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Abstract: In recent years, many methods have been presented to overcome the difficulties in solving mathe-
matical programs with complementarity constraints (MPCC). The regularization methods are one prominent
class of solution methods. This paper concerns the convergence properties and practical implementation of
a log-exponential regularization method. We prove that, under MPCC-LICQ assumption, a limit point of
a sequence generated by the log-exponential regularization method is an M-stationary point, if approxi-
mate second order stationary conditions are satisfied. A second order primal-dual stabilized SQP method
is presented to solve the regularized problems. The proposed method can generate the approximate second
order stationary points of the regularized problems. Numerical results, demonstrating the effectiveness of
our approach, are also presented.
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Introduction

In this paper, we consider the mathematical programs with complementarity constraints

(MPCC)
min f(z)
s.t. g(z) <0,h(z) =0, (1.1)
min{G(z), H(z)} = 0,
where f : R" - R, g : R" - RP, h : R* - R? G : R*" - R™ and H : R* — R™
are twice continuously differentiable functions. MPCC is widely used in many fields such

as engineering design, economics, and bilevel optimization [3, 15, 16, 18]. Note that the
complementarity constraints in (1.1) can be equivalently rewritten as

Gi(2) >0, Hi(z) >0, Gi(2)H;(2)=0, i=1,2,...,m. (1.2)
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Due to the special structure of complementarity constraints, the standard Mangasarian-
Fromovitz constraint qualification is violated at any feasible point. As a consequence, some
theoretical properties and numerical methods for nonlinear programming (NLP) are invalid
to deal with MPCC.

In recent years, there have been proposed a number of approaches for MPCC such as
interior point methods, penalty methods, relaxation methods, and regularization methods.
See, for instance, [1, 2, 4, 6, 7, 8, 9, 10, 11, 12, 13, 14, 19, 20, 22]. Among these methods,
regularization methods have become very popular to solve MPCC. The basic idea of the
regularization method is to replace MPCC by a sequence of the parametrized NLP. There-
fore, the stationary point of MPCC can be obtained by solving a sequence of the regularized
problems. The first regularization method for MPCC is introduced in Scholtes [20]. Under
suitable assumptions, it is shown that any accumulation point of the exact KKT sequence is
a C-stationary point. Some of these more recent methods have better convergence proper-
ties. The regularization methods by Kadrani et al. [9] and Kanzow & Schwartz [10] converge
to M-stationary points as the limit of exact KKT points. Yin & Zhang [22] and Li et al.[14]
present a regularization method by using the log-exponential function. They show that the
sequence of exact KKT points converges to a C-stationary point. However, the regularized
subproblems are not solved exactly from a numerical point of view. In [11], the authors
replace exact KKT points by approximate stationary points, which are computationally fea-
sible. It is shown that without any additional assumptions, the regularization methods by
Kadrani et al. [9] and Kanzow & Schwartz [10] converge to weakly stationary points only,
whereas the regularization method by Scholtes converges to a C-stationary point. In [19],
the author presents a sequential optimality condition to improve the convergence results of
the regularization methods from [9, 10].

The approximate stationary conditions are realistic from a numerical point of view and
coincide with the usual termination criteria for many practical algorithms. However, the
weaker convergence results hold when approximate stationary points are considered. Hence,
we expect to find an inexact regularization method that may get better convergence results
for MPCC. We focus on the log-exponential regularization method. The aim of this paper
is to provide an explicit numerical method for MPCC which can deal with the gap between
the theoretical results and practical implementation of the log-exponential regularization
method. This paper shows that without any additional assumptions, the sequence generated
by the log-exponential regularization method converges to an M-stationary point, if the
sequence satisfies approximate second order stationary conditions. Motivated by this result,
we propose a modification of the second order primal-dual stabilized SQP method in [5],
where the regularized subproblems are solved inexactly from a numerical point of view.
It is shown that with appropriate choices of the approximate stationary conditions, the
algorithm is well defined. If all termination criteria are omitted, the iterates converge to an
infeasible stationary point of the norm of the constraint violations or the sequence satisfies
the approximate second order stationary conditions of the regularized subproblems. Finally,
we provide a numerical implementation of the proposed method based on some test problems
from MacMPEC database. Numerical results of the test problems certify the applicability
of the approach.

The paper is organized as follows. In section 2, we review some concepts and the log-
exponential regularization method for MPCC. In section 3, we show the convergence results
by considering approximate second order stationary points. In section 4, we present a feasi-
ble strategy to generate approximate second order stationary points of the log-exponential
regularized problems under suitable assumptions. The numerical results are presented in
section 5. It implies that our method is efficient to solve MPCC from a practical point of
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view. We conclude the paper in section 6.

We give some notations needed in this paper. We denote that v; is the i-th element of
vector v1' = (v1,...,1,) € R™. For a given index set Z, [v]z or vz denotes the subvector of
components v; such that ¢ € ZN{1,...,n}. Similarly, given a symmetric matrix M € R™*"
[M]z denotes the symmetric matrix with elements m;; for ¢, 7 € Zn{1,...,n}. Given vectors
a € R" and b € R", the vector with i-th component a;b; is denoted by a - b. min{a, b} is
the vector with components min{a;, b;}. e; denotes the i-th column of identity matrix I and
e =>_e;. The support of z € R™ is defined as supp(z) = {i | z; # 0}.

An Inexact Log-exponential Regularization for MPCC

In this section, we review some concepts for MPCC. Let F be the feasible region of (1.1)
and z* € F, we set some index sets as follows:

Zy(2") = {i| gi(z") = 0}, o ={i ] Gi(2") > Hi(2") = 0},
Too = {’L | GZ(Z*) = HI(Z*) = 0}, Io+ = {7, I HI(Z*) > Gl(Z*) = 0}
It is clear that {Io+,IOO,I+0} is a partition of {1,2,--- ,m}.

Definition 2.1 ([15, 21]). (1)We say that z* € F is a weakly stationary point of (1.1), if
there exist multipliers (X, p1, u,v) € R x R? x R™ x R™ such that

Vi) +Vg(z") A+ Vh(z*)u — VG(z")u — VH(z")v = 0,

ALp\Zy () = 05 vz, =0, uz, = 0.

—~

b
[N
~— —

(2)We say that z* € F is Clarke stationary (C-stationary) of (1.1), if there exist multipliers
(A, p,u,v) € RE X R? X R™ x R™ such that (2.1)-(2.2) and uv; >0, 4 € Zgo.

(3)We say that z* € F is Mordukhovich stationary (M-stationary) of (1.1), if there exist
multipliers (X, g, u,v) € R x R? x R™ x R™ such that (2.1)-(2.2) and u;v; =0 or u; >
0, v; >0 for all i € Zyg.

(4)We say that z* € F is strongly stationary (S-stationary) of (1.1), if there exist multipliers
(A, g u,v) € RE X RY x R™ x R™ such that (2.1)-(2.2) and u; >0, v; >0 for all i € Zy.

The relations among these stationarity concepts can be stated as follows:
S-stationarity = M-stationarity = C-stationarity = weak stationarity.

Definition 2.2 ([6, 21]). Let z* € F and Z), = {1,2,...,q}.
(1) MPCC-LICQ holds at z* if the gradients

{Vgi(z")|i € I4(z")} U{Vhi(z")]i € I} U{VG;(2")|i € Loy UZno}
U {VHZ(Z*”Z S I+0 @] I()()}

are linearly independent.
(2) MPCC-MFCQ holds at z* if the gradients

{Vgl(z*)|z € Ig(z*)} U {{Vhl(z*)h S Ih} @] {VGl(Z*)‘Z € Lo+ UI()()}
U {VHZ(Z*”Z e I+0 UIO()}}
are positive-linearly independent.

Definition 2.3 ([21]). The upper level strict complementarity (ULSC) holds at z*, if z* € F
is a weakly stationary point and w;v; # 0 for all ¢ € Zyp.



844 N. XU, L.-P. PANG, J. LV AND M. XUE

Now, we focus on the log-exponential regularized problem NLP(t) [22, 14]:
min f(z)

z

s.t. g(z) <0, h(z) =0, ®(z;t) =0, (2.3)
where t > 0, ®(z;t) = (P1(z;t), .. ~a¢m(z§t))T and

—tIn(exp(—Gi(z)/t) + exp(—H;(2)/t)), t >0,
di(z;t) = (2.4)
min{G;(z), H;(z)}, t=0
fori =1,2,...,m. The above approximation function is used in [17]. From [17], we have

tl{r(l) ¢i(z;t) = min{G,(2),H;(2)}, Vi=1,....m

and ¢;(z;t) is continuously differentiable for all ¢ > 0. The gradient and Hessian with respect
to z are given by

Voi(z;t) = vinl(z;t)VGi(2) + via(2;t) VH; (2), (2.5)
V20i(z;t) = vin(z;t)V2Gi(2) + vialz; 1) V2 H;(2)
—%yil(z; tvia(z;t) {VGi(Z)VGi(Z)T + VHi(z)VHi(z)T} (2.6)
—I—%yil (z;t)vin(2; 1) {VGi(z)VHi(z)T + VHi(z)VGi(z)T} ,
where
V'l(Z' t) _ exp(_Gi(Z)/t)
R A B R A .
(et exp(~H,(z) /1) |
T exp(=Gil2) /1) + exp(—Hi(2)/1)
and
vi1(z;t), via(z;t) € (0,1), vin(z;t) +via(z5t) =1, Vi=1,...,m. (2.8)
In particular,
O lim V(M) = VGi(2Y)for i € Toy.,
zk—2* 11, —0 (29)

lim  Ve(2F;t,) = VH;(2")for i € T.

zk—z2* 4, —0
We consider the inexact first and second order conditions for the regularized problem
(2.3), because the numerical algorithms rarely terminate in the exact conditions.

Definition 2.4. Let € be a positive constant and z € R™. If there exist multipliers A €
RP e RY § € R™ such that

p q m
IVF(2)+ D AiVai(z) + ) miVhi(z) = Y 6:;V¢i(z) lo< e,

i=1 i=1 =1
gl(Z) <eg, /\1 > —€, | /\lgl(Z) |S g 1=1,...,p, (210)
|| h(Z) ||00S & |¢l(zvt) |§E7 i:17"'7m7

we say that z is an e-KKT point of the regularized problem NLP(t).
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From [11], the authors prove the convergence results of the different regularization meth-
ods when approximate KKT points are considered. It is shown that without any addi-
tional assumptions, these regularization methods mentioned in [11] converge to weakly or
C-stationary points only. In order to improve the convergence properties for MPCC, we
have that 2* is an £;,-KKT point of NLP(t;) and z* is a limit point of {z¥}. z* also satisfies
the following condition:

dTN2L(2F \E P 6F)d > —ep|d)|? (2.11)

holds for every direction d € T(z";t;), where L(z,A,p,0) = f(z) + Y0 Nigi(2)
—+ 23:1 ,LL7h1(Z) — Z:il 51¢1(Z, t) and

- Vgi(z")Td =0 i€ T,(z), Vhi(z¥)Td=0 i€,
T(z*;t,) = d e R"|
Voi(zFiti)Td=0 i=1,...,m.

We say that z* is an approximate second order stationary point of NLP(t), if ¥ is defined
as an £;,-KKT point satisfying (2.11).

Convergence Results

We focus on a sequence of the approximate second order stationary points generated by the
log-exponential regularization method. We can obtain some convergence properties of (1.1)
under the certain MPCC CQs. The proof is long and borrows some ideas from the proofs of
Yin & Zhang [22] and Kanzow & Schwartz [11]. It becomes somewhat technical with some
necessary modifications.

Theorem 3.1. Let {t;} \, 0, {ex} \ 0 and {z*} be a sequence of the approzimate second
order stationary points of NLP(ty). If 2¥ — z* and MPCC-LICQ holds at z*, then z* is
M-stationary. If in addition ULSC holds at z*, then z* is S-stationary.

Proof. Let (\*, 1i*, 6%) be multipliers associated with {2*} satisfying the e;-KKT conditions
(2.10) and condition (2.11) of NLP(tx). It is obvious that z* is a feasible point of (1.1).
Using (2.5) and (2.8), the first row of (2.10) can be written as follow:

| V(2 +Z)\’“ng +Z;ﬁw 251 "VGi(z Zé“VH

=Y (M) VGi( Z SF v (25 t1) VH (2%) || o < e, (3.1)
1€Z 10 1€Lo4
where
sk — v (2% tk), i € Toy U oo, 52k — SFupp(27ity), i € Tio U oo,
10, otherwise, i T 0, otherwise
and
Vﬂ(zk; k), 1/1'2(216; tr) € (0,1), Vil(Zk;tk;) + 1/1'2(,2]“; ty)=1, Yi=1,...,m. (3.2)

Then we claim that the multipliers (\*, p*, §bF §2F 6§0+UI+0) are bounded. We derive

a contradiction by assuming that they are unbounded. We can assume that there exists a
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subsequence K satisfying
()\k’ N’k 51,k 52,k 6§0+UI+0)
[(XF, otk 62k, 67 oz o)l

From (2.9) and (3.2), we obtain

£> (5\7 /17 517 (SNQa SIO+UI+0) 750

1, (&S I0+7 1, i€ I+07
kgin via (2% te) =< vl i € oo, kglf vio(2%tk) =< vy, i € Too, (3.3)
0, i€y, 7 0, i€y,

and V] + v =1 for all ¢ € Zgp.
Then (3.1) divided by [|(A*, u*, 6VF, §2k ok

I()+ UI+0

)||. We obtain

p m
> vy —|—Z,quh D INIAY Z 2VH;(2*) =0 for k— 400, (3.4)
=1 =1 i=1

where A > 0. If \; > 0 then A\F > ¢ for some constant ¢ > 0 and k sufficiently large. We
have 0 <| g;(2%) |< = |>\ P < € — 0, which implies that supp(A) € Z,(z*). Moreover, from

the definition of 6** and 62 k, it is clear that supp(6') € Zo4 UZoo and supp(62) C ToUZgo.
If (A, fi, 61, 62) #£0, (3.4) is a contradiction to MPCC-LICQ. If (X, fi, 61, 62) =0, there
exists ig € Io+ UZ4o such that §;, # 0. We consider the case ip € Io+ and get 51 =
lim 5 1/701(z ith)

k—+o00 [[OURIZE 51 koBk, 6§0+UI+0)”
other case can be proved in the same way. Thus, the sequence (A\¥, 1

= io # 0. This contradicts the assumption (51 = 0. The

k oL k 52 k 5§0+UI+0>
is bounded and converges to (\*, u*, §%*, 6**, 07 7, ). Using (3.1) and

6}’*53’* = kgrfoo(éf)%/ﬂ(zk;tk)uig(z ;tr) > 0 for all ¢ € Zy,

we conclude that z* is a C-stationary point.
Now, we show by contradiction that z* is M-stationary. We assume that there exists
i’ € Iyo such that 5»1,’* < 0 and 5»2,’* < 0. Thus, we have

5" = kgrf} Ok vin (2% ty) = G55, <0 and 6% = kll)IJ'I_l SEvina (27 ty) = 655, < 0.(3.5)

Consequently, v, € (0,1), v}, € (0,1) and v}, + 15 = 1. We assume that v}, =« € (0,1).
Since MPCC-LICQ holds at z*, we may choose a bounded sequence d* such that, for k
sufficiently large,

Vgi(2M)Td* =0  ieZ,(z%),

Vhi(zM)TdF =0 i=1,...,q,

Vo2 t)Td* =0 i€ Toy ULy, (3.6)

VG;(ZMTd" =0, VH;(z")Td" =0 i€ Zy\{i'},

VGl/(Zk)Tdk = Vi/g(zk; tk), VHi/(Zk)Tdk = —I/Z'll(Zk;tk).

Hence, we have d* € T(z*;t;,) and

p
AL R 00 = dT VR DD AETRg(h)
i=1

+Zukv2 Zakv% i),

=1
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42, (25 1) d
= Vil(zk;tk)dkTVZGi(zk)dk + Vig(zk;tk)dkTVQHi(zk)dk (3.7)

—tlyil (2%t ) vin (27 tk)dkT [VGi(zk)VGi(zk)T + VHi(zk)VHi(zk)T} d*
k

1
—l—t—yil(zk; tk)l/ig(zk; tk)dkT [VGi(zk)VHi(zk)T + VHi(zk)VGi(zk)T} dF.
E

From (3.6), we obtain, for i € Zop,
A2, () A = v (2R te)dE T VRG(2R)AE + i (2R 1) dE T VEHG ()R (3.8)

1 k k vio(2"; 1) 2 kT k\\2
-y . ) . A AL VAN | H.
o vt (D2 S +1) (@ VHGH)

2
and _iVﬂ(Zk;tk)l/z’z(Zk;tk)(Vw(z’c;tk) + 1) (" VH;(2¥))2 = 0 as k — +oo.

vir(2F;ty)
For i € 7o, we know that
dIN2 (A = v (2R te)dY VRG(ZR) AR + v (285 4)dE T VEH(2R)dE (3.9)

1 k k vir (2" th) kT k)2
v (i tval: ,tk)(m(zk;tk) +1) (@ VGi(=)

2
and — A v;1 (25t ) vio (25 ty via(27stx) +1 dkTVGi 2¥))?2 - 0 as k — 4o00. Clearly, for
123

via(2F;ty)

i € Toy UTyo, d* V26, (2" t)d* is bounded.
For i € Zpo\{7'},
A" N2; (1) dE = vy (255 t0) AT V2G(2F)AE + vin (285 1) dE T VEHG(2F)dE. (3.10)
From (3.6), we obtain, for i = ¢,
dkTV2¢i/(zk; te)d® = v (25 tk)dkTVQGiI(zk)dk + Wg(zk;tk)dkTVQHi/(zk)dk
—%Wl(zk;tk)Vifz(Zk;tk)~
Using the boundedness of d*, v;1 (2¥;tx), via(2F;t1), (AE, pF, §LF §2F 6§0+UI+0)

dkTviL(Zk ARk 6k)dk_

V2GR + ST T2 (2 )+ ,ﬁvZ S22 )] dP,
K3
=1 1€Zo4+ UL o
T 1
-y d [53’kV2Gi(zk)+5i2’kV2Hi( dk + ka;im(z e v (295 ),
1€Zoo

we have that all terms in the above equation are bounded except the last one. From (3.5),
we know that

. 1
kBI—&I-loo E(S,Wl(z st v (28 ty) = kgrfoo E(Sik,wq(zk,t p) (1 — v (2% t8))

=(1-a)dy* lim — = —o0. (3.11)
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Hence, dkTV§L(zk, LTS 6k)dk — —o0, which is a contradiction to the condition
T
I TEP LN VN P

Therefore, z* is M-stationary of (1.1). Clearly, if in addition ULSC holds at z*, then z* is
an S-stationary point. O

The following example shows that we cannot obtain the conclusion of Theorem 3.1 under
MPCC-MFCQ instead of MPCC-LICQ.

Example 3.2. Consider the three-dimensional MPCC

min —z; — 23 s.t. — 2 <0, 27 — 2 <0, min{z,z3} =0.
z

We know that MPCC-MFCQ holds at z* = (0,0,0) and MPCC-LICQ does not hold at z*.
Now we consider the log-exponential regularized problem

min—z; — 23 s.t. — 29 <0, 27 — 2, <0, —tIn(exp(—z1/t) + exp(—z3/t)) =0
with parameter ¢ > 0. Let tx = k_%, € = 2k~ % and 2% = (k=1 k=2 k=1 k=), Tt is clear

that z* togethers with the multipliers (\¥, A5, 6%) = (0,0, —2) satisfying ¢;,-KKT conditions
and

dTN2L(2R NE iP 6%)d > —ep||d|)* for all d € T(2";ty).
Since, for all £ =1,2,..

e

-1 0 22 3
VL. (2% XF, 6%)] oo H 0 |+ =1 |+X[ -1 | 0% O <ék,
~1 0 0 5 /)l
25 > —€k, A]lc > —Ek; | Alfzg |§ €k, (Z{C)Q - Z§ < €k,
)‘126 2 —€k; | Ag((zf)Q - Zg) ‘S €k
| (=" te) | = | —tiIn(exp(—27/tx) + exp(—25 /1)) |
= | —k™% In(2exp(—k~?) I<| —2k73 |=¢p
_ -1 _1 T — 1T —
and T(*; 1) = {deR3 @k =1,0)7d =0, (0,-1,0)d 0’} — (0,0,0)7
(753 Oa 75) d=0
From the equation
-1 0 227 1 0
VL(z* X, u*, v*)= 0 +A 7 -1 |+ -1 = 0 || 0 | =0,
-1 0 0 0 1
it means that v* = —1, v* = —1 and A\] = —A3. There exist multipliers v* = —1, v* =
—1, A\] = —A3 = 0 such that the conditions of C-stationarity. However, z* is not an

M-stationary point.

Furthermore, we focus on finding a sequence of the approximate second order stationary
points. The existence of £,-KKT point of NLP(t;) satisfying (2.11) is discussed in the next
section. We design an algorithm to generate {z*}.
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A Second Order Stabilized SQP Method

Our primary interest in this paper is to compute a solution of MPCC by solving a sequence
of the regularized problems. Since the usual stopping criteria may fail to satisfy the KKT
conditions, we use the approximate stationary conditions to define the stopping criteria for
practical algorithm. In order to obtain M-stationarity, we consider the approximate second
order stationary points of NLP(t). First, we consider the basic strategy for MPCC as
follows.

General Scheme of a Practical Algorithm for MPCC
Choose t; \, 0,6 \, 0 and a stopping tolerance ¢’ > 0, Let z° be a
feasible point of NLP(ty) and set k = 0.
While ¢, > ¢’ do
Solve the regularization N LP(¢;) and use 2" as starting vector.
Find an approximate second order stationary point z**! of NLP(ty).
Set k <+ k+ 1.
end while
Return the final iterate z,p: = 2k and function value at Zopt-

k

In this section, we present a detail procedure to compute a sequence satisfying approxi-
mate first and second order conditions of NLP(t). We recall the regularized problem (2.3),
by adding the slack variables, it is equivalently written in the form

min f(z) s.t.c(z,2t)=0, 2,>0, i=1,2,...,p, (4.1)

where ¢ : R*P — RIT™+P and

We set z = (z,2)T, f(z) = f(z) and rewrite (4.1) as follows

min f(z) st.e(z;t) =0, 2,20, i=n+1,...,n+p. (4.3)

We focus on the following approximate KKT conditions of (4.3), if there exists multiplier
y € RIT™+P guch that

ez
— Vf(x ) Ve(z;t)y
’ 2]z - [Vf(2) - vC(ﬂlflt
min{[z]z, [Vf( ) — Ve(z; t

(4.4)

wheree >0, & ={1,...,n}and Z = {n+1,...,n +p}. The Hessian of the Lagrangian
~ qg+m+p
with respect to x is denoted by H(z,y;t) = V2f(z) — > v:Vici(x;t). We set
i=1
Al)={ieZ:[z]; =0}, Fx)=A{1,....n+p+qg+m+p}\ Alx), (4.5)
Ay (z,y) = {i € A() | [Vf(z) = Ve(@ 1t) Ji >0},

Ao, y) = {i € Ax) | [V](z) = Ve(a; t)yl; = 0}.



850 N. XU, L.-P. PANG, J. LV AND M. XUE

The idea of our method is to solve problem (4.3) inexactly. Hopefully, as ¢ approaches
to zero, the iterate approaches to a solution of MPCC. The proposed method is based on
a stabilized sequential quadratic programming (SQP) method from Gill & Kungurtsev [5].
The problem format presented in [5] assumes that all variables are sign constrained, i.e.,
x > 0. However, the problem (4.3) is different from the problem considered in [5], since we
only need the slack variables xz > 0. The proposed method can be adapted to the case
where not all variables are sign constrained. Hence, we change the SQP method in [5] to
solve (4.3) and consider the iteration of variable ¢. Since our approach is different from [5],
the SQP merit function of (4.3) is given by

~ 1 1
M(z,y; 9", u,t) = f(z) — c(z;t)"y" + g lle@ Ol + o-lle(; ) + uly — yIIIP,  (48)

where 3% is a Lagrange multiplier estimate, u is a positive penalty parameter and t is a
positive smoothing parameter. Note that M (x,y;y”, u,t) is at least twice continuously
differentiable function with respect to z,y, and for any given y¥, u, t,

VM (o t) = ( Vi(x) - VC(fv;t)u(zry(fi; ?T’E$Uy§E);r g;r)(ff;yE,U»t) - ) ) C(49)

VEM (z,y; 4%, u,t) =

: U m(x; u,t) —y); 2V¢(x; c(x; C\T;
( H(z,m(z;y%,u,t) + (7( 73/5;(:;2)T y)it) + 2Ve(zs ) Ve(z )TV il’t) ),(4.10)

where 7(z;yF, u, t) = y¥ — c(z;t) /u.
From [5, Theorem 1.3], the motivation of M (z,y;y”,u,t) as an SQP merit function is
given by Gill et al. The result can be applied to problem (4.3) such as Theorem 4.1.

Theorem 4.1. For each t > 0, if (xt,y') is a solution of problem (4.3) that satisfies the
second order sufficient optimality conditions, i.c., r(zt,yt;t) =0,

plH(z!,y';t)p > 0 for all pe C(z',y';t)\{0}, (4.11)

where C(z',y";t) = {p | Ve(z"t)Tp = 0, p; = 0 for i € AL (z',y"), p; = 0 for i €
Ao(zt,y')}, then for the choice y¥ = yt, there exists a positive u such that for all 0 < u < 1,
the point (x*,y') satisfies the second order sufficient optimality conditions for the problem

min M (z,y;yF u,t) st.x; >0, i=n+1,...,n+p. (4.12)
T,y

Let vy, = (2, yx) be the kth estimate of a primal-dual solution of (4.3) with ¢ > 0 and
u,lf be a second penalty parameter such that 0 < u,? < ug. The quadratic model of the
change in M (z,y;yE, uf,t) is defined as

1
Qk(v; ykEvuleat) - VM(vk; yf,ukR,t)T(”U - Uk) + i(v - Uk)TB(Uk;uleat)(v - vk)a (413)
where v = (z,9), yF is an estimate of yx, and

H(w, ;1) + 2Ve(w; )Ve(w )" Ve(it) ) . (4.14)

B(v;u,t) = ( Ve(z; )T ul
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Notice that B(vg; uf,t) is independent of . According to the definition of Qy (v; yZ, ult,t),
we consider the subproblem

min Q. (v;yl,ul,t) st.v; >0, i=n+1,...,n+p. (4.15)

By introducing B(v;uft,t), the subproblem (4.15) can be formally equivalent to the QP
subproblem

. ~ 1 1
min Vf(ae) (@ — x) + §($ — )" H(zk, ys ) (x — ) + 5 Uk Hlyll?

st clarst) + V(o ) (x — o) +ugl (y —vi) =0, (4.16)
z; >0, i=n+1...,n+p.

At the start of the kth iteration, ukR_l, up_1 and (2, y*) are given. In order to compute
yf and ukR, it is necessary to define the e-active set and its complement set, i.e.,

Ac(z,y;u,t) ={i € T : z; <e, with e = min{e;, max{u,r(z,y;t)"}}, (4.17)
]:e(xay;uat) = {laan+p+Q+m+p}\ Aﬁ(xay7u)7 (418)

where 0 < vy < 1,0 <€ < 1 Furthermore, the required non-negative scalar ¢ is computed
as part of the vector (&, s, )) which is glven by [5, Algorithm 1]. From [5], we have that

,(Cl) (/z,(ﬁl),w,(c ) and s,(Cl)TB(vk,ukal, ) =&k ||u(1)||2. The feasibility and optimality
measures are given by

h(z)
n(ze;t) = lle(zr; )] = || D(z;1) H (4.19)
9(2) + 2
and
[V f (k) = Velzri t)yele,
w(Tk, Yk, Ek; t) = max { H (k] 7 - [Vf(g‘k) — Ve(ag; t)yklz , §k}. (4.20)
min{[z]7, [V f(zr) — Ve(zr; t)yelz}
Define

Yo (@, Yry Ers t) = n(xr; t) + Bw(@r, Yry Eit), YolTr, Yry Ekit) = Bn(wr;t) + w(@r, Yr, §ki ),

where 3 is fixed and 0 < 8 < 1. These functions 1y (vg, &k;t) and ¥, (vg, &k;t) are used to
define the “V-iterate” and “O-iterate” in Algorithm 1. The new parameter is defined by

R min{uft |, max{r(zg, yx;t),& 7}, if max{r(zg, yx;t), &k} > 0,
Uk = 1 R . (421)
SUL_1, otherwise,

which is used for the local quadratic model. If v, is not satisfied the conditions of “V-O-
iterate”, then vy is checked to whether satisfy some conditions of the problem

min M (z,y; 98, ult 1) stox; >0, i=n+1,....,n+p (4.22)
.y

with ¢t > 0. These conditions are called the “M-iterate” in Step 3 of Algorithm 1. Otherwise,
the yZ and uf' are fixed at the current values and (z,yx) is called an “F-iterate”.
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Note that the problem (4.15) is not suitable to obtain a search direction because
B(vk;ukR,t) is not a positive definite matrix in general. In addition, the computation of
a second order solution of a nonconvex QP is intractable in certain instances. Hence, it is
necessary to consider the definition of a more appropriate quadratic model and line-search di-
rection. The line-search direction is the sum of the descent direction dj and the direction
of negative curvature. The vector dj, is either the local descent direction or global descent
direction.

An optimal point ¥y = dj 4y of the subproblem (4.15) satisfies the optimality conditions

[V Ou(d + vis yb s us ] Fdgtor) = 05 [VQi(di + vis Ui, upt )] A(d+o) = 0 and

_ (4.23)
[dr +vg]: >0, i=n+1,...,n+p,

where the free and active set are evaluated at di+vi. The local descent direction is computed
by the QP subproblem [5]

min  Qx(v;yr,ult,t) st. [v]a, =0, (4.24)
v

which is given by relaxing the optimality conditions (4.23).
The global descent step is computed by solving the convex QP subproblem [5]

min @k(v;yf,uf‘,t) st.v; >0, i=n+1,...,n+p, (4.25)
v

where Oy (v;y, uft,t) = VM (vgs yF, uff, )7 (0 —vi) + (v —v) "Blogs uff, ) (v —vy) and

B(vg; ull t) = (4.26)

N H(zg, yp;t) + H%Vc(xk;t)Vc(xk;t)T Ve(xg; t)
k .
Ve(zy; t)T uf'l
The ﬁ[(x, y;t) is defined so that E(vk; ufl t) is a positive definite matrix. The global descent
direction is defined by dp = U, — v, where U is the unique solution of the subproblem
(4.25). The detail computations of dj are summarized in Algorithm 2. The calculation of
the direction of negative curvature sy is given by Step 5 of Algorithm 1. The feasible second
order strategy can be stated as follow.

Algorithm 1: Second order primal dual algorithm for MPCC

Step 0 (Initialization)

Given initial point (x!, y*) € R*P x R4T™+P parameters t; > 0, &1 > 0,0 < v < 1,
0<e <1,0< 7 <05 0< (<10 >0 and the stopping tolerance & > 0. Choose
y& e RIAmHP 7y > 0, g gpmaz oy 0> 0,0 <ull <wuyp. Let k=1, j=1.

v,0 > 0,0 »

Step 1 (Least curvature estimate of Qy)
Compute the e—free set Fe(z, yx; ukR_17tj) from (4.18) and 7(xk, yx; t;) from (4.4);
Ve = Ve(ag;ty), He = H(xg, yr:tj); Hz, and Vez as submatrices of Hy, and Ve, related
to Fe = Fe(zp, yrsull |, t,)N{1,...,n+p}.

If Hr + (1/uff|)Vcz vc}-;e is a positive semidefinite matrix then set

& = 0; pui) =05 wiM = 0;

else

Compute a direction uz # 0 satisfying
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¥ (Hg, +(1/Uk DVer, Vel )z, <O0Amin(He, +(1/Uk 1)VC]-' Vel )uz |1 <05

&=~k (Hzp, + (1/Uk VDVer, Vel )z 2> 0
1 1 1 1)
= 05 ()5, = st 0! = (1l )L
end if
1 1 1
Set s,i) (ﬂic ), ( ))
Step 2 (Check the approximate second order conditions)
If
r(z, yrtj) <&, & <¢e; and ul | < 5, (4.27)
then set t;,1 = (t;; €41 = (g3
If e; <€, stop;
else set j < j+ 1 and go to Step 1;
else go to Step 3.
Step 3 (Compute the new multipliers and parameters)
If oy (zh, yi, s ) < 3 3‘,‘;”01, then [V-iterate]
set Y"pt = wal,’jxl, yk Yk, Tk = Tr—1and ukR as in (4.21);
else if wo(zk,yk,ﬁk, i) < é okty, then [O-iterate]
set Yt = ;”,gwl, yE = yi, T, = Tp—1 and ull as in (4.21);
else if [M-iterate]

VM (2, yr; v 1, wh— 1, t)ell < o1,

Wxk]z - [VaM (@, yrs i1 ub -1 t)]z ]| < Thet,s (4.28)
| min{[zx]z, Vo M (2, yr; v -1, up1, t)] 2 < 71,

IVy M (k, yk; i1, w1, )| < meaui’,

§k < Tr—1

then set y¥ = max{—ymaxe, Min{Yx, Ymaxe}}, T = %Tk,l and

R _ mln{2uk Lmax{r(zk, yr;t;), &} ), if max{r(zk, yr;t;), &} >0,
up =93 1, R (4.29)
qUE_15 otherwise,

elseset yf =yl || m=m_1, ull=ull . [F-iterate]
end if

Step 4 (Termination criterion)
If min{||c(zy; t;)], €5} > uff and

<& wi —i .
mm{ 2algs [Velows t)elans t, <e¢; with k an M—iterate (4.30)

Vc(xk,t ) (:L'k,tj)}g >
)z}

then set t;,.1 = (t;; €41 = (ey;

Ife; <&’ stop;

elseset j < j+ 1, 7p—1 = 71, u§71 = ukR and go to Step 1;
else go to Step 5.

Step 5 (Compute the search direction)
Compute the set Fe(xy, yr; ul,t;) from (4.18); dj, from Algorithm 2;
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If VM (vi;yf uft t5)7's), ISP 0, then set s( ) = 51(61)7

else set 5( ) — (1)

Let dj, and ,uk (%) he the ﬁrst n + p components of d; and s,(C ),

Compute oy, = argmax{o| [ex + di + o)z > 0, ol 2]l < max{&,||[delz]}} and

sk = (g, wg) = Uks](€ ).

If di, #0, s =0 and (zg,yx) is a V-O-iterate, then set I, = 1;
else set [, = 2.

Step 6 (Line search strategy)
Compute Avy = di, + sk, ux = max{uf,ux} and VM = VM (vg;yZ, ul,t;). Define the
univariate function Wy (s u,t;) = M(vg + aAvy; yF, u, t;) with respect to a, the line-search
model function
or(osu, U, ty) = (05w, )+ W (05 u, t;)+ 5 (e —1 )a min{0, AU,{B(’U}C,U]C 1,tj)Avg} and
pr (0w, Ui, tj) = (Vx(0;u, tj) = V(o u7tj))/((pk(07 Uy, 7l/€7 ) on (o Uy 7lk7 ))
If di, =0, s =0, then set o = 1;
else if dj, # 0 or VMTs;, < 0 or ukR = u,f” 1, then set a;, = 1;
while py(ag;ul, U, t;) < s and pg(ou; ug, bk, t;) < s, do oy, = ozk;
end while
else set [dr, =0, sp £0, & > 0]

5,5 = —5; w2 M (Uk,yk auka )Sk/HﬂkH ) (4.31)

if & > 4, then set ap = 1;
while pk(ak,uk,lk, i) < vs and pr(og; wk, Ui, t5) < vs, do o = ak;

end while
else set ap = 0.
end if
end if
Set
] ug, if pr(ag; g, g, tj) > vs or di, = s, =0 or ay, = 0,
Uht1 = { max{juy,up}, otherwise, (4.32)

Vg1 = (Tpt1, Y1) = Uk + ardy + ag sk, k <+ k+ 1 and go to Step 1.

Remark 4.1. In Step 1 of Algorithm 1, we introduce the new index set F, =
Fe(p, yrsull | t;) N {1,...,n + p} instead of Fe(z,yr;ull ;,t;) used in [5]. We suppose
that Step 1 is always successful to determine whether or not Hz + (1/uff )Veg Vel is
positive semidefinite and compute a pr, # 0 if Hz + (1 /ukR;l)VcﬁEche is not positive
semidefinite. The similar line search strategy was proposed by [5].

Note that Algorithm 1 and Algorithm 2 are different from the Algorithm 5 and 2 in [5],
since they are related to the iteration of variable ¢; and adapted to the case that all variables
are not sign constrained. In order to obtain an M-stationary point of MPCC, we consider
the approximate second order conditions (see Step 2 of Algorithm 1), which establish by
the new definition of r(x,y;t). In addition, the new r(z,y;t) have effect on the M-iterate
conditions and 1y, 1, of V-O-iterate (see Step 3 of Algorithm 1). The special structure of
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Algorithm 2: Computation of the descent direction dj
Given vy, yF ufl Veg, Hy, from Algorithm 1. Set 0 <5 < min{y,1 —~} < 1;
B= B(vk;u,}f,tj);
VM = VM(Ulﬁyk U Roti) e = 7’(%151)%; )4, =0 007 = [va]7;
Q1 (v) = Qi (v;yZ, ul t;); Qk( ) = Ok (v;yF, ult,t;); Compute B from B.
Step 1 (Local descent direction)

If Br. is a positive definite matrix and v is a V-O-iterate, then set

[Aﬁ(o)]A = 0; Solve Bz, [AA(O)} Fe _[ng@l(c()))]fe;

A(O _
O =09 + A ; di = U — g
If vy, + dj, is fea51ble, VMFdy <0 and [VOQg(vk + di)]a, > —kre, then
go to step 3;

else go to step 2.
else go to step 2.
Step 2 (Global descent direction)
Set [01"].4, = 0; Solve Bz, [AA(O)] . — —[VOLE™)] £.; Compute &g > 0 and
v,(cl) such that v,(cl) = ,E:O) + ozoAvk is feasible;
From the starting point 51(:)7 use the active set method to solve
the convex subproblem (4.25) to obtain Uy; di = U — vg.
Step 3  Return to dy.

r(z,y;t) as shown in (4.4) is applied to Algorithm 1 to find a sequence of e-KKT points
satisfying (2.11).
In order to obtain the convergence results, two assumptions are given as follows.

Assumption 4.1. The sequence {zj} generated by Algorithm 1 is contained in a compact
set.

Assumption 4.2. The sequence {H (zy, yi: t;)} is chosen to satisfy
1 ey )| < Hiae and Aawin (B (2, 03 15) + (L/uf ) Ver V) > Ay (4:33)

for some ﬁmax, Ao >0andall k> 0.

min

Similarly, these assumptions are given in [5]. If steps 2 and 4 are omitted from Algo-
rithm 1, the infinite sequence vy, = (xg,yx) is generated by Algorithm 1. Based on these
assumptions and the similar analysis from [5], we know that there exists an infinite set of
V-O-iterates or M-iterates and uf’ — 0 for all fixed 7 > 1. If the set of V-O-iterates is finite,
then the set of M-iterates is infinite. We denote the set M = {k : iterate k is an M—iterate}.
For each fixed j, the limit point 27 of {zg ke satisfies ¢(z7;¢;) # 0 and it is a KKT point
for the problem

1
min §||c(oc;tj)||2 st.xz; >0, i=n+1,....,n+p. (4.34)

In the following theorem we prove that, if Step 2 and Step 4 are present, the conditions
(4.27) or (4.30) hold in a finite number of iterates k for all fixed j.

Theorem 4.2. If Algorithm 1 is implemented with a positive value of €5 in Step 2 and Step
4, then the conditions (4.27) or (4.80) hold in a finite number of iterates k.
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Proof. We suppose by contradiction that there is a 5’ such that (4.27) and (4.30) fail to hold
for all k£ > 0. It implies that the infinite sequence {vy} is generated by Algorithm 1 for fixed
j’. There are two case to be considered. Suppose that there are infinitely V-O-iterates given
by the sequence S. By the update used for V-O-iterates and uf — 0, we obtain that (4.27)
will be satisfied for all k € S sufficiently large. This implies that the conditions (4.27) hold
after a finite number of iterates. Next, we consider the case that the set of V-O-iterates is
finite. By Assumption 4.1 and the optimality conditions of problem (4.34), there exists a
subsequence M; C M of M-iterates such that

lim z, = xj

Vc a st )e(ad )]s
keM,

mm{ 277, [VC(W tie(xr;ty)z} ) H =0 and c(z’ ;t;) # 0(4.35)

It also follows from uf* — 0, (4.35) and (4.19) that

min{n(zg;t;),e5} >uft for all k € M sufficiently large. (4.36)
The combination of (4.35) and the definition of M mean that (4.30) must hold for k € M
sufficiently large. Hence, the conditions (4.30) are satisfied in a finite number of iterates
k. O

Hence, for all j > 1, there must exist a k = k(j) such that (4.27) or (4.30) hold. The
result plays an important role in the convergence analysis. It is clear that Algorithm 1
will terminate after a finite number of iterations if the termination conditions (g; < &)
are present. In the subsequent analysis, we assume that termination conditions (¢; < €’)
of steps 2 and 4 are omitted, and set j < j + 1. As a consequence, there are infinitely
many iterations j in Algorithm 1. We turn to consider the properties of limit points x* with
iteration j.

The next result establishes that, in the case that the iterations satisfying (4.27) is finite,
there exists an infeasible limit point, i.e., ¢(x*;0) # 0.

Theorem 4.3. Assume that x* is a limit point of {xy;)} and the sequence {xy(;)} satisfies
(4.27) is finite. Then c(x*;0) # 0 and x* is a stationary point of the nonsmooth problem

1
min §||c(x, 0)? st.z; >0, i=n+1,...,n+p. (4.37)

Proof. By Theorem 4.2, we have that, for all j sufficiently large, there exists a k(j) such
that min{||c(zr); ts)ll, €5} > uf(j) and

VC((Ek j)7 ) (l‘ (])7t )}S . . .
<e; th £ M-—iterate. (4.38
H min{ [z, j)] [Vc(xk(] . t)e(x it Oz <egj wi (j) an iterate. ( )
We have
S [Ve(zngyi t)e(@ng)ity)le =0, (4.39)
ler+n min{[z;)],, [Ve(@ryiti)e(@rg)ti)lz} = 0. (4.40)

According to (4.39) and [22, Theorem 2.1], it is obvious that, for i € &,

lim dist{[Vc(xp);tj)li, [Oc(z*;0)]:} =0 and 0 € [dc(x™;0)c(z™;0)];, (4.41)

J—r+o0
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where dc(z*;0) = conv{ Egl_l Ve(z?;0) | ¥ — x*, 2" ¢ F.} and F. denotes the set that

¢(x;0) fails to be differentiable.
For i € Z, there are two cases to consider. Firstly, the index ¢ € Z such that [z*]; = 0. In
this case, we have that 4111_{1 [Ve(op)s ty)e(zrgy; ;)]s is nonnegative. From [22, Theorem
j—+oo

2.1], there exist V' € dc(x*;0) such that min{[z*],, [V¢(x*;0)];}=0. Secondly, taking into
account that [z*]; > 0, ¢ € Z, we obtain that 4111_&1 [Ve(opys ty)e(zrgys ;)]s = 0. Similarly,
j—+o0

it is clear that 0 € [Oc(xz*;0)e(x*;0)];. Hence, 2* is a stationary point of problem (4.37).
Since k(j) is an M-iterate, it means that xj(;) satisfies
V2 M (T k(i) Yni)i Ve 107y Y1) ED)JEN < Tom1(i)»
zk)z - Ve M (@) YrG)s Yk -1y Wy tIZ1 < 1)
| min{[zx(j))z, [Va M (Zri)s Un()i Ve 16y Y1)y EDIZH < Tom1(i)s

||VyM(xk(j)vyk(j)§95—1(]‘)’“?—10)%)” < Tkﬂ(j)uf'_uj), §k(j) < Tr-1(j)-

We have
A [[min{erglz, [V (@) = Velzag); ) Y1)
1
+ o Velagyiti)elangy )z =0,
k—1(j)
. -~ . E
S lzklz - V@) = Vel@r)it)vieg)
1
+ o Velagyit) ey t)lzll = 0,
k—1(4)
. -~ . E
L IV f(zri)) — Ve(@igys t)vi—1)
1
+ o Velzngyi t)elerg)iti)lel = 0, (442)
k—1(4)
. B R - . B
jLHfoo 7 (Zr()s Yoy Wem1()0 b)) — Yr(i |l = 0, jl}g}loo k) = 0,

where ﬂ(xk(j);yf_l(j),ukR_l(j),tj) = yf_l(j) — c(Tr(); tj)/ug_l(j). These limits follow from
the definition of M-iterates and the fact _lirll Tr—1(;) = 0 is enforced by Algorithm 1. It
j—+oo

remains to show that ||c(z*;0)|| # 0. This leads to a contradiction. If ||¢(x*;0)|| = 0, then
it follows from (4.42) that xj(;) must satisfy (4.27) for j sufficiently large. This completes
the proof. O

In Section 3, the constraint qualification is a crucial important requirement in the analysis
of convergence. Combining with MPCC-LICQ, we consider the relationship between the
approximate second order stationary points of (4.3) and (2.3). In what follows, we show
that the sequence of multipliers {y(;)} is uniformly bounded, if there are infinite many
iterations satisfy (4.27) and MPCC-LICQ holds at the limit point. Then, we show that it
is reasonable to get the approximate second order stationary points of (2.3) by Algorithm
1. Hence, our method is realistic from a numerical point of view.

Theorem 4.4. Let J be the index set J = {j : vy satisfies (4.27)}. Consider the infinitely
sequence {v;)} = {(Tr), Un()) ), where {vgy} is generated by Algorithm 1 and satisfies
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(4.27). Suppose that {xk(J)} Iy = (z*,2)T as j — 4o0. If MPCC-LICQ holds at z*,
then the sequence {yy(;)} is uniformly bounded.

Proof. Since infinitely many {vy(;y} = {(Zr(j), Yr(;))} satisfy the conditions (4.27), then we
have

@k Uk(i)iti) < €55 &k S¢€; and uy 1) S (4.43)

It is clear that
li ti)=0 d Z,(z") =Z(2%), 4.44
L T(Tr(j)s Ur(h)i i) and Zy(z") =Z(£") (4.44)

where x* = (2*,2%) and Z(2*) = {i € Z | [£*]; = 0}. If the sequence {y(;)} is unbounded,
then there exists a subsequence J; C J such that
Yk(5)
vk

Ly 0. (4.45)

Let ¢/ € R? denote a sequence such that ¢/ = max{0, [Vf(a:k(j)) = Ve(xrgy;tj)yrgylz) > 0.
According to the definition of ¢/, (4.44) and (4.45) imply that

. = 0
jdim <Vf($k(j)) = V(@i ti)ye() — ( o ) ) =0 (4.46)

and {07 /|lyx(j)|l}jes is bounded. Without loss of generality, we suppose that Hyk< N 7
y* and y*>0. It is not hard to get from (4.46), (4.2), (3.3) and {zy;)} — =* that
0= lim —— [ Vi(wr) — Velenit;) <0>

736.71 ||yk ] k(4) k()5 L) Yk(5) o

1
= lim ——— (4.47)
I€T 1Y

V1 ()= S0 iV haCzai) — 3 (5 ) w,(zkm, 3 = Sl )iV (k)

=1 z:l =1 )
Vi)~

where yy ;) = (yﬁ(jyy,‘f(j), yZ(_j))T and y* = (y"*, y®*, y9*)T. It must hold that 7* = —y9-*

and

q
SV + > W lwa VGi(zY)
i=1 Z‘EI()+UIOO
P
+ Y Wl VH(E) + Y i Vai(=) = 0,
Z€I+0UIOO =1
where
€[0,1],v55 €[0,1] and v}y + v =1 (4.48)

According to (4.44) and (4.47), we have supp(y?™*) = supp(y*) C Z(2*) = Z,(z*). Since
MPCC-LICQ holds at z*, it implies that y™* = 0, [y®*];v; = 0 for i € Zoy ULgo, [y?*|ivly =
0 for i € Z,9 U Zyp and yg’ = 0. From (4.48), we have y®* = 0. Therefore, it follows that
y* = 0, which contradicts that y* # 0. O
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Theorem 4.5. Assume that the infinite sequence {(Ty(;),Yn(;))} satisfies (4.27) generated
by Algorithm 1 and x* = (2*,2%) is a limit point of {xy;}. If MPCC-LICQ holds at z*,
then we get a sequence of the approzimate second order stationary points of NLP(t;) for j
sufficiently large. Hence, z* is M-stationary of MPCC. In addition, if ULSC is satisfied at
z*, then z* is S-stationary.

Proof. Let {(zx(j), Yr(;))} be a sequence generated by Algorithm 1 and satisfy the conditions
of (4.27). Tt follows from (4.43) that

h(zk(j))
le(@rgyyiti)ll = P (2x(j)3 ;) <ej, (4.49)
9(zr()) + 2y
which implies that

Ih(zei)loo < €50 |Gi(zri)its)| <ej, i=1,...,m and (4.50)
|gz(zk(])) [ k(5) }z| gsja t=1,...,p. (451)

We can rewrite (4.51) as
|9i(zk i)l < &5 + [[Belil, i=1,...,p. (4.52)

From (4.43), we have ||[Vf(a:k(j)) — V(o) t)yng)lell <ej and

Vf(@ri) = Vel@ng) b)) =
q m p
V(zre)) — Zjl[y,’g(j)]Nhi(zk(j)) — 2 Wi JiVoi(zrait) — 2 Wi i Veizre)

i=1 9 i=1 )
Yk
(4.53)
where yp,;) = (yg(j),y’f(j), Z/Z(j))T~ It is obvious that
q
|| vf Zk(] Z yk: j) Vh Zk j))
i=1
m p
Z[yk j)] v¢z 2k(j Z yk(j) iV g; Zk'(])) ||00< €j- (4'54)
i=1 i=1
From (4.43) and (4.53), we obtain
*ék(j)y}ti(j)
L PORG) <ej. (4.55)
min{Zy(j), =i}

Since MPCC-LICQ holds at z*, in view of Theorem 4.4, we know that the sequence
{yk(;)} 1s uniformly bounded. There exists a positive constant Cy such that ||y ;)llec < C1
for j sufficiently large. If [fyg(j)]i > [Zi(j))is then |[2¢;)]i| < e;. Tt follows from (4.52) that

|95 (zri)| < 265, [=ipli = —&5 and [[=y] ;)]igi(zk(j))| < 2Che;- (4.56)
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If [—yg(j)]i < [Zx(j))i> then |[— ykm] | <ej and [Z(j)]i > —¢;. According to Assumption 4.1,

there exists a positive constant Co such that |2;(;)[lec < Co for j sufficiently large. From

(4.51) and (4.52), we have g;(zx(;)) < 2¢; and [g;(z(j))| < €5 + C2. It is clear that
0i(eri) < 25, [—ulli = —e5 and |-yl ligi(ono)| < (65 + Cadey. (457)

From (4.50), (4.54), (4.56) and (4.57), we obtain that z(;y is an £;-KKT point of NLP(t;),
where £; = max{ 2¢;, (g + C)e;, 2C1¢; }.
Furthermore, we focus on the condition (2.11). From (4.49), we have “qu(j) — 0 as
Jj — 400 and Z(2*) = Z,(2*). Consider the set
R VC(l'k(j); tj)Tp = 0,
Clzrg) ynyity) = (P € R . . (4.58)
pi=0 i€ -Ae(l“k(j),yk(j);uk,l(j),tj)
and the definition of e-active set (4.17). It implies that, for j sufficiently large,
Ac(@h(5) Yr()s o1 () t) S A"). (4.59)
Hence, we have 5(xk(j);tj) - C(a:k(j), Yn(j); tj) for j sufficiently large, where

5(%(]');153‘)
{p € R"?| Ve(zyjyit;)'p=0, pi=0 i€ Az*)}

_ (ps ) | Vhi(ze)) pe =0 i=1,...,q, Voi(zp)it)Tpe =0 i=1,....m,
I Vgi(zki)) Tpe +[pzli =0 i=1,....p, [pz]i =0 i€ Ly(z")

and pg = (P15 s00)T, T = (Pat1y---Pnip)’. Let d denote any vector such that d €
T(zk(j); t;), where

B Vgi(zk(j))Td =0 € Ig(z*), Vhi(zk(j))Td =0 € Ih,
T(Zk(j); tj) =<{de Rn|
V(;Sl(zk(J ) d=0 i=1,....,m
There exists a <p5> such that d = pg and (pg ) € 5(xk(j);tj) with ||p]| =
bz pz
I ( pe )| = 1. If ps, is the vector of components of p associated with the set F, =

Fe (a:k(]) ykm,uk 1)t t;) N {1,...,n + p}, then the definition of p as a vector of unit
norm in the set C(xk(]), t;) C C(xk(j),yk(j);tj) implies that [pz || = 1. Furthermore,
V(o) tj)p = 0 and &g(j) < €; imply that

||(é|)‘2 G) G) = pTH(xk(])vyk:(j)at])p

=" (H (w10, Yr(i)3 1) + (/i) Velmngsty) Vel ) p
= pr (Hz, 1) + /ug-1)Ver, 1) VEer, wi)P7
> Amin(Hz, () + (L ui-1)Vez, () VEr wi)
N; k(])(H]-' KG) + (1/ug’ 13))VCF k(J)vcf K ))/”Lfs”f@)
9||Mf k ])H

1

1
= —gfk(j) Z g
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where

Hz i)+ (1/u§—1)vc]?g,k(j)vc.j)’;€7k(j)
= [H(xr(), (i) 1) + (L/ui— ) Vel ) Vel ty) 1z -

Denote &; = max{ %Ej,éj }, we obtain a sequence of the approximate second order sta-
tionary points of NLP(t;) for j sufficiently large. Therefore, the desired results can be
obtained from Theorem 3.1. O

According to Theorem 4.5, we note that the sequence generated by Algorithm 1 satisfies
the approximate second order stationary conditions for j sufficiently large under suitable
conditions. Our feasible strategy shows the advantages of approximate stationary conditions
as termination criteria from a numerical point of view.

Numerical Results

In this section, we concern a numerical implementation of Algorithm 1 described in the
previous section. We apply Algorithm 1 to compute an approximate optimal solution of (1.1).
To investigate the numerical behavior of Algorithm 1 for MPCC, we write an experimental
code and test some problems in MacMPEC database available at https://wiki.mcs.anl.gov/
leyffer /index.php/MacMPEC. These problems are transformed in the form (4.3) and coded
in Matlab 2014b. In our experiments, we chose the values for the parameters as: v =
0.5,¢; = 1075, = 1073, = 1075, =107°, 7o =1, ¥ = 0.2, § = 1077, ol =
103, 276" = 103, Ymax = 105, uff = 107%,uy = 1. Table 5.1 summarizes the results, where
fgen is the recommended function value in MacMPEC database, f* denotes the final value
and z* is the final solution. The maximal degree of constraint violation from [6] is usually
used to measure the feasibility of the final iterate z*, which is defined by

maxvio(z*) = max{[| max{g(z*), 0}, [|A(")[], | min{G(="), H(z*) }||}-

The objective function value and maxvio(z*) can measure the accuracy of the solutions for
MPCC.

From Table 5.1, we notice that Algorithm 1 does well on almost test problems of relatively
small and medium sizes. Algorithm 1 can obtain the same optimal value for these test
problems as the recommended function value in MacMPEC database except for ex 9.1.2
and ex 9.2.5. Actually, the final objective values of ex 9.1.2 and ex 9.2.5 are similar to the
numerical results in [8]. We discuss the numerical results of ex 9.1.2 and ex 9.2.5 in more
detail. By our algorithm, we obtain that the final iterates z* of ex 9.1.2 and ex 9.2.5 tend
to (3, 0,6,9,0,0,0,0,1,0) and (3, 5, 2, 9, 1, 0, 0, 0) respectively. By verification,
these limit points are M-stationary points of MPCC and satisfy MPCC-LICQ. Hence, these
numerical results confirm our theoretical convergence properties, which implies Algorithm 1
is reasonable. Furthermore, the maximum violation of all constraints is less than 10~* for
all test instances. Numerical results of these test problems indicate the applicability of our
algorithm.

(6] Conclusion

In this paper, we focus on an inexact log-exponential regularization method for MPCC. Due
to the fact that the KKT points are not useful from a practical standpoint. We consider
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Table 5.1: Numerical results on some problems from MacMPEC.

Problem fgen f* maxvio(z*)
1 bardl 17.000 17.000 6.750e-14
2 bardlm 17.000 17.000 5.695e-05
3 dempe 28.250 28.250 1.870e-09
4 desilva -1.000 -1.000 5.598e-05
5 dfl 0.000 2.000e-08 2.082e-06
6 ex 9.1.1 -13.000 13.000 5.112e-05
7 ex 9.1.2 -6.250 -3.004 2.138e-05
8 ex 9.1.4 -37.000 -37.000 3.803e-05
9 ex 9.1.5 -1.000 -1.000 7.919e-05
10 ex 9.1.6 -49.000 -49.000 5.798e-06
11 ex 9.1.8 -3.250 -3.248 1.428e-05
12 ex 9.2.1 17.000 17.000 9.318e-05
13 ex 9.2.2 100.000 100.000 7.145e-05
14 ex 9.2.4 0.500 0.500 5.758e-08
15 ex 9.2.5 6.000 9.000 1.320e-05
16 ex 9.2.6 -1.000 -1.000 2.403e-06
17 ex 9.2.9 2.000 2.001 2.549e-05
18 gauvin 20.000 20.000 4.169e-06
19 fip2 0.000 2.603e-12 8.721e-09
20 gnash10 -230.823 -230.823 8.215e-08
21 gnash1l -129.912 -129.912 2.261e-06
22 gnash12 -36.933 -36.933 1.053e-07
23 gnash13 -7.062 -7.062 8.609e-08
24 gnash14 -0.179 -0.179 4.406e-05
25 gnash15 -354.699 -354.699 8.000e-05
26 gnash16 -241.442 -241.442 3.886e-07
27 gnash17 -90.749 -90.749 1.137e-06
28 gnash18 -25.698 -25.698 1.736e-07
29 gnash19 -6.117 -6.117 1.303e-05
30 jrl 0.500 0.500 0
31 jr2 0.500 0.500 5.194e-10
32 kthl 0.000 2.787e-08 1.999e-05
33 kth2 0.000 0.000 0
34 kth3 0.500 0.500 2.912e-07
35 nashla 0.000 1.652e-13 1.098e-05
36 nashlb 0.000 3.638e-15 2.323e-05
37 nashlc 0.000 5.902e-13 1.769e-05
38 nashld 0.000 1.093e-09 7.784e-06
39 nashle 0.000 1.977e-13 1.125e-05
40 outrata3l 3.208 3.208 8.966e-05
41 outrata32 3.449 3.449 5.704e-06
42 outrata33 4.604 4.604 5.573e-07
43 outrata34 6.593 6.593 7.463e-06
44 gpecl 80.000 80.000 2.167e-08
45 gpec2 45.000 45.000 8.860e-07
46 ralph2 0.000 -2.243e-13 3.484e-08
47 scholtesl 2.000 2.000 2.694e-08
48 scholtes3 0.500 0.500 1.253e-12
49 scholtes4 0.000 -6.286¢€-09 3.248e-09
50 scholtesb 1.000 1.000 2.186e-09
51 scalel 1.000 1.000 2.802e-11
52 scale2 1.000 1.000 2.737e-08
53 scale3 1.000 1.000 3.320e-07
54 scale4 1.000 1.000 1.629¢-08
55 scaleb 100.000 100.000 4.971e-09
56 stackelbergl -3266.670 -3266.670 5.555e-09
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a sequence of the approximate second order stationary points of the regularized problems
and the limit point is M-stationary of MPCC. In addition, we propose a second order
primal-dual stabilized SQP method to solve MPCC, where the regularized subproblems are
solved inexactly. It is shown that the approximate conditions are appropriate choices of the
termination criteria. Furthermore, the experiments illustrate that the approach is effective
to solve MPCC from a practical point of view.
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