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A PIECEWISE CONVEXIFICATION METHOD FOR
NON-CONVEX MULTI-OBJECTIVE OPTIMIZATION
PROGRAMS WITH BOX CONSTRAINTS
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Abstract: This paper presents a piecewise convexification method for solving non-convex multi-objective
optimization problems with box constraints. Based on the ideas of the a-based Branch and Bound (aBB)
method of global optimization and the interval subdivision, a series of convex relaxation sub-multiobjective
problems for this non-convex multi-objective optimization problem are firstly obtained, and these sub-
problems constitute a piecewise convexification problem of the original problem on the whole box. We then
construct the (approximate, weakly) efficient solution set of this piecewise convexification problem, and use
these sets to approximate the globally (weakly) efficient solution set of the original problem. Furthermore,
we propose a piecewise convexification algorithm and show that this algorithm can also obtain approximate
globally efficient solutions by calculating a finite subset of the efficient solution set of the multi-objective
convex sub-problems only. Finally, its performance is demonstrated with various test instances.

Key words: multiobjective optimization, aBB method, efficient solution, weakly efficient solution, piece-
wise convexification, approximation
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Introduction

Multi-objective optimization plays an important role in applications and has been extensively
researched in theory and practice. We note that many practical multi-objective optimization
problems (MOPs) have non-convex structures, for instance, in the fields of machine learning
[14, 19], portfolio optimization [5], and communication networks [20], to name but a few.
And how to find (approximate,weakly) efficient solutions of the non-convex multiobjective
optimization problem is always an attractive research topic.

Over the past few years, a variety of effective methods for solving MOPs have been
developed. Unfortunately, most of the current algorithms to tackle non-convex MOPs focus
on the locally optimal solutions, and finding global solutions remains a challenging task. As
we all know, the convexity assumption is a basic one in many methods which can guarantee
the locally optimal solution of convex programming is eventually a global optimal solution.
In addition, it is not necessary to find a global exact solution from the perspective of practical
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applications and also acceptable to find a global approximate solution with a predefined
quality due to the high cost of seeking a global solution. The aBB method is a well-known
convex relaxation approach to explore approximate global solutions for non-convex MOPs;,
see [9, 11, 18, 22]. Ome of the key characteristics of this method is that the maximum
distance between the original non-convex function and its respective convex relaxation goes
to zero as the size of the rectangle domains approaches zero. Therefore, a idea of piecewise
convexification, that is, convex relaxation on each subinterval, is naturally proposed to
handle non-convex MOPs with box constraints, see [9, 18]. Most of these literatures focus
on algorithm design, rather than analyzing the piecewise convexification method.

The main work of this paper is to analyze this piecewise convexification method, which
consists of a series of convex relaxation sub-problems of the original non-convex MOPs on
different sub-interval. Combining the aBB method with the interval division, we obtain a
series of convex relaxation sub-multiobjective problem to piecewise approximate the original
multi-objective problem on the whole interval, which can be called the piecewise convex-
ification problem(PCP). Then, the (approximate, weakly) efficient solution set of PCP is
constructed by using the partial order relationship to compare all optimal solutions of the
convex relaxation sub-multiobjective problems on each sub-interval. We prove that the
(approximate, weakly) efficient solution set of PCP can be used to approximate the global
approximate (weakly) efficient solutions set of non-convex optimization problems. These
theoretical results are well-structured. In the numerical experiments, the defined solution
set of PCP is slightly adjusted according to the solving method, and it is proved that the
algorithm can find the globally approximate optimal solution by calculating finite sub-sets
of the multi-objectives sub-problems.

This paper is organized as follows. Section 2 summarizes some key notions and properties
for MOPs. In addition, we recall the BB method and the interval division. In Section 3,
a piecewise convexification method is discussed for non-convex MOPs with box constraints.
And we establish its convergence of (approximate) efficient solution set. Furthermore, we
design a new algorithm that generates approximate (weakly) efficient solutions and present
its convergence in Section 4. Finally, we apply the algorithm to several test instances in
Section 5.

Preliminaries

In this paper, we set [p] := {1,...,p}. Let y',4%> € RP, we shall use the notation y' < y?
to indicate y} < y? for all i € [p]. Moreover, y! < y? indicates y} < y2 for all i € [p] and
y' # y?, whereas y' < y? shows y} < y? for all i € [p|. Let RE | = {y € R? : y > 0}, and
R ={yeRP:y 2 0}.

Basic Definitions and Properties

In this article, we consider the following multi-objective optimization problem:

(MOP) min  f(z) = (f1(2),..., fp(z))
st.x e X,

where f; : R™ — R is twice continuously differentiable function for any i € [p], which is non-
convex on X in generally and X := [a,b] := [[\~, [a;, b;] satisfied a < b with a = (a1, ..., am)
and b = (by,...,by). Thus € X implies that z; € [a;,b;] for any i. Then we give the

following concept of the (weakly) efficient solution with respect to (MOP).
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Definition 2.1 ([7]). A point & € X is called (weakly) efficient solution for (MOP), if there
is no other x € X such that (f(x) < f(2)) f(z) 2 f(2).

The set of all (weakly) efficient solutions for (MOP) is denoted by

Xp:={reX: fyecX st fly)=<[f(x)},
Xop:={z€X: ByecX st fly)=<flx)}.

If & is an (weakly) efficient solution, then f(Z) is called (weakly) nondominated point.
Next, we recall the definition of convex multi-objective optimization problem and its a basic

property.
Definition 2.2 ([21]). If X is convex, and f; is convex function for any 4 € [p], then (MOP)

is called convex multi-objective optimization problem.

We will summarize some basic results for weighted sum method, which are needed in
next sections.

Lemma 2.3 ([7]). Suppose that & is an optimal solution of the weighted sum optimization
problem:

P
gél;(l; e Sfr (),

with A € RE\ {0}, then & € X,,g. Furthermore, if X € R, then & € Xp.

The above lemma shows that any optimal solution of the weighted sum optimization
problem is the (weakly) efficient solution of (MOP) without any assumption. However, the
reverse is not necessarily true without some convexity assumption, see the following lemma.

Lemma 2.4 ([7]). For convex MOPs, any weakly efficient solution Z, there erists A €
RL \ {0} such that T is the optimal solution of the weighted sum optimization problem

S ohe1 Aefr(@).

Lemmas 2.3 and 2.4 indicate that under convexity assumption, every weakly efficient
solution is obtained by solving a weighted sum problem. Moreover, we establish a cru-
cial property of (weakly) efficient solution, which will be applied to develop convergence
properties of our piecewise convexification method.

Lemma 2.5. Let X = [a,b] C R™ and f(z) be a continuous function, then
(i) For any x ¢ Xg there is y, € Xg such that f(y.) < f(x);
(i) For any © ¢ Xywg, there exists y, € Xyp such that f(y,) < f(x).

Proof. The proof is easy by Theorem 2.21 in [7] and Proposition 4.10 in [15]. O

In the following, we give a brief overview of some ideas of the aBB method and the
interval division.

The aBB Method

The aBB method is a branch and bound method for solving non-convex problems in global
optimization [1, 2, 3], which constructs a convex lower estimation function.
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For X = [a,b] = [[i%,[a;,b;] with a < b. Let f : X — R be a real-valued twice
continuously differentiable function. A relaxation function F': X — R of f by the idea of
the BB method is defined in [3] as follows:

where o is a parameter and z; € [a;,b;] for any i. § 3", (a; — x;)(b; — x;) can be regarded
as the error term between the relaxation function F' and f, which is completely determined
by the interval where the variable is located. In particular, it is easy to verify that F' is
convex on X from [2] when taking

> — min Am; :
a > max{0, min Amin(2)}, (2.1)

where Apin(2) is the minimum eigenvalue of Hessian matrix to f on z, which can be calcu-
lated by the interval arithmetic method [10, 13].

Interval Division

From the form of the BB method, dividing the interval can better approximate the original
function. Analogously to [8], we also use the longest edge of the interval to subdivide it,
that is, for a given box X = [a,b] = [/~ [a;, b;], the longest edge of X is defined by

I = min {z €[m]: i€ arg m[ax](bj - aj)} )
JEM
and according to [ to subdivide X, two subsets of X have the following form:

LT a; + b s M a; + b
Y = H [ai,bi]x [al, 5 ], Y“ = H [ai,bi]x[ B) ,bl:|.

i=1,il i=1,il

Clearly, Y* C X(i =1,2) and X = Y!UY?2. As shown in [8], the interval division operator
ID : X x Ng — 2% is recursively defined by

ID(X,0) := {X}, ID(X,1):={Y' Y?},
ID(X,t):=ID(Y',t - 1) UID(Y?,t — 1),

where ¢ is the interval division times of X. Apparently for any ¢ € Ny it holds that
[ID(X,t)| = 2¢. Thus, for simplicity of presentation, let

Y= ID(X,t) = {YL Y2 ... YY)

where Y% C X (ky € [21]) and . _, Y% = X.

In this paper, Y! is called a subdivision of X. For simplicity, we may abbreviate the
subinterval Y of X as Y% = [a¥¢ bFt] = H;Zl[aft, b¥*] and define the length of the subdi-
vision Y? of X by

k.2t ki €[2?]

IT(Y!)| = max]{Hakt — bk |2} = max {Z(bft aff)z}.
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Obviously, |T(Y")| < |T(Y*)| when t; > t3. Combining with the aBB method, the
smaller length of the subdivision Y?, the smaller error term, that is, F is closer to the
original function f. Since ¢ uniquely determines the subdivision Y of X, thus for simplicity
|T(Y?)| can be abbreviated as |T(t)|. Moreover, it follows from Lemma 5 in [8] that |T'(t)| <

Ib—al2- (1 —5%)", which implies that [T(t)| — 0 as ¢ — co.

T am
Piecewise Convexification of (MOP)

In this section, combining the BB method and the interval division, a piecewise convexifi-
cation problem for (MOP) is obtained. Then we design its (approximate, weakly) efficient
solution sets, which is our key tools to approximate the approximate (weakly) efficient so-
lution set of (MOP).

Piecewise Convex Relaxation for (MOP)

In this subsection, we state with an overview of the convex relaxation for (MOP) on each
sub-interval according to the BB method, and then discuss some properties of parameters
for this relaxation problem. Finally, the relationship between the sets of solutions for this
problem is proposed.

For any given ¢ € Ny it uniquely determines a subdivision Y? of X. Similar to [18], the
aBB convex relaxation for (MOP) on subset Y*¢ € Y* for any k; € {1,...,2!} is constructed
as follows

(CMOP)  min fM(a) = (f*(2),.... /(@)

s.t. x € th,
where
Oékt m
fi(@) = filz) + % Z(a?t — ;) (b — 1), 5 = [p), (3.1)
i=1
a?” = max{0, — mingcy+, X . (2)} and a; = max{0, —mingex N, (z)}. Here X . (z)

indicates the minimum eigenvalue of V2f;(z),j € [p]. The definition of a?” indicates that
ff” is convex on Y*t. Thus, (CMOP)* is regarded as the local convex relaxation sub-
multiobjective optimization problem of (MOP) on Y** C X. All local convex relaxation sub-
multiobjective optimization problems for the subdivision Y are constructed the piecewise
convexification problem of (MOP) on the whole set X.

From the definitions of a?t and «;, it follows that a?‘ < o for any j € [p] and k; € [27].
This indicates that a relaxation function of piecewise convexification is closer to the original
function than that direct convexification on the whole interval by using the «BB method,
which can be illustrated in Figure 1. Note that Figure 1 (a) shows the convexification result
in blue on the whole interval. However, Figure 1 (b) demonstrates the piecewise convexi-
fication results for the different subdivisions and also suggests that the number of interval
subdivisions affects the results of convexification, i.e., the number of divisions directly affects
the effect of the approximation.

In this paper, let &« = max {a, ..., a,}. Incorporating with these definitions, this implies
that

a> zaft,Vje [p]; ke € [2'],t € No. (3.2)

From the above analysis, one can obtain the difference between fikt and f;.
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Figure 1: The process of convexification relaxation for y = —z2 in [—1,1].

Proposition 3.1 ([3]). For any given subdivision Y' of X and any subinterval Y** € Y?,
one has

(1) fft (z) is a local lower bound function of f;j(x) on Y*t, that is,

fi(@) < fi(@), Yo e Y* j € [p].

bt _ gkt

(ii) For any x € Y**, we have Zzil(aff — ;) (bF — ) > — ’

2

We are now in the position to define the (weakly) efficient solution set of this piecewise
convexification problem. Our analysis heavily relies on this definition way, which will help us
to approximate the globally approximate (weakly) efficient solution set of non-convex MOPs.
Let X Bl and X B be weakly efficient set and efficient set of (CMOP)¥t, respectively. The

set of (weakly) efficient solutions of the piecewise convexification problem with respect to
the subdivision Y of X is defined by

2t 2t
Xop,(Y)=ae | X pn s Fye | X st fly) < f2) 7, (3.3)
k=1 k=1
2t 2t
Xp,,(Y)=Sze | X o By e U Xy st fy) 2 f(2) o (3.4)
k=1 k=1

These indicate that we need to check every (weakly) efficient solution for each (CMOP)*
through the partial order relation of the original problem. Since ¢ uniquely determines the
subdivision Y of X, thus X, g, (Y") and Xg, (Y') can be abbreviated as X, g, (t) and
Xg,,(t), respectively. It can easily be verified that solution set X, g,,(t) is not empty for
any t € N. So far we have not proved that Xg, (f) is a non-empty set, or given a counter-
example to show Xg,_ (t) = (). However, from the following algorithm, only finite solutions

are found for each X, , that is, X, is a compact set, then the set Xf,, (t) is non-empty
ap ap

in the actual calculation. Thus, in this paper we always assume that Xpg, (t) # 0 for any
teN.

Remark 3.2. From the definition of X, (t), it is easy to see that
(i) If & ¢ Xyp,,(t), then there exists k; € {1,...,2'} such that & ¢ X, ghey OF &€ X piy

kg«

satisfying f(y) < f(Z) for some g € Ui:zl X, 5
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(ii) If £ € Xyp,, (1), then there must exist k; satisfying & € XwE:;.

This remark also holds for Xg, ().

Convergence of the Solution Set for the Piecewise Convexification Problem

In this subsection, we develop the convergence of the solution set for the piecewise con-
vexification problem. More precisely, we investigate some relationships between the set of
approximate (weakly) efficient solutions of the original problem and the set of (weakly)
efficient solutions of the convexification problem.

Let e = (1,...,1) € R? be all-ones vector. For ¢ > 0, let XS and X% denote the set of
all e-weakly efficient solutions and of all e-efficient solutions for (MOP), respectively, i.e.,

ep={r€X: ByeX st fly)+ee=<f(a)},
Xe={reX: fycX st. f(y)+ee=f(2)}.

If 2 € X is a e-(weakly) efficient solution, then f(Z) is a e-(weakly) non-dominated point
in image space. From the above definitions, we discuss the relation between Xy g,,(t) and
X¢  which plays a vital role in determining convergence of set of (weakly) efficient solutions
for the piecewise convexification problem.

Theorem 3.3. For any € > 0, there exists t. € Ny such that
Xuwp,,(t) C Xop, V>t

where Xy p,,(t) is the weakly efficient solution set of the piecewise convexification problem
with respect to the subdivision Y of X.

Proof. From the fact that |T'(t)] — 0 as t — 0 and the definition of «, it follows that for any
€ > 0 there exists t. € N satisfying

2

- <eVt>t.. (3.5)

bkt — gkt
max — ||———
kc€[2t] 2

2

Next, we prove Xy, , (t) C XS for any ¢ > t.. By contradiction, we assume that there exists
to > t. satisfying Xy, (to) ¢ X, that is, one can find & € X satisfying & € XwE,, (to)
and & ¢ XS 5. Here, Xy, (to) is a solution set w.r.t. the subdivision Y* of X where
Yo = {Y',...,Y?}. Thus & ¢ X2, implies that there exists § € Y70 C X for some
Jto € {1,...,2%} such that

f(g) +ee < f(z). (3.6)
Ifged i C Yo, then f(§) < f(#) from ¢ > 0 and (3.6). It is a contradiction to
& € Xyp,,(to). Otherwise, if § € Yt \ XwEfij’ then combining with Lemma 2.5 (ii), there

exists v € X, such that fIw (v) < fIw(g). From (3.6) and definition of fij”", it is easy

to verify that ‘ '
o) < () = f(9) < f(E) —ee.
By the definition of f7t, we have

fw)+ 1 +ee=< f(&), (3.7)
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Jt . .
where 7 = (71,...,7) and 7, = a"'ZO (a0 — v, b0 — v) for any i € [p]. According to (3.2)
and (3.5), it concludes that

azto bth _ ajfo 2 a bjto _ ajtf) 2 vi )
2 # 5 # < 67 1= PICEEIR 7p.
It follows from Proposition 3.1 (ii) that 7 +¢& > 0,7 = [p]. It conducts f(v) < f(&) by (3.7),
which implies a contradiction to & € Xy g,, (to). Thus we have derived that Xy, (1) C X5 g
for any ¢ > t.. O

Similarly, one can build the same relation between X, ,(t) and X%.

Theorem 3.4. For any € > 0, there exists t. € Ng such that Xg, (t) C X5 for any t > t.,
where X, (t) denotes the efficient solution set of the piecewise conveification problem w.r.t.
the subdivision Y of X.

Proof. Using the same argument as in the proof of Theorem 3.3, we can easily carry out
that for any e there exists t. € N satisfying (3.5). As we have assumed in the previous
section, Xp, (t) # 0 for any t € N. Therefore, we assume that there exists & € X such
that 2 € X, (to) and & ¢ Xf for some ty > t.. Then, it follows from the assumption
& ¢ X% that there is § € X satisfying f(§) + ce < f(#). Combining Lemma 2.5 (i) with
(3.5), the remainder of the argument is analogous to that in Theorem 3.3, which is contrary
to & € Xg,, (to). Therefore, X, (t) C Xg for any t > ¢.. O

Theorems 3.3 and 3.4 show that the solution set of this piecewise convexification problem
is a lower bound set of the approximate (weakly) efficient solution set of (MOP). In order
to get a closer approximation, we need also to be concerned about the upper bound set
of the approximate (weakly) efficient solution set of (MOP). In what follows, we study the
approximate solution set of the piecewise convexification problem, which is an upper bound
set of approximation (weakly) efficient solution set of (MOP).

Convergence of the Approximate Solution Set for the Piecewise Convexi-
fication Problem

In this subsection, we consider the sets of the approximate (weakly) efficient solutions of the
piecewise convexification problem and establish the convergence results of the approximate
solution set.
For any given subdivision Y* of X. Let Ak, and A7, be denoted the set of all
ap

ap
e-weakly efficient solutions and of all e-efficient solutions of (CMOP)** on Y*t € Y re-
spectively. Then, we define the approximate weakly efficient solution set and approximate
efficient solution set of the piecewise convexification problem w.r.t. the subdivision Y of

X, respectively, i.e.,

2t 2t
oe, (YY) =Sze X2 iy pye | X2 o5t f(y) +ee < f(z) ¢, (3.8)
k=1 k=1

2t

2{
Xp (YN =Qze |Ja,:Bye | X, st fly)+ee=fx) . (3.9)
ke=1 k=1
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For simplicity, X5p (Y') and X% (Y') can be abbreviated as X5y (t) and Xf_(t), re-
spectively. It is easy to show that X Eap (t) # () for any number of subdivision ¢. Moreover,
according to Lemma 4.12 in [6] one can conclude that XF; (t) # (). With the help of the
preceding concepts, we can now present some vital characters of Xy p (t) and Xyg,, (1).

Proposition 3.5. For any € > 0 there exists t. € Ng such that
XwE., (1) € Xyp,, (t), V>t

Proof. For any € > 0 there exists t. € No such that (3.5) holds and Xjp (¢) #  for
any t. Next, we assume that X,g, (to) € X5p,, (to) for some tg > t., then there exists
& € X such that & € Xyp,,(to) and & ¢ Xip (to). The assumption & € Xyg,,(to)

. In fact, XwEk,, C XEEkt holds for any € > 0 and k;. Then
ap wEq}

indicates that & € Uk wE

T € Ukt_1 Xe ot By Remark 3.2 (i), the assumption & ¢ Xk, (to) implies that there

exists § € X‘SE“O C Uk, A ke for some j;, € [2'] such that

f(@) +ee < f(2). (3.10)

It is easy to show that if § € & ., C &X° o then it concludes & ¢ Xyg,,(to) since
ap a

f(@) < f(&) from (3.10). Otherwise, if § € XS)EZO \X gito then as Lemma 2.5 (ii) there

exists v € X gt C U,C X Bk such that fit (v) < fit(§). From the definition of fj’50

and (3.10), it can be rewrltten as

fw)+1+ee=< f(a), (3.11)

Jt X .
where 7 = (71,...,7p) and 7, = aizo (a’to — v, b0 — v). Moreover, one can yield that
7; +& > 0 for any 4 by (3.5). Hence, (3.11) conducts f(v) < f(Z). It implies & ¢ Xy p,, (to)

for v € X’”Ei’g) C in‘):l XwEff};' Apparently, this is a contradiction to the assumption
& € XyE,,(to), thus the theorem holds. O

Proposition 3.6. For any € > 0 there exists t. € Ny such that
Xg,,(t) C ng(t), Vt>te.
Proof. We shall adopt the same procedure as in the proof of Proposition 3.5. O

In what follows, we show a vital fact that the approximate weakly efficient solutions
set of the piecewise convexification problem is an upper bound set of the weakly efficient
solution set of the original multi-objective optimization problem.

Theorem 3.7. For any € > 0 there exists t. € Ny such that Xy,g C X;EW (t) for any t > t.,
where XE;EW (t) represents the e-weakly efficient solution set of the piecewise convezification
problem with respect to the subdivision Y of X.

Proof. For any € > 0, we can also take t. as in (3.5). In the following, we suppose that there
exist {o > t. and & € X such that & € Xyp and & ¢ Xp (to).

Without loss of generality, we assume that & € Y*% for some k;,. From Remark 3.2(i),
& ¢ Xgp, (to) has two cases. The first of which is that & € X° , =~ and there is § €

wEaP



574 Q. ZHU, L.P. TANG AND X.M. YANG

t,
13::1 XZEL“; satisfying f(4) + ee < f(Z). Obviously, this case is a contradiction to the
assumption & € X,,g. The other case is & ¢ X* s which shows that there exists § € Yt

wEqy
satisfying f¥to () +ce < f*(#). Similarly, incorporating (3.7) with Proposition 3.1 (ii), we
can get f(¢) < f(&), which is a contradiction to the assumption & € X, since § € Y*¢0.
Hence, this statement is proved. O

Remark 3.8. It is not difficult to verify that the above statement also holds for efficient
solutions, i.e., Xp C X () under the same assumptions.

Furthermore, we consider the relationship between two sets of the approximate solutions,
that is, the relationship between X° . and X B, (t)

Theorem 3.9. For any ,6 with 0 < § < ¢ there exists t.5 € No such that X2, C
Xog,, (t) for any t > t.s, where X0, is the 6-weakly efficient solution set of (MOP) and
XSJE{,,,, (t) is the e-weakly efficient solution set of the piecewise convezification problem w.r.t.
the subdivision Y of X, respectively.

Proof. Employing the definition of o and |T'(t)| — 0 as t — 0, one can easily conclude that
for any € > 0 and 0 < 0 < ¢, there exists t. s € Ny such that

2

bkt _ qke
T8 < (e —0), 9t >t (3.12)

2

(0%
max —
k.c[2t] 2

Our task now is to proof X2, C X5p,, (t) for any t > t. 5. Obviously, the remainder of the
argument is analogous to that in Theorem 3.7. O

Remark 3.10. In the same way, we infer that for any £, with 0 < § < € there exists
te.s € Ny such that Xg C Xgap (t) for any t > t. 5.

We now turn to develop the convergence of X% ,(t) and x9S E.,(t) and point out that
these results are more useful in the actual calculatlon

Theorem 3.11. For any e, with0 < § < ¢ there exists t. 5 € Ng such that X2 () S Xop

for any t > t. 5, where X& p is the e-weakly efficient solution set of (MOP) and /’V{f,E (t) 18
the d-weakly efficient solution set of the piecewise convexification problem w.r.t. the “subdi-
vision Y of X, respectively.

Proof. Similarly, we can carry out (3.12). If the statement was false, then there exist ¢ > tc 5

and & € X satisfying # € XDy (fo) and & ¢ X5p. Then & € Xy (to) implies that

e xd s S Ukt_1 5E x, for some k¢, and there does not exist y € Uk -1 X5 Fkn satisfying
wEqap ap Eap

f(y) + de < f(&). However, since & ¢ X¢ , one can take y € X satisfying

f(g) +ee < f(&). (3.13)

In the same way, there exists j;, such that § € Y7t C Y?, which only has two cases. The first
case is § € X‘sEJt C YJt. According to 0 < § < ¢, (3.13) indicates that f() + de < f(2),

wFqap

which shows that & ¢ XiEap (to). This is a contradiction to the assumption & € XiEap (to).
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iy - From Lemma 2.5 (ii) there exists v €
X o C XiE”“ such that fit(v) < fi%(§). From the definition of fF» and (3.13), it is

why,
ap
equivalent to

However, the second case is § € Y7t \ &°
w

fv)+de+7 < f(2), (3.14)

Jt X .
where 7 = (74,...,7p) and 7; = a20 (a0 — v, % —v) + ¢ —J. And since to > t. and (3.12)

we can see that 7; > 0 for any ¢ = 1,...,p. Thus (3.14) shows that f(v) + de < f(&), and
then it follows that & ¢ X%, (to) by v € X% , . It is a confliction to the assumption and

Jt
ap Eapo

completes the proof. O

Remark 3.12. (i) Combining Theorem 3.3 with Theorem 3.9, it shows that X,p,,(t) C
Xl‘zE C X;EW (t) for any €,d satisfying 0 < § < ¢ under some assumptions. Hence, we
can apply two sets, i.e., Xyg,,(t) and Xk, (t), to approximate the set X° .. The form of
this containment relation is similar to one of the squeeze theorem. (ii) Theorems 3.9 and
3.11 indicate that for given € and any n with 0 < 7 < €, one can yield to XSE_QZ)(U -

Xop C XSEFGZ) (t) under some assumptions. Obviously, the result of bilateral inclusion we
established more intuitively reflects the relationship of approximation.

As mentioned in the previous section, Lemmas 2.3 and 2.4 show that when all possible
weight vectors are taken, the set X E’;;,(kt € [2!]) can be obtained by solving the weighted
sum optimization problem for a convex multi-objective optimization problem. Obviously, it
is impossible to find all the weight vectors in numerical experiments, thus (3.4) and (3.9)
cannot be calculated numerically, namely, Theorems 3.4 and 3.7, or Theorems 3.3 and 3.9 are
only well-structured theoretical results. In order to calculate numerically, we add another
constraint condition about the width of box in the design of the algorithm and prove that
this algorithm can generate e-efficient solutions.

Algorithm and Convergence

In this section, we propose a piecewise convexification algorithm for finding approximate
efficient solutions of (MOP) and develop its convergence. Before proceeding further, let us
consider the following subproblem which need to be solved in our piecewise convexification
algorithm:

P
. ket

i ; Aifit(x), (4.1)
where A = (Aq,...,),) € RE, is a weight vector with Z§:1 A; = 1. This subproblem
(4.1) is referred to as the weighted sum optimization problem of the convex relaxation sub-
multiobjective optimization problem ((CMOP)*t) on Y*¢ € Y for the subdivision Y* of X.
Moreover, the width of a box Y*¢ = [aFt, b¥¢] is defined by w(Y**) := [|b¥* — a**||. Now, we
turn to discuss this piecewise convexification algorithm.

Let us describe the settings of Algorithm 1 for details. (1) In fact, the width of a box
tends to 0 as the number of subdivisions increases, that is, the condition w(Y™*t) < L* must
be satisfied. Thus, the While-loop is finite and Algorithm 1 terminates. (2) In line 2, the
minimum number of subdivisions ¢, is estimated such that the width of all boxes satisfy
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Algorithm 1 The Piecewise Convexification Algorithm of (MOP).
Input: X =[] [a;,b;], f € C}((R",R),e >0, A€ R, £L; =0 and A =0.
Output: fEap (to) and L;.
1: Compute o := {af,..., a9} by (2.1) on X° and let @ = max{a®} + 0.01.
2: Estimate the minimum number of divisions ¢, satisfying

max gcu(ka)2 <
kee{l,...,2tc} 8

ool ™

3: Let to > t. and obtain the subdivision Y% of X©. Let £ := Y?o.
4: while £ # () do
5: Select a box Y*t from £ and delete it from L.
6: Construct (CMOP)*¢ according to (3.1).
7: For any j € [p], let L’;t > 0 be chosen such that Lft > m ’%fj’ for any ¢ € [p]
and x € Y*. Let
~ AL 2 16(L}")?
LFt .= min { ——L 4+ Tg + (~7§) (4.3)
j€lp] @ a Q
if w(Y*) < L* then
: Solve the subproblem (4.1) with A. Let z*** be an optimal solution and Xy =
{xhexl,
10: Store Y*t in £; and {z***} in A.
11: else
12: Divide Y** by the direction of maximum width and obtain Y**! and Y*+2,
13: Store Y*::! and Y*+2 in L.

14: /'FEQP ={zeA:JyeAst fly) < f(z)}.

.....

condition (4.2), that is, max,cq1,... 2t} %W(Yk‘)Q < §. However, Theorems 3.3-3.11 require
the condition maxy,c(1,... 2t} %w(Y’“)2 < €. (3) In line 3, ¢y is the number of divisions we
set and this subdivision Y also satisfies condition (4.2). (4) In line 6, we adopt the interval
arithmetic method in [10, 13] to calculate the minimum eigenvalue \! . (x) and construct
(CMOP)k. (5) In line 7, Lf‘ can be calculated by the interval arithmetic, see [11]. In what
follows, we use this Lf‘ to bound the distance between any function value f;(z) on Y** and
the optimal value of its convex relaxation function fj’-“ (z7) where fj’.“ (z7) = mingeyr, fff (z).
From the following theoretical analysis of this algorithm, conditions (4.2) and (4.3) together
guarantee that the e-efficient solutions of the original problem can still be obtained when
only computing a finite subset of the efficient solution set of the multi-objective convex
subproblem on each sub-box. It is slightly different from the previous Theorems 3.3-3.11
which only require a condition similar to (4.2). (6) In line 9, (CMOP)** is solved by the
weighted sum method. According to Lemma 2.3, it follows that the optimal solution z*+*
of the weighted sum method with A € R" | is an efficient solution of (CMOP)¥t, that is,

Xpr, = {xFe*} C Xk, for any k;. Furthermore, this sub-box on which the weighted sum
ap ap
optimization problem is solved is stored in £1. Obviously, when the algorithm terminates,

all boxes in £1 just make up the subdivision of X.
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Applying conditions (4.2) and (4.3), we present the following analogous lemma, which
was also used in [18]. It is one of the key tools to analyze X, Fap © X5
Lemma 4.1. Let a box X € I, a twice continuously differentiable function f:R™ — R, a
sufficiently small positive number 6 > 0, a constant o > max{0, — minge x Amin(z)} +96, and
a positive scalar € > 0 be given. Let Y* = [a¥* b¥] C X be a sub-box and let L** > 0 be

chosen such that L** > \/m ’8%]”’ for alli € [m] and x € Y%, If the width of Yt satisfies

ALkt (4Lk)2 2
« « (0%

w(Y*) <

)

then |f(z) —v| < Z for all x € Y* where fF(x) = f(x) + = ZZ J(ak — )k — )

3
and v := mingeyw, f¥(x). Furthermore, if %w(Y’“') < -, then |fF(x) — v| < g for all
reYk,

Proof. Using the definition of f*¢, we can derive a bound between f and f*:, that is,

|f(z) = fo(x %Z — ;) (b — ;)

i=1

£
8’

< %ku‘ — k|2 = %M(Y’ﬂ)?,\m Yk,

The proof of | f(z) —v| < § is identical to the proof of Lemma 2.3 in [18] and will be omitted

. . . 3e
here. Next, we verify the second statement in the above theorem, that is, |f*(z) —v| < 5

Combining |f(z) — v| < § with the condition § w(Yk)2 < %, for all z € Y it is easy to
see that
3e
[fF (@) —v| < |f* (@) = fl@)| + | f(x) —v| < g
It is now obvious that the lemma holds. O

We conclude this section to briefly discuss the convergence of this algorithm, that is,
Algorithm 1 generates a subset of all globally approximate efficient solutions of (MOP) by
calculating a finite subset of the efficient solution set of the multi-objective sub-problems
only.

Theorem 4.2. Let .JFEW be the set generated by Algorithm 1. Then .JFEW C Xg.
Proof. If this statement would not hold, then there exists & € /'FEW such that & ¢ X%.

Thus, one can find § € X© satisfied f(§) + ce < f(&). Obviously, 7 ¢ A. Thus we can find
Y* € Yt such that § € th\XEkt. This also indicates that there exists 2 € X x, since
ap ap

fEkt # (), that is, 2 is an optimal solution of subproblem (4.1) with A. Thus, we derive
ap

p P
RVACE VAL

Obviously, using A = (A,...,A,) € RE ., one can find jo € [p] such that f]]-ff (2) < fj’f; (9)-
We work with the definition of fj]f; and the condition f(§)+ee X f(&), for jo it leads to the
chain of inequalities

ke m

Fin() + 2 Sk — 2B — 20) < £, (0) — <
1=1
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Due to the first condition of (4.2) and afg < @, it follows that

ke m ke m
; ok
0< % ;(aft — é’i)(b?t — %)+ % < ;0 ;(a?t _ Z’Ei)(bft — %) +e, (4.4)

which leads to f;,(2) < fj, ().
For any j € {1,...,p} \ {Jjo}, based on the second condition of (4.2) and lemma 4.1, we

can show that

, 3
5@ = @I @ = v + 13 v < S

where 1/]].“" = min,cy#, f]]-“ (x). The above inequality implies that ff"(é)—%f < f;-“ (9). Using

the assumption condition f(§) + e < f(Z), and the definition of f]’-”7 we also obtain

ki m
Fi()+ Sl -z e - 2) - 5 < (@) - e, (45)
i=1

Similar to (4.4), the inequality (4.5) yields to f;(2) < f;(2) for any j € {1,...,p} \ {Jjo}-
Together with fj,(2) < fj,(#), we now obtain f(2) =< f(2) with 2 € X x, C A. This

contradicts the assumption that & € X, =, that is, the statement /"FE(W C X% holds. O

ap?

Numerical Experiments

In this section, we demonstrate the numerical performance of our Algorithm 1 by some
examples, which include the nonconvex and disjointed Pareto front, respectively. All com-
putations have been performed on a computer with Inter(R) Core(TM)i5-8250U CPU and
8 Gbytes RAM. For all instances, we take ¢ = 0.02 and the weight vector A = (%, cee %)
where p is the number of objective functions.

Example 5.1. This test instance was proposed in [18]:

Ty
i _ _ [ z2—=0.2 2 _ _ [ z2—=0.6 2
1 2 —exp 0.004 0.8 exp 0.4

with X =[0.1,1] x [0,1]. As stated in [18], the globally efficient solutions are (#1,Z2) with
Zo = 0.2 and #; € [0.1,1]. This example also exists locally efficient solutions with Zy & 0.6
and Z; € [0.1,1]. The graph of f» and the image space are showed in Figure 2, respectively.

fz) =
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(a) The graph of fa(z) (b) Image space

Figure 2: Example 5.1

In this example, we roughly estimate t. = 12 and take t; = 12. Figure 3 shows the
e-efficient solutions and the non-dominated points of this example.

- e-efficient solution Image point

+ &-nondominated point
0.8

|
.‘lhg

=L

. )h'
0 : \hm“”“""“”IIH|||||||II||II||IIIIII|||I||||||||||||||||||ummmmmnn

01 02 03 04 05 06 07 08 09 10 0.2 0.4 06 08
x1 fi

x2
f
5
°

10
(a) e-efficient solutions (b) e-nondominated points

Figure 3: e-efficient solutions and the non-dominated points of Example 5.1

Figure 3 (a) and (b) show performance in terms of how well the globally efficient solutions
are found and the Pareto front is approximated, respectively, by Algorithm 1. In other words,
the points generated by Algorithm 1 are globally approximate solutions, not locally ones.

Example 5.2. This test instance is based on [18]:

1 —exp ( -3 (% - %)2) -2 2
f(z) = with X = -2 1, 2

17(3)(1)(72;'3:1 ($z+%)2) -2 2

Similarly, by roughly estimating t. = 16. Thus, let tg = 16. The results of e-efficient
solutions and non-dominated points as illustrated in Figure 4, respectively. Obviously, the
shape of the approximate Pareto front can be characterized by this piecewise convexification
algorithm from it.

Example 5.3. This example is considered in [27]:

Z1

o= 1+ 925 — (21(1 + 922))¥ — 21 sin(107z1) = K o ) ( } >]

The fo = 1 — /f1 — f1sin(107f;) that consists of several noncontiguous convex parts is
Pareto front. Figure 5 shows the graph of f; and the image space, respectively.
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&-nondominated point
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y1

(a) e-efficient solutions (b) e-nondominated points

Figure 4: The e-efficient solutions and non-dominated points of Example 5.2

Image point

(a) The graph of fa(x) (b) Image space

Figure 5: Example 5.3

\ %h‘ * the e-nondominated point 08 \ * the e-nondominated point

(a) to = 13 (b) to = 15

Figure 6: The solutions of the convexification method with different ¢¢

In the same way, we roughly estimate ¢, = 12 and analysis the influences of ¢y, which are
shown in Figure 6. It is apparent from Figure 6 that these non-dominated points are almost
uniformly distributed with increasing the subdivision times, that is, g = 13 to tp = 15.
More importantly, Figure 6 indicates that Algorithm 1 is also suitable for deal with this

complex multi-objective optimization problems.

Further, we verify that when the number of objectives is four, the piecewise convexifica-

tion method also has practical operability.

Example 5.4. A multi-objective rocket injector design problem was studied in [4] as follows:

min [f17f27f37f4] SUbjeCt to 0 < T1,T2, T3, T4 < 1
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where

fi = 0.692 +0.477x; — 0.67824 — 0.08x3 — 0.06529 — 0.1672% — 0.0129224

+0.079623 — 0.06342 123 — 0.02572324 + 0.087723 — 0.052121 7

+0.001562024 + 0.00198z523 + 0.018423,

0.37 — 0.2052; + 0.030724 + 0.108z3 4 1.01925 — 0.1352% + 0.0141z 124

+0.099822 + 0.208z 125 — 0.0301z324 — 0.22622 4 0.35321 29 — 0.04972023

—0.42322 4+ 0.2022%x4 — 02812323 — 0.3422,27 — 0.245232% + 0.2812314

— 0.1843011‘% + 0.281x 12324,

f3 = 0.153 — 0.322z; + 0.39624 + 0.424x3 + 0.022625 4 0.1752% + 0.0185z 124
—0.070123 — 0.2512123 + 0.1792324 + 0.01523 + 0.01342 129 + 0.02967274
+0.0752x923 + 0.019223,

fa= 0.758 + 0.358x; — 0.80724 + 0.0925x3 — 0.0468x5 — 0.172x% + 0.01062 4
+0.0697x3 — 0.146x123 — 0.04162324 + 0.10223 — 0.069421 25
—0.005032924 4+ 0.01512925 + 0.017323.

f2

Similarly, ¢y = 12 satisfies the condition, then taking ¢ty = 13. Analogously to [4], we
display the projection (f1, fa, f3, fa) in f1fa2f5-space and fs f5 fy-space in Figure 7.

(a) The Pareto front to the fi f2 fs-space (b) The Pareto front to the fa fs fa-space

Figure 7: Projected Pareto fronts for Example 5.4

@ Conclusions

In this paper, we employ the aBB method and the interval division technique to obtain a
series of convex relaxation sub-multiobjective problems, which is regarded as the piecewise
convexification problem of MOP on the whole set X. Furthermore, we establish the (approx-
imate, weakly) efficient solution set of this piecewise convexification problem and investigate
that the globally approximate (weakly) efficient solution set of MOP can be approximated
by combining with two (approximate) solution sets of the piecewise convexification problem,
that is, X;EZ) t)CcXp C Xl(fEtz) (t) or X](E:")(t) C X5 C Xéijn) (t). Although these sets
cannot be calculated numerically, the theoretical results are still nice and well-structured.
In order to calculate, we apply two condition about the width of a box to design a piecewise
convexification algorithm. This algorithm also yields a subset of the globally approximated
efficient solution set of MOP by only computing a finite subset of the efficient solution set
of multi-objective subproblem on every sub-box.

Different from the traditional BB method, we pay more attention to establishing the
theoretical properties of the piecewise convexification method itself in this paper, rather
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than emphasizing the design of the algorithm. Therefore, in numerical experiments, we only
verified the feasibility of the piecewise convexification algorithm and did not demonstrate
its effectiveness. In fact, this method with well theoretical properties deserves our further
study and this article can be seen as the first of a series of papers about this piecewise con-
vexification method for us. In our future research work, we will redefine the solution set of
the piecewise convexification problem, which takes advantage of the previous division infor-
mation. At the same time, the evolutionary algorithm and a new subdivision strategy will
be incorporated into the piecewise convexification method to quickly delete boxes and speed
up the algorithm. Moreover, a new termination condition will be added to the algorithm
to avoid calculating the minimum number of divisions. These researches are underway and
some interesting results would be obtained.
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