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TIGHTER EIGENVALUE LOCALIZATION SETS FOR
FOURTH-ORDER PARTIALLY SYMMETRIC TENSOR AND
ITS APPLICATIONS*

KarpiNGg Liu AND Hartao CHE'

Abstract: M-eigenvalues of the fourth-order partially symmetric tensors play an important role in the
analysis of nonlinear elastic materials. In this paper, M-identity tensor is introduced to establish some new
eigenvalue localization sets for fourth-order partially symmetric tensor. It is revealed that the new eigenvalue
localization sets are tighter than some existing results. Numerical examples demonstrate the effectiveness of
the results obtained. As applications, some bound estimations for the M-spectral radius and some checkable
sufficient conditions for the positive definiteness of the fourth-order partially symmetric tensor are obtained
based on the new eigenvalue localization sets.
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Introduction

Considering the following homogeneous polynomial optimization problems

max f(x,y) = AXXyy = Y D @ijuiary,
i,ke[m] j,le[n]
st. xTx=1, yTy =1,
x e R™ yeR",

(1.1)

T

where [m] = {1,2,...,m} and [n] = {1,2,...,n}, the coefficients a;jz; are invariant under
the following property

@ikl = Qkjil = Qikj = Qklij, &k € [m], j,1 € [n].
In this sense, & = (a;ju) € RIMIx[n]xImIx[n] ig called a fourth-order partially symmetric

tensor. To obtain the optimal solution of (1.1), Han et al. [4] introduced the following
definition.
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Definition 1.1. Let &/ = (a;j1) € RUmIx[nIx[mIx[n] he g partially symmetric real tensor. If
there is A € R, x € R™, y € R™, such that

o - yxy = Az,
A ryr = Ay,
xTx =1,

yly =1,

(’Q{ yxy Z Z AiklYjTEYL,

ke[m] j,le[n]

(A zyz-), Z Z A KITYj Tk,

i,k€[m] jE€[n]

where

then A is called an M-eigenvalue of <7, and x, y is called the left and right eigenvectors with
respect to the M-eigenvalues.

Denote /(o) as the set of all M-eigenvalues of o7. Then, the M-spectral radius of & is
denoted by pp () = max{|A| : X € op () }. Note that for(z,y) is positive definite if and
only if M-eigenvalues of & are positive [10]. There are some works on fourth-order partially
symmetric tensor have been implemented [2,3,7,12-14,16-18]. Due to the complexity of the
tensor eigenvalue problem [6,9], it is not easy to calculate all M-eigenvalues. Hence, some
researchers turned to investigating the inclusion sets of M-eigenvalue, Che et al. [1] proposed
a Gershgorin-type M-inclusion set for fourth-order partially symmetric tensors. He et al. [5]
presented some new M-eigenvalue inclusion sets for fourth-order partially symmetric tensors
and gave some veritable sufficient conditions of the M-positive definiteness.

In this paper, we present some M-eigenvalue localization sets with m parameter to lo-
cate all M-eigenvalues of fourth-order partially symmetric tensors. It is revealed that the
new eigenvalue localization sets are tighter than some existing results [5,8]. Numerical ex-
amples demonstrate the effectiveness of the results obtained. As applications, we present
some checkable sufficient conditions for the positive definiteness and establish some bound
estimations for the M-spectral radius of the fourth-order partially symmetric tensor.

Tighter Eigenvalue Localization Sets

In this section, tighter eigenvalue localization sets with parameter for fourth-order partially
symmetric tensors are demonstrated.
To continue, we need the following definitions and technical results.

Theorem 2.1 ([8]). Let o = (aijp) € RIMXMXIXI e o partially symmetric tensor. If
A is an M-eigenvalue of <, then

rel(&)={zeR: |z < min{lrgniaS}gn{Ri(d)}, max {C)(«)}}},

1<i<n
where
m n
=33 lauds G = 3 Y gl
k=1j,l=1 i,k=1j=1

Theorem 2.2 ([8]). Let o = (ajjp;) € RUMXMX0IXI pe o partially symmetric tensor. If
A is an M-eigenvalue of <7, then

Ae oo o)V (e
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where
U() = U {zeR: (2| - Z lapspi)]2] < ( Z |apjpi ) RBs(<)},
s,p=1,s#p Jil=1 gl=1
and
V()= U {zeR: (2| - Z |aiqrq|)|2] < Z |@iqrq|)CL()}
t,q=1,t#q i,k=1 i,k=1

Theorem 2.3 ([5]). Let o = (aj) € RIMXIXMIX0] pe o partially symmetric tensor. If
A is an M-eigenvalue of <7, then

A€ A(A mA2

A@)=( |J {zeR:(zl —ri(@)(l2 = k(o)) < ri()ri()})

i,k€[m] ik

UCU zeR: [zl < ri(@))),

i€[m]

Ao () = (Uj etz € R (12] = d(@))(|2] = )()) < ai()e;()})
UCU {z e R: 2] < (@),

l€[n]
n
ri() = Z laijit| +7i, T = {naxﬂailil”a
ST <t
m n
o> laygml 4 mi= maX{ Z ||}
k=1,ks#i j,l=1,j#1 k=1,k#i
m
(o) = Z |laikt| +v1, v = max{|aqal},
i k=1,i#k i€fm]

Cl(JZ{) = Z Z |a”kl‘ +<, = max{ Z |aljzl|}

i,k=1,i#k j=1,j#1 j=1,5#1
Motivated by [11], we begin our work by introducing the definition of M-identity tensor.

Definition 2.4. We call .%,; e RIM*xx[mIx[n] gy M-identity tensor, if its entries are

1, ifi=kj=1
a .. = ’ : 7
(FM)ijrt = { 0, otherwise,

where i,k € [m], j,l € [n].

Now we are in a position to exhibit our results.
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Theorem 2.5. Let & = (a;ju1) € RIMx[Ix[mIx[n] be o partially symmetric tensor, and Fyy
an M-identity tensor. For any a = (aq,...,am)T € R™ and B = (B1,...,B,)" € R, if A
is the M-eigenvalue of <7, then

Ael(F)={z€R:|z—b:| <G ()},
where

Gr(&#) = min{ max {Di(«)}, max (F()}),

1<1<n
b:{avﬁ | mln{lrgnlaé)fn{Dl(d)}v lnglfi’S}(n{Fl(%)}}}a
w= il | mind max (D)}, s (B 1),

Z Z |aijrr — i (Fna)ijnal

k=1j,l=1
m n
= >0 sk — Bi(Far)ijwal
i,k=1j=1
Proof. Assume that X is an M-eigenvalue of &7, x € R™ and y € R™ are the corresponding

nonzero left and right M-eigenvectors. Let

foal = max {fal}, Joal = ma ()

Tx =1 and y'y = 1, one has

Since x
A yxy = Ax = MFny) - yxy, deyr- = Ay = M Far)zyx - .

Noting the tth equation of & - yxy = Az = M\(Fu) - yxy, it yields

DD NI umyiey = > Y Gk Ty
k=17,l=1 k=1j,l=1
Hence, for any «y, it follows that
A—adze = > (A=) (Fan)ejmyiryn
ke[m],j,l€[n
€lm],j,l€[n] 2.1)
= Z (atjrr — e (F )ik YiTRyL-
ke[m],j,le[n]
From (2.1), we obtain
A—adlee] =1 Y. (A= a)(Fa)ymyrul
ke[m],j,le[n]
< latjnr — qe(Far)jn||ze]-
ke[m],j,le[n]
Furthermore,
A=l < > lagr — e Fa)iu| = Di(o/) < max {D;(«)}. (2.2)

1<i<m
ke[m],j,l€[n]
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Similarly, from

Z ZA(yM)ijksl’iijk = Z Zaijksziyjl’k,
ik=1j=1 ik=1j=1
for any (s, we have
A=Bs)ys = Z (A = Bs)(F M )ijrsTiyjTr
i.k€[m],j€[n]
= (@ijis — Bs(F M )ijks)TiY;Th-
i,k€[m],j€[n]
Moreover,
N=Bsllysl =1 D (A= B)(Fm)ijksmiy;nl
i,ke€[m],j€[n]
< Z |@ijis — Bs(Faa)ijrs||Ys)s
i,k€[m],j€[n]
which means
=Bl < D ek — Bs(Fadms| = Fol) < max (R} (23)
i,k€[m],j€[n]
From (2.2) and (2.3), we have
|z — br| < Gr(),
which implies that A € I'(«7), and the desired result holds. O

Theorem 2.6. Let &7 = (a;ji1) € RUIxnIxImIx[n] pe o partially symmetric tensor, and Fy
an M-identity tensor. For any o = (a1,...,am)T € R™ and B = (B1,...,B,)T € R, if A
18 the M-eigenvalue of <, then

A EN) ZUl(ﬂ)ﬂUz(ﬂ%

where
U()= |J {zeR:(z—ap| - DE())|z — as| < (Dy(/) — DY) Dy()},
s#p,s,p=1

Us(f) = |J {2 €R: (2= By = F{())|z = Bi] < (Fy() — F{(/))Fo(H)},
t#q,t,q=1

n

Di(o) = Z lapjpt — o (Far)pjpl,

Jil=1
m
Fl(o) = Z |@iqkq — Bq(:FM)ighql-
i k=1

Proof. Assume that X is an M-eigenvalue of &7, x € R™ and y € R™ are the corresponding
nonzero left and right M-eigenvectors. Let

> |xg| > > > .
fopl = |ws] = max  {oeld [l = vl = max  Auil}
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Since o - yry = A\ = M(Fpy) - yry, daxyx- = Ay = M Far )y,

A=)z, = Z (A = o) (Far)pjmiy e
ke[m],j,le[n]
= Z (A = ) (F M) pjm¥i Tyt
Jl€n

+ Z Z — ap) (P M) pjRiYiTrUl

k#p,ke[m] j,l€[n]

= Z (apjpt — p(Far)pjpl) Y5 TpY1

J,€ln]

+ > D (apire — ap(Fan) k) YTk,

k#p,ke[m] j,l€[n]
which implies
A= apllzpl < D lapipr — ap(Far)pipt)llap| + (Dp() = Dy(l))|s]-
Jl€[n]
Therefore, we have
(1A = oyl = Dp() || < (Dp() — DY())]s] (2.4)

From Theorem 2.1, one has
A — af|zs] < Do()]p]. (2.5)

If |zs| > 0, multiplying (2.4) with (2.5), we have
(IA = ap| = DY(A))IA = as| < (Dp() — DY()) Ds ().
If |z5] = 0, then [\ — | — DE(7) < 0. Therefore, we have A € Uy ().
Similarly, for any 3,, we obtain
A= Ballyal < D Naiang = Ba(Fa)igra)llyal + (Fy () = Fi (7)) lyel.
i,k€[m]

Therefore, we have

(1A= Bgl = F{()|yq| < (Fy() = F{ () - (2.6)

From Theorem 2.1, it holds
A= Billyel < Fy (o) |yql- (2.7)
If |y| > 0, multiplying (2.6) with (2.7), we have

(IX = Be| = F{()IA = Bl < (Fy() — F()) Fe( ).

If [y:| = 0, then |A — 84| — Fl(«/) < 0. Therefore, we have A € Uz (/).
From A € Uy (&) and \ € Uy(«/), we obtain A € Uy (&) (Uz2(), and the desired result
follows. -

Theorem 2.7. Let & = (a;ju1) € RIMx[Ix[mIX[n] be o partially symmetric tensor, and Fy
an M-identity tensor. For any a = (aq,...,am)T € R™ and B = (B1,...,B,)T € R, if A
is the M-eigenvalue of <7, then

e (o ﬂ%
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where

o) =( |J {zeR:(lz—al - X{(o)(|2 — an| = X{(o)) < Xi(o/) Xp()})
i,k€[m], ik

UCU 2 eR: |z - ail < Xi(@))),

i1€[m]

Oo(e) =( |J {zeR:(z= Bl -Y @)z~ Bl = Y] (o)) < Yi()Y; ()}
Jeml il

UtU zeR: [z =8l < Y/(#)),

le[n]

Xi() =) lagal +ei e = llflelfv](ﬂamz —a;(F)aal},
Jil=1,5#1

Z Z |azjkl| + 517 E’L - max{ Z |azlkl|}

k=1 ki j1=1,j#l k=1 ki
m
Vi)=Y laawl+ 6, 6 = max{|aui — Bu(.F)aal},
i k=1,ik i€fml

V(o) = Z Z lajr| + wi, wl_max{ Z |aizal}-

i,k=1,i#k j=1,j#1 J=1,5#1

Proof. Assume that A is an M-eigenvalue of &7, x € R™ and y € R" are the corresponding
nonzero left and right M-eigenvectors. Let

> > > > .
fopl 2 fos 2| max  Jalds fyel 2 ol 2| max  {Jyel}

For any «, it follows from

A - yxy = Ax = ANF - yxy, dryr- = Ny = \NF ey

that
A=)z = Z (A = o) (Far)pjmyjzuyn
ke[m],j,l€[n]
m n
- Z Z - ap yM pjklijkyl + Z Z - ap yM)plk:l(Ek:yl
k=1j7,l=1,j#1l k=11=1
m n
= Z Z (apirt — p(Fan)pim))Y5oaye + > > (apikt — p(Far)pikt) kY7 -
k=1j,l=1,j#1 k=11=1

(2.8)
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From (2.8), it reduces that

m n

A= apllzy <Y Z |amkl ap(F ) pjktl Y12k |yl

k=1j,l=1,j

m n

Z Z laptrt = p(Far)pura || |57 |

3

+ lapipr — O‘p(ﬁM)plpl”poyﬂ
=1

n
+ Z > apint = cp(Far)pukal |kl 197
k=1,k=p =1
n

< Z |apjpt — ap(Far)pjpl
Jl=1,j#1

+ Z lapipt — ap(F ) pipi )| |
1=1

m n
Do D> lapik — ap(Fan)pinl

k=1,k#p j,l=1,j7#1

m n
+ Y > lapm — ap(Fan)piml) ||

k=1,k#p I=1
< XP()|ap| + Xp()|as.

Then, (2.9) can be rewritten as
(IA = ap| = XP () |ap| < Xp()|2s].

Meanwhile,

(1A = as| = XZ())|zs| < Xo()|p].
If N —ap| — XP(/) <0, then |X — ap| < XP(). If X = a,| — XB()
(2.10) with (2.11), then we have

(1A = ap| = XP()) (1A = as| = X)) < Xp() X ().

Thus, we obtain A € & (7).
Next, we will prove A € ®5(.«7). Similarly,

m

A = Bqllyql < Z |@iqkq — Bq(:F M )igrallTil [Yql| Tkl
i k=1,i#k

m n
+ D> laikg — Ba(Fan)igrgllwilly ||zl

i k=1,i#k j=1,j7#q

(2.10)

(2.11)

> 0, multiplying

m m n
+ > aigia = Ba(Far)igiall @3 1yal + D Y aijiq — Ba(Fnr)ijiqll? | lys]

i=1 i=1 j=1,j#q
<Y (A )lyal + Yo () yel.

(2.12)
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(2.12) means
(I = Bal = Y7 (A)lyal < Yy ()]yl- (2.13)

Meanwhile,
(IA = Bl = Y (@) |yel < Ye()|yal- (2.14)

If [N\ =By =Y (/) <0, then |\ —By| < YJ(). If A= B,| = Y 1(</) > 0, multiplying (2.13)
with (2.14), then we have

(IA = Bql = Y () (IX = Bi| = V(o)) < Yy()Yi().

Thus, we obtain A € ®5(&7). Furthermore, A € ®(&7) = ®1(«7) (| P2(«). And the proof is
completed. O
The following conclusion exhibits the relationship between ®(%7), A(«) and T'(&).

Corollary 2.8. Let & = (aiju) € RUMIXIxImIX[n] e o partially symmetric tensor, and
Fnr an M-identity tensor. For any o = (a1,...,am)T € R™ and 8 = (B1,...,5B.)T € R,
if X is the M-eigenvalue of o/ , then A € ®(«/) C A(«/) C T'().

Proof. By Theorem 2.5 and Theorem 2.6, it is sufficient to prove A(«/) C I'(«/). For
any A € A(«7), without loss of generality, there exists ¢ € [m], such that A € U;(«), for
all s # t, (]X — | — DI )|\ — as| < (Dy() — Di(/))Ds(o/). We now break up the
argument into two cases.

Case 1. If (Dy(o/) — Di(</))Ds(<7) = 0, then

(I = | = Di())]A — | < 0.

Hence, we have |\ — ay| < Di(<7) or A = .
Case 2. If (Dy(«/) — Di(</))Ds(</) > 0, then

A —al = Dier) PN—aol _
Di(/)~ D) Dull)

o I\ — ay| — Di() A — asl
which implies that Df,(d)—DI(td) slor 5y =L

If there exists ¢ € [n], such that A € Uz(&/), for all p # ¢, (]\ — B4| — F())|A — Bp| <
(Fy(o) — Fi())Fy(<7). Similarly, we break up the argument into two cases.
Case 1. If (Fy(&) — F (o)) F,(2/) = 0, then

(IX = Ba| = F{ ()X = Bp| <0

Hence, we have |\ — 8,| < F(/) or A = f3,,.
Case 2. If (Fy (o) — FI())F, (/) > 0, then

|)‘_Bq|_Fg(fQ{).|)\_ﬁp| <1
Fo(o) - F{(«)  Fp(o) 7

which implies that A ;q EQZL;FQ‘;;()%)
Hence, we have A € I'(«/).

Next, we prove (o) C A(</). For any A € A(«/), we have A € @1 () N Do(). If X €
©1(e), then |A—ap| < XP(a), or (|A—ap| — XE (o)) (A — | = Xji () < Xp() X ().
We break up the argument into two cases.

<1or |>;,_(£)p| < 1.




290 K. LIU AND H. CHE

Case 1. From |A — a,| < XD (o), then

m

Xp() < Z |apikr — ap (Far)pikil,
p,k=1

which means .
A= apl < D apim — ap(Far)pinal.
p,k=1
Then,
(1A = ap| = DP())|A = 5| <0 < (Dy() — DH()) Dy ().

Hence, we have &, (o) C Uy ().
Case 2. From |\ — ap| > XP(), X, (/) Xi(&/) # 0, one has

A=y = XB() |\ — oyl — XE()

<1.
Xp() Xy () -
\—ap| — XP(of ] — xF
From (2.10), we have | O‘g;'p(ﬂ) 2 () <1 A O";Jk(jfk(%) <1, then
A —ap| < XP() + Xp() < Dy(). (2.15)
A —ap| = DE() < Xpp() < Dp() — Dy(). (2.16)

Multiplying (2.15) with (2.16), we obtain A € U;(&/).
It A — o _Xllcc(%)

Xn () > 1, then
Moonl Ao - XE()
Xi(e) + Xi(o) ~ X ()
Furthermore,
A= opl = DY) A —ap] _ A= XR) A —ay

Dy (/) —Dp (/) Dyp(«) = Xp () XF(A)+ Xy ()
Aoy - X)X o] - Xfi()
= Xp () X ()
<1,

which implies that A € Uy(«). Thus, ®,(&/) C Ui(«). Similarly, if A € ®o(), we also
have ®5(o7) C Us (). Hence, we have ®(«7) C A(«). The proof is completed. O

Remark 2.9. It is clear that Theorem 2.5 ,2.6 and Theorem 2.7 reduce to Theorem 2.1 ,2.2
and Theorem 2.3, if one takes o = 0, 8 = 0, respectively.

Now, we present the following examples to illustrate the M-eigenvalue inclusion sets in
Theorem 2.1, 2.2, 2.3, 2.5, 2.6 and 2.7.

Example 2.10 ([11]). Consider the following partially symmetric tensor &/ = (a;jr) €
(R)PIXRIx2Ix[2] defined by

ai111 = 20, ai122 = a1221 = 1, ai212 = §;

ikl a2222 = 10, az112 = agz11 =1, agi21 =7
aijk = 0, otherwise.
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The results are presented in the table, let o = 3 = (14, 8.5)T.

Table 1. The comparison of inclusion interval

Reference Inclusion interval
Theorem 2.1 [-29,29]
Theorem 2.2 [-28.4081,28.4081]
Theorem 2.3 [-20,20.3852]
Theorem 2.5 [0,28]

Theorem 2.6 [0.7154,26.5539)
Theorem 2.7 [5.4385,20.3852]

By computation, its M-eigenvalues are 8, 20, 10, 8.9659, 7, 9.9815. Obviously, from Table
1, we obtain that the above results contain all the eigenvalues, and the new eigenvalue
localization sets are tighter than some existing results [5, 8].

Example 2.11. Consider the following partially symmetric tensor & = (a;jm) €
(R)PIXRIXRIX[2) defined by

a1111 = 2, a1211 = 3, az111 = 6, ai121 =6, ai112 =3, arz212 = 2;
Qijkl = a2212 = 10, ai222 = 10, ag22 = 5;
a;irr = 0, otherwise.

Let a = (2, 3)T, 8= (1, 3)7 the results are revealed in the Table 2.

Table 2. The comparison of inclusion interval

Reference Inclusion interval
Theorem 2.1 [-26,26]
Theorem 2.2 [-24,24]
Theorem 2.3 [-16.3246,16.3246)
Theorem 2.5 [-20,24]
Theorem 2.6 [-19.1615,24]

Theorem 2.7 [-12.6119,16.3246]

By calculation, we can obtain that the M-eigenvalue of the fourth order partially symmetric
tensor are —7.6841, 13.8616, —4.2541, 6.6751. From the above Table 2, it can be seen that
our result range includes all eigenvalues and is more accurate.

Remark 2.12. If a = 3 = (2, 0)T, the result of Theorem 2.6 is A € [—20.5853,22.7617].
Obviously, we can get different results by choosing different parameters a, we can find
the appropriate parameter o to make the M-eigenvalue inclusion intervals for fourth-order
partially symmetric tensor tighter.

Applications

As applications, we obtain some bound estimations on the spectral radius of a fourth-
order partially symmetric tensor, and take these bounds as the parameter in the WQZ-
algorithm [15] to show a more superior result. Finally, we introduce some checkable sufficient
conditions for the M-positive definiteness of the fourth-order partially symmetric tensor.

From Theorem 2.5, 2.6 and 2.7, we propose three bound estimations on the spectral
radius of nonnegative fourth-order partially symmetric tensors.
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Corollary 3.1. Let & = (a;ju) € RUIXIxImIX[n] e o partially symmetric tensor, and
Fn an M-identity tensor. Then, for real vector a = (a1,...,a,)T € R™ and B =
(B1s---,Bn)T €R™, such that p(f) < by + G ().

Corollary 3.2. Let &/ = (aijn) € RUIX[IxImIX[n] e o partially symmetric tensor, and

Fn an M-identity tensor. Then, for real vector a = (a1,...,am)T € R™ and 8 =
(Bis- -5 Bn)T €R™, such that p(o/) < min{Py (<), Py()},
where

1
o) = - P (o 1/2
h() s,perfln%},{s#p{ 2 (ap + Dp(/) + os + B30}

Agp=(as+ap,+ Dz’j(szf'))Q —A(apas +asDY( ) + Ds () D3 () — Dp()Ds (),
1 1/2
— - q
Py(e) = t,qg[ﬁ?i#q{Q (B + 3 () + Be + A )b

Avg = (B + By + FUA))? — A(ByBr + BFI () + Fi( ) FI( ) — Fo( ) Fo()).

Corollary 3.3. Let o/ = (a;ju) € RImIXx[mIX2] pe o partially symmetric tensor, and

Fu an M-identity tensor. Then, for real vector a = (a1,...,am)T € R™ and B =
(B1s--- Ba)T € R™, such that p() < min{Q1(<), Q2()},
where

1 ; 1/2
= e + X (o Xk(or) + A
Q1() i,ké?n%’fk#{2(a’+ () + o+ X () + A0 T

Ak = (a; + X))+ o + X}?(d))z
— daion + X[ (D) XE (A ) + X[ () + a: Xpi () — Xi() Xi (),
1

(36 Y1160) 85+ 75 o)+ A1)

d pr—
@2(7) Sl g
Aji= B+ YN () + B + Y] ())?

— A(BiB; + Y ()Y () + BY] () + B Y () — Yi()Y; ().

Now, we give an example to show a more superior result by choosing these bounds as
the parameter in WQZ-algorithm [15].

Example 3.4. Let the fourth-order partially symmetric tensor o7 satisfy:

[ —0.9727 0.3169 —0.3437
(5, 1,1) = | —0.6332 —0.7866 0.4257 |,
—0.3350 —0.9896 —0.4323

—0.6332 —0.7866 0.4257
#(;,5,2,1)=| 07387  0.6873 —0.3248 |,
—0.7986 —0.5988 —0.9485

—0.3350 —0.9896 —0.4323
(:,5,3,1) = | —0.7986 —0.5988 —0.9485 |,
0.5853  0.5921  0.6301

0.3169  0.6158 —0.0184
(:,:,1,2) = | —0.7866 0.0160  0.0085 |,
—0.9896 —0.6663 0.2559
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—0.7866 0.0160  0.0085
(:,5,2,2) = | 06873 0.5160 —0.0216 |,
—0.5988 0.0411  0.9857

[ —0.9896 —0.6663 0.2559
o(:,:,3,2) = | —0.5988 0.0411  0.9857 |,
0.5921  —0.2907 —0.3881 |

—0.3437 —0.0184  0.5649
o/(:,:,1,3)= | 04257  0.0085 —0.1439 |,
| 04323 0.2559  0.6162

0.4257  0.0085 —0.1439
o(:,:,2,3) = | —0.3248 —0.0216 —0.0037 |,
—0.9485 0.9857 —0.7734

—0.4323 0.2559  0.6162
o(:,:,3,3) = | —0.9485 0.9857 —0.7734
0.6301 —0.3881 —0.8526 |

——23.3503
——16.6014
14,5910

——12.9822
——16.2014

14.8826
— 115123

Figure 1: Analysis of convergence of WQZ algorithm for different parameters.

According to the WQZ-algorithm, we have Z |Agi| = 23.3503. According to Ex-

1<s<t<mn

ample 2 in the literature [8] , we have p(&) < 16.6014, p(7) < 14.5910, p(&) < 12.9822.
Let a = 8 = (-0.18, 0.3587, — 0.2)T. By Corollary 3.1, we have p(&/) < 16.2014. By
Corollary 3.2, we have p(«7) < 14.8826. By Corollary 3.3, we have p(«/) < 11.5123. From
Figure 1, when taking 7 = 11.5123, the sequence has more rapidly convergence in WQZ-
algorithm.

Next, we introduce some checkable sufficient conditions for the M-positive definiteness
of the fourth-order partially symmetric tensor.

Theorem 3.5. Let o/ = (a;ju) € RUIX[IxImIX[n] be o partially symmetric tensor, and Far
be an M-identity tensor. If there exists a positive real vector a = (aq,...,am)T € R™ or
B=(B1,---,8n)T €R™ such that by > G(), then & is positive definite.
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Proof. Suppose on the contrary that A < 0. From Theorem 2.5, there exists i = p € [m],
such that |A — bz| = |\ — | < G (o) = Dp(&/). Furthermore, a;, > 0 and A <0,

ap <A —ap| < Dy(),

or there exists | = ¢ € [n], such that |\ — b| = |A — 54| < Gr(&) = F,;(«/). Furthermore,
B¢ > 0and A <0,
Bq < ‘)‘_Bql SFq('Q{)-

We have b, < Gr(4), which contradicts the conditions. Therefore, we have A > 0, and
then &7 is M-positive definite. O

Theorem 3.6. Let o/ = (a;ju1) € RIMIxx[mIX(n] pe o partially symmetric tensor, and Fay
be an M-identity tensor. If there exists a positive real vector a = (aq,...,am)T € R™ and
s # p such that

(ap — Dp())as > (Dy() = Dy()) Ds(),

or a positive real vector B = (B1,...,B,)T € R" and t # q such that
(Bq = F{())Be > (Fy() — F{()) Fy (),
then of is positive definite.

Proof. Suppose on the contrary that A < 0. From Theorem 2.6, there exists ¢ = p € [m],
such that

(A = ap| = DY(A))|A = | < (Dp(#) — Dp()) Ds ().
Moreover, o, > 0 and A <0
(ap = DY())ors < (IA = ap| = DY(A))|A = as| < (Dp() — DY()) Ds (),

which contradicts the conditions. Therefore, we have A > 0, and then & is M-positive
definite. The second conclusion can be obtained similarly. O

Theorem 3.7. Let & = (a;ju1) € RIMIx[nIx[mIX[n] pe g partially symmetric tensor, and Fay
be an M-identity tensor. For any i,k € [m], k # 1, j,l € [n], j # 1, if there exists a positive
real vector o = (aq,...,am)T € R™ such that
o > X; (427),
(i = X{ (o)) — X{ (o)) > X ) X (),
or a positive real vector B = (B1,...,B,)T € R"™ such that
B > }/ll(gf)?
(B =Y/ ())(8; = Y] () > Vil )Y(),
then, & is M-positive definite.
Proof. Suppose on the contrary that A < 0, From Theorem 2.7, A\ € & (&),

(1A = asl = X{(@)) (1A = on| = Xg () < Xi( ) Xi(), A = 0] < X[().
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Further, it follows from «; > 0,

Xi()Xp(o) > (A= i = X} () (A = ax| = XF (o))
> (a; — X{())(ar — X[ (), X}()
> (A =yl
>y,

which contradicts the conditions. Therefore, we have A > 0, and then & is M-positive
definite. The second conclusion can be obtained similarly. O

The following examples reveal that Theorem 3.5, 3.6 and 3.7 can judge the M-positive
definiteness of the fourth-order partially symmetric tensor.
Example 3.8. Consider the following partially symmetric tensor o = (a;;3;) € (R)ZX 22 [2]
defined by

ar111 = 10, a1221 = ar122 = —0.5, a1212 = 4;
Aijkl = § G2121 = 9, aA2112 = 2211 = —0.5, a2002 = 3;
aijrt =0, otherwise.

Set o = (8, 4)T. According to Theorem 3.5, we have a1 = 8 > Ry (&, 1) =4, ap =4 >
Ry(4, a) = 3 then, & is positive definite. Or set 3 = (6, 3)7. According to Theorem 3.6,
we have Fl(«/) =5, F(a/) =1, Fi(/) =6, Fa(a/) = 2, then & is positive definite. By
calculation, the M-eigenvalue of &7 are 4, 10, 5, 3, 0.028, 2.972 and all of them are positive,
which verifies the validity of Theorem 3.5 and Theorem 3.6.

Example 3.9. Consider the following partially symmetric tensor &7 = (a;;y;) € (R) P[22 [2]
defined by

ai1111 = a1212 = 1.1, aj200 = —1;
Qijkl = { Q2121 = Q2222 = 1, Q12 = —1;
aijk = 0, otherwise.

Set a = (1.1, 1)T. According to Theorem 3.3, we have
ap=11> X () =0, ag =1> X3() =0,

(a1 = X1(o)) (a2 = X3(o/)) = 1.1 > X1 (/) Xo () = 1.

Then, & is M-positive definite. By calculation, the M-eigenvalue of &/ are 0.0488, 1.1,
2.0512, which verifies the validity of Theorem 3.7.

Conclusion

In this paper, M-identity tensor is introduced to establish some new eigenvalue localization
sets for fourth-order partially symmetric tensor. It is revealed that the new eigenvalue local-
ization sets are tighter than some existing results. As applications, some bound estimations
for the M-spectral radius and some checkable sufficient conditions for the positive definite-
ness of the fourth-order partially symmetric tensor are obtained based on the new eigenvalue
localization sets.



296 K. LIU AND H. CHE
References
[1] H. Che, H. Chen and Y. Wang, On the M-eigenvalue estimation of fourth-order partially

symmetric tensors, Journal of Industrial and Management Optimization 1 (2020) 309-
324.

H. Chen, Y. Chen, G. Li and L. Qi, A semidefinite program approach for computing the
maximum eigenvalue of a class of structured tensors and its applications in hypergraphs
and copositivity test, Numerical Linear Algebra with Applications 25 (2017): €2125.

W. Ding, J. Liu, L. Qi and H. Yan, Elasticity M-tensors and the strong ellipticity
condition, Applied Mathematics and Computation 373 (2020) 1-10.

D. Han, H. Dai and L. Qi, Conditions for strong ellipticity of anisotropic elastic mate-
rials, Journal of Elasticity 1 (2009) 1-13.

J. He, G. Xu and Y. Liu, New M-eigenvalue inclusion sets for fourth-order partially
symmetric tensors with applications, Bulletin of the Malaysian Mathematical Sciences
Society 1 (2021) 1-19.

C. Hillar and L. H. Lim, Most tensor problems are NP hard,
http://arxiv.org/abs/0911.1393.

Z. Huang and L. Qi, Positive definiteness of paired symmetric tensors and elasticity
tensors, Journal of Computational and Applied Mathematics, 338 (2018) 22—43.

S. Li, C. Li and Y. Li, M-eigenvalue inclusion intervals for a fourth-order partially
symmetric tensor, Journal of Computational and Applied Mathematics 356 (2019) 391
401.

C. Ling, J. Nie and L. Qi, Bi-quadratic optimization over unit spheres and semidefinite
programming relaxations, SIAM Journal on Matriz Analysis on Optimization 3 (2009)
1286-1310.

L. Qi and Z. Luo, Tensor Analysis: Spectral Aeory and Special Tensors, Society for
Industrial and Applied Mathematics, Philadelphia, PA, USA, 2017.

G. Wang, L. Sun and L. Liu, M-Eigenvalues-based sufficient conditions for the posi-
tive definiteness of fourth-order partially symmetric tensors, Complexity 2020 (2020):
Article ID 2474278.

Y. Wang, L. Caccetta and G. Zhou, Convergence analysis of a block improvement
method for polynomial optimization over unit spheres, Numerical Linear Algebra with
Applications 6 (2015) 1059-1076.

X. Wang, H. Chen and Y. Wang, Solution structures of tensor complementarity prob-
lem, Frontiers of Mathematics in China 4 (2018) 935-945.

Y. Wang and L. Qi, On the successive supersymmetric rank-1 decomposition of higher-
order supersymmetric tensors, Numerical Linear Algebra with Applications 6 (2007)
503-519.

Y. Wang, L. Qi and X. Zhang, A practical method for computing the largest M-
eigenvalue of a fourth-order partially symmetric tensor. Numerical Linear Algebra with
Applications 16(2009) 589-601.



TIGHTER EIGENVALUE LOCALIZATION SETS 297

[16] Y. Wang, X. Sun and F. Meng, On the conditional and partial trade credit policy with
capital constraints: a Stackelberg model, Applied Mathematical Modelling 40 (2016)
1-18.

[17] G. Zhou, G. Wang, L. Qi and M. Algahtani, A fast algorithm for the spectral radii of
weakly reducible nonnegative tensors, Numerical Linear Algebra with Applications 25
(2017): €2134.

[18] K. Zhang and Y. Wang, An H-tensor based iterative scheme for identifying the positive
definiteness of multivariate homogeneous forms, Journal of Computational and Applied
Mathematics 305 (2016) 1-10.

Manuscript received 12 June 2021
revised 3 September 2021
accepted for publication 9 September 2021

KaipinGg Liv

School of Management Science, Qufu Normal University
Rizhao Shandong, 276800, China

E-mail address: kaipliu@163.com

Harrao CHE

School of Mathematics and Information Science
Weifang University, Weifang Shandong, 261061, China
E-mail address: haitaoche@163.com



