Uy)||*

for all z,y € C. If U is a k-strict pseud-contraction and F(U) # (), then we have that, for
x € Cand g € F(U),
Uz —q||* < ||z — q|* + kllz — Uz|*.

From this, we have that
Uz —2|® + |l — gl + 2(Uz — 2,2 — q) < |lo — q|f* + kllz - Uz|*.
Therefore, we have that
2x —Ux,x —q) > (1 —k)||z — Ux|? (1.1)

for all z € C and g € F(U). A mapping U : C' — H is called generalized hybrid [6] if there
exist «, 8 € R such that

a|Uz = Uyl* + (1 — o)z = Uy[* < B|Uz — y[|* + (1 = )|z — y||?

*The second author was partially supported by Grant-in-Aid for Scientific Research No. 20K03660 from
Japan Society for the Promotion of Science.
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for all z,y € C, where R is the set of real numbers. Such a mapping U is called (a, 5)-
generalized hybrid. If U is (a, 3)-generalized hybrid and F(U) # ), then we have that, for
x € Cand g€ F(U),

allg = Uz|* + (1 = a)llg = Uz|* < Bllg — @l + (1 = B)llg — ||
and hence ||Uz — ¢||* < || — ¢||*. From this, we have that
2x — g,z — Uz) > ||z — Uzl (1.2)

On the other hand, there exists such a mapping in a Banach space. Let E be a smooth
Banach space and let B be a maximal monotone operator with B~10 # . If Jy is the metric
resolvent of B for A > 0, then we have from [1, 16] that, for any 2 € E and q € B~10,

(Jax —q, J(x — Jrx)) > 0.
Then we get (Jax —x +x — ¢, J(x — Jyz)) > 0 and hence

(x —q,J(x — Jyx)) > (x — Jhx, J(x — Jrx))
= |l = Jaz|?, (1.3)

where J is the duality mapping on E. Motivated by (1.1) (1.2) and (1.3) Takahashi [20]
defined a nonlinear mapping as follows: Let E be a smooth Banach space, let C be a
nonempty, closed and convex subset of E and let  be a real number with n € (—o0,1). A
mapping U : C — E with F(U) # 0 is called n-demimetric if, for any 2 € C and q € F(U),

2w — q,J(x = Ux)) = (1 - n)llz — Uz|*. (1.4)

According to this definition, we have that a k-strict pseud-contraction U with F(U) # 0 is k-
demimetric, a generalized hybrid mapping U with F(U) # 0 is 0-demimetric and the metric
resolvent Jy with B710 # ) is (—1)-demimetric. On the other hand, we know the following
strong convergence theorem by the shrinking projection method which was introduced by
Takahashi, Takeuchi and Kubota [21] for finding a fixed point of a nonexpansive mapping
in a Hilbert space.

Theorem 1.1 ([21]). Let H be a Hilbert space and let C' be a nonempty, closed and convex
subset of H. Let T be a nonexpansive mapping of C into H. Assume that F(T) # (). Let
x1 € C and Cy = C. Let {x,} be a sequence generated by

Yn = (1 - )\n)xn + )\nTl'ny
Crny1={2 € Cn t [lyn — 2|l < [lzn — 2|},
Tny1 = Po,, 71, Vn €N,

where a € R and {\,} C (0,00) satisfy the following:
O0<a<A, <1, VneN.

Then {x,} converges strongly to a point zg € F(T), where zg = Priryz1 and Pp(ry is the
metric projection of H onto F(T).
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In this paper, using a new shrinking projection method, we establish a strong convergence
theorem for finding a common element of the set of zero points of a maximal monotone
operator and the set of common fixed points of two demimetric mappings in a Banach
space. Moreover we apply our result to obtain well-known and new strong convergence
theorems in a Hilbert space and a Banach space.

Preliminaries

Let F be a real Banach space with norm | - || and let E* be the dual space of E. We denote
the value of y* € E* at x € E by (x,y*). When {z,} is a sequence in E, we denote the
strong convergence of {z,} to z € E by x,, — x and the weak convergence by x,, — z. The
modulus § of convexity of F is defined by

_ =+l
2

o) = nt {1 el < 1,0l < Llle =l 2

for every € with 0 < e < 2. A Banach space FE is said to be uniformly convex if §(¢) > 0 for
every € > 0. It is known that a Banach space E is uniformly convex if and only if for any
two sequences {z,} and {y,} in E such that

lim |lz,|| = lim |y.|| =1and lim |z, + y.| = 2,
lim, o0 [|Zn — Yn|| = 0 holds. A uniformly convex Banach space is strictly convex and

reflexive. We also know that a uniformly convex Banach space has the Kadec-Klee property,
ie., , = uand ||z,|| — ||u| imply z, — u; see [4, 11].
The duality mapping J from E into 27" is defined by

Jo={z" € B*: (w,2") = ||z]* = ||l"||"}

for every x € E. Let U = {x € E : ||z| = 1}. The norm of E is said to be Gateaux
differentiable if for each x,y € U, the limit

t —
L eyl o]

t—0 t (2'1)

exists. In the case, E is called smooth. We know that E is smooth if and only if J is
a single-valued mapping of E into F*. We also know that E is reflexive if and only if J
is surjective, and F is strictly convex if and only if J is one-to-one. Therefore, if F is a
smooth, strictly convex and reflexive Banach space, then J is a single-valued bijection and
in this case, the inverse mapping J ! coincides with the duality mapping J, on E*. For
more details, see [15] and [16]. Let C' be a nonempty, closed and convex subset of a strictly
convex and reflexive Banach space E. Then we know that for any x € E, there exists a
unique element z € C such that ||z — z|| < ||z — y|| for all y € C. Putting z = Pox, we call
Pc¢ the metric projection of F onto C.

Lemma 2.1 ([15]). Let E be a smooth, strictly convezr and reflexive Banach space. Let C' be
a nonempty, closed and convex subset of E and let x1 € E and z € C. Then, the following
conditions are equivalent:
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(1) z = Poxy;
(2) (z—y,J(x1 —2)) >0, VyeC.

Let E be a Banach space and let B be a mapping of E into 22" . The effective domain
of B is denoted by dom(B), that is, dom(B) = {x € E : Bz # (}. A multi-valued mapping
B on FE is said to be monotone if (x — y,u* —v*) > 0 for all z,y € dom(B), u* € Bz, and
v* € By. A monotone operator B on E is said to be maximal if its graph is not properly
contained in the graph of any other monotone operator on E. The following theorem is due
to Browder [2]; see also [16, Theorem 3.5.4].

Theorem 2.2 ([2]). Let E be a uniformly convexr and smooth Banach space and let J be
the duality mapping of E into E*. Let B be a monotone operator of E into 2. Then B is
maximal if and only if for any r > 0,

R(J+rB)=FE",
where R(J + rB) is the range of J + rB.

Let E be a uniformly convex Banach space with a Gateaux differentiable norm and let
B be a maximal monotone operator of E into 28", For all z € E and r > 0, we consider
the following equation
0 € J(z, — ) + rBz,.

This equation has a unique solution z,.. In fact, for x € E, define
Gy=B(y+z) VyekFE.
Since 0 € E* = R(J + rG) for all r > 0, there exists w € D(G) such that
0€ Jw+rGw = Jw+ B(w + x).

Putting =, = w + x, we have 0 € J(z, — z) + rBxz,. We show that such a solution z, is
unique. Take 21,29 € D(B) such that 0 € J(z; —x) + rBz; and 0 € J(z2 — x) + rBzy. We
have —1J(z; — z) € Bz and —1.J (22 — ) € Bzy. Since B and J are monotone, we have

1 1
0< <21 — 29, —;J(zl —x)+ ;J(ZQ — x)>

:_%@71—;c—(zg—w)J(Zl—CC)—J(Z2_"E>> <0

and hence
(z1 —x— (22 —2)J (21 —x) — J(20 — 2)) = 0.

Since FE is strictly convex, we have z; — x = z3 — x and hence z; = 25. We define J, by
x, = Jyx. Such a J, is denoted by

Jr= (I +rJ A"

and is called the metric resolvent of B. For r > 0, the Yosida approximation A, : E — E*

is defined by

AT;U:M7 Ve € E.
r
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We have that A,z € BJ,z for all € E. The set of null points of B is defined by B~10 =
{2 € E:0 € Bz}. We know that B~10 is closed and convex; see [16].

Let E be a smooth Banach space and let J be the duality mapping on E. Let n be
a real number with n € (—o0,1). Then a mapping U : C — FE with F(U) # 0 is called
n-demimetric [20] if it satisfies (1.4) that is, for any € C and ¢ € F(U),

2x —q,J(x —Ux)) > (1 —n)|z — Uz|? (2.2)
where F'(U) is the set of fixed points of U.

Examples.

(1) Let H be a Hilbert space and let C' be a nonempty, closed and convex subset of H.
Let k be a real number with 0 < k < 1. If U is a k-strict pseud-contraction and F(U) # 0,
then U is k-demimetric; see [20].

(2) Let H be a Hilbert space and let C' be a nonempty, closed and convex subset of H.
If U is generalized hybrid and F(U) # 0, then U is 0-demimetric; see [20]. Notice that
the class of generalized hybrid mappings covers several well-known classes of mappings. For
example, a (1,0)-generalized hybrid mapping is nonexpansive. It is nonspreading [7, 8] for
a=2and 3 =1, ie.,

2|Tz — Tyl < ||Tx —y|* + || Ty — z|*, Va,yeC.
It is also hybrid [17] for a = % and 8 = 3, ie.,
3T — Ty|* < ||z —y|* + | Tz — y||* + | Ty — z[|*, Va,yeC.
In general, nonspreading and hybrid mappings are not continuous; see [5].

(3) Let E be a strictly convex, reflexive and smooth Banach space and let C be a
nonempty, closed and convex subset of E. Let Pc be the metric projection of F onto C.
Then Pg is (—1)-demimetric. In fact, since Pg is the metric projection of F onto C, we
have that, for any x € E and ¢ € C,

(Pox — q,J(x — Pox)) > 0.
Then we get
(Pox —x+x—q,J(x — Pox)) >0
and hence
(x — ¢q,J(x — Pox)) > (x — Pox,J(x — Pcx))
— Jla — Poal?
This means that Pc is (—1)-demimetric; see [20].
(4) Let E be a uniformly convex and smooth Banach space and let B be a maximal

monotone operator with B0 # (). Let A > 0. Then the metric resolvent Jy is (—1)-
demimetric; see [20].

The following lemma which was proved by Takahashi [20] is important and crucial in the
proof of our main result.
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Lemma 2.3 ([20]). Let E be a smooth and strictly convex Banach space and let C' be a
nonempty, closed and convex subset of E. Let n be a real number with n € (—oo,1). Let U
be a n-demimetric mapping of C into E. Then F(U) is closed and convez.

For a sequence {C},} of nonempty, closed and convex subsets of a Banach space E, define
s-Li, C,, and w-Ls,, C,, as follows: z € s-Li,, C, if and only if there exists {z,} C E such
that {z,} converges strongly to = and z,, € C,, for all n € N. Similarly, y € w-Ls,, C, if
and only if there exist a subsequence {C),, } of {C},} and a sequence {y;} C E such that {y;}
converges weakly to y and y; € Cy,, for all ¢ € N. If Cy satisfies

Cy = s-LiC,, = w-LsC,,, (2.3)

it is said that {C,, } converges to Cy in the sense of Mosco [10] and we write Cp = M-lim,,—, o0 Ch,.
It is easy to show that if {C),} is nonincreasing with respect to inclusion, then {C,} con-
verges to (), Cp in the sense of Mosco. For more details, see [10]. The following lemma
was proved by Tsukada [26].

Lemma 2.4 ([26]). Let E be a uniformly convex Banach space. Let {C,} be a sequence
of nonempty, closed and convex subsets of E. If Cy =M-lim,_, ., C,, exists and nonempty,
then for each x € E, {Pc, x} converges strongly to Pc,x, where Pc,, and Pc, are the metric
projections of E onto C,, and Cy, respectively.

Main result

In this section, using a new shrinking projection method, we prove a strong convergence
theorem for finding a common element of the set of zero points of a maximal monotone
operator and the set of common fixed points of two demimetric mappings in a Banach
space. For the proof of the theorem, we use the ideas of [13, 14, 19]. Let E be a Banach
space and let D be a nonempty, closed and convex subset of E. A mapping U : D — E is
called demiclosed if for a sequence {x,} in D such that «,, = p and ©,, — Ux,, - 0,p=Up
holds.

Theorem 3.1. Let E be a uniformly convex and smooth Banach space and let C be a
nonempty, closed and conver subset of E. Let A C E x E* be a maximal monotone operator
and let J. = (I +rJ"LA)~! be the metric resolvent of A for all v > 0. Let n,7 € (—o0,1)
and let S and T be n and T-demimetric mappings from C into itself, respectively, such that
they are demiclosed. Suppose that

Q=FS)NF(T)NA0#0.
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For zy € C and Cy = C, let {x,} be a sequence generated by

Uy, = Iy, Zn,
Zn = Bnvn + (1 — Bn)T0n,
Up = QnZpn + (1 — ap)Sxy,
Crpr = {z €Cn: (2n— 2,0 (20 — un)) > |20 — unll?,
2(vy — 2, J(Vy — 20)) > (1 — 7)||vp — 202
and 2wy — 2, J (20 = v2)) = (1= n)lle, = va 1},

Tpt1 = PC"Jrl 1, VnéeN,

where J is the duality mapping on E, {a,},{8,} C [0,1] and {r,} C [a,00) for some a > 0.
Ifl—a,>b>0and1— 05, >c>0 for some b,c € (0,1), then {x,} converges strongly to
Pqxy, where Pq is the metric projection of E onto €.

Proof. 1t follows that (', are closed and convex for all n € N. We show that Q C C,, for all
n € N. It is obvious that Q C Cy = C. Suppose that Q C C} for some k € N. To show
Q) C Chy1, let us show that (2, — 2z, J (21 — ux)) > ||z2i — ur||?,

(o — 2, J (v — 21,)) = (1 = 7)ok — 2|
and 2(xy — 2z, J(z — v)) > (1 — )|z — vg||? for all z € Q. Let z € Q. Since J,, is the
metric resolvent, we have from [1, 16] that

(Jrkzk —Z, J(Zk — Jrkzk)> > 0

for all z € Q C A=10. From this, we get that

(Jrp2k — 2k + 2 — 2, J (2 — I 2i)) > 0
and hence

(2o — 2,0 (2 — T 2n)) > |2k — Jrp 2e ||

This implies that
(2 = 2, J (25 — ur)) > |2k — ug]|?.

Since T is T-demimetric, we also have that for any z € €,

< Vg — 2, J( kfzk)) (1fﬁk)<kaz,J(vk7T’uk)>
(1= Be) (1 = 7)o, — Twg|?

(1= Br)*(1 = 7)low — T

= (1= 7)o — 2%

2
2

Similarly, we have that
2wy, — 2, J (21, — vi)) > (1= n)||lz — v

Then © C Cky1. We have by mathematical induction that Q C C, for all n € N. This
implies that {x,} is well defined.
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We have that F(S) and F(T) are closed and convex from Lemma 2.3. We also have
that A=10 is closed and convex. Thus  is nonempty, closed and convex. Then there exists
wy € Q such that wy = Pox;. From x,, = Pc, x1, we have that

|21 = zn || < [[z1 =yl
for all y € C,,. Since w; € Q2 C C,,, we have that
21 = zn || < [lz1 — wil]. (3.1)

Let Co = o2, Cy. Since 0 # Q C Cp, we have that Cy is nonempty. Since Cp =

n=1%n

M-lim,, 00 Cy, and x,, = Pc,, x;1 for all n € N, by Lemma 2.4 we have that
Ty = 20 = Poy1. (3.2)
We have from x,, 1 € Cj, 41 that
2(xn — Tpa1, (@0 = vn)) 2 (1= n)l|lzn — val®

and hence
2|zn — a1l = (1 =n)||lzn — vnll-

Since ||z, — p+1|| — 0 from (3.2) we get that z,, — v, — 0. On the other hand, from
[z = vnll = (1 = o) [[2n — S| = bllan — San|,

we have that
ILm |xn, — Sz, || = 0. (3.3)

Furthermore, we have from z,,41 € C),4+1 that
2<vn — Tn+i, J(’Un - Zn)> > (1 - T)HUTL - Z”H2

From this, we have that
2o = Zpgall = (1 = 7)|lon — 2nl

and hence
2lvn = Tn + Tn — Tog1| = (1= 7)[[vn — 2zn].
From ||v, — x| — 0 and ||, — Zn11]] = 0, we have that lim,,_, o ||vn, — 25| = 0. From
[vn = 2zull = (1 = Bp)lvn — Tonl| = cflvn — Ty,
we get that
lim |lv, — Tv,| = 0. (3.4)
n—r oo

We also have from x,1 € Cp 41 that
(zn — Tny1, J(2n —un)) > |20 — Un||2

and hence

120 = Tns1ll = (|20 — ual|-
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From ||z, — Zptt1l] < |20 — vnll + v — ol + |20 — Znstlls 20 — v — 0, v, — 2, — 0 and
ZTp — Tpt1 — 0, we have ||z, — z,41]] — 0. Then we get that

lim ||z, —u,|| =0
n— oo
and hence
lim ||z, — J, zn| = 0. (3.5)
n—oo

Since z,, — zo and S is demiclosed, we have from (3.3) that zo € F'(S). Similarly, from
Ty — Uy, — 0, we get v, — 2o. Since T is demiclosed, we have from (3.4) that zy € F(T).
We show zg € A~10. From 7, > a and (3.5) we have

1
lim —||J(zn — Jr, 2n)|| = 0.

n—00 Iy

Therefore, we have
lim ||A = tim [Tz — Tz = 0 3.6
For (p,p*) € A, from the monotonicity of A, we have

<p - JTW,ZTHP* - Arnzn> Z 0 (37)

for all n € N. From v, — z,, — 0 and v,, — zp, we get z, — zp. Furthermore, from (3.5)
we have J,. z, — 0. From J, z, — 0, (3.7) and (3.6), we get (p — z9,p*) > 0. From the
maximality of A, we have zy € A~10. Therefore, we have zy € (.

From wy; = Pox1, 20 € Q and (3.1) we have that

2y —wnll < oy = 20 = Tim [lzy — @ || < [l —wal].
n—oo
Then we get that ||x; — w1 || = |1 — 20| and hence zg = w;y. Therefore, we have x,, — zg =
wy. This completes the proof. O

Applications

In this section, using Theorem 3.1, we get well-known and new strong convergence theorems
in Hilbert spaces and Banach spaces. We know the following result obtained by Marino and
Xu [9]; see also [23].

Lemma 4.1 ([9]). Let H be a Hilbert space, let C be a nonempty, closed and convex subset
of H and let k be a real number with 0 < k < 1. Let U : C — H be a k-strict pseudo-
contraction. If x, — z and x,, — Uzx,, — 0, then z € F(U).

We also know the following result from Kocourek, Takahashi and Yao [6]; see also [24].

Lemma 4.2 ([6]). Let H be a Hilbert space, let C be a nonempty, closed and convex subset
of H and let U : C — H be generalized hybrid. If x, — z and x,, —Ux,, — 0, then z € F(U).

Using Theorem 3.1 and Lemmas 4.1 and 4.2, we have the following theorem.
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Theorem 4.3. Let H be a Hilbert space and let C' be a nonempty, closed and conver subset
of H. Let A C H x H be a mazimal monotone operator and let J, = (I +rA)~! for all
r > 0. Let k be a real number with k € [0,1). Let S : C — C be a nonexpansive mapping
with F(S) # 0 and let T : C — C be a k-strict pseud-contraction such that F(T) # 0.
Suppose that Q@ = F(S)N F(T) N A0 # 0. Let {x,} be a sequence generated by v, € C
and C1 =C

Up = Jp, 2n;
Zn = Bptn + (1= Bn)Tvn,
Vp = Sy,
Che1 = {z €Ch: (2n—2,2n — Un) > |20 — un||?,
2(vn — 2,05 — 2n) > (1= k)|Jv, — 20|

and 2(xn — 2,2y — V) > |0 — vn||2}7

Tny1 = Po,, 71, VneN,

where {B,} C [0,1] and {r,} C [a,00) for some a > 0. If1—f, > ¢ > 0 for some c € (0,1),
then {x,} converges strongly to Poxq, where Pq is the metric projection of H onto Q.

Proof. Since T is a k-strict pseud-contraction of C into itself such that F(T') # (), from (1) in
Examples, T is k-demimetric. Furthermore, from Lemma 4.1, T is demiclosed. Furthermore,
we know that a nonexpansive maping S is 0-demimetric and demiclosed. We also know that
the resolvent J,. of A for r > 0 is (-1)-demimetric and demiclosed. Therefore, we have the
desired result from Theorem 3.1. O

The following is a strong convergence theorem for nonexpansive mappings and general-
ized hybrid mappings in a Hilbert space.

Theorem 4.4. Let H be a Hilbert space and let C' be a nonempty, closed and convex subset
of H. Let A C H x H be a mazimal monotone operator and let J, = (I +rA)~! for all
r>0. Let S: C = C be a nonexpansive mapping with F(S) # 0 and let T : C — C be a
generalized hybrid mapping with F(T) # 0. Suppose that Q@ = F(S)NF(T)NA~0 # (. For
x1 € C and Cy = C, let {x,} be a sequence generated by

Up, = Jp, Zn,

zn = Tvy,

Uy = Sy,

Cry1 = {z € Cp i {zn — 2,2n — Un) > |20 — un|?,
2(vn — 2,05 — 2n) > ||on — 20 |?

and 2{x, — z,Tp, — V) > ||xn — vn||2},

Tpt1 = Pcn+1x1, Vn € N,

where {r,} C [a,00) for some a > 0. Then {x,} converges strongly to Pox1, where Pq is
the metric projection of H onto €.
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Proof. Since T is a generalized hybrid mapping of C into itself such that F(T) # (), from
(2) in Examples, T is 0-demimetric. Furthermore, from Lemma 4.2, T is demiclosed. A
nonexpansive maping S and the resolvent J,. are as in the proof of Theorem 4.3. Therefore,
we have the desired result from Theorem 3.1. O

Let E be a Banach space and let f : E — (—o00, 0] be a proper, lower semicontinuous
and convex function. Define the subdifferential of f as follows:

Of(x)={z* € E*: f(y) > {y—x,2") + f(x), Yy € E}

for each x € E. Then, we know that Jf is a maximal monotone operator; see [12] for more
details. The following is a strong convergence theorem for three metric projections in a
Banach space.

Theorem 4.5. Let E be a uniformly convex and smooth Banach space and let J be the
duality mapping on E. Let B, C' and D be nonempty, closed and convex subsets of E. Let
Pg, Pc and Pp be the metric projections of E onto B, C' and D, respectively. Suppose that
Q=BNCND#0. Forzy € E and Cy = E, let {x,,} be a sequence generated by

Up = Pan;
zn = Povp,
vy, = Ppxy,

Cpit = {z €Ot (zn— 2, (20— un)) = |20 — unl,

(v — 2, J(Vn — 20)) > |Jvn — Zn||2}
and (xn — 2z, J(xp —vy)) > |20 — Un||2}a

Tpt1 = Pcn+1$1, Vn € N.

Then {x,} converges strongly to a point Pox1, where Pq is the metric projection of E onto

Q.

Proof. Set A = 0ip in Theorem 3.1, where ip is the indicator function, that is,

. 0, =ze€B,
1B =
oo, x¢ B.

Then, we have that dip is a maximal monotone operator and J. = Pg for r > 0. In fact,
for any z € F and r > 0, we have that

z=Jrx e J(z—1x)+1rdig(z) 30
& J(x—2) €rdig(z)
T

@> +ig(z), Yy € E

<iply) =y -2
0> (y—=zJ(x—2), Yye B
& 2z = Ppx.
Since Pp is the metric projection of E onto B, from (3) in Examples, Pg is (—1)-demimetric.
We also have that if {z,} is a sequence in F such that z, — p and =, — Pgx, — 0, then
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p = Pgp. In fact, assume that z,, — p and x,, — Pgx, — 0. It is clear that Pgx, — p and
|J(zn, — Pezy)|| = ||#n — Pxyn|| — 0. Since Pp is the metric projection of E onto B, we
have that

<Pan—PBp,J($n — Ppxy) —J(p—PBp)> > 0.

This implies that —||p— Pgp||? = (p— Ppp, —J(p— Pgp)) > 0 and hence p = Pgp. Similarly,
P¢ and Pp are (—1)-demimetric and demiclosed. Therefore, we have the desired result from
Theorem 3.1. U

The following is a strong convergence theorem for three metric resolvents in a Banach
space.

Theorem 4.6. Let E be a uniformly convex and smooth Banach space and let J be the
duality mapping on E. Let A, B and G be maximal monotone operators of E X E* and let
Jr=T+rJ A, Qu=T+X'B)" and R, = (I + pJ*G)7Y, for allr >0, A >0
and p > 0, respectively. Suppose that

Q=A"tonBtoNnGt0 #9.
For xy € E and Cy = E, let {x,} be a sequence generated by

Up = Jp2n,

Zn = QUn,

vy = R, xn,

Chy1 = {z € Cp i {zn — 2, (20 — un)) > |l2n — unl)?,
<Un -z J(”ﬂ - zn)> > ||Un - Zn||2

and (@ — 2, J(@n — vn)) > |20 — vn||2},

Tp41 = Pcn+1:171, Vn € N.

Then {x,} converges strongly to a point Pox1, where Pq is the metric projection of E onto
Q.

Proof. Since @) is the metric resolvent of B for A > 0, from (4) in Examples, Q) is (—1)-
demimetric. We also have that if {z,} is a sequence in E such that x,, — p and z,, —Qxz,, —
0, then p = @ p. In fact, assume that z,, — p and z,, —Qxz,, — 0. It is clear that Q z,, — p
and || J(zn, — Qxzn)|| = ||2n — @rxn|| = 0. Since Q) is the metric resolvent of B, we have
from [1] that

<Q)\17n — Qxp, J(xn - Q/\In) - J(p - Q,\P)> > 0.

This implies that —||p—Qap||?> = (p—Qxp, —J (p— Qxp)) > 0 and hence p = Q,p. Similarly,
Jr and R, are (—1)-demimetric and demiclosed. Therefore, we have the desired result from
Theorem 3.1. O
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