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AN EFFICIENT ITERATIVE METHOD FOR SOLVING
QUADRATIC INVERSE EIGENVALUE PROBLEM OVER
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Abstract: In this paper, a nonlinear conjugate gradient method is constructed to find the least squares
solution of the quadratic inverse eigenvalue problem under a prescribed submatrix constraint. The conver-
gence analysis of the proposed method is given. A method for choosing the initial matrix group to obtain the
least Frobenius norm solution is provided and the unique optimal approximation solution to a given matrix
group is derived. Numerical examples are provided to illustrate the efficiency of the proposed method and
testify the conclusions suggested in this paper.
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Introduction

Throughout this paper, the following notations and concepts are needed. Let C"™*"™ be the
set of all complex m x n matrices. For A € C™*", we write AT, A7 tr(A) and R(A) to
denote the transpose, the conjugate transpose, the trace and the column space of matrix
A, respectively. Let I, = (e1,ea,...,¢e,) and S, = (€n,€n-1,-..,€1) be the n X n identity
matrix and reverse identity matrix, respectively, where e; denotes the ith column of the
identity matrix I,,. In the space C™*™ over the real number field R, the inner product for
A, B is (A, B) = Re[tr(BH A)]. Then ||A||?> = (A, A) = Re[tr(ATA)] = tr(ATA) = || A||%
and ||A + BJ|]? = ||A|*> + || B||*> £ 2(A, B) for A, B € C™*". We say A and B are orthogonal
it (A,B) =0. Let D), ,, ={d = (d1,da,...,dp) : 1 <dy <dy <--- <dp <n} be the strictly
increasing sequences of p elements from 1,2,...,n. For s = (s1,82,...,8p) € Dp,, t =
(t1,t2,...,tg) € Dgy and u = (uy,ug,...,u,) € Dy p, we denote Es = (es,,€5,,...,€5,) €
CP By = (e4,,€1y,---,61,) € C"* 9 and By = (ey;, €uys - - -5 e4,) € C**". Let Als|t] be the
p X q submatrix of A € C™*™ determined by rows indexed by s and columns indexed by
t, and let A[s|f] be the (m — p) x (n — q) submatrix of A € C™*™ determined by deleting
rows indexed by s and columns indexed by t. A matrix A € C"*" is said to be a Hermitian
centroskew matrix if @;; = aj; and a;; = —ap41-int1—; forall 1 <4,5 <n. Let HSC™*"
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be the set of all » x n Hermitian centroskew matrices. It is well known that Hermitian
centroskew matrices include symmetric centroskew-symmetric and symmetric Toeplitz ma-
trices. Hermitian centroskew matrices have practical applications in information theory,
linear system theory, linear estimate theory and numerical analysis [11, 12].

In this paper, we are interested in the quadratic inverse eigenvalue problem which consists
in finding matrices A, B,C € C"*™ such that

AXA*+ BXA+CX =0, (1.1)

where X = (z1, ®2, ..., ) € C*™ and A = diag(A1, Aa,..., A\y) € C™*™ are given
matrices. The quadratic inverse eigenvalue problem appears in some practical applications
[16]. Such as, setting the pole assignment problem can be seen as a quadratic inverse
eigenvalue problem [14]. The behavior of a time invariant second order differential system

Ai(t) + Bit) + Ca(t) = f(t) (1.2)

can be described by solving a quadratic inverse eigenvalue problem [35].

e If A = 0O, then the quadratic inverse eigenvalue problem (1.1) reduces to a generalized
inverse eigenvalue problem
BXA+CX =0. (1.3)

e If A= 0 and B = I, then the quadratic inverse eigenvalue problem (1.1) reduces to a
standard inverse eigenvalue problem

XA+CX =0. (1.4)

In general, the inverse eigenvalue problem is as important as the eigenvalue problem
[16, 30]. The inverse eigenvalue problem has wide applications in engineering and scientific
computation [39, 17, 19]. For instance, the inverse eigenvalue problem of centro-symmetric
matrices with a submatrix constraint initially occurs in the design of Hopfield neural network,
civil engineering and aviation [13, 3]. The parameterized generalized inverse eigenvalue
problem (PGIEP) [17] arises in the discrete analogue of inverse Sturm-Liouville problem
[27, 28], factor analysis [28] and structural design [22, 29, 36, 38]. The problem of designing
the truss structure with specified natural frequency may be recast as a PGIEP.

The literature on solvability condition and numerical method for the inverse eigenvalue
problem is large and still growing rapidly [19, 40, 9, 10, 17, 20, 21]. For instance, Bai [4] and
Zhang et al. [41] derived some necessary and sufficient conditions for the inverse eigenvalue
problem with Hermitian generalized skew-Hamiltonian matrices and Hermitian generalized
Hamiltonian matrices, respectively. Ghanbari [19] studied the explicit expression solution
of a generalized inverse eigenvalue problem, in which C is a semi-infinite Jacobi matrix
with positive off-diagonal entries and B is a nonsingular diagonal matrix. Liu et al. [31]
considered an existence condition of a solution and an analytic expression solution of the
generalized inverse eigenvalue problem for centrohermitian matrices. Moghaddam et al. [33]
proposed an algorithm for reconstructing penta-diagonal coefficient matrices of a general-
ized inverse eigenvalue problem. Wei et al. [37] discussed a generalized inverse eigenvalue
problem with Hermitian generalized Hamiltonian matrices and derived an analytic expres-
sion solution by the matrix decomposition theory and Hilbert space approximation theory.
Aishima [1] introduced a quadratically convergent algorithm for the inverse symmetric eigen-
value problem. Dai and Liang [18] considered the generalized inverse eigenvalue problem for
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the (P, Q)-conjugate matrix and the associated approximation problem by using the gener-
alized singular value decomposition and canonical correlation decomposition. Recently, Cai
and Chen [9] proposed an iterative method for solving the generalized inverse eigenvalue
problem and its optimal approximation problem over partially bisymmetric matrices. They
also studied [10] the least squares solution of a generalized inverse eigenvalue problem over
Hermitian Hamiltonian matrices with a submatrix constraint.

Inspired by the work mentioned above, we focus on the following problems.

Problem 1.1. Given X € C"*™, A = diag(A1, Az, ..., ) € C™*™ s = (s1,82,...,8p, N+
1—8p,...,n+1—s2,n+1—=51) € Dop p, t = (t1,t2,...,tg,n+1—tg, ..., n+1—to,n+1—t1) €
Dogpy u = (ur,u2y ..o tpyn+1—tp..o,n+1—us,n+1—uy) € Dy p, A, € CP*2P
B, € C%1*240 and C, € C¥*?". Let S; = {Y|Y([s]s] = A,,Y[5[5] € HSC"—2p)x(n=2p)}
Sy = {Y|Y[t|t] = B, Y[t[f] € HSC"—20x(n=20)} and S5 = {Y|YV[u|u] = C,,Y[alu] €
HSC("_2T)X("_2T)}. We want to find A, € S1, B, € S and C, € S5 such that

|A. X A% + B. XA+ C.X| = min |AX A% + BXA+ CX].
(A,B,C)631XSQXS3

Problem 1.2. Let Sg be the set of solutions of Problem 1.1. For given A B,C e C*,
we want to find (A, B,C) € Sg such that

|A=A> +||B - B|*+[IC-C|*= min [JA-A*+|B-B|*+|IC-C|*].
(A,B,C)eSE

Although Hajarian [23, 25] constructed the conjugate direction and BCR methods to
solve some special quadratic inverse eigenvalue problems. Hajarian and Hassan [24] es-
tablished the CGNR method for finding the least squares solution of a quadratic inverse
eigenvalue problem with partially bisymmetric matrices under a prescribed submatrix con-
straint. In fact, Hajarian [23, 25] and Hajarian and Hassan [24] extended the subspace
method for linear system to the setting of quadratic inverse eigenvalue problem from the
perspective of numerical algebra. Naturally, we want to know whether the quadratic inverse
eigenvalue problem can be solved from the perspective of optimization or not. This is one
of our motivations in this paper.

Since matrices X and A are known in the system (1.1), the investigated problem (Problem
1.1) can be transformed into finding the least squares solution of the generalized Sylvester
matrix equation (1.1). Such a problem has been investigated in many papers. For example,
Beik and Salkuyeh [5, 6] established some modified conjugate gradient type methods. How-
ever, the proposed methods in [5, 6] are extensions of the classical subspace methods for
linear system and feasible only when the considered generalized Sylvester matrix equation
is consistent. They can not be directly applied for the matrix equation with a submatrix
constraint. Naturally, one may ask :“does the nonlinear conjugate gradient method can be
extended to solve the quadratic inverse eigenvalue problem?” As another motivation in this
paper, we are interested in studying a nonlinear conjugate gradient method for solving the
quadratic inverse eigenvalue problem with a submatrix constraint. The contributions of this
paper are as follows.

o We establish a nonlinear conjugate gradient method for finding the least squares solu-
tion of the quadratic inverse eigenvalue problem.

e We give the convergence analysis of the proposed nonlinear conjugate gradient method.
A method for choosing the initial matrices to obtain the least Frobenius norm least
squares solution of the quadratic inverse eigenvalue problem is given.
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e By reformulating Problem 1.2 as another quadratic inverse eigenvalue problem with a
submatrix constraint, we apply the nonlinear conjugate gradient method to solve it.

e Experimental results demonstrate that our proposed method yields superior perfor-
mance for the quadratic inverse eigenvalue problem.

The remainder of this paper is organized as follows. In Section 2, we give an equivalent
characterization of Problem 1.1 and establish a nonlinear conjugate gradient method to
solve it. In Section 3, we present an iterative method for solving Problem 1.2. In Section 4,
we report some numerical results to illustrate the feasibility and efficiency of the proposed
method. This paper ends up with some concluding remarks in Section 5.

Iterative Method for Problem 1.1

Notice that the solution set of Problem 1.1 is merely a linear manifold rather than a linear
subspace. First, we give an equivalent characterization of Problem 1.1. Let

S; = {Y|Y[s|]s] = A4,,Y[s[5] =0} @ S,
Sy = {Y|Y[t|t] = B, Y[ili] = O} & S,
Sy = {Y|Y[ulu] = C,,Y[au = 0} & Ss,
where
S, = {Y|Y € HSC™",Y][s|s] = O}, (2.1a)
Sy = {Y|Y € HSC™ " Y[t|t] = O}, (2.1b)
Sy = {Y|Y € HSC™" Y[ulu] = O}. (2.1c)

Then Problem 1.1 has the following equivalent form.

Problem 2.1. Given X € C"*™, A = diag(A1, A2, ..., Am) € C"* s = (51,82,...,Sp, N+
1—sp,...,n+1—s9,n+1—51) € Doy, t = (t1,t2,...,tq,n+1—tq, ..., n+1—to, n+1—t;) €
Dogn, u = (u1,u2,..., U, +1—tp,...,n+1—uy,n+1—1u1) € Doy, Ay € C2rx2p,
B, € C%1%24 and C, € C*"*?". We want to find A, € §1, B, € §2 and C, € §3 such that

|A,XA% + B,XA+C.X —Z||= _ min __ ||[AXA?+BXA+CX —Z|,
(A,B,0)e5: x 52 %53
where Z = —ZPX A%~ EQX A—C, X, in which Zp, Eq and C, denote the matrices satisfying
Apls|s] = Ap, Bylt|t] = By, Crlulu] = C, and zeros elsewhere.
It is easy to see that (A,, B,,C,) is a solution of Problem 2.1 if and only if (4, B,C) =
(Ai+ Ap, B. + By, Cy + C,) is a solution of Problem 1.1.

In the sequel, we illustrate that the solution to Problem 2.1 exists. First, the property
of Hermitian centroskew matrix is needed.

Lemma 2.1 ([27]). A matriz X € HSC™ ™ if and only if X = X" = -5,XS,,.

The following result is important for the proof of the existence of the solution to Problem
2.1.
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Lemma 2.2 ([26]). If a quadratic function f has a lower bound in a nonempty polyhedron
X, then f must have a global minimum in X.

Proposition 2.3. Let Ll(A B,C) = AXA?2 + BXA+CX - Z, LQ(A B,C) = AHX A%+
BHXAN+CHX -7, L3(A B,C)=S,AS, XA2+S BS, X A+8,CS,X+Z and Ly(A, B,C)=
S, AT S, X A2 + SnBHSnXA +8,CHS,X + Z. Then

min
{AeCnxn BeCnxn CeCnxn:Als|s]=0,B[t|t]=0,Clu|u]=0}
Li(A,B,C) Ly(A,B,C) L3(A B,C) LA, B,C)|>2
H 4 + 4 B 4 B 4 H (2.2)

takes a global minimum value at (A, B,,C.), where A,[s|s] = O, B,[t|t] = O and C.[ulu] =
0.

Proof. Let
h(vec(A), vee(B), vec(C))
| {veclLs (A, B, €) + veelLa(A, B, )] ~ veelLs(A, B, €)) — veelLu(A, B, OV}
Then h is a quadratic function about variable (vec(A), vec(B), vec(C)). Let
X = {vec(A) € C,vec(B) € C",vec(C) € C*" : A[s|s] = O, B[t|t] = O, Clu|u] = O}.
Obviously, X is a nonempty polyhedron. It then follows from Lemma 2.2 that the prob-

lem (2.2) takes the global minimum value at some point (vec(A,), vec(B,), vec(C,)), where

A,[s|s] = O, B,[t|t] = O and C,[ulu] = O. By the inverse vec operator, the result is
established. The proof is completed. O

Proposition 2.4. The solution to Problem 2.1 exists.
Proof. For arbitrary /AL E, C e HSC™ ™ it follows from Lemma 2.1 that

|AXA? + BXA+CX — Z|?

AN AH _ 19 _ AH
_ H A+ A SnziSn Sn A7 Sy Y A2
5y nH _ 5y _ nH ~ ~H _ ~H 2
+B+B SniSn S,B S”XA+C+C 5045 SnC SX ZH
_ H (}L B é) + LQ(K7§76) _ L3(g7§76) _ L4(g7§75) H2
B 4 4 4 4 '

Assume that the problem (2.2) takes the global minimum value at (A*,B*,C' ), where
A,[s|s] = O, B,[t|t] = O and C,[u|u] = O. Then, for arbitrary (A, B,C) € 5y x S5 x S5, we
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have
|AX A%+ BXA+CX — Z|?
_ HL1<A:§’6) + L2<AV5§)6) _ L3(Av?§76> _ L4(Av,§76> H2
- 4 4 4 4
A,B,C) LA B,C
Z B min B HLl( ) 70) + 2( ) 70)
{AeCnxn BeCnxn GeCnxn:Afs|s]=0,B[t|t|=0,0[ulu]=0} 4 4
7L3(;{7§76) . L4(;{7§76)H2
4 4
LI(Z*;E*;G*) LQ(A*7B*7C*) LB(A*aB*aC*) L4(A*,B*,C*) 2
B i) A0 R B0
4 4 4 4
~* AH - ~* - AH ~* BH - ~* n TLEH n
:HA + A5 SnfiSn SnA*S7LXA2+B + B, Snfle SnB."Sn « 4
% AH _ o _ ¢ (H 12
LGt sni*sn SuCHS, *ZH . (23)
Let _ _ B _
A, 4+ AH _ 5, 4.8, - S,AHS,
A* - )
4
_ B, +BH_S,B.S, — S,BHS,
B* == )
4
~ C.+CH_-S,C.S,—S,CHS,
C.= 1 .

Using Lemma 2.1 again and the fact that A,[s|s] = O, B.[t|t] = O and C,[ulu] = O, we
obtain o
A, € 51,8, € 55,C, € 553.
It then follows from (2.3) that
 min __ |[AXA2 4+ BXA+CX - Z|| = |A XA + B.XA+C.X - Z|,
(A,B,C)ES] X So X Ss3
which implies that (/L, g*, 5*) is a solution to Problem 2.1. The proof is completed. O

Remark 2.5. From Proposition 2.4, we have that the solution to Problem 1.1 exists.

We also need the following lemmas in order to derive the normal equation of Problem
2.1.

Lemma 2.6. Let A € C"*" and X € HSC™*™. Then

<X, A— SnASn>

A0 ) = (X, G(A+ AT < 5,(A+ A)S,) ) = (X, )

Proof. For any A € C"*" and X € HSC™ ", we have

A~ 8,48, 1 1 1 1

_ %(X,A> - %(—X,A> - %<X7A> + %(X,A> — (X, A).
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Then
(A+AP) — S (A+AM)S, 1 A—-S,AS, A — 5 ARG,
< ’ 4 >_§(<X’ 2 )+ X 2 >)
1 A-S,AS, A—-S,AS, 1
= (0T + (X T ) = (X 4) + (X, 4) = (X, A).
The proof is completed. O

Lemma 2.7. Suppose that X € C"*", W; € §1, Wy € §2 and W3 € §3 Then
(EsETXE,ET Wh) =0, (E,Ef XE,EF  W3) =0 and (E,EL XE,ET , W3) = 0.

Proof. Since W € §1, Wy € §2 and W3 € §3, we immediately have ETW,E, = 0,
EtTWQEt =0 and E5W3Eu = 0. Hence

(E;,ETXE,ET W) = Re{tr(W{E,E'XE,E")}
= Re{tr(W,E,E'XE,ET)}
= Re{tr(E,EIW,E,ETX)} =0.

Similarly, we have (F;Ef XE,El' ,W5) = 0 and (E,EL XE,EL W3) = 0. The proof is
completed. O

Lemma 2.8 ([15]). Let X be a finite dimensional inner product space and let & be the
subspace of X. Assume that &= is the orthogonal complement of &. Then, for any X € X,
there exists an unique Gy € & such that

IX - Goll <X -Gl VG ee.

In this case, we say Gy is the projection of X onto the subspace &, denoted by Gy = Pg(X).
Moreover, Go = Pg(X) if and only if (X — Gq) L &, ie., (X — Gp) € &+L.

Lemma 2.9 ([27]). Let f(X) be a continuous and differentiable function on a linear sub-
space L of C"*™. Then there exists X, € L such that f(X.) = ?(111[1: f(X) if and only if
€

Pr(Vf(X.)) = 0.

Theorem 2.10. Let R = 7 — AXA? — BXA — CX. Then (/L,E*,é’*) s a solution of
Problem 2.1 if and only if it is a solution of the following system of matriz equations

R(XA)H + XA2RH — S, (R(XA*)H + X A2RH)S,

~E,ET[R(XA?)H + XA2RH — S, (R(XA%)H + XA2RH)S,|E.ET = O,
RXMH + XARH — S, (R(XAN)H + XARH)S,,

~E.EF[R(XA)H + XARH — S, (R(XA)? + XARH)S,|E,E] = O,
RXH + XR” — S, (RXH + XRH)S,

~E,ET[RX" + XR" — S, (RX" + XRH)S,|E,El = 0.

Proof. We first define the following function on §1 X §2 X §3:

f(A,B,C)=|Z—-AXA> - BXA-CX|>.

It is easy to see that (A, B, 6'*) is a solution of Problem 2.1 if and only if

f(A,Bi,Cy)= _ min f(g,é,é) (2.5)
(A,B,C)ESIX52><SS
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Lemma 2.9 implies that (2.5) is equivalent to

of B of B (ofN,
(D=0 25 (L)as =0 7o (L)oe—0. 0
Now we derive %, % and %. For any (My, My, M3) € C**™ x C"*"™ x C™*™ and

¢ € R, by the Taylor series expansion, we have

FA+EMy, B+eM, C+eM) = (A, B.O)+¢(5 f,M1>+g< O p)ve g M3 +o(6).

According to the basic properties of Frobenius norm and matrix inner product, we get( 2‘512
expression
FA+EM,, B+ &My, C + EMs)
= ||Z = (A+ M) X A* — (B + €M) X A — (C + EM3) X ||?
—|Z - AXA? = BXA—CX|?> —26(Z — AXA?> — BXA — CX, My X A% + MyX A+ M3 X)
+ &My XA + Mo XA + M3 X ||?
= (A, B,C) — 26(R, My X A% + MyX A+ M3 X) + €2|My X A% + MyX A + M3 X|?
= f(A,B,C) = 26(R(X A*)" My) — 26(R(X )M, Mp) — 26(RX M, My) + 0(¢),
which, together with (2.7), yields
6£ —2R(X A%)H, glj; —2R(XA)H, gg —2RXH. (2.8)
For any T; € §1, by Lemmas 2.6, 2.7 and 2.8, we obtain
(—2R(XA2)H Ty) = —%(R(XAQ)H + XARY — S, (R(X A2 + X A2RM)S,, T))

= —%(R(XAZ)H + XA2R” — S, (R(X AT 4 X A°R™)S,, — E,ET[R(XA*)T + X A?RH

—Sp(R(XAHT 4 X A2R™)S,|E.ET  T7). (2.9)

and
(2R(XAH)TTy) = (2R(XA*)T —Pg (—2R(XA*)T), Th) + (Pg (- 2R(X A*)7), Ty)
= (Pg, (—2R(XA*)"),T0). (2.10)

Together (2.9) and (2.10) yields

1
(Pg, (—2R(XAH)T),Ty) = —§<R(XA2)H + XA’RH — S, (R(XA*)" + X A*RH)S,,
—EET[R(XA*)T + XA°RY — S, (R(XA*)" + XA*R™)S,|E,EL, Ty).
It follows from the relation (2.8) and the arbitrariness of 7 that
AN 2NH
Ps. (37) — Py (- 2R(XA%)H)
1

- _E{R(XAQ)H + XA2R" + 8, (R(XA*)T + X A2R™)S,

~E,ETIR(XA)H 4+ XA2RY + S, (R(XA2)H + XA?RH)sn]ESEST}.
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Similarly

Pg(%) = —Pz, 2R(XN)T) = —%{R(XA) 4 XARH 4+ 8, ( (XA) L XARM)S,

— BET[R(XA)H + XARH + S, (R(XA)H + XARH)S
1
o
Ps. (%) = P (2RXH) = —§{RXH + XRY 4+ S, (RXH" + XRH)Sn
— B ETIRXH + XR" + S,(RXH + XRH)SH]EUEZ}.

By the relation (2.6), the result is established. The proof is completed. O

It is well known that many iterative methods for matrix equations are based on iterative
methods for linear system Ax = b, where A € C"™*"™ and b € C™. For the least squares
problem

min
zeCn

the LSQR and CGLS methods [8, 34] are all efficient. More importantly, CG-type method
overcomes the shortcoming of slow convergence of steepest descent method, and avoids
storing and computing Hessian matrix and its inverse of Newton method. Many researchers
have investigations into this direction. For instance, Zhou et al. [42] established a gradient-
based iterative algorithm for solving the coupled matrix equation. Based on CG method,
Lv and Zhang [32] raised a neat iterative algorithm in the least squares sense for solving a
periodic Sylvester matrix equation.

Motivated by the work mentioned above, we propose a nonlinear conjugate gradient
method for solving Problem 2.1.

b— Az|| for A€ C™" andbe C™, (2.11)

Algorithm 2.11. (Nonlinear conjugate gradient method (NCG) for Problem 2.1)

Step 0 Input X € C"*™, A = diag(A1, A2, ..., Am) € C™X s = (s1,82,...,8p,n+1—
Spy...,n+1—s9,n+1—-51) € Dopp, t = (t1,t2,... . tg,n+1—tg,...,n+1—ty,n+1—11) €
Dogn,u= (u1,u2,..., U, n+1—tr,....n+1—ug,n+1—u1) € Doy p, Ay € C2rx2p, B, €
C20%24 C, € C¥*2 A, € C"" B, € C"*",C, € C""and Z = —A,XA>~B,XA-C,X.
Choose the initial matrices A(1) € Sy, B(1) € S, and C(1) € Ss.

Step 1 Compute

R(1) = Z-Z(1)XA2_§(1)XA_6()

Pi(1) = R1)(XA)H 4 XA2RH(1) — S, (R(1)(XA*)H + X A2RH(1))S,
~E,ET[RQ)(X AT + XA2RH (1) — S, (R(1)(XA*)H + X A2R¥ (1))S,]EET,

Py(1) = RA)(XA)” + XARH (1) — S, (R(1)(XA)H + X AR (1))S,
~E.EFR()(XMH + XART (1) — S, (R(A)(XMT + XARY (1))S,|E.EF,

Py(1) = RM)XT +XRM)" - S, (R(HXT + XR™(1))S,

~E,EY[ROX" + XRH(1) - S, (R()XH + XRY(1))S,]E.ET.

Set M1(1) = —P1(1), Ma(1) = —P2(1) and M3(1) = —P5(1). Denote

P(1) O O M(1) O O
P(].) = 0] Pg(l) O and M(l) = 0 Mg(l) 0]
) O  P(1) 0 O Ms(1)
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Step 2 If ||R(k)|| = 0 or | P(k)|| = 0, stop. Otherwise, go to Step 3.
Step 3 Compute Q(k) = M (k)X A? + Ma(k)X A+ M3(k)X and

(M(k), P(F))

G (212)

o =

Update the sequences

A(k+1) = A(k) + o My (),
B(k + 1) = B(k) + o M (k),

Ck+1)=C(k)+ arMs(k), R(k+ 1) = R(k) — o Q(k),

Pi(k+1) = R(k+ 1)(XAHH £ XA2RT (k +1)
— Su(R(k +1)(XAHT + XA2RY (k + 1)),
— E,ET[R(k + 1)(XAHH + XA2RH (k + 1)
— Su(R(k +1)(XAH P + XA2RH (k +1))S,]EET,
Py(k+1) = R(k+ (XA + XART (k +1) — S, (R(k + 1)(XA)H
+ XARH(k 4+ 1))S, — B EF[R(k +1)(XA)7 + XARH (k +1)
— Su(R(k+ 1) (XAH + XARH (K +1))S,]E.ET,
Py(k+1)=RE+ DX + XR(k+ 1) - S, (R(k+1)XH
+ XR"(k+1))S, — E,ET[R(k+1)X" + XRH (k+1)
— Su(R(k+ )X + XRH(k 4+ 1))S,)E,EL.

Pi(k+1) 0 o)
P(k+1):( O  Pyk+1) o) )

o) O Pyk+1)

Denote

Compute
PGP

= TTPw 19

Update the sequences
M;(k+1) = =Pj(k +1) + B M; (k)

for 7 = 1,2,3. Denote

Mi(k+1) 0] O
MkEk+1) = (0] Msy(k+1) (@)
( 0 0 Ms(k+1) )

Step 4 Set k =k + 1, go to Step 2.

Remark 2.12. According to Lemma 2.1 and Algorithm 2.11, it follows that matrix se-
quences generated by Algorithm 2.11 satisfy {A(k)}, {Pi(k)}, {Mi(k)} € Si, {B(k)},
{Pa(k)}, {Ma(k)} € Sz and {C ()}, {Ps(k)}, {Ms(k)} S Ss.
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Remark 2.13. If ||R(k )|| = 0, then (ﬁ(lc),é(f;),é(fc)) is a solution of matrix equation
AXA?+ BXA+CX —Z = O. That is, (A(k), B(k),C(k)) is a solution of Problem 2.1 and

___ min |AXA2 4+ BXA+CX — Z|| = 0.
(A,B C)651XSQ><S';

If | P(k)|| = 0, then (A(k), B(k),C(k)) is a solution of Problem 2.1 and

~ _min _ |AX A%+ BXA+CX — Z| > 0.
(AB )€S1><SQ><S3

Now, we list some basic properties of Algorithm 2.11.

Lemma 2.14. Let the sequences {P(k)} and {M(k)} be generated by Algorithm 2.11. Then
(M(k),P(k+1))=0.
Proof. We first define G1(k), G2(k) and G3(k) as follows:

G (k) = QUR)(X A2 + XA2QM (k) — S, (QUR)(X A2 + XA2QM (k))S,
QUK A2)T & X AR (K) - 5,(QUENX A + X A2QM (K)S, ). BT,
QUA(X A + X AQH (k) — $,(Q(K) (X ) + X AQ™ (k))S,
— BETIQUR)(XA)" + XARH (1) - S,(QU)(XA)H + XAQH (1))S,] B ET,
Gak) = Q)X + XQ(k)™ — S, (Q(K)X + XQ' (k))S,
— BLETIQU) X + XQH (k) — Su(QUe) X + XQH (k))S, | B, BT

Q(k)
EET
Ga(k) =

Since R(k + 1) = R(k) — o Q(k), it follows that
Pi(k+1) = R(k+1)(XAHH + XA2R* (k +1) — S, (R(k + 1)(XA%)H
+ XA2RH (k 41))S,, — EsET[R(k +1)(XA*)H + XA2RH (k +1)
— Su(R(k +1)(X AT + XA2R¥ (k + 1)) S, EsEL
= Pi(k) — ax[Q(R)(X AT + XA2QY (k) — S, (Q(R)(X AT + X A*Q (K))S,
— EE][Q(R)(XA*)T + X A2RM (k) — Sn(Q(k)(X AT + X A2Q™ (k) S, ESE;
= Pi(k) — oGy (k).

Similarly, we have Py(k + 1) = Pa(k) — a,G2(k) and P3(k + 1) = P3(k) — ayGs(k). Then

3
(M(k), P(k +1)) = S (M k) — G (k) = (M(K), P(k)) — ci (M (k), G (k) (2.14)

Jj=1

On the other hand, by Algorithm 2.11, Lemmas 2.1, 2.6 and 2.7 and Remark 2.12, it follows
that

(My(k), G1(K))

Sn(QR)(X A% + X A2Q" (K))Sh,
—E.ET[Q(k)(XA?)H 4 X A2QH (k)
Sn(QUR)(X A% + X A2Q" (k))Sn]E.EL)
= < 1(K), Q(R)(X A%)T + X A2Q" (k)
Sn(QR)(X A% + X A2Q (k))S,)
= 4<M1(k),Q(k)(XA2> ) = 4(My (k)X A%, Q(k)).

< 1(k), Q(R) (X A1) + X A*Q™ (k)
(
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Similarly, we have

(Ma(k), Ga(k)) = 4(M2(k) X A,Q(k)) and (Ms(k),G3(k)) = 4(M5(k) X, Q(k)).

Hence

which, together with (2.12) and (2.14), yields

(M(k),P(k+1)) = (M(k), P(k)) — cr(M(k),G(k)) = (M(k), P(k)) — 400(Q(k), Q(K))
(M(k), P(R)) | oo
—omE 19®IF=o.

The proof is completed. O

= (M(k),P(k)) — 4 x

Lemma 2.15. Let the sequences {M(k)} and {P(k)} be generated by Algorithm 2.11. Then
(M(k), P(k)) = || P(k)||*.
Proof. For k =1, since M;(1) = —P;(1), we immediately have

j=1 j=1
For k > 2, it follows from Lemma 2.14 that

(M(kE+1),P(k+1)) Pi(k+1)+ BxM;(k), Pj(k + 1))

|
Mw

=1
=IIP(k +1)[I* + Br(M (k), P(k + 1)) = || P(k + 1)]]*.

The proof is completed. O
Lemma 2.16. Let the sequences {M(k)} and {P(k)} be generated by Algorithm 2.11. Then

Z HP

Proof. By direct calculations, we have

||4

(2.15)

IQUI? = [[Mi(k)XA? + My (k)X A+ Ms(k)X|*
= H ((XAQ)T ® I)Vec(M1(k:)) + ((XA)T ® I)Vec(M2(k:)) + (XT ® I)VeC(Mg(kz))H2
H ( vee(Mi (k) \ ||I?
= [[((XA)T el (XA)Tol XTI )| vee(Ma(k))
vec(M;(k))
vec(Mi(k)) ?
< XTI (XA)Tel XTeI) || vec(Ma(k))
vec(Ms3(k))

92 [vee(M; (k))|I* = 92 1M (k)|[* = 01| M ()1, (2.16)
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where

o=||( (X7 eT (XANTel XTol)|.
According to Algorithm 2.11, Lemmas 2.6 and 2.7, we obtain

IR(k +1)|I* = [ R(k) — axQR)|* = [|R(E)||* — 200 (R(K), Q(K)) + o | Q)]
= | R(k)[I* — 20k (R(k), My (k)X A% + Mo(k) X A+ M3 (k)X) + o ]| Q(K)|®

= |R(K)||* — 2a, [<R(k)(XA2) s My (R)) + (R(E)(X )T, M (k) + <R(k)XH,M3(k)>}
+azllQ(k)|?
= | R(k)||* — %{(R( J(X A2 + X ARY (k) — S (R(k)(XA*)™ + X AR (k))S,,
— E,ET[R(k)(XA*)H + X A2R (k) — S, (R(k)(XA*)H + XA*RH (k))S,|E,EL, M (k))
+ (R(k) (XN + XARM (k) — Sp(R(k)(X )T + X AR (K))S,
— BEL[R(k)(XA)T + XAR™ (k) — Su(R(E)(X )" + XAR™ (k) S| B B[, Ma(k))
+ (R(k) X" + XRH (k) — Sp(R(k)X™ + XR" (k))S,
— B ET[R(E)XH + XRH (k) — Sp(R(E)XH + XRH (k) S, ELET, Mg(k)>}
+azllQ(k)|?
= |R(k)|? - 5 [(Pr(k), Mi(k)) + (Po(k), Mo (k) + (Ps(k), M (k)] + ai | Qk)|?

— IR - %<P<k>,M<k>> ot QP
= |R(R)|* = S(P(k), M(K)).
This implies that
o (M), PH)?

IR(k + 1)|I* = |R(k)[* =

_Z<P(k)’M(k)> = _ <0. (2.17)

16 JemIz

Then the sequence {||R(k)||*} is decreasing and its limit exists. Hence, by Lemma 2.15 and
the relations (2.16) and (2.17), it follows that

M (k) > P(k))?
<||(M ||2 Z k)

WE

= || P(k)||*
Z ||||M((k)) 2
k=1

i
[

1 k=1

1692 1Rk 2 = | R(k + 1>|\2} = 160 R()|* — tim [ R(k)[2] <

The proof is completed. O

Theorem 2.17. Let {P;(k)}(j = 1,2,3) be generated by Algorithm 2.11.  Then
klim |1P;(k)|| =0 for j =1,2,3.
—00
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Proof. By Lemma 2.14, it follows that

1Mk + 1) = ZHM (k+1)| ZH— (ke + 1) + B ()|

Hsz—s—l)H —25k< (k+1), M(k) +ﬁkHM H

P(k+1)
= s o tfarcol = e o+ B v
Then ) )
M@+ 1 M) -
I1P(k+DI*  IPE+DIZ - [[PE)]*
Let t, = ‘||\Alf((lf))|‘|lj . According to the relation (2.18), we immediately have
thy1 =t __t (2.19)
=R RG DIE |

We now prove this result by contradiction. Assume that klim IP(k)|| # 0. Then there exists
—0o0

a positive number ¢ > 0 such that ||P(k)|| > ¢ for all £ > 1. It follows from the relation
(2.19) that

k+1
tk+1<to+T,

which implies that

=1 5
— > — = 0. 2.2
Ztk_z5t0+k+1 o0 ( O)

k=1 k=1
which obtains a contradiction. Hence klim IP(E)|| = 0, and then klim | P;(k)|| = 0 for
— 00 —00
j =1,2,3. The proof is completed. O

Finally, we consider the least Frobenius norm solution of Problem 2.1. The following
lemma is needed for the main result.

Lemma 2.18. Suppose that (Z*, E*, 5*) is a solution of Problem 2.1. Then, an arbitrary
solution (A, B,C) of Problem 2.1 can be expressed as

(A,B,C) = (A, + Wy, B, + Wy, Cs + W), (2.21)
where (W1, Wa, W3) € §1 X 52 X §3 satisfies
WX A2+ WoXA+WsX = 0. (2.22)

Proof. For an arbitrary solution (ﬁ, g, 6’) of Problem 2.1, we first define the following ma-
trices
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Obviously (Wy, Wa, W3) € Sy x Sy % §3. Let R, = A, XA?2+ B.XA+ C.X — Z. Since
(As, By, Cy) is a solution of Problem 2.1, it follows from Theorem 2.10 that

(AL XA+ B, XA+ C. X — Z W XA? + Wo XA+ W5X)
= (R(XAHT W) + (R(X )T W) + (RXTW3)

- i{m*(XA?)H + XA2R! — S, (R.(X A2 + XA2RM)S,

—E,ET[R(XA)H + XA2RE — S, (R(X A + X A2RE)S,|E,ET W)
+(R (XM + XART — S, (R (XA)H + XAR!)S,,

—E.EFR.(XNT + XARH — S, (R.(XMN) + XAR™)S, |E,ET W)
+HR. X"+ XRE - S, (R.X" + XR!)S,

~EETR.XT + XRY — S,(R. X" + XR!)S,|E,ET, W3>} =0

Then

|AXA? + BXA+CX — Z|]?

= [|(A, + W)X A%+ (B, + W) XA+ (C + W3)X — Z|?

= |4 XA+ B.XA+C.X - Z|?
+2(A, XN + B.XA+ C.X — Z Wi XA2 + WX A+ WsX)
HIW1 X A2 + Wo XA+ W3 X |2

= JAXA2+B.XA+C. X = Z|? + W1 X A% + WoX A+ WsX |2

This implies that
WX A2+ W XA+ WsX = 0.

The proof is completed. O

Theorem 2.19. If we choose the initial matrices A(1), B(1) and C(1) as follows:

A1) = Y(1)(XA2)H 4 XA2YH (1) — S, (Y (1) (X A2)H + X A2Y H(1))8,

— E;ET[Y(1)(XA)H + XA2YH (1) — S, (Y (1)(XA%)H + X A2YH(1))S,]E,ET,
B(1) =Y ()X + XAYH (1) — S, (Y (1)(XA)H + XAV (1)7)S,

— E.ET Y (1)(XA)H +XAYH(1) S, (Y ()(XA)H + XAYH(1))S,|EEF,
G(1) = Y()XH + XY (1) — $,(Y (X" + XYH(1)S,

B ETY()XF £ XY (L) - §,(Y(UXH + XYH(1)S,]E,ET

2.23

where Y (1) € C"™™ 4s an arbitrary matriz (especially, take Y (1) = O), then the sogutimz,

(A, By, 5'*) given by Algorithm 2.11 is the unique least Frobenius norm least squares solution
of Problem 2.1.

Proof. Assume that the initial value (A(1), B(1),C(1)) is chosen as in (2.23). According to
Theorem 2.17, the solution (A, B, Cy) can be obtained by Algorithm 2.11 and it has the
following form:
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A, =Y (XA2)H £ XA2YH — 5, (V(XA2)H + XA2YH)S,

— EET[Y(XAY)H 4 X2y H — 5, (V(XA2)H + XA2YH)S,|E,ET,
B, =Y(XMH 4 XAYH — S, (Y (XN + XAYH (k))S,

— BEFY(XANH 4 XAYH - S, (Y(XA)H + XAYH)S,|EET,
C,=YXH 4 XyH _ 5 (YXH 4 XYH)g,

—EETYXH 4 XyH — 8, (vXH" + Xy")S,|E,ET.

(2.24)

Now suppose that (}L B, 5) is an arbitrary solution of Problem 2.1. It follows from Lemma
2.18 that there exists (Wy, Wa, W3) € 51 X Sy x S5 such that

(A,B,C) = (A, + W1, B, + W, G, + W) (2.25)
and
WX A2 - WoXA+WsX = 0. (2.26)
By the relation (2.26) and Lemmas 2.6 and 2.7, we have

(A W1) + (B, W) + (Cy W) = 4V (XA2)T W) 4+ 4 (X A)T W) + 4V XT, Ws)
= 4V W XA+ WoXA+WsX) =0,

which, together with (2.25), yields

IAI + B + ICII* = | Ay + W|? + | B. + W2 + | Cs + W5
= JAPH B + (Cal* + 1WA + Wl + [ Wslf?
+2[(A, W1) + (B, Wa) + (C.., W3)]
= JAP+ B + 1ClP + WAl + [IWall® + [Wsl* > | A7 + [|B7|* + 1IC. >

This implies that the solution (Z*, E*, 6*) is the least Frobenius norm solution of Problem

2.1. The proof is completed. O

Iterative Method for Problem 1.2

In this section, we will establish an iterative method for solving Problem 1.2. For given
A, B,C € C"™ and an arbitrary solution (A4, B,C) = (A+ A,, B+ B,;,C + C,) € Sg. Let
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p—; ~ ~

A =A—A, B =B-B,and C' =C — C,. Then

— — — ~ — ~ -/ ~ —/
IA=A? + 1B = BIIP + |C = C|P = [[A- A +[|B - B> + |C - C|

H2

A +AT e - BaBTe -
= [a- 25 B - 25 e - ©

’

2 2
LS A il

H_5.(B +B™s,

= 3
_ HA_AIJrA/H—SZ(A/JrA/H)Sn 2+H§_§ +B
+H5_o’+o’H_sZ(c’+c'H>sn 2+HA' —QAH
B-B"p d-c"p
H=—I"+|==—

~ - A A" s, @+ AMNs, —BETA + A" — 5, +A ™S, |EET

617

2

2

4
5 B+ B" 5. B +B™S, - EE'B +B" —5,B +B")S.EET Hz
4
e . C v 5@ +T™S, — B ETC + T —5,(C +T )8, | E ET

4
EETA +A" —s,A +A"s,]E,ET
4
EE'B +B" —s5.(B +B/H)Sn]EtEtT‘ 2
4
ELET[C + T~ 5,(C +T ™8, E ET ‘2
4

2

—r  —'H —'H / —'H

+A—A “2+"B/—B ||2+H€—C ‘2
2 2 2 '

b

)

Let
LA A" s,@+AMs, - ESESZ[A’ + A" s, @ +A")S,EET
i +BY 5, B +B™"S, —EBE'A+B" —8,(B +B")S,|EE"
4
and
o T+ c” s, @+c™s, - EETA+C" — 5, m’H)sn]EuE;

4

(3.1)

(3.2)

(3.3)

(3.4)
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It is easy to see that (A,B,C) € Sy x Sy x S3. And, it follows from (3.1)—(3.4) that

|A—=A|?+[|B - B|* +|C-C|?
EETA + A" —5,(A + A8, EET |2
4

= A= AP+ B -BIP+C-c)?+|

EE'B +B" - 5,(B +B")S,EE"
1

BEETIC +C " — s, +T"s,|B,ET
1

’ / ’

‘ 2

_|_

2

+

N L A e
2 2 2 ’

N (3.5)

By direct calculations, we have

~ min __ |AXA? 4+ BXA+CX - Z|
(A,B,C)651XSQX53
=  min__ (A-AXA+(B-B)XA+(C—-C)X — (Z - AXA> - BXA—-CX)|.
(A,B,C)Esl X S2 X S3
Denote Z = Z — AXA2 — BXA—CX. Then
min |AXA% + BXA+CX — Z|

(A,B,C)eS; x 53 %83

= _ min __  |(A-AXA2+(B-BXA+(C-0)X - Z|. (3.6)
(A—A,B—B,C—C)€S1 X S2x S3

According to (3.5) and (3.6), it follows that

min [~ A*+ B - B|* +||C - C||*]
(A,B,C)eSE

is equivalent to finding a least Frobenius norm solution of the following problem

~_min __||JAXA*+BXA+CX - Z|], (3.7)
(A,B,C)€S1 xS2xS3

where

Acd-a_g A+ A" s, +A")s, - BETA + A" — 8, (A +A")S,|BET
A a—d_ ! |

5.5 5.5 FAB - S.B+B")S. - BEB +B" - $.B + B ")S.E BT
_B_B_B_ 4 |

G CAT" = 5.C +T™)s, — EFIC +T " — 8.(C +T )8, BEL
_ _ : |

By applying Algorithm 2.11, we can obtain the unique least Frobenius norm solution (.Z*, B. , C~*)
of the problem (3.7). Then the unique solution of Problem 1.2 can be obtained as follows:

- A A" —s,@+a"s, - B EA A" — 5, +A")S)BET <

A=A+ 4 + 4,
— —'H — —'H ., 'y _, iy
B-pg BB —SB B >Sn—EtEtZ[B +B" B+ BYSEE | 5

5 C+C" =5, +C"8, ~ BEIC +T" 5, +T")SIEEL | 5
4 N
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Numerical Experiments

In this section, we report some numerical results to illustrate the efficiency of the proposed
method and verify conclusions in this paper. All of the tests were run on the Intel (R) Core
(TM), where the CPU is 2.40 GHz and the memory is 8.0 GB. The programming language
is MATLAB R2015a. In view of the influence of round-off errors, we regard a matrix 1" as

the zero matrix if (T, T) < 10719

Example 4.1. Consider the following quadratic inverse eigenvalue problem

where

0.8147 + 0.69481
0.9058 4 0.3171z
0.1270 + 0.9502:
0.9134 + 0.03444
0.6324 + 0.4387i
0.0975 + 0.3816¢

0.2785 + 0.76551
0.5469 + 0.79524
0.9575 + 0.1869¢
0.9649 + 0.48984
0.1576 + 0.44561
0.9706 + 0.64631

AXA? 4+ BXA+CX =0,

0.9572 + 0.70944
0.4854 + 0.75471
0.8003 + 0.276014
0.1419 + 0.67974
0.4218 + 0.655114
0.9157 + 0.1626¢

0.7922 + 0.11904
0.9595 + 0.49841
0.6557 + 0.9597:
0.0357 + 0.34044
0.8491 + 0.58531
0.9340 + 0.2238i

0.6787 4+ 0.75137
0.7577 4 0.2551¢
0.7431 4 0.50607
0.3922 + 0.6991:
0.6555 + 0.8909:z
0.1712 + 0.95934

0.7060 + 0.54724
0.0318 + 0.13861
0.2769 + 0.1493¢
0.0462 + 0.2575¢
0.0971 + 0.84074
0.8235 4 0.25434

and A = diag(4.6176 + 0.28167,1.1012 + 0.4456¢,0.4056 + 0.27604, —0.4480 + 0.11903,

—0.0826 + 0.0344:,0.1136 + 0.22381).
0.25 + 0.017
—0.25 - 0.01%

(
(

f

0.05 + 0.012
0.2+ 0.02¢

= —A XA% —

4.6417 + 0.67907
—0.1328 — 0.08134
—0.0974 — 0.2052z

1.8788 — 0 51501

~05+02 \ 5 _ 0.25 ~0.5+0.2i
0.25+0.01i )° 79 = \ —0.25-0.01 0.25+0.01i
0.15 + 0.03;
0.1+ 0.01i ) Then
0 0 0 0 0 0
0 0254001 0 0 —05+02 0
i_lo 0 0 0 0 0
r= 1o 0 0 0 0 0|
0 —025-001 0 0 0.25+0.01 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0.25 00 —05+02 0
~ 0 0 0 0 0 0
Ba=1 0 0 0 0 o |’
0 —025-001i 0 0 0.25+0.01i 0
0 0 0 0 0 0
00 0 0 00
00 0 0 00
& | 0 0 005+001 015+0.03 0 0
"~ o0 0 024002 01+001 0 0 |
00 0 0 0 0
00 0 0 00
B,XA-C,X =
0 0 0

0
0.0901 + 0.0309%
—0.1760 — 0.12134
—0.2794 — 0.1152:
0.0682 + 0.32707
0

0.0834 + 0.13844
—0.0381 — 0.12801
—0.1619 — 0.14064
—0.0054 + 0.0201%

0

—0.0790 + 0.0019:

—0.0183 — 0.10677

—0.1121 — 0.23951

—0.0072 + 0.0057%
0

Let s = {2,5}, t = {2,5}, u = {3,4},

—0.0316 — 0.01037

—0.0700 — 0.14947

—0.1707 — 0.1899i

0.0021 + 0.01314
0

A, =

) and C,

0
—0.0847 + 0.0854%
—0.0116 — 0.05027
—0.0544 — 0.06161

0.0477 — 0.01601

0
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First, we illustrate the efficiency of Algorithm 2.11 for solving the quadratic inverse eigen-
value problem. Let the initial matrices A(1) = B(1) = C(1) = zeros(6,6). By Algorithm
2.11, we obtain the least Frobenius norm solution of Problem 1.1 after 69 iterative steps as
follows.

/L,NCG = XNCG(69) + Zp =

1.3332 — 0.0000  —0.0959 — 0.65507  0.3883 4 0.45567  —0.2133 — 0.1127¢  —0.8091 — 0.33597  0.0000 + 0.62047
—0.0959 + 0.65507 0.25 + 0.01i —0.6988 — 0.2109:  0.1047 — 0.0930z —0.5+0.2i 0.8091 — 0.33594
0.3883 — 0.45561  —0.6988 4+ 0.2109¢  0.0751 — 0.00007% 0.0000 — 0.0439¢  —0.1047 — 0.0930¢  0.2133 — 0.1127:
—0.2133 +0.1127¢  0.1047 + 0.0930z  —0.0000 + 0.0439:  —0.0751 + 0.0000z  0.6988 — 0.2109¢  —0.3883 + 0.45561
—0.8091 + 0.3359:2 —0.25 — 0.01i —0.1047 + 0.0930¢  0.6988 + 0.2109: 0.25 + 0.01i 0.0959 — 0.65501
—0.0000 — 0.62047  0.8091 + 0.33597 0.2133 +0.1127¢  —0.3883 — 0.4556¢  0.0959 + 0.6550¢  —1.3332 + 0.000047

B. nce = Bnea(69) + By =
—0.8631 + 0.00007 0.5177 4+ 0.535317 —0.1306 — 0.2102¢ —0.5186 — 0.8008% 0.4984 + 0.33611% —0.0000 — 0.8201%

0.5177 — 0.53531 0.25 0.1804 — 0.8582i  —0.0705 + 0.44714 —0.5 +0.2i —0.4984 + 0.33612
—0.1306 + 0.2102¢  0.1804 + 0.85827  —0.6414 + 0.0000¢  —0.0000 — 0.1609¢  0.0705 + 0.44717 0.5186 — 0.8008z
—0.5186 4 0.80087 —0.0705 — 0.44717  0.0000 + 0.16097 0.6414 — 0.0000¢  —0.1804 — 0.85827  0.1306 — 0.2102% !

0.4984 — 0.33614 —0.25 — 0.01i 0.0705 — 0.4471¢  —0.1804 + 0.8582% 0.25 + 0.01i —0.5177 + 0.5353¢

0.0000 + 0.82017  —0.4984 — 0.33617  0.5186 + 0.80081 0.1306 +0.2102¢  —0.5177 — 0.53537  0.8631 — 0.0000%

Cineg = Onea(69) + Cr =

—0.1761 4 0.0000z  0.0071 — 0.06327 0.0298 +0.0820¢  —0.0113 +0.1228;  0.1681 — 0.20184 0.0000 + 0.1091%
0.0071 + 0.06321 0.3339 — 0.0000¢  —0.0686 + 0.0594i —0.1465 + 0.1472:  0.0000 + 0.00337 ~ —0.1681 — 0.20184
0.0298 — 0.0820¢  —0.0686 — 0.05944 0.05 + 0.01i 0.15 + 0.03i 0.1465 + 0.14724 0.0113 + 0.1228i

—0.0113 — 0.12287  —0.1465 — 0.14721 0.2 4+ 0.02i 0.1+ 0.01i 0.0686 + 0.05947  —0.0298 + 0.08204
0.1681 4+ 0.2018  —0.0000 — 0.00337  0.1465 — 0.14721% 0.0686 — 0.05947  —0.3339 + 0.0000¢ —0.0071 — 0.06327

—0.0000 — 0.10917  —0.1681 4 0.2018;  0.0113 — 0.1228;  —0.0298 — 0.0820: —0.0071 4 0.06327  0.1761 — 0.00007

At this moment, the norms of R(k) and P(k) are || R(k)|| = 2.1513 and || P(k)| = 7.4137e—11,
respectively. The relationship between the number of iterations and the norm of P(k) is
shown in Figure 1. Figure 1 illustrates that Algorithm 2.11 is efficient for solving the
constrained quadratic inverse eigenvalue problem.
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Figure 1: The relationship between the number of iterations and the norm of P(k) for
Example 4.1

Second, we compare Algorithm 2.11 with the CGNR method developed by Hajarian and
Abbas [24]. For fairness, we also choose the zero matrices as the initial values. By the
CGNR method, we obtain the solution of Problem 2.1 after 67 iterative steps as follows.
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Acenr(67) =
1.2846 + 0.00007 —0.1124 — 0.64077 0.3666 + 0.43257 —0.2154 — 0.09087% —0.7429 — 0.34431 0.0000 + 0.64957
—0.1124 + 0.6407¢ 0.0206 + 0.0000i —0.6837 — 0.22601 0.0929 — 0.13507 0.0000 + 0.0742i 0.7429 — 0.34431
0.3666 — 0.43251 —0.6837 + 0.226017 0.0645 + 0.00007 0.0000 — 0.04017 —0.0929 — 0.13507 0.2154 — 0.0908:
—0.2154 + 0.09087% 0.0929 + 0.1350: 0.0000 + 0.04017 —0.0645 + 0.00007 0.6837 — 0.2260: —0.3666 + 0.43257
—0.7429 + 0.34437 0.0000 — 0.0742i —0.0929 + 0.1350¢ 0.6837 + 0.22607 —0.0206 + 0.0000i 0.1124 — 0.64077
0.0000 — 0.64951 0.7429 + 0.34431 0.2154 + 0.0908% —0.3666 — 0.43257% 0.1124 4 0.6407% —1.2846 + 0.00007

Beanr(67) =

—0.8897 4-0.0000z  0.5512 + 0.5673¢  —0.1055 — 0.1817¢ —0.4905 — 0.80841 0.5023 + 0.30014 0.0000 — 0.8655%
0.5512 — 0.56737  0.0728 + 0.0000i  0.1803 — 0.8202¢  —0.0926 + 0.5108;  0.0000 + 0.0396i  —0.5023 + 0.30013%
—0.1055 +0.1817¢  0.1803 + 0.8202¢  —0.6147 4 0.00002  0.0000 — 0.16817 0.0926 + 0.5108: 0.4905 — 0.80841

—0.4905 + 0.80847 —0.0926 — 0.5108% 0.0000 + 0.16814% 0.6147 4+ 0.00007 —0.1803 — 0.82027 0.1055 — 0.18174
0.5023 — 0.30014 0.0000 — 0.0396i 0.0926 — 0.5108: —0.1803 + 0.8202¢ —0.0728 + 0.0000i —0.5512 + 0.56731
0.0000 + 0.86551 —0.5023 — 0.30017 0.4905 + 0.80841 0.1055 4+ 0.18177 —0.5512 — 0.567317 0.8897 + 0.0000¢

Ccoenr(67) =

—0.1764 + 0.0000% 0.0234 — 0.06244 0.0200 + 0.0848: —0.0243 + 0.12007 0.1750 — 0.19944 0.0000 + 0.10284%
0.0234 + 0.06241 0.3266 + 0.0000: —0.0635 + 0.04067% —0.1431 + 0.14767% 0.0000 4+ 0.01374 —0.1750 — 0.19941
0.0200 — 0.0848: —0.0635 — 0.04067 —0.0015 + 0.0000i 0.0000 — 0.0213i 0.1431 + 0.14761 0.0243 + 0.12007

—0.0243 — 0.1200¢  —0.1431 — 0.1476¢  0.0000 + 0.0213i  0.0015 + 0.0000i  0.0635 + 0.0406i  —0.0200 + 0.08484
0.1750 + 0.19944 0.0000 — 0.01374 0.1431 — 0.14764 0.0635 — 0.0406¢  —0.3266 + 0.0000  —0.0234 — 0.06241
0.0000 — 0.1028  —0.1750 4 0.19944 0.0243 — 0.1200: —0.0200 — 0.0848:  —0.0234 + 0.0624¢  0.1764 + 0.0000z

It is easy to see that Acangr(67)[s|s] # O, §C~GNR(67)[t|t] # O and GCGNR(§7)[U|’LL] #
O. The reason is that the iterative sequences {Acenr(k)}, {Bcanr(k)} and {Coenr(k)}
generated by CGNR method can not satisfy

Acanr(k)[s|s] = O, Beanr(k)[tt] = O, Coanr (k) [ulu] = O.

In other words, the submatrix constrained solution generated by CGNR method can only
be approximated. _ B

By contrast, our proposed method projects the iterative sequences { Anca (k) }, { Bnea (k) }
and {5Ncc;(k:)} to linear subspaces §1, S, and §3, respectively. Hence, we always have

Axca(k)[s|s] = O, Bea (K)[Ht] = O, Cxee (k) [ulu] = O.

This illustrates that our proposed method can solve the submatrix constrained quadratic
inverse eigenvalue problem more accurately.

Concluding Remarks

This paper is concerned with the least squares solution of a class of constrained quadratic
inverse eigenvalue problem and its optimal approximation problem. We propose a nonlin-
ear conjugate gradient method for finding the solution over Hermitian centroskew matrices
with a submatrix constraint. The convergence analysis of the proposed method is given.
Numerical results illustrate that the proposed method is efficient for the quadratic inverse
eigenvalue problem.
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