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Abstract: In this paper, we introduce a new variance-based proximal backward-forward algorithm with
line search for stochastic mixed variational inequalities, which only needs to compute one proximal operator
per iteration. Particularly, the proposed algorithm only requires the mapping F' to be g-pseudomonotone
and does not need to know any information of the Lipschitz constant of the mapping while other similar
methods require the monotonicity and the information of the Lipschitz constant. Moreover, we analyse some
properties of the proposed algorithm related to the asymptotic convergence, the linear convergence rate with
finite computational budget and the optimal oracle complexity under some moderate conditions. Finally,
some numerical experiments are given to show the efficiency and advantages of the algorithm introduced in
this paper.
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Introduction

Let g : R™ — (—00, +00] be a proper, convex and lower semicontinuous function. Denote by
domg its domain, that is domg := {& € R" : g(z) < +0o0}. Let F : R” — R" be a mapping.
The mixed variational inequality (MVI) problem is to find 2 € domg such that

(F(x),y —x) +g(y) —g(z) > 0, Yy € domg.

This problem is a generalization of variational inequalities and optimization problems and
has wide applications in the fields of economics, structural engineering, physics and nonlinear
programming. Numerous results have been obtained by many authors in the literatures; see
[8, 9, 10, 11, 12, 20, 22, 23, 29, 30] and the references therein.

In fact, there exist a lot of problems that may be affected by uncertainties in real life,
and ignoring these factors may cause serious economic or social damage. Besides, the MVI
models with random variables are also used in many practical problems, for example, the
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game of suppliers and manufacturers where the price of raw materials provided by the
suppliers is not fixed, and even may be affected by such as the weather, the market supply
and demand, the mode of transportation and the international exchange rate. This implies
that the existing algorithms for the MVI may not be applied directly to solve the problems
with random factors. Therefore, it is of great significance to study the stochastic mixed
variational inequalities under such realistic background and demand.

In this paper, we consider the following stochastic mixed variational inequality (SMVT)
problem: find x € domg such that

(E[f(z,&(w))],y — =) +g(y) — g(x) > 0, Vy € domg, (1.1)

where E denotes the expectation operator and f(x,&) : R™ x E — R" is measurable with
respect to a random function £ : Q@ — = C R™ defined on probability space (2, F,P) and
continuous with respect to . The SMVI has received much attention due to its extensive
applications in many fields such as stochastic optimization problems, stochastic saddle point
problems and stochastic nash equilibrium problems; see [11-16] and the references therein.
Denote by X* the set of solutions for the SMVI. In what follows, we denote by F(z) :=
E[f(z,&(w))]. If g is the indicator function of a closed and convex set X, then the SMVI
reduces to the stochastic variational inequality (SVI) problem: find 2 € X such that

(E[f(z,§(w))],y —2) 20, Vy € X.

Note that the probability distribution of the random variables may not be known com-
pletely in general, so the existing numerical methods for the SVI are not applicable to the
SMVT directly. With this in mind, some methods such as the stochastic approximation (SA)
method and the sample average approximation (SAA) method have been developed to deal
with the involved expectation. Particularly, it has been shown that the SA method may be
efficient in dealing with large-scale problems. To this end, the algorithm proposed in this
paper for the SMVI is also based on the SA method.

The SA method was initially introduced by Robbins and Monro in [26] for solving stochas-
tic root-finding problems. The first SA-based projection method for the SVI was introduced
by Jiang and Xu [16] and they proved the convergence when the mapping F' is strongly
monotone and Lipschitz continuous. Yousefian et al. [34] proposed a SA-based projection
scheme with distributed adaptive stepsize to deal with a Cartesian SVI in which the map-
ping F is still assumed to be strongly monotone and Lipschitz continuous. Koshal et al. [19]
proposed a stochastic iterative Tikhonov regularization method for the SVI, its convergence
requires the mapping F' to be monotone and Lipschitz continuous. Iusem et al. [15] gave
an incremental projection method with regularization for Cartesian SVI, whose convergence
needs the mapping F' to be monotone and Lipschitz continuous. Yousefian et al. [35] de-
veloped a regularized smoothing stochastic approximation scheme for the SVI where the
mapping F' is monotone and non-Lipschitzian. For more results on the SA method for the
SVI, we refer to [7, 15, 17, 18, 31, 35, 36, 37] and the references therein.

Recently, to improve the iteration complexity and convergence speed, some improved SA-
based methods were proposed by replacing the expected value function through the averages
of increasing sample size of sampled functions. Particularly, Tusem et al. [13] developed a
dynamic sampled SA-based extragradient method for the SVI, whose convergence requires
the pseudo-monotonicity and Lipschitz continuity of the mapping. Since the Lipschitz con-
stant may be unknown or it is difficult to estimate, Iusem et al. [14] proposed a dynamic
sampled stochastic approximated extragradient method with line search for the SVI where
the Lipschitz constant is not necessary to be known. Zhang et al. [42] proposed an infeasi-
ble single projection algorithm with line search for the pseudo-monotone SVI, which needs
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only one projection per iteration and the algorithm works without any information of the
Lipschitz constant of the mapping. Recently, Yang et al. [38] developed a variance-based
modified backward-forward algorithm with a stochastic approximate version of Armijo’s line
search for the pseudo-monotone SVI, which requires only one projection at each iteration.
Based on this, one motivation of this paper is to extend the algorithm introduced in [38] to
solve the SMVT under some moderate conditions.

Compared to the SVI, there are few papers to study the SMVI. In 2020, Mishchenko et
al. [24] introduced an extended extragradient method to solve the SMVI and proved the
convergence of their algorithm when the mapping F' is monotone. Yang and Lin [32] proposed
two fast variance-based proximal gradient algorithms for the SMVI, where both of them
require two oracle calls per iteration. They investigated the convergence rate and the oracle
complexity bound for the algorithms based on the monotonicity of the mapping F. Very
recently, Yang and Lin [33] proposed three variance-based single-call proximal extragradient
algorithms with high computational efficiency for the SMVI. Moreover, these algorithms
require only one evaluation of the expected mapping at each iteration, but the convergence
requires the mapping F' to be monotone and Lipschitz continuous. It is obviously shown
that the monotonicity assumption of the mapping F' is a little strong, and many functions
may not satisfy this condition in practice. Therefore, another motivation of this paper is to
develop a SA-based algorithm to solve the SMVI problem under weaker assumptions.

Contributions. Inspired by the work reported in [13, 38, 32|, to the best of our knowledge,
we propose the first SA-based proximal backward-forward algorithm with respect to an
unknown Lipschitz constant for solving the SMVI problem. Our contributions in this paper
are five aspects:

(a) The proposed algorithm requires only one evaluation of the proximal mapping per
iteration and can be seen as a significant extension of the work given by [13, 38] from
the SVI to the SMVI. The convergence and the convergence rate are obtained without
the assumption of pseudomonotonicity of the mapping F', while this assumption is
essential in [13, 38].

(b) Compared with the algorithm introduced in [32] for the SMVI, we adopt a stochastic
line search technique and do not require the information of the Lipschitz constant,
which is beneficial to improve the computational efficiency.

(¢) The operator involved is only g-pseudomonotone. This improves some recent results in
[13, 38, 32] where the involved operator is monotone or pseudomonotone and therefore
our algorithm is more applicable than the ones considered in [13, 38, 32] in practice.

(d) We analyse the asymptotic convergence, the optimal oracle complexity and the linear
convergence rate with finite computational budget under the assumption of bounded
proximal error bound.

(e) Some numerical experiments are given to illustrate the validity and superiority of the
proposed algorithm in comparison with other algorithms in [13, 38, 32].

The rest of the paper is organized as follows: In Section 2, we give some related defini-
tions and results. In Section 3, we describe the new algorithm and prove its asymptotic
convergence. In Section 4, we discuss the linear convergence rate and oracle complexity
of the proposed algorithm. Some numerical results are obtained in Section 5 to show the
superiority of the algorithm and Section 6 obtains the conclusion.
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Preliminaries

In this section, we recall some notations and results that may be used in the sequel. Let R™
be the n-dimensional Euclidean space with inner product (-,-) and norm || - || and domg be a
closed and convex set in R™. To ease notation, we use £ to denote {(w). For a o-algebra F, we
denote by E[{] and E[£|F] the expectation and conditional expectation, respectively. Besides,
we denote by [£|F|, := {/E[[{|,|F] the £y)-norm of £ conditional to F, where [£], denotes
the £,-norm of £ with p > 1. Let Ny := N U {0}, where N is the set of all positive integers.
For b € R, [b] stands for the smallest integer no less than b. For a nonempty closed and
convex set C' C R"™, Po denotes the projection operator onto C' and o¢ denotes the indicator
function of Cj; that is, o¢(z) = 0 if z € C and oo otherwise. Let g : R"” — (—o0,400] be a
proper lower semicontinuous convex function and a constant A > 0, the proximal operator
prox,,, is defined by
prox,, () = argmin{g(y) + o5 12~ yl}.
yeR™
where the domain of g is written as domg := {z € R" : g(x) < 4+o0}. Clearly, Po(z) =

Prox,,.. (z).
For a given number p > 2, we define the oracle error map ¢ : R” x Z — R” for (1.1) by

e(xz, &) = f(z,&) — F(x), V€ € 2,2 € R™. (2.1)

and its p-moment function by
6p(x) := {/E[||e(x, &)||"], Vz € R™.

Given an independent identically distributed (i.i.d) sample ¢V := {E}évzl drawn from Z,
we define two empirical mean operators and the oracle’s empirical mean error associated to
&N respectively, by

N N
Fla, ) = mefj Flyn™) = S Fwn), &)= o 3 e &),

j=1 j=1
(2.2)
Assumption 2.1 (A0).

(i) There exists a measurable function £ : £ — R4 such that £(§) > 1 for almost every
€= and

1/ (2, &) = f(y, Ol < L&) |z —yll, Yo,y € R™

(ii) There exists z* € R™ and p > 2 such that E[|| f(z*,-)|"] < oo and E[L(-)P] < .

We now recall some lemmas which will be used later on.
Lemma 2.1 ([2]). Let g : R™ — (—o0,+00] be a proper, convex and lower semicontinuous
function and A > 0.
(i) For any z,y € R, ||prox,,(x) — prox,,(y)|| < [l -y

(i) For all y € R", p = proxy,(z) if and only if (p — )" (y — p) = Mg(p) — 9(y)). In
particular, (p — )T (y — p) > 0 when g(z) = oc(z),Vy € C.
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(iii) @* is a solution of (1.1) if and only if z* = prox, [z* — AF(z*)].

Given z € R™ and A > 0, we define the natural residual function of (1.1) as
Hy(z) := ||z — prox, [z — AF(z)]]].- (2.3)

Lemma 2.2 ([2]). For allz € R" A\ — H*T(m) is mon-increasing with respect to A € (0,00).

Lemma 2.3 ([14]). Assume that (A0) holds. For all q € [p,2p], the mean operator F is
L-Lipschitz continuous on R™ and 04 is Lq-Lipschitz continuous on R™, where L := E[L(-)]

and Lq = {/E[L(-)9] + L.
Lemma 2.4 ([4]). For any q > 2 and vector-valued martingale {y;}"_, adapted to the
filtration {F;}}_o with yo = 0, there exists Cy > 0 such that

<c,
q

N

2
> i =yl
j=1

Lemma 2.5. Let £V := {¢;}}L, be an i.i.d. sample drawn from 2. Assume that (A0) holds
and take q € [p,2p|. Set Cy :=1 if ¢ = p = 2. Otherwise, C, is defined as in Lemma 2.4.
Then, for any x € R™ and z* € domg, we have

~ Oq(z*)+ L —x*
et M) |, < ¢, T =

Proof. Since domyg is a closed convex set, we can replace X in Lemma 3.9 of [14] by domyg,
hence the proof is similar to the one in [14].

N
sup ||y;l < Gy | D Mlys = il 12
J<N q j=1

O

Lemma 2.6. Let ¢V = {gj}jil is an i.i.d. sample drawn from ZE and let ay : Z — [0,7]
be a random variable for some 0 < v < 1. Given (a,z) € [0,7] x R™ and y(z,a,&N) =
ProX, [z — aF(z,&N)]. Assume that (A0) holds. Then there exist positive constants {c;}3_,
such that, for any x € R™ and z* € X*,

c102p(2*) + Lay |l — 27|

\/N )

where Egp = coLy + c3Ly + caLyy,.

Proof. Note that domg is a closed and convex set. Let x € domg and z* € X*. Set
yN = y(z,an,&N). For any s > 0, let R(s) := (1 + Lv)|lz — 2*|| + s, and denote by
B(s) := B[z*, R(s)] the ball.

Example 14.29 of [27] and (A0) imply that the map = x domg > (w, x) — [|&(x, £V (w))]|
is a normal integrand, that is,

w— epil[E(a’, € (w))|| == {(z,y) € domg x R [|(z, " ()| < y}
is a set-valued measurable function ¢ : @ — [0, 00) and R > 0. It follows that

w sup E@", Y (W)l and w r— sup 18", €N ()l
2’ €B(e(w))Ndomg 2’ €B[z*,R]Ndomg

are measurable functions.
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When domg is unbounded, given a € [0,7], Lemma 2.1 (iii) implies that 2* = prox, ,[z*—
aF(z*)]. Then, from Lemma 2.1 (i), the definitions of y(z,a,£Y), (2.1) and (2.2), we get
that, for any « € [0,7],

lz* = y(z, 0, €M) =[prox,yla” — aF (a*)] — prox,yle — a(F(z) + &z, "))
<llz — 2*|| + al|F(z) — F(z)|| + &, V)|
<(1+ Ly) |z — 2™ + ylIEC, M),

where, in the last inequality, we used the Lipschitz continuity of F'. The rest of the proof is
similar to the proof of Theorem 3.11 in [14]. O

Remark 2.7. In Lemma 2.6, the constants satisfy

3vn
V2 -1

where Cyp p =14 2vL + v|L(§)|2p and {Cp, Cap} are defined as in Lemma 2.6.

c = ZCp + CQPC’YL,IH Co f, < + \/ﬁ> C»YL#,, C3 ,S pcﬁ/L,p, Cy = CQPC»YL7:D,

Lemma 2.8 ([25]). Let {v*}, {u*},{a*}, {b¥} be sequences of non-negative random vari-
ables, adapted to the filtration {Fy} such that almost surely Y ;o a® < 00, > 72, b < o0
and for each k € N, E[v* 1] < (1 + a¥)v* —uk + %, Then almost surely {v*} converges
and Y o2, uF < oco.

Algorithm and Convergence Analysis

In this section, we propose the variance-based proximal backward-forward algorithm with
line search for solving the SMVI and then prove the convergence of the proposed algorithm.

Algorithm

In this subsection, motivated by the works reported in [13, 38, 32|, we introduce the following
variance-based proximal backward-forward algorithm with line search for solving the SMVT.

Remark 3.1. (a) Compared with the algorithm proposed in [13], Algorithm 1 requires
only one proximal projection at each iteration, which is beneficial to reduce the com-
putational cost.

(b) In Algorithm 1, we use the dynamic sampled SA line search scheme to ensure the step
size so that the termination criteria is generally not clear. The solution to this problem
is that Algorithm 1 regenerates a sample in Step 1 if zF = proxyg[xk — yF (2, €F)],
which makes the line search step (3.1) terminated after a finite number of steps. Note
that the algorithm terminates if the maximum iteration number is reached when the
algorithm is implemented in practice.

(c) For deterministic variational inequalities, #* is an exact solution when z* = TIx [z* —

yF(x*)], so there is no need to regenerate a random sample in Step 1.

Proposition 3.2. Assume that (A0) holds. The line search step (3.1) in the iteration k of
Algorithm 1 terminates after a finite number ly, of steps.
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Algorithm 1 (Variance-based proximal backward-forward algorithm with line search)

1

Initialization: Choose an initial point 2° € R™, parameters 3 € (1 — \/5,1 =+ %),u S

(0,4/ %),7,9 € (0,1), and the sample rate {N;} C N. Set k := 0.

{¢k}Nx, from = and compute F(ah,¢b) =

Step 1: Generate a sample &F =1

Nik Z;V:kl f(xk,ff). If 2F = Prox. [zF — vﬁ(xk,gk)], regenerate a sample. Otherwise,
go to Step 2.
Step 2. Choose ay as the maximum « € {v6'|l;, € Ng} such that

o [P (@), €5) - P, < v @) o] (3.1)

where y*(a) := proxag[ack — aF (2%, &%)] and F(y*(a),&F) = Nik Zj\fz’“l f(yk(a),gf).
Step 3. Set y* := prox,, ,[z* — apF(z%, ¢%)] and generate a sample n* := {nf}jvzkl from
=. Calculate the next iterate

aF = (1 - B)a* + ByF + aw(F(a*,€F) — F(y",nM))). (3.2)

Set k := k + 1 and return to Step 1.

Proof. We consider the following two situations. (i) If z¥ € domg, the conclusion follows
from Lemma 3.6 in [14] immediately with d* = 0. (i) If z¥ ¢ domg, we set oy := v6'* and
F(:) := Nikf(,ff) in (2.3). Suppose by contradiction that the line search (3.1) dose not
terminate 1n a finite number of iterations. That is, for every I, € Ny, we have

oy Hﬁ(yk(al),gk) - ﬁ(l‘k,fk)H > uHy, (z).

Taking the limit [, — oo in the above inequality, we have from the continuity of ﬁ(-f’“)
and prox,,(-) that 0 > p|z* — prox,, ,[«*]|| > 0. This gives a contradiction. Therefore, the
line search step (3.1) terminates in a finite number of iterations. O

Almost sure convergence

In this subsection, we will prove the almost sure convergence of Algorithm 1. To this end,
we first define the filtrations

Fii=o(20,€0,€L, . b g0 L gk, 7 = (2,06, gk 0, gL
and the oracle errors
e =8k, Eb), & =aWhab), & =aheh).
We need the following assumptions which will be used later on.

Assumption 3.1 (Al). The solution set X* of (1.1) is nonempty.

Assumption 3.2 (A2). The mean operator F' : domg — R™ is g-pseudomonotone on domg,
that is

(F(z),y —x) +9g(y) —g(x) > 0= (F(y),y — =) + g(y) — g(z) > 0, Vz,y € domg.
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Remark 3.3. Clearly, a monotone mapping is pseudomonotone and g-pseudomonotone,
but the converse is not true in general, see example 3.1. Moreover, if g=0, then a g-
pseudomonotone mapping reduces to a pseudomonotone mapping. Here, we give the follow-
ing two examples satisfying the g-pseudomonotonicity.

The first example is a variant of the Example 2.3 of [43], which shows that a mapping
possesses g-pseudomonotonicity property, but is not monotone in the usual sense.

Example 3.1 Let domg = (—o00,400) and D = [a,b] C R with 0 < a < ¢ < b be a closed
and convex subset. Let g : D — domg be a differentiable and convex function such that,
|¢'(x)| < r for all z € D, where r > 0 is a constant. Let

r+5+e%, x € la,c),
F(z) =
r+2+sinz, z € [c,b],

It is easy to check that F' is not monotone on D. However, we can show that F' is g-
pseudomonotone on D. In fact, let

(F(z),y —z) + g(y) — g(x) > 0.

Then by the Mean Value Theorem, there exists £ € [a, b] such that, g(y) —g(z) = ¢'(&)(y—x)
and so

(F(z),y — )+ ¢ (€)(y —x) > 0.
Thus,
(F(z) +4d'(§)(y — =) > 0.

We know that F(x) > r + 1 and so F(x) + ¢'(£) > 0. It follows from the above inequality
that y — 2 > 0. Hence, we have

(F(y),y —x) +9(y) — g9(x) = (F(y) +9'())(y — x) >0,

which shows that F' is g-pseudomonotone on D.

The second example is a variant of the Example 2.1 of [43], which shows that a g-
pseudomonotone mapping is not necessary pseudomonotone if g # 0.

Example 3.2 Let domg = (—o0,+00) and D = [2,4]. Let
glx)=2% r€D
and

%x, x €1[2,3],
F(z) =
1 -3, 2 €(3,4].

It is easy to see that F' is not pseudomonotone on D. However, we can show that F' is
g-pseudomonotone on D. In fact, let

(F(z),y —x) +9(y) —g(z) = (F(z) +y + z)(y —z) > 0.
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It follows that F(x) +y + = > 0 and so y — z > 0. Thus, we have

(F(y),y —x) +g(y) —g(x) = (F(y) +y + z)(y — x) > 0.

This implies that F' is g-pseudomonotone on D.

Assumption 3.3 (43). In Algorithm 1, the sequence {¢¥|k € No,j € [Ni]} and {n¥|k €
Ng,j € [Ng]} are i.i.d. samples drawn from = independent of each other. Moreover,

EEO:ON%C < 00.

Remark 3.4. In this paper, we set N, = N[(k+A)(In(k+ )] and this can be regarded
as a sufficient choice of the above assumption, where N’ € N, A > 0 and b > 0.

Lemma 3.5 ([38]). Let Ly, := Nik Zjvz’“l C(EJI?). If (A0) and (A3) hold, then almost surely
ar, > min{ 4%, v}, and |ag| Filz - |£()]2 > min{ud, 7}
Remark 3.6. By Lemma 3.5, the step size sequence {«y } generated by Algorithm 1 satisfies

|| Frlz - 1£(€)]2 > min{pb,~} and ai < 1(Vk € Np); that is, the conditional expectation to
Fj. of the sequence {ay} is bounded.

The following lemma is essential to the analysis of convergence of the proposed algorithm.

Lemma 3.7 (a recursive error bound). Assume that (A0) and (A2) hold. Let {x} and
{yr} be the sequences generated by Algorithm 1. Then, for any z* € X*,

Ay

o541 — o |° < [la* = o*||* = SraRH () + A |t 53
+65°7° |65 + 66°° |5 + 280 (a* — 4, €5,

where Ay, = 28(2 — B — 3Bu?) — 1.
Proof. For any z* € X* and k € Ny, we have
i =% = ¥ — ¥ 4y — <4 k|
_ ka _ ka? n Hyk . xk+1H2 + ||xk+1 gt |2 _|_2<xk Y $k+1>
+ 2<$k _ yk7xk+1 _ $*> + 2<yk _ $k+1’xk+1 _ $*>
=l = g =
+ 2<yk gl gkl gy
=l = g =

-9 ||yk? o mk+1H2 + 2<yk . xk+1,yk¢ . I*>

I

2
+2(zF — ¥ yF —27)

|2 _|_2<xk kg — )

ko xk+1H2 + ka+1 o

. |2 +2(xh — Pt gk ).

=l =91 = llv

This implies that

ka-‘rl o

r 2 _ Hmk _ ka2 + Hyk _ xk+1H2 — ek — Rk — o).

2

By the definition of ¥* and Lemma 2.1,

(Y — 2% + ap(F (%) +&b), 2% —y*) > an(g(y¥) — g(z)).
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It follows that
]|xk+1—x* 2 2_||xk_ka2
2

+ | = B)w* - 2) — Bar(F(at,€5) — P, nh))|

—2B8(x* — yF — ap(F(2*) + &} — F(y*) — €5),y" — 27)
<|la* —a* |2—||90’“—y’“|\24r2 1 - )2 [|2* - o*||”

+26% QHF kR — Pyt ot H

— 2B, ((F(y*),y* — 2*) + g(y*) — g(a™)) — 2B (€5, y* — 2*)
20— B)7 - 1) ||2* — | (3.4)
+65%07 || Pt &) - Pt )|

~ 2

o2t [Pt e - P + 6520k ||[Ftn) - Fob)||
— 2Bak((F(y*), " — 2*) + g(¥*) — g(z*)) — 2Bay (€5, y* — 2*)
k 2_Ach-Tk_ka2+652 2 ||k 2+6 Ak‘Q
— 2B, ((F(y*),y* — 2*) + g(y*) — g(a™)) — 2B (€5, y* — ™).

On the other hand, we have from z* € X* and (A2) that

<ot -

(F(y*), 0" = 2*) + g(y*) — g(z*) > 0. (3.5)

Combining (3.4) and (3.5) yields

L I e e (36)

gt 2Bo(x* — y*, €5).

Note that y* = prox,, [ — oy (F(z*) + éF)]. By Lemmas 2.1 and 2.2,

arg

apH(a%)? < H, (a")?

2

= ka — prox,,, [z* — akF(ack)]H

akg
<2 ||xk - kaQ + 2 Hproxakg[xk — ak(F(mk) + é’f)] - proxakg[xk - OékF(l'k)]HQ
<22 — "+ 27 |l
This together with (3.6) yields the conclusion. O

Remark 3.8. In Lemma 3.2, we obtain a desired recursive relation with three oracle calls
per iteration, which only requires the g-pseudomonotonicity of the mapping, while the algo-
rithm considered in [13, 38, 32] requires that the mapping is monotone or pseudomonotone.
Besides, the variation interval of p with respect to the line search scheme is larger than
that in [38]. Therefore, the above advantages of the proposed algorithm indicate that our
algorithm is more applicable and effective than other algorithms considered in [13, 38, 32]
in practice.
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We next aim at controlling the bound of the term A;~? HE ‘ +6/3%+2
in the right side of (3.3). Since £} and €% are martingale differences, we can control them ina
relatively straightforward way by Lemma 2.5. The non-martingale difference &% is controlled
by Lemma 2.6 based on the empirical process theory that is mentioned in [14]. Then, we

present some lemmas to show the convergence of the proposed algorithm.

Lemma 3.9 (bound on oracle error). Assume that (A0), (A1) and (A3) hold. Then there
exist positive constants Cp and C, (depending only on {n,p, Wﬁ(f),sup]\%ﬂ}) such that, for
k

all x* € X*,
Cyy*03,(a*) + C29°13, || — 2|

AB;, <
S N,
where ABy := E1° 1l 5 16822 1517 [ 7], +68292 | 15117 |7l > Cp := 263 [An+
20272 _ 272
12ﬂ2+sup%], Cp = Q(Ak+662+12ﬁ2(1—|—7[,) +bup%).
k

Proof. Since £* is independent of Fj,, we have from 2* € F;, and Lemma 2.5 with p = ¢ that

Op(x*)
1851175l < G5 (3.7)
Note that
} - ka = Hproxakg[ac’k — akF(ac*)] — proxakg[xk — ak(F(xk) + é’f)]”
k (F(x*) — ) + agéy H
< l&® = 2¥[| + e [|F(27) = F(®)]| + o |||
<(14+9L)|[z* —= el
Taking ’ . \]:k}p in the above inequality, we obtain
[l =y [[17x], < (@ +vL) |27 = 2| + ] [lex] |7l (3.8)
Note that n* is independent of Fj, and || - |ﬁk|p|fk|p = |fk|p7 it follows from y* € Fj and
Lemma 2.5 with p = ¢ that
Op(x*)
IE Fil | 7x], < Cp— |”. (3.9)

VN

Moreover, from Lemma 2.6, 0 < o < v < 1, y¥ = y(a¥, oy, &%), 2% € Fp. and €F is
independent of Fy, we have

’ | < clégp(m*)—i—fgpuxk—x*ﬂ
> VA '

Since |a®|Fy|z = |a|lFi3, (a4 b)* < 2a% + 207, Egp > L,C)p, c1 > C, and dgp(x*) > 6,(x*),
by (3.7)-(3.10) we can obtain the conclusion of Lemma 3.9. O

(3.10)
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Lemma 3.10 (stochastic quasi-Fejér property). Assume that (A0) — (A3) hold. Letp =2
. 2
in Lemma 3.9 and p = 20BN - mpen for all ¥ € X* and k € Ny, we have

2[L(O)]3
Con262(2* c 2E2 k%
Bl — 0[P 1 < ot — o = ph(ay? 4 SN H O ==
k
where Cy and Co are the same as in Lemma 3.9.
Proof. Since y* € ]-A'k and 7* is independent of ]?k,
R 1 Ny, R 1 Ny,
E[&3|Fk] = N, > E[f(yF,n)|Fe] - F(y*) = N, Y F(*) - Fy*) =o.
j=1 j=1

From y* € Fi and ay, € F, we obtain E[a (z* — y*)Té5|Fi] = 0. Note that E[E[-|Fr]|Fi] =
E[|Fx]. Tt follows that Elag(z* — y*,25)|Fi] = 0. Taking E[-|F%] in (3.3), we obtain the
conclusion from the facts of ¥ € Fj, and Lemmas 3.5, 3.7 and 3.9. O

Theorem 3.11 (asymptotic convergence). Assume that (A0)-(A3) hold. Then, almost
surely the sequence {x*} generated by Algorithm 1 is bounded, limy,_, o, dist(z*, X*) = 0 and
H(z*) — 0. In particular, almost surely every cluster point of {x*} belongs to X*.

Proof. Let x* € X*. Note that Z;’O 0 A} < 00 and z* € Fj. By applying Lemma 2.8 with
_ Cy’L] b _ Ca7?83(
N Nk
surely, {||z* — x*HQ} converges and ZZ’;O H(2%)? < co. In particular, almost surely {z*} is
bounded and

ok = |2k — a:*||2,a ) and uy := pH(z*)2, we have that, almost

= lim H(z*)? = lim ka - proxq[ajk - F(Jck)]H2 (3.12)
k—o0 k—o0 :

From the continuity of F' and the proximal mapping, we know that almost surely every

cluster point Z of {z*} satisfies ||z — prox, [z — F(JTU)]H2 = (. Furthermore, by Lemma 2.1,

we have z € X*. It follows that the boundedness of {z*} and the fact that every cluster

point of {x*} belonging to X* yield that limy_, o, dist(z*, X*) = 0. Similarly, we can deduce

that limy_,o E[H (2¥)?] = 0 by taking expectation in (3.11). O

Remark 3.12. In [38], Yang et al. also obtained the asymptotic convergence of their
algorithm. The related properties in [38] require the pseudomonotonicity of the mapping,
which is more restrictive than the assumption of g-pseudomonotonicity in Algprithm 1.
Moreover, those results obtained in [38] are only used to solve the SVI, while our results can
be seen as a significant extension of the work given by [13, 38] from the SVI to the SMVI.

Convergence Rate and Oracle Complexity Analysis

In this section, we analyse the optimal oracle complexity and the sublinear convergence rate
in terms of the mean natural residual function. Moreover, we discuss the linear convergence
rate for the proposed algorithm under the bounded proximal error bound condition.

We first prove the following lemma.

Lemma 4.1 (£2-boundedness of the iterates). Assume that (A0) — (A3) hold and {z*} is
generated by Algorithm 1. Let x* € X*, and choose ko := ko(Ca,vL?) € N, ¢ € (0,1) such
that

=1
- (4.1)
; Ni 0272L2
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then
¢Cada(z*)?

ko
X — X ——
[ CaL?

k
sup | (|*" —x <
k2k0| || H |2 1— ¢
Proof. We have from (A3) that there exists kg € Ny satisfying (4.1). Let d; :=

for i € Ng and k > kg be given. Taking expectation in (3.11), making use of E[E[:| Fy]|Fx] =
E[-|Fx], and summing recursively from ¢ = kg to ¢ = k — 1, we obtain

N

B N k—1 |d|2 —1 1
A3 < ldio |5 + Cor*L3 D T2 + Con03(a") N

. 3
Z:kg

(4.2)

.
I
z

Let t, := {k > ko||dk|2 > w}. For any w > 0 and ¢, < oo, it follows from (4.1) and (4.2)
that
to—1

w <|dtw|2<|dk0|2+cw2LZZ'”2+0 V263 (x Z <l 3 + 0w +
i=ko = kO

PC07 (x*)
CoL?

This implies that any threshold w?, which {|dk|3}x>k, eventually exceeds, is bounded above

2%
| |2+¢02_54A(m )
v le;ﬂ?‘ Therefore, {|d|3}k>k, is bounded and satisfies the statement of the

lemma. O

Based on the above lemma, we next discuss the sublinear convergence rate in terms of
the mean natural residual function and the oracle complexity.

Theorem 4.2 (sublinear convergence rate). Assume that (A0) — (A3) hold. Let p :=

Ak(’;r&i{g;%ﬁ})z and Ny == NT(k+ N(In(k + X)) for N € N;b > 0,\A > 0. For any

z* € X*, if supy>q | ||x’C — :E*H E < M for some M > 0, then for all k € Ny,

: in2 1 o a2 Coy284(z*)2 4+ Cony2L3M
i E[H(@)’] < gy (”z T ame oy )

Proof. From Remark 3.4, it is obvious that { Ny} satisfies (43), and so Theorem 3.11 and
Lemma 4.1 hold. Tt follows that the sequence {z*} is bounded in £2. Given z* € X*
3 < M for some M > 0. Then, sup, E[[|z* — 2*|||?] < M. Taking

expectation in (3.11), making use of E[E[|F¢]|Fx] = E[-|Fx] and summing recursively from
i =0 to i =k, we have

k k
) N 1
pY E[H(')?] < ||2° — 2" + (Cov?0u(z")® + Cor*LiM) ) ¥
i=0 i=0 " "
Note that
k 1 0o
DR PE
N; N;
i=0

=0

dq 1
/ N{g+N(n(g+ X)) ~ Nb(In(x — 1))’
Y

\/

’]

| /\

and min;—o.... , E[H (2 E[H (z*)?], we obtain the conclusion immediately. [
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Theorem 4.3 (oracle complexity). Let the assumptions of Theorem 4.1 hold and Ny :=
NT(k+ N (In(k + X)) for N := O(n),b > 0,\ > 0. For 7 > 0, Algorithm 1 achieves the
tolerance

: \2 <
,nin E[H(z%)7] <,

)

after K := b=*O(771) iterations and, with probability 1, an oracle complexity Zfio(l—i—li)Ni
bounded above by

-2 7maxi:0,--~,Kfi . —1_—1\714b | -2
b lné< Y ) [In(b~" 77 O(nrt™7),

where l, is the number of oracle calls used in the line search (3.1) at iteration k and Ek 18
defined as in Lemma 4.1. Moreover, the mean oracle complezity ZiK:O(I + E[l;])N; satisfies
the same upper bound with max;—o.... x L; replaced by L.

Proof. By Theorem 4.2, there exists a constant M > 0 such that

4_BninKIE[H(a:i)2} < Mn(Nbk)™!, Vk €N,

Thus, we have from 7 > 0 that min;—_... x E[H(2%)?] < 7 after K = O(nN ~1771) iterations.
The total number of the oracle call is given by

o K
)Ni S ; (1n 5\ 1+D
;(1 +1)N; S (i:%}?‘?fK ) ;Nz(lnz)
S ) K2 1+b
< (max 1) K2 (i K)
: (Z_:%@K ll)N “In?b 22 (In(nN T ) (4.3)

and min;—,... x E[H(2%)?] < 7. From Lemma 3.5, we have [, < log%(ﬁj’gv}). Hence, we

can get the claimed bound on S5 (1 +1;)N; from (4.3) and N = O(n) immediately.
On the other hand, the concavity of the mapping z — log%(z) and the Jensen’s in-
equality imply that

| _ ke o
E[l:] < Eflog, (min{um})] = log (min{u977}> ’

where the last inequality follows from E[Ek] = L by the definitions of {Ek, L} and (A3). This
together with (4.3) and ' = O(n) imply the claimed bound on the mean oracle complexity

i+ E[L])N: O
Remark 4.4. By Lemma 4.1, the constant M in Theorem 4.2 can be estimated by

2 | ¢Ca6a(x*)?
0 < maxg—o,... ko ’ ka - x*| |2 + %

1-¢

Moreover, the number kg in the above inequality can be estimated from (4.1) by

b 0272.[/421

SO - A+ 1

ko > exp
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To obtain the line convergence rate of the Algorithm 1, we need the following assumption.

Assumption 4.1 (A4). The SMVI satisfy the bounded metric subregularity condition at
any T € X*, namely, for any compact set V satisfying X* C V, there exsits a constant x > 0
such that

dist(x, X*) < kdist(0, F(z*) + 0¢g(x)), VxeV.

According to Proposition 3 in [39], the bounded metric subregularity condition is equiv-
alent to the bounded proximal error bound condition at £ € X*, that is, for any A > 0 and
compact set V satisfying X* C V', there exists a constant x > 0 such that

dist(x, X*) < K ||a — proxy [z — AF(z*)]

, YrxeV.

Next, we give an example which satisfies the bounded proximal error bound condition.

Example 4.1 (Stochastic Networked Nash-Cournot game). Consider a networked Nash-
Cournot game with uncertain data in [19, 35, 41, 33], in which the cost-minimizing agents
compete in quantity levels when facing with a price function associated with aggregate
output. Assume that there are Z firms that compete over a network of .7 nodes in supplying
a homogeneous product in a non-cooperative fashion. The level of sales of firm i € [Z] at
node j € [J] is denoted by x;;, and the firm is characterized by a random linear production
cost function ¢;(x;,&;) = (a; +&;) Zje[J] x;; for some parameter a; > 0, where &; is a mean-
zero random variable. Assume that the price at node j, denoted by P'(Zze[z] xij,mj) 1S
a stochastic linear function corrupted by noise P; (ZlE[I] xij,m5) = d; +m; — b; Zz’e[z] ij
where d; indicates the price when the productlon is zero, b; represents the slope of the
inverse demand function, and 7; is a zero-mean random disturbance. For simplicity, we
assume the transportation costs to be zero. Except the nonnegativity constraints on x;;,
we suppose that firm i’s production at node j is capacitated by cap,;. Therefore, firm i's
optimization problem is given by

minE | fi(e, €, 1)) = Eles(wi &) — > Pi( me i)

J€lT] €T
st.x; € Xy = {x; e R |z; > 0,7i; < cap;;}-

Under some dominated conditions, we may interchange the orders of expectation and deriva-
tive so that the above stochastic Nash-Cournot game may be transformed into the SMVI,
in which g(z) = ox(r) with X = OZ,X; and F(z*) = (Fi(a*), -, Fi(z*)), F;(z*) =
E[Oy,, fi(z,&,m)]. It can be proved that the bounded proximal error bound at any z € X*
with X* = II;cz X[ is satisfied. In fact, by letting g;(z;) = ox,(z;) with ox,(x;) = 0 if
x; € X; and oo otherwise, the stochastic Nash-Cournot game is equivalent to the following
generalized equations:
0 € F;(z*) 4+ 0gi(x;), i €.

Since X; is a polyhedral set and diag(b) is a semidefinite diagonal matrix, dg;(x;) is a
polyhedral multifunction. Hence, by [39], the bounded proximal error bound at Z for any
T € X* is satisfied, i.e., for any compact set V' containing Z, there exists s such that

dist(x, X*) < K ||a — proxy [z — AF(z*)]

, VxeV.

Theorem 4.5 (linear convergence rate). Let the sequence {x*} be generated by Algorithm 1
and K > 0 be a given integer. Assume that there exists a compact set V such that X* CV
and x* € V (0 < k < K). Consider (A0)-(A4) and the following conditions:
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(i) There exists D > 0 such that E[dist?(2°, X*)] < D;
(ii) 0<<p::1—§+521,—?3§1;

K
(iii) For any k € Ny, we have N > Ny and Ny > (fp—fﬂ, where o = %
k=1 _k

©

Then there exsits D > 0 such that
. 420 k+1 * k B D
E[dist*(z" ™, X")] < ¢ ¢D+(K+1)Q— , VkeK.
K

Proof. Let z¥ := proxg[xk]. By zF € Fj and the continuity of the proximal mapping,

z* € F,. From (3.11), dist(z*, X*) = inf sz — ikH and Ny < Ni(Vk € Np), we have

E[dist® (2", X*)|Fi] < E[[Ja"! — 2*|| | 7]
Cor? L3 k)2 C2y?03(3")
- (1 " N> L A

p o, CaL3\ o g e, C27203(EF)
1-— X . 4.4
e + No dist®(z", X*) + N, (4.4)

Taking E[-|F%] in (4.4), we obtain

Coy?63(z")

E[dist? ("1, X*)] < pR[dist?(zF, X*)] + N
k

Note that d4(+) is continuous, ¥ € X* and X* is bounded, we obtain that there exsits D > 0
such that Cyv20%(z%) < D. From ¢ € (0,1), we have

D
E[dist?(zF 1, X*)] < pE[dist?(z", X*)] + oA
k

D D D

< k+1E di t2 0 X* k= k-1 = —

S @Bt XN e g e

D D D

< QFHIE[dist? (2%, X*)] + o =+ oF — 4 oF—
OK 0 0K

& _ D
< <pD+(K+1)f .
OK

This completes the proof. O

Numerical Results

Numerical experiments

In this section, we give some numerical examples to illustrate the efficiency of Algorithm 1
by comparing with several related algorithms such as Algorithms VBPE and VBPFB in [32],
Algorithm VBMBEF in [38] and Algorithm EGLS in [13] according to the CPU time and the
empirical errors. All algorithms were coded in MATLAB R2019a and run the same computer
with Windows 10 system, AMD Ryzen 5 3550H with Radeon Vega Mobile Gfx 2.10 GHz
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and 16.0 GB. We use randn and unifrnd in Matlab 2019a to generate i.i.d samples from =
and terminate algorithms when the total number of iterations reaches 8000. The numerical

results are listed on the following, where ’iter’ and ’time’ denote the number of iterations and

kel _

the CPU time in seconds, respectively. In addition, we define the empirical error:=*—:
and the tolerance € := 10~*. Note that domg is a nonempty, closed and convex set in this
section. See Figs. 1 —4 and Table 5.1 for more details about the numerical results.

The parameters are chosen as follows:

Algorithm 1: v = 0.99,0 = 0.4, 83 = 0.7, 1 = 0.2, Ny, = (k + 100)(In(k + 100))2.
VBPE: o}, = 0.1, N}, = [0.7-(F+ D)7,

VBPFB: oy, = 0.1, Ny, = [0.7- (4D,

VBMBF: v = 0.99,6 = 0.4, 1 = 0.2, N), = (k + 100)(In(k 4 100))2.

EGLS: v =0.99,0 = 0.4,3 = 0.1,A = 0.2, N}, = [0.7-(*:+1)],

Example 5.1. Consider the following SMVI in which ¢ is uniformly distributed on & =
[0,1], # € X =[0,4] x [0,4] x [0,4] and f:R3 x = — R3, g: R® — R are given by

1 —&xg + 3 —2¢
fx,8) = —x1+2w0+ 83 -2 |,
Exo+3x3—3—¢
and

1
g(x) == ixf + 22 4 22 — 2120 + 2923 + 21 — 31 — 323 + 6.
Numerical results are shown in Fig.1.

Example 5.2. In Example 1, g(x) has been replaced by g(z) := 22 — x129 — 21023 + 21 +
2x9 + 2x3. Numerical results are shown in Fig.2.

Table 5.1: Comparison of Algorithm 1 and VBMBF.
e=10"4 e=10"8 e=10"1
Algorithm 1 VBMBF  Algorithm 1 VBMBF  Algorithm 1  VBMBF

Ex.1(X=50)

time 0.1983 0.5382 0.4044 0.7960 0.4210 0.7734

iter 373 1000 1000 1000 1000 1000
Ex.1(X=100)

time 0.6216 1.5663 0.8955 1.3509 0.9431 1.3397

iter 729 1000 1000 1000 1000 1000
Ex.1(X=200)

time 1.8561 3.5202 2.1475 3.2118 2.2866 3.3194

iter 915 1000 1000 1000 1000 1000
Ex.2(X=50)

time 0.2740 0.4856 0.3983 0.6780 0.4531 0.7578

iter 1000 1000 1000 1000 1000 1000
Ex.2(X=100)

time 0.7995 1.4846 0.8373 1.4661 0.9050 1.3753

iter 1000 1000 1000 1000 1000 1000
Ex.2(X=200)

time 1.9069 2.9232 2.0519 3.0930 2.2227 2.9678

iter 1000 1000 1000 1000 1000 1000
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Fig.1 Results for Example 5.1.
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Fig.2 Results for Example 5.2.

In Figs.1-2 and Table 5.1, we show the performances of all algorithms in solving the
quadratic function problems presented in Examples 5.1 and 5.2. It is observed that the
empirical error solved by Algorithms VBPE, VBPFB, VBMBF and EGLS vary with the
same decreasing trend as Algorithm 1, while the Algorithm VBMBF spends the most CPU
time among them.

Note that in the special case where Pc(x) = prox,,,,(z), Algorithm 1 degenerates to
Algorithm VBMBF proposed in [38] for SVI. By comparing Algorithm 1 with Algorithm
VBMBEF in Examples 5.1 and 5.2, we have from Figs.1-2 and Table 5.1 that Algorithm 1 is
more competitive both in the CPU time (Algorithm 1 saves nearly 30% CPU time) and the
empirical error. In particular, Algorithm 1 possesses better performances on stability while
Algorithm VBMBF fluctuates greatly in terms of the empirical error. Moreover, Algorithm
VBMBF outperforms Algorithms VBPE, VBPFB and EGLS with respect to the empirical
error, which implies that our algorithm performs well even in the simplest case, namely,
Po(x) = prox,, ().

In a word, the results shown in Figs.1-2 and Table 5.1 indicate that Algorithm 1 is better
than other algorithms (although Algorithms VBPE, VBPFB and EGLS take less CPU time,
their empirical errors decrease slowly and far away from 0, which means that the solutions
solved by them may be rougher than the ones solved by Algorithm 1).

Example 5.3. Consider the following SMVI: Find z* € X such that

E[A(&)z" +b(&)]" (z —a™) + g(x) — g(z") 2 0, ¥z € X,
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where g(z) := A||z[|;, A is the regularization parameter, A(§) € R™*" is a random matrix,
b(&) is a random vector, both A(§) and b(¢) are unknown ahead of time. Given z* =

(0,0,---,0)T. In our test, we generate the matrix A(¢) by A(€) = M+2MT , where all elements

of M € R"*™ and b(§) € R™ are both uniformly distributed random samples generated from
[0,1], and the dimension of the tested problem is 500. Numerical results are shown in Fig.3.
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Fig.3 Results for Example 5.3.

Example 5.4. This calculation example is derived from g(z) := X ||z||, instead of g(x) in
Example 5.3. The selections of other functions and parameters are consistent with Example
5.3. Numerical results are shown in Fig.4.
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Fig.4 Results for Example 5.4.

The numerical results are shown in Figs.3-4. In Examples 5.3 and 5.4, we consider the
general SMVI problem. As is shown in the figures, Algorithms VBMBF and EGLS take
less running time than other variance-based algorithms, but the empirical error solved by
Algorithm 1 is hardly decayed among all algorithms. Besides, Algorithm 1 outperforms
Algorithms VBPE and VBPFB even if they take approximately the same CPU time. All in
all, for the tested problems, Algorithm 1 is better than Algorithm VBPE, VBPFB, VBMBF
and EGLS in the calculation accuracy, while Algorithms VBMBF and EGLS are slightly
competitive with Algorithm 1 in calculation speed.

Application of Algorithm 1 to the stochastic Nash game

In this subsection, we apply the Algorithm 1 to solve the stochastic Nash game discussed in
Example 4.1. In our test, we consider a Cournot game with Z = 5,10, 20 firms and J = 10
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markets. For any ¢ € Z and j € J, we set cap;; = 2,d; ~ U(40,50),b; ~ U(1,2),a; ~

U(3,5), where U(u,u) denotes the uniform distribution on [u, %] and u < @. Moreover, let

& ~ U(=ai/5,a;/5),m; ~ U(=b;/5,b;/5) and the initial point 2° = (1,...,1)7. The specific
K *

numerical results are shown in table 5.2, where the relative error:zuxi

Table 5.2: The numerical results of stochastic Nash game

The number of the firm Max Iterations Relative error  CPU time (s)

I=5 100 3.8210e-1 1.1754e+1
500 1.0700e-2 5.6553e+1
1000 3.7000e-3 1.1183e+-2
2000 2.9000e-3 2.2700e+2
I=10 100 8.3800e-2 2.5801e+0
500 6.9200e-2 7.8577e+1
1000 1.8900e-2 1.6774e+2
2000 2.6000e-3 3.6233e+2
1=20 100 1.6950e-1 4.2369e+1
500 7.3800e-2 2.0949e+2
1000 2.9300e-2 4.9200e+-2
2000 8.1000e-3 8.7351e+2

From Table 5.2, we can see that the number of the firm and the maximum iteration may
slow down the values of relative error. On the contrary, the CPU time may increase with
the increase of the number of the firm and the maximum iteration.

(6] Conclusion

In this paper, we introduce a modified proximal backward-forward algorithm with variance
reduction for stochastic mixed variational inequalities. The new algorithm uses the line
search scheme which is not necessarily to know the Lipschitz constant and requires only
one evaluation of the proximal mapping per iteration. Besides, we obtain the asymptotic
convergence, the sublinear convergence rate and the optimal oracle complexity in terms of
the mean natural residual function. We also discuss the linear convergence rate with finite
computational budget under the assumption of the bounded proximal error bound. Finally,
some numerical results are obtained to show the superiority of the new algorithm.
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