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Abstract: This paper mainly discusses the stability of the metric regularity under set-valued perturbations
which are not of the usual addition type. Under a condition which is not comparable with which was given
in a previous result, we obtain a stability result of the local metric regularity in a different point of view.
Furthermore, our result is stronger than an existing one. When the origin mapping is single-valued, we give
a new way to prove the result using a fixed point theorem.
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Introduction

Let X,Y be metric spaces, (7,7) € X x Y be such that § € F(Z) where F': X =2 Y is a
set-valued mapping. It is well-known that F' is said to be locally metrically regular at z for
7 with constant x > 0 if there exists a neighborhood U x V of (Z, ) such that

d(xz, F~(y)) < kd(y, F(x)), for all (z,y) € U x V. (1.1)

where d(x, C) := inf,cc d(z,u) denotes the distance from x to a set C.

The topic of the perturbation stability of the metric regularity was widely discussed
in the past few decades. That is, if a mapping F' : X =% Y is metrically regular, what
conditions make another set-valued mapping G : X = Y, which is ‘close to’ F' in a sense,
to be also metrically regular? The following theorem is a classic result about this question,
which means that the local metric regularity (with constant £ > 0) is preserved under a
Lipschitz continuous (with constant p > 0) perturbation if xku < 1.

Theorem 1.1. Let X be a Banach space and Y be a normed space. Let F : X =Y be a
mapping, (T,y) be a point such that §y € F(z) , and h: X =Y be a single-valued mapping.
Assume that Kk, and r are positive numbers with ku < 1 and satisfy

d(z, F~(y)) < kd(y, F(x)), for all (z,y) € B(z,r) x B(g,r),

and
Ih(@) = b))l < plle =o', for all ,a' € B(z,v).
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176 WENDING XU

Then, for the mapping G := F + h, there exists a > 0 such that

d(z,G 1 (y)) < d(y,G(x)), for all (x,y) € B(Z,a) x B(g,a).

1—ku

Plenty of results on the stability of the local metric regularity under single-valued per-
turbation can be found in [4], [5], [6], [8], [10] and references therein. A natural question is
whether the preservation still holds under set-valued perturbations.

For the metric regularity, there are two types of perturbations. The first one is, as
adopted in Theorem 1.1, the usual addition type. That is, for the mapping F' and a per-
turbation mapping H (single-valued or set-valued), G is taken as G = F' + H. In this
perturbation type, a counter-example in [6] (Example 51.1) shows that the preservation of
the local metric regularity no longer holds in general. However, when adding the condition
that the diameter of the perturbation mapping at the point under consideration is small
enough, a stability result on the local metric regularity was proved in [1] (Theorem 3.2).

The second type of perturbation is not an obvious addition type, but to introduce a
quantity measuring the closeness of the set-valued mappings F and G. For a point z € X
and a constant € > 0, the quantity is defined as follows (see [7]).

orG(z,e):= sup inf sup inf p—&+& 1. 1.2
(z,€) 1) EF(0) aerrcc /<G I I (1.2)
geF(a!

The following stability result on the local metric regularity was obtained in [9], in which the
set-valued perturbation is of the second type.

Theorem 1.2 (Theorem 3.2 in [9]). Let X be a complete metric space and Y be a normed
space. Let F,G be set-valued mappings with closed graphs, (Z,y) € gph F' and (Z,Z) € gph G
be given points. Suppose that F' is metrically reqular at T for § with constant k > 0 and that
the following two conditions are satisfied:

(i) There exist positive constants r,pu with p € (0,k71) such that
orc(z,e) < pe, whenever x € B(z,r) and e <. (1.3)
(ii)
lim sup inf w—2)—(v—y)|| =0. 1.4
N T B ] (14

K
1—kp-”

Then G is metrically reqular at T for Z with constant

When both F and G are single-valued mappings, (1.3) reduces to the local Lipschitz
continuity of G — F around Z while (1.4), which can be removed, reduces to the continuity
of G — F at 7.

Recently, along with the condition (1.3), a weaker stability was preserved for the local
metric regularity as follows.

Theorem 1.3. (Theorem 2 in [2]) Let X,Y be Banach spaces, F,G : X =Y be two set-
valued mappings with closed graphs and y € F(z). Consider some positive parameters k,r
and s such that

d(z, F~(y)) < rkd(y, F(x)), for all (z,y) € B(Z,r) x B(g,s).
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Let 1 > 0,6 >0 and v > 0 satisfy

kp <1, v<r, 0+ Q+rpr<s.

1—ku
In addition, assume that there is Z € G(T) with

inf  sup |[(w—2)—(v—9)|| <9, forall z € B(z,r). (1.5)
vEF(2) weG(x)

If

orc(z,e) < pe, whenever x € B(z,r) ande <r,

then one has

d(z,G7(2)) < —2 (=, G(@)), for all 2 € B(z,v).

Remark 1.4. Here we draw a comparison between condition (1.5) and (1.4). We claim
that even when the condition (1.5) is strengthened into

lim inf su w—2z)—(v—9)| =0, 1.6
i it swp 0 =2) = (0= D) (16)

it is not comparable with (1.4) when F and G are both set-valued mappings, since in general,
we cannot clear the size relation between quantities

inf  sup |[(w—2)—(v—7)| and sup inf |(w—2)—(v—27).
VEF(2) weG(x) vEF (z) WEG(2)

Indeed, for any fixed z, although it holds obviously that

pi(v) = weigf(z) [(w—2) = (v=7)| < wilél()@ [(w—2) = (v =7 := p2(v),

it is indeterminate that which of g1 := sup,ep(,) P1(v) and ga := inf,cp(y) p2(v) is larger.
For instance,

(i) If F(x) =10,2], p1(v) = v—3, pa(v) = v, then for any v € F(x) one has p;(v) < pa(v),
but

¢1= sup {v—-3}=—-1<0=¢ = inf {v};
vel0,2] v€[0,2]

(i) If F(z) = [0,2], p1(v) = v —1, p2(v) = v, then for any v € F(z) one also has
p1(v) < p2(v), but

¢1= sup {v—1}=1>0=¢qy = inf {v}.
vel0,2] ve[0,2]

However, when G is a single-valued mapping, it is clear that condition (1.6) is weaker than
(1.4) since for any x, one has

o 1(G(z) = 2) = (v =7)|| < S 1(G(z) = 2) = (v =9)]-
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In this paper, under the same conditions in Theorem 1.3, we prove a result on the
stability of the local metric regularity under the second type of set-valued perturbations.
On the one hand, our result is obviously stronger than Theorem 1.3. On the other hand,
as shown in Remark 1.4, since condition (1.5) is generally not comparable with (1.4), we
present a set-valued perturbation stability result of the local metric regularity in a different
point of view. Furthermore, by using a fixed point theorem, we prove the special case (the
origin mapping is single-valued) of our main result.

Throughout this paper, the symbol B(x,r) denotes the closed ball with center x and
radius 7 in all spaces under consideration. The graph and the inverse of a set-valued mapping
F are denoted by gph F' := {(z,y) | y € F(x)} and F~!(y) := {z | y € F(x)}, respectively.

Main Result

In this section, we introduce our main results.

Theorem 2.1. Let X be a Banach space, Y be a normed space, F,G : X = Y be two
set-valued mappings with closed graphs and (T,y) € gph F. Consider positive constants k
and r such that

d(z, F~(y)) < kd(y, F(x)), for all (z,y) € B(z,r) x B(g,7). (2.1)

Let 1> 0,0 > 0 and 6 > 0 satisfy that
kp <1, max {50,5 +(1+ nu)ﬁ} <. (2.2)
1—kp

Suppose that there exists Z € G(T) such that

inf  sup |(w—2)—(v—9)| <9, for all z € B(z,r). (2.3)
vEF (x) weG(z)

In addition, assume that
opc(x,e) < ue, whenever x € B(Z,r) and e <. (2.4)

Then, there exists v’ > 0 such that

A, 671 (:) <

“MaamwmqumaeB@mxB@m, (2.5)

_ : / Ok
where p = min {r , 1+K/75N}.

Proof. From (2.2) we can pick k' > &,/ > p and 7’ > 0 such that

K <1,

K
me + 7"/ < T, 6 + (1 + H/M/)e <r. (26)

The following proof will include two steps.
Step 1 We prove that the inequality

K
1—kp
holds for any (z,z) € B(Z,r") x B(z,0) with d(z, G(x)) < 0.

d(m,G‘l(z)) <

d(z,G(x)) (2.7)
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Fix any (z,z) € B(z,7’) x B(z,0) with d(z,G(z)) < 0. If z € G(z), we are done since
both sides of the inequality (2.7) are zero in this case.

Now we consider the case that z ¢ G(x). Set A := d(z, G(z)) and zp := x, then 0 < A < 0,
which implies that we can take sufficiently small a > 0 satisfying A + « < 6. Thus we can
find wy € G(x) = G(x0) such that

|z —wol| < A+a< 6.

Put o = k(A + ) < k8 < r, then from condition (2.4) we have

inf sup inf  Jwo—& +n—7|| <orglzo,m0) < pro < w'ro.
§'€F(20) ||o’ —ag||<ro M EG(2)
nEF (z')

Thus, there exists vg € F(xg) such that

sup inf Jwo—vo+n—1n| < u'ro. (2.8)
|2’ —ao||<ro M EG(Z)
nEF (z)

Set yo = 2z — wp + o, it holds for any 7 € F(zg) and 7’ € G(x¢) that

lyo —9ll = llz =2+ 2z —wo +vo = yll < [z = 2] + [Jwo —vo + 7 — 2]
<lz=2l+llwo—vo+7 =7+ (7" =2) = (= =),
and hence from (2.3) and (2.8), we have yo € B(¥y,r) since
lyo =gl < llz =2+ sup inf Jlwo —vo+n—7]
neF(wO) W/EG("L'O)

+ inf  sup |[(n' —2)— (-9l
neF (o) n' €G(zo)

<O+pro+d<0+pvl+6<(1+rpuNO+6 <
It follows from the metric regularity of F' at Z for § with x (condition (2.1)) that
d(wo, F~1(y0)) < kd(yo, F(0)) < lyo — voll = & |2 — woll < k(A +a),

which yields that there exists #1 € F~1(yg) such that ||z1 — x| < k(A + ) = 0.
Since yo € F(x1) and ||z1 — xo|| < 7o, it holds from (2.8) that
d(wo —vo +y0,G(z1)) = inf Jlwo —vo +yo — 7|
n'€G(z1)

< sup inf |wo—wvo+n—17
nEF (x1) M EG(21)

: / /
< sup inf JJwg—vo+n—17 < p're,
o —aol|<ro 7'€G(")
neEF (z)

thus we can find w; € G(x1) such that
lwo —vo + yo — w1l < p'ro. (2.9)
Let ry := k’'u'rg, then r; < 79 < r. From (2.4) and since

lz1 — z|| < ||z — @0l + lzo — Z|| < k(A + @) + 7" < KO +71" <7, (2.10)
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we have op g(z1,71) < pr1 < p'r1. Noting that wy € G(z1), we obtain

inf sup inf  Jwy —&+n—1'|| <pry < p'm
EEF(®1) ||a’—ay || <ry, N EG(2) ’
neF ()

which yields the existence of vy € F(z1) satisfying

sup inf Jwy —vi +n =1 <pr < pr,
lo/—aq||<ry 1 E€G(2')
nEF(a')
and hence
sup  inf JJwyr —vi+n—1|| < p'r. (2.11)

neF (z1) M €G(21)
Set y1 = z — wy + v1, then for any 7 € F(x1) and 7" € G(z1), from (2.3), (2.6) and (2.11)
we have
Iy =gl =llz =2+ 2 —wi +v1 =
<lz=zl+llwi —vr+7 =7+ (7" = 2) = (r = P

<l|z—=z||+ sup inf |Jwy—vi+n—"7
neEF(zy) M EG(21)

+ inf sup ||(n" —2) — (n—9)|
NEF(x1) o' eG(w1)

<O+ pri+06=0+pus'wro+6
<O+prA+a)+d<(1+ru)o+6<r,

which along with (2.10) implies (z1,31) € B(Z,r) x B(g,r). From (2.1) and (2.9) and
recalling z = yg + wy — vg, we have

d(x1, F~1 (1)) < wd(yr, F(x1)) < sllyr — vl = 6 ]|z = wi

=k ||lwo —vo + yo — w1 || < Kp'ro < (K1 )ro,

and therefore there exists o € F~1(y;) such that |lzo — 21| < (K'1/)ro.
Now suppose that o = x, z1, T2, ..., T, are given for n > 2 and that

vo € F(xo),v1 € F(21),...,0p—1 € F(zp_1),

and
wg € G(xzg), w1 € G(x1), ey Wn—1 € G(Tpn_1)

are found satisfying
(1) k1 € F~ (y) for yp = 2 — wy + vg and k < n;
(ii) |2k — 2eg1]| < ri with 7 = (') Ero;
(iil) [Jwg—1 — vg—1 + Yp—1 — wi|| < 'rg—1 hold for k =1,2,....n — 1;

(iv) SUP |jo/—ap < 0 prcan lwk — vk + 0 — 0| < p'r.
neF(z')



SET-VALUED PERTURBATION STABILITY OF LOCAL METRIC REGULARITY 181

Since k'p’ < 1, thus for each n, we have

n—1

e — 2 < llen — aoll + llz — 2l| < ¢ + 3 (W) oro <1/ + ,

— 0 2.12
1—F < ( )
k=0

which implies z,, € B(z,r) for each n > 0. From (i) we have y,_; € F(x,), and then
d(Wn—1 = Vp—1+ Yn-1,G(zn)) =  inf |1 —vno1 + ypo1 =77
n'€G(zy)
< sup inf  |lwp_1 —vn_1+n—17. (2.13)

nEF (z,) M EG(2n)

It holds from (ii) that ||z,—1 — || < rn—1, and hence

sup inf  |w,_1 —ve_1+1—7|
NEF(z,) M EG(Tn)
< sup inf  |wp—1 —va—1 =17 (2.14)
o 2| <y 7 EG()
neF (z')

Combining (2.13) and (2.14) and considering (iv), we have
d(wp_1 = Vn_1 +Yn_1,G(xn)) < p'rn_1.
Thus there exists w,, € G(z,) such that
lwn—1—Vn-1+ Yn—1 — wn|| < Wrn_1. (2.15)

Put r, = (k'p/)"ro < r, then from (2.4) we obtain

inf su inf |w, —&+n =7 <org@nrm) < ur, < u'r
E€F(xn) ”f’v'/*l'nﬁ)‘g"'n n €G(x") lwp —&+n—7"|| < 7G( nyTn) < Uy < Wrp,
neF(z’)

which yields the existence of v,, € F(z,,) satisfying

sup inf |w, — v, +1n—1|] < p'r,
o/ —wn || <rn 1 E€G(@")
neF (z')
and hence
sup inf  |w, —vp +n—17'| < . (2.16)

neF(xzy) n'€G(zn)

Set y, = z — wy, + vy, then for any 7 € F(x,) and 7’ € G(x,,), we have

||yn—??H=\|Z—5+5—wn+vn—§||
<z =2l +wp —vn+7 =T+ I(" = 2) = (r = Y

<lz=2+ sup inf |lw, —v, +5—17]|
nEF (w,) M EG(2n)

+ inf  sup [|( —2)—(n—7)
NEF(zn) n'eG(zn)

SO+ prn+6=0+p/ (') +0
<O+prA+a)+d<(1+ru)o+d5<r
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Recalling y,,—1 = z — w,—1 + v,—1 and using the metric regularity of F', we obtain
(0, 1 (yn)) < £d(Yn, F(22)) < K llyn — vl = £ [lz = wy
= K l[wn—1 =1 4 Yn1 —wn || < Kp'rp1 < (K )01,
hence there exists x,,.1 € F~1(y,) such that
[Zn+1 = @ull < (K1 )rn—1 = (K'1')"ro <.

By induction, we conclude that (i)~(iv) hold for all & > 0.
Given any nonnegative integer n, p, using the triangle inequality, we have

p—1 p—1
n+j n K
[2n — Zpipll < Z [#n4i = Tnpjall < Z(“/ﬂ/) Hrg < (k1) m()\ +a), (2.17)
j=0 j=0

which implies that {z,} C B(Z,r) is a Cauchy sequence and hence converges to some
x* € B(Z,r). By fixing n = 0 and letting p — oo in (2.17), we obtain
* * K
|z —a*[| = |lzo — 27| < m()\‘kay

Due to ||z — wy| = |[[wn-1— Vn-1+Yn-1 —wyn| < p'rp_q for all n > 0 and r,—; =
(k' )" trg — 0 (since &'/ < 1), it holds that w, — 2. Taking into account that
(zn,wy,) € gph G and the closedness of gph G, we get z € G(z*). Consequently, we ob-
tain

d(w,G7(2)) < lz = 2" < 5

By letting " — s, ' — p and o — 07 in (2.18), we have

T AT (2.18)

K K

d(z,G7'(2)) <

which completes Step 1 since (x, z) is chosen arbitrarily in B(Z,r")x B(z, 0) with d(z, G(z)) <
6.
Step 2 In this step we prove that (2.5) holds for p = min {r’
found in Step 1.

Fix any (z,2) € B(Z, p) x B(Z, p). If d(z,G(x)) < 6, then (2.5) holds immediately from
the result we have got in Step 1 since p < min{r’, 6}.

Now we consider the case that d(z, G(z)) > 0. Since

0K

where ' has been
Y 14+Kk—Kp

d(z,G(7)) <[]z -2l < p <0,

it can also be derived from the result in Step 1 that
K

_ 1 < _
A(#.67(2) € [l G()),
thus we get
d(w,G7(2)) < ||z = 3]l +d(7,G7H(2)) < = Wd(z, G(7)) + [l — ]

K _ _ K K+1—Ku
< - — < = - "
<l e - < (D=
< h +1—kp K0 K

K
= d .
1—%/,& 1—{—/@—/{/_]/ 1_,%//& 71_,@“ (Z,G(x))
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Example 2.2. Let set-valued mappings F,G : R = R be defined as

1 1
and 1 1 1 1
G(z) == [z + gsinw ~ 10’ bz + gsinx + E]

Note that 0 € F'(0) and 0 € G(0). From the Robinson-Ursescu’s Stability Theorem (See
Theorem 2.83 in [3]), we have

(P () < d(y, F(@), for all (2.9) € (5, 5) % (5. 2)

Further, it can be checked that

opc(z,e) < %, whenever x € (—%, é) and € < %
and
inf  sup |v—w| < 1, for all x € (—1,1)
VEF () wed(x) 6 55
Thus, by applying Theorem 2.1 with
r=y=2z=0, r:%, 5:%, k=1, u:%, 9:%,

we can conclude that there exists ' > 0 such that
2
d(z,G1(2)) < 3d(2,G(x)), for all (z,2) € (=p,p) < (=p,p);

1

7751

where p = min {1’/

Without a doubt, the proof presented before is sufficient for the result when the mapping
F is a single-valued mapping and G has finite values. However, utilizing a fixed point theorem
obtained in [11], we introduce a different way to prove the result when F' is a continuous
single-valued mapping.

Theorem 2.3 (Theorem 1 in [11]). Let § > 0,0 € (0,1),Z € X and ® : B(z,68) — 2X\{0}
satisfy the following properties:

(i) For each n € (0,9), the intersection of gph ® with B(Z,n) x B(Z,n) is closed;
(1)
d(z,®(z)) < (1 —0)4, (2.19)
d(z, ®(x)) < 0d(x,® " (x)), for all x € B(Z,0). (2.20)
Then for any 8 > 0, there exists z € B(Z,0) such that z € ®(z) and

d(z7) < % (7, B(2)).
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Theorem 2.4. Let X be a Banach space, Y be a normed space, f : X — Y be a continuous
single-valued mapping and G : X = Y be a set-valued mapping with a closed graph and a
finite value. Consider positive constants k and r such that

d(z, ' (y) < klly = f@)Il, for all (x,y) € B(z,7) x B(f(z),7). (2.21)

Let 1 > 0,6 > 0 and 6 > 0 satisfy
2K
kp <1, max {9,5 + 9} <7 (2.22)
1—kp

Suppose that there exists zZ € G(z) such that

e [(w —2) = (f(x) = f(@)|| <6, for all z € B(Z,r). (2.23)

In addition, assume that for any x € B(Z,r) and € <, it holds

sup - sup inf I = f(@) + /(@) /| < pe. (2.21)
£€G() |2/ —z||<e M EG (')

Then, there exists v’ > 0 such that

d(z,G71(2)) <

. Hud(z, G(x)), for all (z,2) € B(Z,p) x B(z,p), (2.25)

where p = min {r’, H_ziiw}

Proof. From (2.22) we can pick &' > &,/ > p and r’ > 0 such that

2
Wl <1, %ﬂ/e trl < (2.26)

1—

Similar to the proof of Theorem 2.1, we only need to show that the inequality

d(z,G71(2)) < d(z,G(x)) (2.27)

1—kp
holds for any (z,z) € B(Z,r") x B(z,0) with d(z, G(x)) < 0.

Fix x € B(z,r") and z € B(z,0) with d(z,G(z)) < 6. If z € G(z), we are done since
both sides of the inequality (2.27) are zero in this case.

Now we consider the case that z ¢ G(x). Set A := d(z,G(x)), then 0 < XA < 6, which
implies that we can take sufficiently small o > 0 satisfying A + @ < 0. Thus we can find
w € G(z) such that

Iz —w|| < A+a <.

Set y = z —w + f(x), then it holds from (2.22) and (2.23) that
ly—f@) =llz=2+2-w+ f(z) - f(@)]

<z =2l + [(w = 2) = (f(z) = F(@))]]
<llz=2l+ sup |[l(w—2)—(f(z) - f@)I<O+6 <,

weG(x)

and hence we have (x,y) € B(Z,r) x B(f(Z),r). Thus from (2.21) and (2.26) we obtain

d(z, f7(y)) = d(@, f7H(z —w+ f(2)))
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r—r

<klz—w||<rA+a) <kl < (1—rp) 3

). (2.28)

Define ,
@:B(w,%) >a’' — U e —w' + f(@). (2.29)
w €G(x’)

r—"). From (2.28) and

The continuity of f yields the closedness of ®(z') for each 2’ € B(z, 5

noting that w € G(z), we get

(e, Bz U e @)
w’' €G(x)
dla, fH(z = w+ f(@)) < (L= K p) (). (2:30)

Pick 2’ € B(z, —) For an arbitrary ¢ > 0, we can find # € ®~!(z’) such that

— o’ - & < (', @71 (&)) + ¢, (2.31)
then from (2.29) we know
ded@= |J fle-vw+f@), (2.32)
w' €G(Z)

and T € B(x, —) and hence

S A S

- - T
h=le’ -l < o’ — 2l + o — 3 < T+ T

<r.

Furthermore, we have € B(Z,r) since
o . B r—1 ,
12 =2l < & -2l +[lz = 2| £ ——+7" <r
Then it holds from (2.24) that
sup inf € f(2) + f(") =]
ceG(@) M 'eG(x")
< sup - osup inf [I€— f(Z) + f(2") = || < ph. (2.33)

£€G(E) |2 —z||<h M EG(z")

Fix any @ € G(2'), by (2.23) and noting that

2’ — 2| < ||l2' — 2| + [l= — 2| < =

we get
Iz =+ f(@') = f@ < llz = 2l + |2 =@ + f(&") = f@) <O+6 <.
We also have from (2.32) that there exists w € G(Z) such that

e 7z -+ f(7),
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and hence
z=w— f(z)+ f(a). (2.34)
Then, by (2.21) and (2.34) we obtain
d@', ®(z')) =d(=', |J f-w'+[@) <d@, [ —w+ f@)
w' €G(x")
<kllz—dll =rllw— f(@)+ f@') - @
Since w can be chosen arbitrarily in G(z'), it holds from (2.31) and (2.33) that
fx

d(z', ®(2")) < inf o= f@)+

/EG

<w sup inf |[&—f(Z)+ f(2") -7
ceq(@) M 'eG(x’)

< kph < &'/ (d(z, @71 (") + t). (2.35)

D=l

Then we have
d(z', ®(x")) < &'pld(z’, 71 (2))

by letting ¢ — 0T in (2.35).

By Theorem 2.3 we know that for any 8 > 0, there exists z* € B(x, ”‘Trl) such that
x* € (z*) and
7| < ﬂ

1-—

By the definition of ®, we can find w* € G(z ) such that

z* € fHz —w* + f(zY),

which yields z = w* € G(z*) and hence z* € G71(z).
Consequently, from (2.28) and (2.36) we obtain

|z — d(x,tb(m)). (2.36)

5,67 (2)) < flo = o] < T (e, Do)
- s o U 5w s@)
< e £ e v (@)
< m(d(z, G(2)) + a). (2.37)

By letting " — s, ' — p,a0 — 07, and 8 — 0" in (2.37), we obtain (2.27) and complete
the proof. O

Example 2.5. Let single-valued mapping f : R — R and set-valued mapping G : R = R
be defined as

1 1
f(z):=2® -2z and G(z):= {x2 — 2z + §|x|,x2 — 2z + 8} .
We can prove

3 11
d(x,f_l(y)) < g|y — 22 + 2z|, for all (z,y) € (_6’ 6) X (—
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It can also be checked that

sup  sup inf [|€— f(z)+ f(@') —n'|| <

11
,forallz € (—=,=) and e <
£€G(z) |la’ —z||<e M E€G(2') 6’6

=l m

and

11
sup Jlw— f(z)|| < =, forall z € <_6’6)

weG(x)

|~

Then, by applying Theorem 2.4 with
j:ZZOa r=-, K=o, =7, 527; 0:73
we have that there exists v’ > 0 such that

d(z,G7(2)) <

=

d(z,G(z)), for all (z,y) € (—p, p) X (=p,p),
where p = min {r’, llﬁ}.
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