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SHERMAN-MORRISON-WOODBURY IDENTITY FOR
TENSORS*

SHIH YU CHANG AND YIMIN WEI

Abstract: In linear algebra, the Sherman-Morrison-Woodbury identity says that the inverse of a rank-k
correction of some matrix can be computed by doing a rank-k correction to the inverse of the original matrix.
This identity is crucial to accelerate the matrix inverse computation when the matrix involves correction.
Many scientific and engineering applications have to deal with this matrix inverse problem after updating the
matrix, e.g., sensitivity analysis of linear systems, covariance matrix update in Kalman filter, etc. However,
there is no similar identity in tensors. In this work, we will derive the Sherman-Morrison-Woodbury identity
for invertible tensors first. Since not all tensors are invertible, we further generalize the Sherman-Morrison-
Woodbury identity for tensors with Moore-Penrose generalized inverse by utilizing orthogonal projection
of the correction tensor part into the original tensor and its Hermitian tensor. According to this new
established the Sherman-Morrison-Woodbury identity for tensors, we can perform sensitivity analysis for
multilinear systems by deriving the normalized upper bound for the solution of a multilinear system. Several
numerical examples are also presented to demonstrate how the normalized error upper bounds are affected
by perturbation degree of tensor coefficients.

Key words: multilinear algebra, tensor inverse, Moore-Penrose inverse, sensitivity analysis, multilinear
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Introduction

Tensors are higher-order generalizations of matrices and vectors, which have been stud-
ied abroadly due to the practical applications in many scientific and engineering fields [29,
51, 62], including psychometrics [60], digital image restorations [49], quantum entangle-
ment [24, 50], signal processing [33, 45, 66, 31], high-order statistics [7, 20], automatic
control [46], spectral hypergraph theory [23, 12], higher order Markov chains [40, 41, 30],
magnetic resonance imaging [49, 48], algebraic geometry [9, 36], Finsler geometry [1], im-
age authenticity verification [65], and so on. More applications about tensors can be found
at [29, 51]

In tensor data analysis, the data sets are represented by tensors, while the associated
multilinear algebra problems can be formulated for various data-processing tasks, such as
web-link analysis [27, 28], document analysis [8, 32|, information retrieval [44, 37], model
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learning [15, 4], data-model reduction [56, 10, 47], model prediction [16], movie recom-
mendation [61], and videos analysis [35, 59], numerical PDE [58]. Most of above-stated
tensor-formulated methodologies depend on the solution to the following tensor equation
(a.k.a. multilinear system of equations [27, 43, 13, 14]):

.A*NX = B, (11)

where A, B are tensors of appropriate size and *y denotes the Einstein product with order
N [57]. Basically, there are two main approaches to solve the unknown tensor X. The
first approach is to solve the Eq. (1.1) iteratively. Three primary iterative algorithms are
Jacobi method, Gauss-Seidel method, and Successive Over-Relazation (SOR) method [54].
Nonetheless, in order to make these iterative algorithms converge, one has to provide some
constraints during the tensor update at each iteration. For example, the updated tensor
is required to be positive-definite and/or diagonally dominant [38, 11, 52, 51]. When the
tensor A becomes a special type of tensor, namely M-tensors, the Eq. (1.1) becomes a M-
equation. Ding and Wei [19] prove that a nonsingular M-equation with a positive B always
has a unique positive solution, present some generalized iterative algorithms to solve the

M-equations, which are in turn applied in the solution to nonlinear differential equations.
m terms m—1 terms

—— —_——~
We have to note that if we have A € C* X" X1 x ¢ C" X" XN and B € C", then
Eq. (1.1) can be formulated as A x,,—; x™~! = b discussed in [19]. In [64], the authors
proposed the rank-1 approximation to the coefficient tensor A which is combinsed with
iterative tensor method to solve symmetric M-equations. This method is shown by some
numerical examples more effective than the traditional Newton method.

Sometimes, it is difficult to set a proper value of the underlying parameter (such as
step size) in the solution-update equation to accelerate the convergence speed, while people
often apply heuristics to determine such a parameter case by case. The other approach
is to solve the unknown tensor X at the Eq. (1.1) through the tensor inversion. Brazell
et al. [2] proposed the concept of the inverse of an even-order square tensor by adopting
FEinstein product, which provides a new direction to study tensors and tensor equations that
model many phenomena in engineering and science [34]. In [3], the authors give some basic
properties for the left (right) inverse, rank and product of tensors. The existence of order 2
left (right) inverses of tensors is also characterized and several tensor properties, e.g., some
equalities and inequalities on the tensor rank, independence between the rank of a uniform
hypergraph and the ordering of its vertices, rank characteristics of the Laplacian tensor, are
established through inverses of tensors. Since the key step in solving the Eq. (1.1) is to
characterize the inverse of the tensor A, Sun et al. in [57] define different types of inverse,
namely, i-inverse (i = 1,2,5) and group inverse of tensors based on a general product of
tensors. They explore properties of the generalized inverses of tensors on solving tensor
equations and computing formulas of block tensors. The representations for the 1-inverse
and group inverse of some block tensors are also established. They then use the 1-inverse
of tensors to give the solutions of a multilinear system represented by tensors. The authors
in [57] also proved that, for a tensor equation with invertible tensor A4, the solution is
unique and can be expressed by the inverse of the tensor .A. For more related works about
tensors/matrices inversion can be found at [63].

However, the coefficient tensor A in the Eq. (1.1) is not always invertible, for example,
when the tensor A is not square. Sun et al. [55] extend the tensor inverse proposed by Brazell
et al. [2] to the Moore-Penrose inverse via Einstein product, and a concrete representation
for the Moore-Penrose inverse can be obtained by utilzing the singular value decomposition
(SVD) of the tensor. An important application of the Moore-Penrose inverse is the tensor
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nearness problem associated with tensor equation with Einstein product, which can be
expressed as follows [39]. Let Ap be a given tensor, find the tensor X € € such that

|2 - x| = minllx - x|, (1.2)

where ||| is the Frobenius norm, and 2 is the solution set of tensor equation shown by
Eq. (1.1).

The tensor nearness problem is a generalization of the matrix nearness problem that are
studied in many areas of applied matrix computations [17, 21]. The tensor A in Eq. (1.2)
may be obtained by experimental or statistical distribution information, but it may not
satisfy the desired form and the minimum error requirement, while the optimal estimation
X is the tensor that not only satisfies these restrictions but also best approximates Xy. Under
certain conditions, it will be proved that the solution to the tensor nearness problem (1.2)
is unique, and can be represented by means of the Moore-Penrose inverses [5]. Another
situation to apply the Moore-Penrose inverse is that the the given tensor equation in Eq. (1.1)
has a non-cubic coefficient tensor A. The associated least-squares problem for the solution
in Eq. (1.1) can be obtained by using the Moore-Penrose inverse of tensor A [2]. Some
work involving the contribution and applications of the Moore-Penrose inverse to build
necessary and sufficient conditions for the existence of the solution to Eq. (1.1) can be found
at [26, 25, 5].

In matrix theory, the Sherman-Morrison-Woodbury (SMW) identity says that the inverse
of a rank-k correction of a matrix A can be obtained by computing a rank-k correction to
the inverse of A. For rank-1 example, given A € R™*™ be symmetric, u € R” and b € R be
a scaler, then the SMW identity becomes

(A+uu”) = A7 —axx?, (1.3)
where x is the solution to the equation Ax = u and « L H_ﬁ This is exactly the
expression for the inverse of the rank-1 perturbation to an invertible symmetric matrix A,

which can be extended iteratively to a general rank-k perturbation shown by the following
SMW as:

(A+UBV)'=A"1' A 'UB '+ VA~lU)'VAT, (1.4)

where A is a n X n matrix, U is a n X k matrix, B is a k x k matrix, and V is a k X n matrix.
This identity is useful in numerical computations when A~! has already been computed but
the goal is to compute (A + UBV)~!. With the inverse of A available, it is only necessary
to find the inverse of B™! + VAU in order to obtain the result using the right-hand side
of the identity. If the matrix B has a much smaller dimension than A, this is much easier
than inverting A +UBYV directly. A common application is finding the inverse of a low-rank
update A + UBYV of A when U only has a few columns and V also has only a few rows,
or finding an approximation of the inverse of the matrix A + C where the matrix C can be
approximated by a low-rank matrix UBV via the singular value decomposition (SVD). The
Sherman-Morrison-Woodbury identity involving singular matrices is discussed at [22, 53].
Analogously, we expect to have the Sherman-Morrison-Woodbury identity for tensors to
facilitate the tensor inversion computation with those benefits in the matrix inversion com-
putation when the correction of the original tensors is required. The Sherman-Morrison-
Woodbury identity for tensors can be applied at various engineering and scientific areas,
e.g., the tensor Kalman filter and recursive least squares methods [6]. This identity can
significantly speed up the real time calculations of the tensor filter update because each new
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observation, which can be described with much lower dimension, can be treated as perturba-
tion of the original covariance tensor. Similar to sensitivity analysis for linear systems [18],
if we wish to consider how the solution is affected by the perturbed of coefficients in the
tensor A in Eq. (1.1), we need to understand the relationship between the original tensor
inverse and the perturbed tensor inverse. Although the work in [42] tries to study pertur-
bation theory for Moore-Penrose inverse of tensor under Einstein product, our perturbation
analysis takes different approach by utilizing the Sherman-Morrison-Woodbury identity for
tensors. The benefits of this Sherman-Morrison-Woodbury identity based method is that we
can have more relax requirements for the perturbed tensors during perturbation analysis.
The Sherman-Morrison-Woodbury identity helps us to quantify the difference between the
original solution and the perturbed solution of Eq. (1.1). The application of perturbation
analysis for linear systems involving tensor equations in data sceince can be found at [14].
The contribution of this work can be summarized as follows.

1. We establish Sherman-Morrison-Woodbury identity for invertible tensors.

2. Because not every tensors are invertible, we generalize the Sherman-Morrison-Woodbury
identity for tensors with Moore-Penrose inverse.

3. The sensitivity analysis is provided to the solution of a multilinear system when coef-
ficient tensors are perturbed.

The paper is organized as follows. Preliminaries of tensors are given in Section 2. In
Section 3, we will derive the Sherman-Morrison-Woodbury identity for invertible tensors. In
Section 4, the Sherman-Morrison-Woodbury identity is generalized for Moore-Penrose tensor
inverse, and two illustrative examples about applying this identity are also presented. We
apply Sherman-Morrison-Woodbury identity to analyze the sensitivity of perturbed multi-
plinear systems in Section 5. Finally, the conclusions are given in Section 6.

Preliminaries of Tensors

In this work, we denote scalars by lower-case letters (e.g., d, e, f), vectors by boldface lower-
case letters (e.g., d, e, f), matrices by boldface capital letters (e.g., D, E,F), and tensors by
calligraphic letters (e.g., D, &, F), respectively. Tensors are multiarray of values which are
higher-dimensional generlization of vectors and matrices. Given a positive integer N, let
[N] =1,---,N. An order N tensor A = (a;, ... iy), where 1 < i; < I; for j € [N], is a
multidimensional array with I; x Iy x - -- x Iy entries. Let C1>*In and R *IN be the
sets of the order NV dimension Iy X --- X Iy tensors over the complex field C and the real
field R, respectively. For example, A € CI1 ¥ XN ig a multiway array with N-th order and
I, I5,--- , Iy dimension in the first, second, ..., Nth direction, respectively. Each entry of
A is represented by a;, ... ;. For N =4, A € Ch*I2xIsxls ig 3 fourth order tensor with
entries as a;, i, .is,is-

For tensors A € ClxxInxJix-xIn and B e ClvxxImxJix--xXJIn ‘the tensor addition
is defined as

(A+B)ily"'aiIthl,'“»jN = aila"'aiMJ.l"“’jN+bi1¢"'7iNIsj17"'ajN' (2'1)

If M = N for the tensor A € CTlvxxImxJix-xXJn the tensor A is named as a square tensor.
For tensors A € Clv X xImxJix-xJIn and B € C>xxInxEixxXKL the Binstein prod-
uct with order N A xy B € Clx-xImxKix--xXKp ig defined as

(A*N B)iy s inrbr b = D Gy ingn i D ko - (2.2)

JiysJN
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This tensor product reduces to the standard matrix multiplication when we have L = M =
N =1, which is just the standard matrix-matrix multiplication. We need following defini-
tions about tensors.

The identity tensor is defined as following:

Definition 2.1. An identity tensor Z € Cli> - *INnXJixX-XJN ig defined as

where 5ik7jk =1if ik = j]€7 otherwise 5ik7jk~ =0.

In order to define a Hermitian tensor, we need following conjugate transpose operation
of a tensor.

Definition 2.2. Let A € Clix - XImxJixXJN he 3 given tensor, then its conjugate trans-
pose, denoted as A, is defined as

H —
(AD )1 insinving = @iy ing gaseee v (2.4)

where the over line indicates the complex conjugate of the complex number a;, ... i,/ j1 - jn-
If a tenser with the property A = A, this tensor is named as Hermitian tensor.

The inverse of a tensor here i sdefined as:

Definition 2.3. For a square tensor A € Clvx->xImxhix--xIn if there exists X €
ChxexIuxIixxIm guch that

Axpy X =X *y A=T1T, (2.5)
then such X is called as the inverse of the tensor A, represented by A1,

Definition 2.4. Given a tensor A € ChxxXIuxJix-xJn, The tensor X €
CTrxxInxlixxIm gatisfying the following tensor equations:

(DA*y X xpyr A=A, )X xpp Axy X =X,
(B)(A*ny X = Axpr X, ()X 53 A = X 51 A, (2.6)

is called the Moore-Penrose inverse of the tensor A, denoted as Af.

The partial trace of a tensor is defined as the summation of all the diagonal entries as

TT(A) = Z Ail’...JMyil,..A’iM. (27)

1<i;<1I;,j€[N]

Then, we can define the inner product of two tensors A, B € ClX XX JixXJn zg

(A, B) = Tr(A" x5, B). (2.8)

From the definition of tensor inner product, the Frobenius norm of a tensor A can be defined
as

Al = V{A, A). (2.9)
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An unfolded tensor is a matrix obtained by reorganizing the entries of a tensor into
a two-dimensional array. For the tensor space C/1X>ImXJixXJN and the matrix space
CUTa)x(J1IN) - we define a map ¢ as follows:

SO . CI]X“~X[}\4><J1><-“><JN N (C(Il‘“I}W)X(Jl'“JN)

A= (@iy o ing o in ) = (Aoa),66.0))s (2.10)
where ¢ is an index mapping function from tensor indices to matrix indices with arguments
of row subscripts i = {i1,--- ,ip/} and row dimensions of A, denoted as I = {I;,--- , I}

The relation ¢(i,I) can be expressed as

M m—1
1) =i1+ Y (im—1) [] Lu- (2.11)

Similarly, ¢(j,J) is an index mapping relation for column dimensions of .4 which can be
expressed as

N n—1
G =g+ Y Gn =[] S (2.12)

where j = {j1,---,jn} and column dimensions of A, denoted as J = {Jy,---,Jn}. We
will use this unfolding mapping ¢ to build the condition of the existence of an inverse of a
tensor.

Following definition, which is based on the tensor unfolding map introduced by the
Eq. (2.10), is required to determine when a given square tensor is invertible.

Definition 2.5. For a tensor A € ClXxImxJix-XJn = and the map ¢ defined by the
Eq. (2.10), the unfolding rank of a tensor A is defined as the rank of the mapped matrix
o(A). If we have p(A) = I - - - Iy (the multiplication of all integers I, - -, In; together),
we say that A is full row rank. On ther other hand, if we have p(A) = Jy---Jy (the
multiplication of all integers Jy,--- , Jy together), we say that A is full column rank.

Now we are able to present the sufficient and the necessary conditions for the existence
of a given tensor. Following Lemma 2.6 can be deduced from Section 2.2 in [39] since, for
an invertible square tensor, the image under the map ¢ must be a nonsingular matrix.

Lemma 2.6. A tensor A € ClxxIuxlix-xIm s jpyertible if and only if the matriz
A = o(A) is a full rank, i.e., rank(A) =1y -+ Iy

The concepts such as “identity tensor”, “Hermitian tensor”, and “tensor (pseudo) in-
verse” under the Einstein product can also be found at [39] and references therein.
Remark: A tensor that all its entries are zero is called zero tensor, denoted as O.

Identity for Invertible Tensors

The purpose of this section is to prove Sherman-Morrison-Woodbury identity for invertible
tensors.

Theorem 3.1 (Sherman-Morrison-Woodbury identity for invertible tensors.). Given in-
vertible tensors A € ClxxImxhixxXImn gnq B ¢ Ch>xxIxxhix-xIx qnd tensors U €



SHERMAN-MORRISON-WOODBURY IDENTITY FOR TENSORS 33

ClhixexduxlixxIi gnd )y ¢ Chx-xIxxhixxIu 4t the tensor (B~ + Vxpr A" xpr U) is
invertible, we have following identiy:

(A+U*g Bxg V) 1 =A"1 -
.A_l *]WZ/{*K (B_1+V*M .A_l *]\/[Z/{)_l *KV*M A_l. (31)

Proof. The identiy can be proven by checking that (A + U xx Bk V) multiplies its alleged
inverse on the right side of the Sherman-Morrison-Woodbury identity gives the identity
matrix (To save space, we omit Einstein product symbol, x, between two tensors):

(A+UBV)[A™ — A UB T+ VAU VATY
=T4HUBVA ~UB '+ VAU WA —UBVATUB + VAU T VAT
= (T 4+UBVA™) = [UB + VAU VAT + UBVATUB + VAT U TTVATY
=T +UBVA™ — (U +UBVA'UYB+ VAU VAT
=T +UBVA™ — UBB '+ VAT U B+ vAT U vAT!
=Z+UBVA™ ~UBVA™' =T (3.2)

Similar steps can be applied to prove this identity by multiplying the alleged inverse
from the left side of (A +UBYV):

A — A UB T+ VAU VAT (A+UBY)
=T+ A UB T +VvATIUTH TV + AT UBY —
ATUBT VAU TV AT UBY
=(ZT+AUBY) - AUB T+ VAU TV +VATIUBY)
=(Z+AUBY) - A UB T+ VAU (BT VAU BY
=(Z+AUBY) - AT UBY =T (3.3)

Therefore, the identiy is established. O

Identity for Tensors with Moore-Penrose Inverse

In this section, we will extend our tensor inverse result from previous section to the Sherman-
Morrison- Woodbury identity for Moore-Penrose inverse in section 4.1. Two illustrative
examples for the Sherman-Morrison-Woodbury identity for Moore-Penrose inverse will be
provided in section 4.2.

Identity for Moore-Penrose Inverse Tensors

The goal of this subsection is to establish our main result: the Sherman-Morrison-Woodbury

identity for Moore-Penrose inverse. We begin with the definitions about row space and

column space of a given tensor. Let us define two symbols I, L ix.--x1and [y &
—_——

M
1x---x1.
———

N

We define row-tensors of a tensor A = (@i, ... ipyjr,oe jn) € CHXXIarxixexXIn qq
subtensors agm int where 1 < iy < Iy, for k € [M]. The entries in the row-tensor ag,,__ it
are entries @;, ... i, jr--jn Where 1 < jp < Ji for k € [N] but fix the indices of i1,--- ,in.

Similarly, column-tensors of a tensor A are subtensors aﬁ’,,, i where 1 < ji < Ji for k €
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[N]. The entries in the column-tensor a]Q1 .. jx areentries a;, ..

for k € [M] but fix the indices of ji, -, jn.
Let the tensor A € ClixxInxJix-xJn The right null space is defined as

M aJ1 N where 1 < ’ik < Ik

Ngr(A) dof {zé(CJlX"'X‘]NXHM :.A*NZ:O} (4.1)

Then the row space of A is defined as

def Ji XX JIn xXIpg . _ 2 : R
9%(./4) = {y (S Cct NZAIM . y = aih,,, ,iMxil,'“ s
i1

RS
where z;, ... ;,, €ECand all ;€ (CJlX”'XJNXHM.} (4.2)
Now from the definition of right null space we have (af; Z-M)H z = O, where H is the
Hermitian operator and (ait _ ; ) e Chv>/rxXIv If we take any tensor y € R(A),
— R
theny = >> aj ., T iy, Where z; .. ;, € C. Hence,
11,5t M
H, _ R H
y z = ( Z ail,w,iMxilr'wiM) z
i1, i
— R H
- ( Z xil7"'7":M (ail,'“ ,i]u) )Z
i1, i
_ R H_,\ _
- Z xilv"'7i1\4((ai1,~~~ ,iM) Z) =0 (4'3)
i1, i

This shows that row space is orthogonal to the right null space.
Following this right null space approach, we also can define the left null space as

‘IIL(A) def {z c (CI1><»..><11\4><]IN ZZH oy A= O} (4.4)

Then the column space of A is defined as

e ¥ fyeoretoiiy s S a8 e

J1s s JN
where z;, ... ;5 € C and ajcl,m’jN € (Cllx"'XIMXHN.} (4.5)
From the definition of left null space we have zH ag’___’jN = O, where H is the Her-

mitian operator and zf € CIvxix-xIm By taking any tensor y € €(A), then y =

C . . ) :
DA Ty iy Where 2, 5 € €. We have,
i i

H H C
aly = 2" ) af i)
JissdN
H_C
= Z z ajlv"';ijjlv"';jN)
JisdN
= Z -rih---,iM(ZTa]Ql’.,.,jN):O (46)

J1s s JN
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This shows that column space is orthogonal to the left null space.
Given following tensor relation:

S = A+UBY, (4.7)

the goal is to expresse the Moore-Penrose inverse of S in terms of tensors related to A, U, B, V.
From the definition of column space, we can decompose the tensor U/ into &} + )y, wherer
the column-tensors of X are contained in the clumn space of A, denoted as €(.A), and the
column-tensors of ); are contained in the left null space of A. Correspondingly, we also can
decompose the tensor V¥ into Xy 4+ Vs, wherer the column-tensors of X are contained in
the clumn space of AX, denoted as €(Af), and the column-tensors of ), are contained in

the left null space of A¥. Define tensors &; as &; < yi(yiHyi)T for ¢ = 1,2. We are ready to
present the following theorem about the identity for tensors with Moore-Penrose inverse.

Theorem 4.1 (Sherman-Morrison-Woodbury identity for Moore-Penrose inverse). Given
Tyx-oxT TyxeoxT TiXeoXTpe XTIy XX T

tensors A € CHrX - XimxiXeXin 3 ¢ Chx >l XXXl

U € ClhoexIuxhix-xlx gnd Yy ¢ ChxxIxxhix-xXIn if following conditions are satisfied:

1. U = Xy + Yy, where Xy € €(A) and )y is orthgonal to €(A);

2. VHE = X5 + Yy, where Xy € €(AT) and Yy is orthgonal to €(AH);

3. (1) &BIEAVIB =&, (2) X1 E8VB = X1B, (3) ViEEY = Yi;

4. (1) BYHEBIEH =g, (2) BYHEXH = BXJ, (3) E:VHE, = &,.
Then the tensor

S = A+Uxg BxgV
A4 (X + V1), Brge (Ko + W), (4.7)

has the following Moore-Penrose generalized inverse identiy:

ST = AT—SQ*KXf*NAT—AT*MXl*Ké‘{J
+E5 xi (BJr —l—XQH *N .AT *M Xl) * K 5517 (47)

where &; défyi(y{fyi)f fori=1,2.

Proof. From the definition 2.4, the identity is established by direct computation (To save
space, we also omit *x product symbol between two tensors in this proof) to verify following
four rules:

(1)SSTS = 8, (2)STSST = ST,
(3)(SSHH =887, (4)(ST8)H =STs. (4.8)
Verify : (SST)H = S8t
By expansion of SST, we have
SST = AAT - ASXT AT — AATXEF + AS (BT + X ATx)EF +
(X0 + V1)B(Xy + Vo) TAT — (X + V)B(Xs + Vo) F &, X AT —
(X 4+ V1)B(Xo + Vo) TATXEF + (X1 + V1) B(Xy + Vo)X AT X EF +
(X1 + V1)B(Xy + W) EBTET, (4.9)
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and, since column-tensors of )V, are orthgonal to €(A7), we also have AY, = O, VI AT = O,
and XY, = O. From these relations, the Eq. (4.9) can be simplfies as

SST = AAT — AATX EF +
(X1 + V1)BXTAT — (X + V) BYEE X AT —
(X1 + V)BXT AT ER + (X + 0)BYS &7 At el +
(X +21)BYHE,BIER, (4.10)

and from the fourth condition at this Theorem 4.1, i.e., BV EBIEH = F and BYH E,XF =
BXH and AATX, = X}, we can further simplify the Eq. (4.10) as :

SSt = AAt el (4.11)
Then,

(SSHT = (AAT + )
= (AANT + e
= AAT 4y Eff =SSt (4.12)
the third requirement of the definition 2.4 is valid from the Eq. (4.12).
Verify : (STS)7 = STS
By expansion S'S as the Eq. (4.9), we can simplify such expansion with following re-
lations ATY; = O, YFA = O and X'y, = O due to column-tensors of ), are orthgonal

to €(A), XpATA = X, (from the definition of Moore-Penrose inverse of A), and the third
condition at this Theorem 4.1, i.e., 5281—61}[3)18 = &y, and X1EF V1B = X1 B, then we have

STS = ATA+ &Y (4.13)

Hence, the fourth requirement of the definition 2.4 is valid from the Eq. (4.13).
Verify : SSts =S8
Since, we have
SSTS = (AAN + VIED) (A + (X1 + V1)B(Xs + W)
= AATA+VEIT A+ AAT (X + V1)B(Xy + o) +
ME (X + V1)B(Xz + Vo)
= A+VE A+ AAXBX + Vo) + AATVIB(Xy + Vo) +
NEI X B(Xy + Vo) + METVIB(Xy + V)
A+ X1B(Xy + Vo) + ViB(Xy + Vo)
= A+ (X +Y)B(X+ M) =8 (4.14)

where we apply AATX, = X1, ATV, = O, YIA = O, YIX, = O and (3) of the third
condition at this Theorem 4.1, i.e., V1EH Y, = Y at the equality < in simplification.
Verify : STSST = ST
Since, we have

L

SISST = (ATA+ EVINAT — Ex AT — AT el 4 &,(BT + 2 ATx))EF)

= ATAAT + &VEAT — ATAEXT AT — S He X AH — AT AAT X EH —
EVEAT X ER + ATAE (BT + X ATX)ER + &0H (BT + X ATx))ER
AT — EXF AT — AT el + & (BT + A7 AT )EF = ST (4.15)

[lv
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where we apply AATX] = X1, AVs = O, YH AT = O and (3) of the fourth condition at this
Theorem 4.1, i.e., £V5 E = & at the equality 2 in simplification.

Since all the requireents in the definition of Moore-Penrose inverse are shown to be
satisfied, we complete the prrof of the teorem. O

If tensors B and (Y));) for i = 1,2 are invertible, then the constraints in Theorem 4.1
can be relazed, as in the following.

Corollary 4.2. Given tensors A € Chx->xIuxhixxIn = qgnd the invertible tensor B €
(C11><"'><IK><11><"'XIK; U e (Ch><'~><IM><I1><"~><IK and V € (Cllx"'XIKXle"‘XIN} z'ffollowing

conditions are valid :
1. U = X1 + Y1, where Xy € €(A) and Y, is orthgonal to €(A);
2. VHE = X5 + Yy, where Xy € €(AT) and Yy is orthgonal to €(AH);
3. tensors (yiHyi) for i =1,2 are invertible.

Then the tensor

S = A+Uxg BxgV
A+ (X1 + V1) %k Brg (Ko + W2)7, (4.16)

has the following Moore-Penrose generalized inverse identiy:

ST = .AT —SQ*KXQH*NAT—AT*MXl*KE{{
+& *x (B + X sy AT xpp X)) i E, (4.17)
where &; d:”‘fyi(y{fyi)*l fori=1,2.
Proof. Because (yﬁ YV;) for i = 1,2 are invertible, then
EBTEAVB = &8 M (VEV) T B =&, (4.18)

By similar arguments, all following conditions are valid:

X EHVIB = X1B,
ViEL Y1 =,
BY;'&;B7E! = &1,
BYH & X = BXf,
EVEE =&

Therefore, this corollary is proved from Theorem 4.1 because all conditions required at
Theorem 4.1 are satisfied. O

When the column space projections of the tensors U and V are zero, i.e., X1} = O and
Xo = O. Theorem 4.1 can be simplfied as following corollary.

Corollary 4.3. Given tensors A € Clvx>IaxTix--xIn
B c Cllx“'XIKXle“'XIK, = C11><~~~><IM><11><~~~><IK and V € Cll><~~~><IK><Il><-~~><IN; and

suppose the following items hold:
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1. U = Y1, where Y is orthgonal to €(A);

2. VH =), where Yy is orthgonal to €(A7);

3. (1) &BIEEYV B = &, (2) WEHY, = Vi;

4. (1) BYFEBIER = 1, (2) &5 & = &,.
Then the tensor

S = A+U*KB*KV
A+ V), Bxg VAT, (4.19)

has the following Moore-Penrose generalized inverse identiy:
St = AT+ & xg Bl xx EF, (4.20)
where &; d:“fyi(yfyi)T fori=1,2.

Proof. The proof can be obtained by replacing tensors X; and X5 as zero tensor O in the
proof of Theorem 4.1. O

If the tensor A is a Hermitian tensor, we can have following corollary.
Corollary 4.4. Given tensors A € Ch>x- > IaxTixexIar
B e CIIX"'XIKXIIX“'XIK; = C11><~~><IM><11><~~~><IK and V € CI1><~»><IK><11><~~><IM’ and
suppose the following items hold:

1. A=A, andU =v.

2. U=X+Y, where X € €(A) and Y is orthgonal to €(A);

3. (1) EBTEHYB =&, (2) XEHYB = XB, (3) YEAY = Y;

4. (1) BYHEBIEH =g (2) BYyHEXH = BxH | (3) EYHE = €.

Then the tensor

S = A+Uxg BxgV
= A+ (X +Y)*g Brg (X +V)H, (4.21)

has the following Moore-Penrose generalized inverse identiy:

St = AN —Eag X ay AT — AT sy X xg EF
+& wge (BT 4+ X sy AT xpp X) xgc EF (4.22)

where £ & YYHEY)T.

Proof. Because A” = A, and U =V, the proof from Theorem 4.1 can be applied here by
removing those subscript indices, 1 and 2. O
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Illustrative Examples

In this section, we will provide two examples to demonstarte the validity of Theorem 4.1
and Corollary 4.3. We have to use following tensor equation in this section.

A*N Z*MB: (.A@BH) *(N+M) Z, (423)

where ® is the Kronecker product of tensors [55].

Following example is provided to verify Corollary 4.3.

Example 1. Given tensor A € R2X2x2x2
a11,11  G12,11 1 Q11,12 Q12,12 1 -1,0 O
a21,11 022,11 ' G21,12 Q22,12 0 0'—-1 0
A = |-t s oot LI = |--c---oe- pom e (4.24)
11,21 612,21 1 011,22 012,22 0 1,0 O
a21,21 G2221 ' a1122 Q2222 0o 0'"1 0

Then, the column tensor a;; of tensor A is [ (1) 701 } , the column tensor a5 of tensor A

. 0 O . 0 1

s N the column tensor as; of tensor A is 0 0l and the column tensor ass of
. 0 0

tensor A is [ 10 }

If we take Hermition for the tensor A, we have

aiin @112 1 @211 412,12 1 0,-10

A - | Gna21 022 @iz 222 | | 00 b1 0 (4.25)
a21,11 021,12 | (22,11 022,12 0 -1, 0 0
a21,21 Q21,22 ' 2221 G22,22 0 110 O

Then, the column tensor a;; of tensor A¥ is (1) 8 , the column tensor a;o of tensor A™
. -1 0 H 0 -1
is 1 ol the column tensor as; of tensor A is 0o 1 | and the column tensor ass
0 0
f H 4 .
of tensor A" is [ 0 0 }

The tensor B € R 1*1x1 hag only one entry with value 1, the value in this tensor B is
denoted as 1 € R*1X1x1  The tensor Y € R2X2*1x1 g

y - [8‘1)] (4.26)
and the tensor V € RIX1x2x2 jg

X } . (4.27)
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Then, we have the tensor S expressed as

S = A+UBY

[1 -1, 0 0]
_ 0 0'—=1 0 -
= "0””1”T”6”’0" +URVT x4 B
[0 0" 1 0|
[1 -1, 0 0] 0 0,0 0 1 -1, 0 0
0 0'—=1 0 0 0'0 1 0 0'—-1 1
B O + 000 0| T o 0o (4.28)
[0 0" 1 0| 0 0'0 1 0 0'1 1

The goal is to verify Sherman-Morrison-Woodbury identiy for the inverse of the tensor S.
Because the tensor A is not invertible, the Moore-Penrose inverse of the tensor A becomes

|

AT = |-=z=-=-=--=- T *: ******* . (4'29)
|
|

Before applying Theorem 4.1, we have to decompose the tensors U and V¥ according to
the column-tensor spaces €(A) and €(AM). They are decomposed as following:

U = »
- [0 1] (4:30)
and
v = yf
_ {8 H (4.31)

Therefore, the tensors U and V are in orthogonal spaces of €(A) and €(Af), respectively.

def

Since we define &; = yl(yiHyi)T for i = 1,2, the tensors &; can be evaluated as

& = )T
[ 0 ] Ix1x1x1
— (1eR )
0 1
— |: 8 (:f :| R2X2X1X1, (432)
and
Ey = Do(VHEY)T
1
_ |: 8 1 ]*2 (5 ERleXle)
o 1
- [0 %} € R¥x2x1ixl (4.33)
2
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€ RM1*1x1 g a single entry tensor with value § with tensor dimension 1x1x1x 1

where 1
(order 4).

We are ready to evalute following terms EXJ7 AT, AT EH | and
Eo(BT + X ATX)EH. But tensors EXFT AT and ATXEH are zero tensors since X; and X,

are zero tensors. Because we also have following:

ATy, = 0eR>IIXL (4.34)
we have
EBY+ XFATX)EH = &%y (1 e RIXIX) gl
0 0,00
0 0'0 0
- "O”’O’*"’O”’é” (435)
000 3

St o= At &B+ afatx)el
1 0,0 0
|
N (4.36)
0 =303
0 310 3

which is the inverse of the tensor S.
The following example, which is more complicated. See Theorem 4.1.

Example 2. Given same tensors A € R?X2%2X2 and B € R*'X1X1 a5 ExampleF 1, the
tensor Y € R2X2x1x1 ig

0 1]
u = 0 1] (4.37)
and the tensor V € R1¥1x2x2 jg
0 0
Yy = 0 2] (4.38)
Then, we have the tensor S expressed as
S = A+UBY
1 -1, 0 0]
_ 0 0'"=-1 0 H
= "0’*’*1”T’*0*”0” +URYV *46
L0 01 0]
(1 -1, 0 0] 0 0,00 1 =1,0 0
0O 0'"=1 0 0 0'0 O 0 0'"=1 0
= oo o | e oo 2| T o e | 4
L0 0" 1 0] 0 0'0 2 0 0'"1 2

We wish to show Sherman-Morrison-Woodbury identiy for the inverse of the tensor S.
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Before applying Theorem 4.1, we have to decompose the tensors I/ and V¥ according to
the column-tensor spaces €(A) and €(A). They are decomposed as following:

U = xXi+dh
- (o0 (410
and
V = xff+yH
= [8 _11}+[8H. (4.41)

Under this decomposition, the subtensors X; and X5 are in the column-tensor spaces €(.A)
and €(AM), respectively. Moreover, the subtensors ); and ), are orthgonal to the column-
tensor spaces €(A) and €(AM), respectively. Since we define & = V;(VH Vi)t for i = 1,2,
the tensors &; are evaluated at Egs. (4.32) and (4.33) since ); are same with the previous
example.

We are ready to evalute following terms EXJF AT, ATXEH | and
gQ(BT + X2H.ATX1)5{J

1 0,0 0
1 0110 0 1 0 0]
T H | oM Y
AMET = T 0 *2[0 0}‘@[0 1|
[0 310 0
[1 0,0 0] 0 0,0 0 [0 0,0 O
1 0'1 0 0 0'0 O 0 0'0 0
- "0"’;’;1’0’"0" 2107001 T 0070 0 (4.42)
|0 30 0| 0 0'0 0 |0 0'1 0
1 0,0 0]
0o 1 0 —1] 1 0'1 0
Hat — | Y 2 ol Y 75 | xs oo Y
Ly AL = [0 §]®[0 T Bl I R
0 410 0]
0 0,0 —% 1 0,0 0 [0 0,0 0
_ 000 =3 A0 1 o) _ 0. 0,00
0070 : 21000 | o?oo (4.43)
0 0'0 3 L0 3100 0 30 0
Since we have following:
1 0,0 0
0 —1 1 0'1 0 0 1
H gt N e VIR B
HlAN = {0 1 ]*2 0 1700 *2[0 0}
[0 oo
_ 0 -1 [0 0] _ Ix1x1x1
= {0 ) ]*2_1 O]—OGR : (4.44)
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we have

E(BN + XJATX)EE = Eyxg (1 € RIXIXD) o gl
0 0,0 O
0 0'0 0
—_— "0”6‘:’0”’%” (4.45)
0 0'0 3
Finally, from the Eqs. (4.42), (4.43), (4.45), we have
St = At — At el — &P AT + (B + Xl Atx) el
1 0,0 0
1 011 0
- ’ﬁ”ZITh""§" (4.46)
0 0'-11

which is the inverse of the tensor S.

Application: Sensitivity Analysis for Multilinear Systems

In this section, we will apply the results obtained in Section 4 to perform sensitivity analysis
for a multilinear system of equations, i.e. A x X = D, by deriving the normalized upper
bound for the error in the solution when coefficient tensors are perturbed in Section 5.1.
In Section 5.2, we investigate the effects of perturbation values €4,ep to the normalized
solution error ”Jﬁ}ﬂ(“, denoted as FE,. All norms discussed in this paper are based on the

Frobenius norm definition.

Sensitivity Analysis

Serveral preparation lemmas will be given before presenting our results asscoaited to sensi-
tivity analysis for multilinear systems.

Lemma 5.1. Let A € ClxxXIuxixexIn gqnqg B ¢ ClixxJInxEaix-xKi e have fol-
lowing inequality for Frobenius norm of tensors:

[ AN Bl < [lA[|[B] - (5.1)
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Proof. Because

lA*x BJ?

§ § 2
‘ a’lla”';ZM7]17"'7]Nb.717"'7JN;k717"'7kL

i1, 500,k X XEL g1, 0N

< Z Z |ai1,“',ik1>j17"'7jN2 X
i1, i,k X XKL J1s - sJN
T NS b
Jis s JN
= Z Z |ai17“‘7iMyj17“'7jN|2 X
1,5t \J1, "IN
2 2
> < > |b|> = AP IBI>  (5:2)
Jis s dN \k1X---xXkp

where the inequality is based on Cauchy-Schwarz inequality. By taking square root of both
sides, the lemma, is established. O

Lemma 5.2. Let A € Clix-xIauxJixxJIn gng B ¢ ChxxImxXJux-xJIN qpe have follow-
ing inequality for Frobenius norm of tensors:

A+ Bl < [ All +[1B]]- (5.3)
Proof. Because
2 2
IA+BI* < [lAI*+B|*+2 > @iy ingga v Bin o ingn o
11,00 EM LI I N
L 2 2
< AP+ 1Bl +2|lA[ 18]l
(Al + 18]))? (5.4)

1
where the ineqsuality < is based on Cauchy-Schwarz inequality. By taking square root of
both sides, the lemma is established. O

Given a multilinear system of equations, the exact solution expressed by tensor inverse
or Moore-Penrose inverse is given by following Theorem. The proof can be found at [5].

Theorem 5.3. For given tensors A € CKix-xKpxTix--xIn
D ¢ CKyxxEpxlaxxXLq the tensor equation

Axpy X =D, (5.5)
has a solution if and only if Axy AT xp D =D. The solution can be expressed as
X=Al%pD+ (T - AT %p A)*n U, (5.6)

X Ipr XTI X--

where T is the identiy tensor in Ch1> XIvgnd U is an arbitrary tensor in

CIlX"'XI}\/jXLlX"'XLQ‘
If the tensor A is invertible, then the Eq. (5.6) can be further reduced as

X =A1xpD. (5.7)
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We are ready to present our theorem about sensitvity analysis for solution of a multilinear
System.

Theorem 5.4. The original multilinear system of equations is
Axpy X =D (5.8)

where .A c CK1><~~><KP><11><~~><IM; De (CK1><~-><KP><L1><~~><LQ! and
O # D € CKixxKpxLix--xLq  The perturbed system can be expressed as

(A+6A) %1 Y = (D + 6D), (5.9)

where 6 A € CKix-xEpxhix--xXIn gnd §D ¢ CKix-xEpxLix--xLq  [If the tensor §A is
decomposed as (for example, by SVD decomposition when A is a square tensor, see [55])

0A = u*pB*MV
(X1 + V1) *p B (Ko + Vo)™, (5.10)

where Xy € €(A), Yy is orthgonal to €(A), Xo € €(AT) and Vs is orthgonal to €(AM).
We further assume that || ;|| < ea||All for 1 < i <2, ||&| < eal|All for1 < i <2
(Recall & £ Y;(YVEY)T) and ||6D|| < ep ||B|, then

- X
HyIIXIIH < (L+en) AP 264 [AT] + & Al + €4 11417 AT]) +

ep ||A| ||AT]|- (5.11)
Proof. From Theorem 5.3 and the Eq. 5.6, the solution for the Eq. (5.8) is
X:AT*pD—F(I—AT*pA)*MU, (512)
and, similarly, the solution for the Eq. (5.9) is
V=(A+6A) xp (D+0D)+ (T - (A+5A) xp (A+6A) xp U. (5.13)
Since the tensor U can be chosen arbitraryly, we can set U as zero tensor and we have
V-—X = (A+6A) %p (D+0D)— Al «pD
= [A+ X+ V1) xp B (X + 20)H] 4p (D+6D) — At 4p D
= (.AT—SQ *M XQH * M .AT—AT *xp Xl *xp S{I
+E *ar (BT + X3 xpr AT xp Xy) 5p ET) xp (D + 6D) — Al %p D
= Soxp X sy AT xp D — AT xp Xy %p EE xp D
+E *mr (BT + X2H *M Af *p Xl) *p ng *p D + Al *p 0D

—Eyxpg Xf wpr AT xp 0D — AT xp Xy +p EF xp 6D
+& *nr (BT + X8 5pr AT wp X)) xp EF xp 6D, (5.14)

where we apply Theorem 4.1 at L. If we take Frobenius norm at both sides of Eq. (5.14),
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we get

1y — x|

Hé’g * 07 XQH xpr At xp D — AT xp Xy %p SlH *p D

+& xar (BT + XL 5y AT xp X1) xp EED + AT 4p 6D
—Eyxpr X spy AT xp 6D — AT xp Xy %p EF %p 6D
+& *n (BT + X 5y AT xp Xy) %p Eff p 0D

[Aw

1€ |2 || AT HIDI -+ [|AT| 2l [|E7 | ID] + N0 |8 |&]] 1Pl +
[ AT [ |EF 1D+ LAT| 16D + 1€ || 25| AT D] +
AT [ET [ I6DI + 1€ |BT|| || EF ]| 5Pl +

257 | LA || 2l [ €2 ]| 18] (5.15)

2
where we apply Lemma 5.1 and Lemma 5.2 to the inequality <. Because we have that
[Xill < eallAll for 1 < i <2, ||&] < eallAl for 1 <i <2 (Recall & = V(YY) and
10D|| < ep ||D]|, then the Eq. (5.15) can be further reduced as:

1V =2l = (1+en) DIl 2<% AN [JAT] + €4 [LAI° + €4 LA [|AT]) +
ep | AT DIl (5.16)
and since | D|| = || AX|| < || Al ||X]|, we have

— X é
”ynzc' < (L+ep) [AI° ¢4 AT + € AN+ €4 1AL AT +
e 1] 4" (17

The theorem is proved. U

Numerical Evaluation

In this section, we will apply the normalized error bound results derived in Section 5.1 to
the multilinear equation A xo X' = D with following tensors:

1 =1,0 0
0 0'—=1 0
A —_— ”0””1”T”0”’O" 3 (518)
0 0'1 0
1 0 ,00
1 0 '1 0
LR I S N S U
A= st o ] (5.19)
0 0510 0
and
1 2
D = [1 1]. (5.20)

In Fig. 1, the normalized error bound for the multilinear system Axo X = D is presented
against the change of the Frobenius norm of the tesnor A according to the Theorem 5.4.
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Fig. 1 delineates the normalized error bound with respect to three different perturbation
values €4 = 0.09,0.05,0.01 of the tensor A subject to the perturbation value ep = 0.01
of the tensor D. The way we change the Frobenius norm of the tesnor A is by scaling the
tensor A with some positive number a, i.e., A is a tensor obtained by multiplying the value
« to each entries of the tensor A. We observe that the normalization error E,, increases
with the increase of the perturbation value € 4. Given the same perturbaiton value €4, the
normalized error bound F,, can achieve its minimum by scaling the tesnor A properly. For
example, when the value €4 is 0.09, the minimum error bound happens when the value of
|lA]| is about 2.5.

103 4

=

o
N
1

Normalized Error, E,

=

o
e
1

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5

Figure 1: The normalized error bound E, for the perturbed multilinear system AX = D
with respect to the tesnor norm || A|| for different €4 values when the tesnor norm ||D|| is 7
and ep = 0.01.

In Fig. 2, the normalized error bound for the multilinear system Axo X = D is presented
against the change of the Frobenius norm of the tesnor A. Fig. 2 plots the normalized
error bound with respect to three different perturbation values ep = 0.09,0.05,0.01 of the
tensor D subject to the perturbation value e4 = 0.01 of the tensor .A. We find that the
normalization error E,, increases with the increase of the perturbation value ep. Given the
same perturbaiton value € 4, the bound FE,, also can achieve its minimum by scaling the tesnor
A properly. For example, when the value ep is 0.01, the minimum error bound happens when
the value of || A is about 1.25. Compared to Fig. 2, the error bounds difference between
various perturbation values €4 becomes more significant when the value of the Frobenius
norm of the tensor A increases. On the other hand, the error bounds difference between
various perturbation values ep becomes less significant when the value of the Frobenius
norm of the tensor A increases. Both figures show that the error bound variation is more
sensitive with respect to the Frobenius norm of the tensor A for smaller value range of ||Al|.
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Figure 2: The normalized error F,, for the perturbed multilinear system equations AX = D
with respect to the tesnor norm || A|| for different ep when the tesnor norm ||D|| is 7.

(6] Conclusions

Motivated by great applications of the Sherman-Morrison -Woodbury matrix identity, anal-
ogously, we developed the Sherman-Morrison-Woodbury identity for tensors to facilitate the
tensor inversion computation with those benefits in the matrix inversion computation when
the correction of the original tensors is required. We first established the Sherman-Morrison-
Woodbury identity for invertible tensors. Furthermore, we generalized the Sherman-Morrison-
Woodbury identity for tensor with Moore-Penrose inverse by using orthogonal projection
of the correction tensor part into the original tensor and its Hermitian tensor. Finally, we
applied the Sherman-Morrison-Woodbury identity to characterize the error bound for the
solution of a multilinear system between the original system and the corrected system, i.e.,
the coefficient tensors are corrected by other tensors with same dimensions.

There are several possible future works that can be extended based on current work.
Because we can quantify the normalized error bound with respect to perturbation values
and the Frobenius norm of the coefficient tensor, the next question is how to design a robust
multilinear system to have the minimum normalized solution error given perturbation values.
Such robust design should be crucial in many engineering problems which are modeled by
multilinear systems. We have to decompose the perturbed tensor in the Eq. (5.10) in order
to apply our result, similar to the matrix case, how can we select low rank decomposition for
the perturbed tensor is the second direction for the future research. Since we have developed
a new Sherman-Morrison-Woodbury identity for tensor, it will be interested in finding more
impactful applications based on this new identity. We expect this new identity will shed
light on the development of more efficient tensor-based calculations in the near future.
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