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STOCHASTIC CONDITIONING OF TENSOR FUNCTIONS
BASED ON THE TENSOR-TENSOR PRODUCT

YUN Mr1ao, TIANRU WANG* AND YIMIN WEI

Abstract: The conditioning of matrix functions is one of the fundamental topics in linear algebra. In
this paper, we extend matrix case to third order tensor functions based on the tensor-tensor product. We
first give the deterministic perturbation bounds for the tensor Moore-Penrose inverse based on the tensor-
tensor product and generalized them to T-Total Least Squares problem. Then, we discuss the bound of the
stochastic perturbations of third order tensors. We investigate the stochastic conditioning problem for general
tensor function if random noises are input. We define the Fréchet derivative of the generalized tensor function
and give the upper bound of stochastic condition number and compare it with the deterministic condition
number in the first order estimation. The stochastic conditioning will be better than the deterministic
conditioning. Finally, we present a numerical example of the tensor least squares problem to show the
effectiveness of our stochastic error estimate.
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Introduction

In numerical linear algebra [18], one of the fundamental topics is the sensitivity of matrix
functions under the perturbation. A matrix function is a mapping F' : Q@ — RP*? where
Q is an open subset of R™*™. The goal of perturbation analysis is to quantify the effect
that uncertainties might have on the computation of matrix functions [2, 23]. When the
perturbation is sufficiently small, the worst error bounds are explored by Higham and Al-
Mohy [24].

As a special kind of the matrix function, the perturbation analysis upon the linear least
squares problem, to find a vector x € R™ subject to

min ||b— Az||,,
x

has been well developed. The error bounds of the linear least squares problem have been
developed by Stewart [48, 49] and Wedin [58], recently improved in [12, 32]. Golub and Van
Loan [19] establish the estimations to the total least squares problem Az =~ b,
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st.b+reR(A+E),

by the singular value decomposition (SVD). Randomized algorithms for total least squares
problems are presented in [62].

The sensitivity analysis of the matrix function F'(4) is deterministic, which leads to the
expression of first order estimation [16]

[1F(A+ H) = F(A)| < & [ H| + o([ H]),
where k is the deterministic condition number defined as [20]

F(A+ H)—F(A
ﬁzlimc—ézlim sup 1F(A+ H) ( )H
5—0 6—0 |H| <68 0

Rice [46] shows that if F' is Fréchet differentiable at A, then & is the operator norm of the
Fréchet derivative of F' at A. However, few attempts have been made to cases when random
noises exist. In fact, the random noise exists in many cases. Some automatic error analysis
software perform random perturbations and the experimental data obtained by containing
random errors which confirm certain kinds of distribution. Therefore, it is worthwhile to
gain the error bounds by the stochastic analysis. We can trace the original idea to Turing
[53], who first considers the function F(A) = A~b for a nonsingular matrix A € R"*" and
b € R™. He ignores the o(||H||) term of the high order error in the equation

(A+H)'b— A= —-A"THA b+ o(| H|)),

and gives an expression for the root-mean-square of HA’lH Aile ,- Stewart [50] considers
general cases with random noises, and derives the expression of expectation of the error
bound. Fletcher [16] obtains the similar results independently and provides the error ex-
pectation, when the input data satisfies the standard normal distribution. In recent years,
Gratton and Titley-Peloquin [20] propose the stochastic condition number which determines
the sensitivity of the matrix function with random noises. They utilize the stochastic condi-
tion number to present the first-order estimation (FOE) of a matrix function and compare
it with deterministic cases to show the effectiveness or their stochastic error estimation.
Breiding and Vannieuwenhoven [3] investigate the average condition number of tensor rank
decompositions.

Unfortunately, the linear least squares problems and the error estimation theories have
not been fully extended to tensor functions due to the multiplications of tensors have not
been well-defined yet.

Recently, a lot of tensor multiplication methods and recent results come into the world
[11, 43, 60]. There are two important kinds of products between tensors, which is the tensor
Einstein product and the tensor-tensor product [29]. Under both kinds of products, the
set of tensors forms a ring structure and inherits nice properties from matrices. The tensor
Moore-Penrose inverse and tensor least squares problems have already been established
for the Einstein product in [37, 51]. They also discuss about the minimum-norm least
squares solution with the Einstein product. Few papers emphasize the conditioning of
tensor functions based on the tensor-tensor product.

The tensor-tensor product is introduced by Kilmer et al. [29], which has been proved to
be of great help in many areas, such as, the image processing [29, 38, 47, 52], the computer
vision [22, 63], the signal processing [5, 34, 35], the low rank tensor recovery and robust
tensor PCA [31, 34], the data completion and denoising [15, 26, 35, 54] and random tensors
[6, 7, 8, 9]. An approach of linearization is provided by the tensor-tensor product to transfer
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tensor multiplication, to the matrix multiplication by the discrete Fourier transformation
and the block circulant matrices [4, 28]. Due to the importance of the tensor-tensor product,
Lund [36] gives the definition of tensor functions based on the tensor-tensor product of third
order F-square tensors in her Ph.D thesis in 2018. The definition of T-function is given by

—~npxXn

FO(A) = fold(f (beire(A)) B ),

where ‘beirc(A)’ is the block circulant matrix [28] defined by the F-square tensor A €

C™*"*P and E\lann =&} ® I,,, where &} € CP is the vector of all zeros except for the k-th
entry and I,, is the identity matrix, ‘®’ is the matrix Kronecker product [25].

The T-function has been proved to be useful in stable tensor neural networks for rapid
deep learning [42]. Special kinds of T-function, such as tensor power used in Arnoldi methods
to compute the tensor eigenvalues and diagonal tensor canonical form [17] is also proposed.
Miao, Qi and Wei [40, 41] investigate the generalized tensor functions, the tensor Jordan
canonical forms and the tensor generalized inverses, which gives the classification of tensors
based on the tensor-tensor product. The tensor neural network models based on the tensor
singular value decomposition (T-SVD) is presented in [57]. Quantum tensor singular value
decomposition with applications to recommendation systems is given in [56]. Xu et al. [64]
developed tensor-tensor product based nonlocal tensor sparse representation model

1
ain {312 - DSl + Al
for hyperspectral image super-resolution. Ekanadham et al. [14] also used L; regularization
method to solve automatic neural spike identification problem. Tensor Tikhonov methods
for ill-posed problems with the tensor-tensor product structure can be found in [1, 21, 44, 45].

In this paper, we dedicate to investigate the conditioning of tensor functions based on
the tensor-tensor product and show the effectiveness of stochastic condition number. In the
preliminaries, we recall the basic notations and the definition of tensor-tensor product and
give the definition of tensor norms, tensor rank, tensor range space and tensor null space
based on the tensor-tensor product. Properties of standard tensor functions are collected. In
the main part, we discuss the bound of the stochastic perturbation for third order tensors.
As an application, we obtain the perturbation bounds for the solution to the T-least squares
problem and the T-Total least squares problem based on the tensor-tensor product. The
stochastic conditioning problem of general tensor T-functions is taken into consideration. We
give the definition of Fréchet derivative of tensor functions. Then we obtain the estimation
of the upper bound of stochastic condition number by the basic probability inequalities.
Comparisons are made with the deterministic condition number in the first-order estimation
(FOE) of tensor T-functions in stochastic cases. To illustrate the above results, a numerical
test is presented to compare the FOE of the tensor least squares problem by using the
deterministic condition number with the stochastic condition number.

Notation and Preliminaries

Notation

A new concept is proposed by Kilmer et al. [29, 30] for multiplying third order tensors,
viewing a tensor as a stack of frontal slices. Suppose that we have two tensors A € R™*"*P
and B € R"***? and denote their frontal slices respectively as A®*) e R™*" and B*) ¢



208 Y. MIAO, T. WANG AND Y. WEI

R™*s (k=1,2,...,p). We can also define the operations bcirc, unfold and fold as [22, 29,
30],

AL 4@ 4D . 4@ AW

A 4 AP) e ABG) A®
beirc(A) = | - . . . - |, unfold(A):=| . |,

AP AG-D 4@ 40 A®)

and fold(unfold(A)) := A.

We can define the inverse operation beire™ : R™PXnP —, R™*7XP guch that
beire ™ (beire(A)) = A.

In view of the large number of symbols used in this paper, the meanings of the main
symbols are listed in the following table.

Symbols Meaning
* T-product
bcirc block circulant operator
F, DFT matrix
® matrix Kronecker product
R(-) Range space of tensors
N() Null space of tensors
E{ Mathematical expectation
[l ls Tensor stochastic norm
Prob(+) Probability
Med(-) | Median of random variable
J Jacobi tensor

Table 1: Notations and Symbols

The Tensor-Tensor Product

The following definitions and properties are adopted in [22, 29, 30].

Definition 2.1. (Tensor-tensor product) Let A € R™*™*P and B € R"***P be two real
tensors. Then the tensor-tensor product A x B is an m X s X p real tensor defined by

A % B := fold(bcirc(A)unfold(B)).
We introduce definitions of transpose, identity and orthogonal of tensors as follows.

Definition 2.2. (Transpose and conjugate transpose) If A is a third order tensor of size
m X n x p, then the transpose A" is obtained by transposing each of the frontal slices and
then reversing the order of transposed frontal slices 2 through n. The conjugate transpose
AH is obtained by conjugate transposing each of the frontal slices and then reversing the
order of transposed frontal slices 2 through n.

Definition 2.3. (Identity tensor) The n x n x p identity tensor Z,,, is the tensor whose
first frontal slice is the n x n identity matrix, and whose other frontal slices are all zeros.

It is easy to check that A % Z,,,;, = Zpymp * A = A for A € RM*"XP,
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Definition 2.4. (Orthogonal and unitary tensors) An n X n X p real-valued tensor P is
orthogonal if PT *P = P*P' =Z. An n x n x p complex-valued tensor Q is unitary if

07« Q0=0xQ" =7,

For a frontal square tensor A of size n x n x p, it has inverse tensor B (= A~!), provided
that
AxB="Tn,, and B*x A=T,,,.

It should be noticed that invertible third order tensors of size n x n x p forms a group, since
the invertibility of tensor A is equivalent to the invertibility of the matrix beirc(A), and the
set of invertible matrices forms a group. Also, the orthogonal tensors via the tensor-tensor
product also forms a group, since beirc(Q) is an orthogonal matrix.

The concept of T-range space, T-null space, tensor norm, and T-Moore-Penrose inverse
are defined as follows [40].

Definition 2.5. Let A be an m X n x p real-valued tensor.

(1) The T-range space of A, R(A) := Ran((F}, ® I,)bcirc(A)(FF © I,)), ‘Ran’ means the
range space of the matrix,

(2) The T-null space of A, N'(A) := Null((F, ® I,,,)beirc(A)(F © 1)), ‘Null’ represents
the null space of the matrix,

(3) The tensor norm ||A| := ||bcirc(A)]l,

(4) The tensor Moore-Penrose inverse Af = beire ™ ((beire(A))1).

In detail, let € R™*1XP and A € R™*"*P be two real tensors. They have the following
factorization, respectively,

beire(z)
-
X2
=(Flel,) ) (F, ®1) = (Ff ® I)diag{x1,%a,...,x,}(F, ®1),
L Xp
beirc(A)
A,
Ay
= (Ff‘g[m) . (Fp ®In) = (F;I®Im)diag{AlvA27-"7Ap}(Fp®In)a
L Ap

where F,, is the discrete Fourier matrix of size n x n, which is defined as [4]

(1 1 1 1 1
1w w? w3 wnt
1 1 w? wh wb w2(n71)
F, = % 1 W W6 W0 w3(n—1) ,
1 wn! w?(nfl) w3(n71) w(nfl)(nfl)
where w = e~27/" is the primitive n-th root of unity in which i = v/—1. sz{ is the conjugate

transpose of Fy,. x1,X2,...,%x, € C™, A1, As,..., A, € CTX",
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Then

p
2
Sl Al = max 4,

loll = s il 14l =4 3
1=

m 21/2
where [pall, = (720 (c)F)  and [|4ifl, = max A,

Jj=1 J i
lyll,=1
It is easy to check that || A||, = ||bcirc(A)|, and || Al = ||bcirc(A)|  due to the fact
that the discrete Fourier transformation is a unitary transformation.

Remark 2.6. It should be noticed that

A £ 3[40
=1

3

2
F

where A are the frontal slices of A, since ||A||% := ||beirc(A)||, = p 27, |A®) H2F
It indicates the Frobenius norm of a third order tensor A € R™>*"*P ig defined to be p
times the sum of the squares of all entries.

We call x € R™*1*P is in the range space of A € R™*"*P denoted by x € R(A), if and
only if for all x; € R(A;), 1 =1,2,...,p.

Similarly, we call x € R™*1*P is in the null space of A € R™*"*P denoted by = € N(A),
if and only if for all x; € N (4;),i=1,2,...,p.

Remark 2.7. We call a third order tensor A is T-full column (row) rank if and only if each
A; is of full column (row) rank.

Remark 2.8. We call a third order F-square tensor A4 is T-nonsingular if and only if each
square matrix A; is nonsingular.

The definition of tensor rank based on tensor-tensor product is given as follows.

Definition 2.9. (Tensor rank) Let A be an m X n x p real-valued tensor. If we have the
factorization,

(Fp ® Iy )bcire(A)(F @ I,) = diag{A1, Az, ..., Ay},
then we call the rank of A is
rank(A) = (r1,72,...,7p),

where r; = rank(A;), i=1,2,...,p.
Especially, if 4 =7y = --- =r, =, we call the rank of A is r, denoted by rank(A) = r.

Che and Wei [10] present the randomized algorithms for the approximations of Tucker
and the tensor train decompositions.

Tensor T-Function

By using the tensor-tensor product, the matrix function can be generalized to tensors of size
n X n X p. Assume that we have tensors A € C"*"*P and B € C"***P then the tensor
T-function of A is defined by [36]

f(A) * B := fold(f(bcirc(.A)) - unfold(B)),
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or equivalently
—~npXn

f(A) := fold(f(bcirc(A)) By ).

. —~npXxn
There is another way to express Fy

L] [

—~npXn 0

El = : = : & In = unfOId(IanXp)'
0 0

Note that f on the right-hand side of the equation is merely the matrix function defined
above, the T-function is well defined.

From this definition, we could see that for a tensor A € C"*"*P beire(A) is a block
—_ X
circulant matrix of size np x np. The frontal faces of A are the block entries of AElnp n,

— X
then A = fold(AE; ), where A = unfold(A).
To obtain further properties of generalized tensor functions, we make reviews of the
results on block circulant matrices and the tensor-tensor product.

Lemma 2.10 ([4]). Suppose that A,B € C"P*"P are block circulant matrices with n x n
blocks. Let {aj}§:1 be scalars. Then AT, A oA+ ayB, AB, q(A) = Z?:l aj AT and
A=Y are also block circulant.

Lemma 2.11 ([36]). Suppose that tensors A € C**™*P and B € C"***P. Then
—~npXxXn

(1) unfold(A) = beirc(A)E4 ,

(2) bcirc(fold(bcirc(A)E\lnpxn)) = bceirc(A),

(3) beire(A x B) = beire(A)bcire(B),

(4) beirc(A)? = beire(AY), for all j = 0,1, ..., where A7 denotes the j-th power of A under
T-product.

(5) (AxB)T =B« A",

(6) beirc(AT) = (beire(A)) T, beire(AT) = (beire(A)) .

Main Results
Upper-bounds for HZTH

The pseudo-inverse [55, 61] (or Moore-Penrose inverse) of a third order tensor A based on
the tensor-tensor product can be defined as the unique tensor A’ satisfying the following
four equations,

Ats Ax AT = AT, AsxsAts A=A, (Ax AN = Ax AT, (AT« AT = AT+ A (3.1)
The tensor Moore-Penrose inverse and the generalized tensor functions of third order tensors
based on the tensor-tensor product have been investigated by Miao, Qi and Wei [40]. Tt is
proved that if a third order tensor A € R™*"*P hag T-SVD [29] as

A=UxT* VT,

then the unique T-Moore-Penrose inverse could be expressed by A" =V ST« /7.
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The orthogonal projections to the subspaces R(A) and R(A") are defined as
Pa=AxAl, Ri= A"+ A

Let A = A+AA be the perturbed tensor from the original tensor A € R™>*"*P, Pursuing

the upper bound for ||ZT || plays an important role in the perturbation behaviour of the tensor
least square problems [17, 40].

Since an arbitrarily small perturbation of a tensor can change the T-rank of 4, which
will cause arbitrarily large perturbation of the T-Moore-Penrose inverse, it is no wonder
that we should put some constraints of the way that A is perturbed. Stewart [48, 49] and
Wedin [58] independently constrained the acute perturbation and the similar idea could be
put on the tensor cases.

Definition 3.1 (Acute perturbation of tensors). A tensor A = A+ AA € R™X"*P is called
an acute perturbation of tensor A € R™*"*? if |[P4 — P4[|, <1 and [|[R4 — R4, < 1.

Definition 3.2 (Stable perturbation of tensors). A tensor A= A+AA € R™*"*? s called
a stable perturbation of tensor A € R™*"*? if R(A)NR*(A) = {0}, where R+ (A) denotes
the orthogonal complementary subspace of R(A).

Similar to the matrix cases, it can be proved that if A is an acute perturbation of A,
then A is a stable perturbation of \A. But 4 is not necessarily an acute perturbation of
A, when A is a stable perturbation of A. Fortunately, if ||AAl|, is small enough, then the
stable perturbation implies acute perturbation, as the following lemma.

Lemma 3.3. Let A=A+ AA € R™X"XP be q perturbation of A € R™M*"*P_ [f
| AT]], 1AA]l, < 1,

then the following statements are equivalent:
(1) A is a stable perturbation of A.

(2) A is an acute perturbation of A.

(3) rank(A) = rank(A).

As a generalization of the estimation of Stewart [48], we obtain the following theorem.

Theorem 3.4. Let A = A+ AA € R™*"*P be an acute perturbation of A € R™*"XP and
||.ATH2 IAA|, < 1, then

T
=, < 1—|wa||2H||2AA|2 (3:2)

Proof. Without loss of generality, we only prove this theorem with the tensor two-norm. By
the definition of the tensor norm,

1Al = [Ibeire(A)ly = [|(F," @ Ln)beire(A)(F, @ L),

[|diag{ A1, A2, ..., Ap}l,

= A;
nax A

Since beirc(A") = (FF @ I,)diag{Al Al ... , AJ}Y(F, ® I,), we obtain that

AT

= Hbc1rc AT H2 = max H
1<i<p

I, =
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On the other hand, A = A+ AA,
beire(A) = (FY @ Iy)diag{A1, Az, ..., A, }(F, ® I,).
By Lemma 2.11, we have
beirc(A) = beire(A 4+ AA) = beire(A) + beire(AA)
= (F ® I,) (diag{Ay, Az, ..., Ay} + diag{AA1, Ady, ... ,AA}) (F, ® 1),

which is equivalent to A; = A; + AA;, (i =1,2,...,p).
By the results of Stewart [48], it turns out that

HXTH = Hbcirc(j)”2 = max HAJH < max 2 .
’ im0l Tasise g At aal,
‘12

The condition 0 < ||AT||, |AA[, < 1 shows that

0< HAI A, <1, i=12p.
Then we have
All
]| < peldl, g,
21— max HAZH |AA; |, 1— [l At [|AA],
2

1<i<p

We can also obtain the sharper upper bound for HZT H as follows,
2

1A,
1] 1aal,

HZTH <u with < 1.
2

Furthermore,
p<1 if andonly if R(A)NR(A) ={0} and R(A)NRAT)={0}.

The proof can be referred to Li, Xu, and Wei [32, Theorem 2].

T-Total Least Squares Problem

The tensor T-Least Squares problem is to minimize [|A * x — b|,, which can be rewrite as
follows [18, 63]:
min 7|, .
b+reR(A)
By using the generalized inverses of tensors, Jin et al. [27] obtained the explicit expression
of the solution to the tensor least squares. If there is error on the tensor A, it is natural to
consider the following problem:

i E . 3.3
i E 9l (33)
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This is the tensor T-Total Least Squares problem (T-TLS). If we can get the solution
which can minimize the Frobenius norm of [£y 7], then we call the tensor xq satisfying
(A+&p)*xxg = b+ to be the solution of the T-TLS problem. By using the Frobenius norm,
Golub and Van Loan [19] generalized the matrix TLS problem. For tensors, we can intro-
duce the weight tensors D € R"*™*P T ¢ R(n+k)x(n+k)xp which are F-diagonal reversible
tensors. Then we can raise the multidimensional T-TLS problem [39, 65] as follows:

min -~ [Dx[€ R]*T||p,
B+RER(A+E)

Here & € R™*™*P and R € R™*kXP_If [§, Rg] is the solution to the above problem, then
any tensor X € R"***P gatisfying

(A+ &)« X =B+ Ro (3.4)

is called the solution to the T-TLS problem. We can use the T-SVD [30] to solve this
problem as the following theorem.

Theorem 3.5. Let A € R™*"*P and B € R™*¥*P be third order tensors. D € R™Xm*P
and T € ROFRIX (kXD gre two reversible F-diagonal tensors. if m > n+k and the T-SVD
of

C=Dx[A Bl*xT=[C, C], CLeR™"P  (yecR™k*P

takes the form UT xC+xV =%, where U, V, ¥ can be written as:

U = [Lﬁ Z/{QL L{1 S Rmanp, UQ S RkaXp,

Vi V
V= Vll V12‘| . Vi ERMXNXP Y, € Rnxkxp’ Vo, € kanxp7 Voo € kakxp’
21 22
1 O
r= (’)1 SN 1 € RWnXp 5, € RFxkxp,
2

Suppose tensor C satisfies

beire(C) = (B @ I,)diag{C1,Ca, ..., Cp}(Fp ® Inir),
and the singular values of matriz C; are U@(C), Ugi)(C) e afﬁrk €),i=1,2,...,p. Mean-
e beire(Cr) = (F)' @ In,)diag{C{,C3, ..., Co}(F, ® 1),

and the singular values of C} are UY) (C1), Uéi) (C1)..., o) (C1),i=1,2,...,p.
Ifi=1,2,...p, we have O'»ELi)(Cl) > Ufﬁrl(C), then the block tensor [y Rol is the solution
to the equation
Dx[E Rol*T = ~Us xXox [V]y Vobl.

Moreover, if the F-diagonal tensor T can be written as

i O

-5 5

:| , ,Tl c }Rnxnxp7 7~2 c ]kakxp7

then the tensor
Xrrs = —T1 % Vig * V2721 * 7—271 (35)

exists, and it is the unique solution to the T-TLS problem (A+ &) x X = B+ Ry.



STOCHASTIC CONDITIONING OF TENSOR FUNCTIONS 215

Proof. From equation C xV = U * X, we get
Ci % Vig + Co * Vag = Uz * .

We need to prove Vao is a reversible tensor. Suppose there exists a tensor @ € RFX1xP
|lz||, = 1, satisfying
VQQ xx = 0.

From
Vi % Vig + Voy % Voo =T

we have |[Vi2 * ||, = 1. However
Th1(C) > [Us  Bp 5 2lly = [1Crx Viz s 2, > 0 (C),

which comes to a contradiction. Thus V5 must be a reversible tensor. From the seperation

properties of singular values, we have ofli)(C) > a,(f)(Cl). Therefore,

o(C) > a)(Cr) > o, (C).

Now we begin to prove our theorem. If R(B+ R) C R(A + &), then there exists a tensor
X € R*FxP gatisfying (A + &) * X = B+ R, that is

{Dx[A Bl*T +Dx*[ R|*T}*T '« [_A;J — 0.

Therefore, the rank of the tensor in the brace is at most n. On the other hand, we have

n+k )
IDx[e RT3 > Y o)

j=n+1

Moreover, equality can be achieved when [€ R] = [y Ro]. By using the seperation property

of singular values, we have o’ €) > 07(3_1(C ). Thus we have [£y Ry is the unique solution
to let the equality to be achieved.
In order to get to the solution X1y g, first it can be observed that the kernel of the tensor

{Dx[A B|«*T+Dx[E R]*T}:Z/{l*Zl*[VlTl V;l]

is the range space of the tensor [512} . Therefore, there exists a tensor S € RF*#*P satisfying
22
_ X Vio
T« = xS,
AR

From equations 71_1 * X =V %S and —7;_1 = V99 * S, it can be obtained that
S=-V,' «T; L.

Therefore,
/’\,’:7‘1*1212*8:77‘1*1/12*122_21*7‘2_1 :XTL5'7

which comes to the proof. O
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Specially, if we take p = k = 1, then the T-TLS problem degenerates to the matrix total
least squares problem. The following result was given by Golub and Van Loan [19]:

Corollary 3.6. Suppose matrices A, E € R™*™ and vectors b,r € R™*1 satisfies

min |D[E 7]

st.b+reR(A+ E),

where

D:diag(dl,dg,...,dm), d1>0, i:1,2,...,m,
T O

T = diag(t1,t2,...,tht1) = o0 ¢
n+1

L t>0,i=1,2,...,n+1,

are reversible weight matrices.
Denote C = D[A b|T, and it has singular value decomposition as follows

UTCV = diag(al, 02,y ... 70n+1)7

A=DATy, b= Db, \=t,1,

and the singular value decomposition of matrix A is

A=USVT = diag(61,069,...,6n).

If 6, > on41, then the solution xprs exists and it is the unique solution to the matrix
TLS problem. Moreover,

{ wrrs =Ti(ATA — o2 1)~ AT,

2
2 1 n Ci _ 2
Ont1 [V + 2 i &gfégm = PLs>

where o
c=(c1,¢o,...,cm) =UTH,
pis =min | D(b— Az)|; = min || D(b — AzLs)|;.

By using the same kind of technique as Wei [59], we directly give the perturbation bound
of the TLS problem.

Corollary 3.7. For the TLS problem (3.4), we assume that the conditions in Theorem 3.5
hold. Partition the tensor V as
V= {Vn V12:|

V2 1 V22

where Vi1 € RanXp, Vi € Rnx(neriq)Xp, Vo1 € RquXp, Voo € Rdx(ner*q)Xp. Let A’ €
e B e AP and [A' B = [A B]+ € withn® = L@y — o)), and the T-SVD
for A’ [A" B'] be

UxAxV =%
1)/, e ,E%p)/) and X = diag(o%l)/, e 70££|2d,)‘ Suppose that all elements
of Egk) after ‘beirc’ operation and fast Fourier transformation is greater than all elements

where & = diag(ﬁ(1
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of aé]j_)l after ‘bcirc’ operation and fast Fourier transformation for all k. Partition V' con-
formally with V, and replace Vi; by Vlfj for i,5 = 1,2. The perturbed solution comes to be

Xrps = (Vi) M)« (Vs)H. Then we get the following estimates:

(k) (k)

o +o,
|XrLs — X gl < max 4 il B+5|XrLsl)-
ko oFk) _ k)
q n+1

The condition numbers and algorithms for the total least squares problem can be found
in [33, 39, 62, 65].

Stochastic Perturbation Bound for Af

In this section, we approach the tensor perturbation from a probabilistic point of view.
Without loss of generality, for a tensor A € R™*"*P (m > n), we assume that the pertur-
bation tensor & € R™*"™*P ig a random tensor whose distributions of elements satisfies the
independently identically distribution (i.i.d.) N'(0,0?), where the variance o2 is sufficiently
small.

Under the above assumptions the perturbed tensor A = A4 S has rank n almost surely,
it is no wonder that we suppose the tensor A always has T-rank n in this section.

Definition 3.8 (Stochastic norm). The stochastic norm of a tensor ||-|| is defined by

s = /B (IF17)

where ||-|| » is the Frobenius norm of a tensor.
Lemma 3.9. For a third order tensor A € C™*"*P e have

AN = lIbeire(A) 2, (3.6)
where ||beirc(A)|| g is the matriz stochastic norm of beirc(A) defined by Stewart in [50].

Applying the discrete Fourier transformation to A, we obtain

beire(A) = beire(A + S)
= beirc(A) + beire(S)
= (Ff' @ I,,) (diag{A1, Az, ..., Ay} + diag{S1, S2, ..., Sp}) (F, ® I,),

and
beire(A) = (FY @ Iy)diag{A1, Az, ..., A, }(F, ® I,).

It is easy to find that A; = A; +S;, (i = 1,2,...,p) and S; are random matrices. The
following lemma characterizes the probability distribution of S;.

Lemma 3.10. Suppose that S1 is a real matriz. The entries of S1 satisfies the i.i.d.
N(0,pa?). S;, (i = 2,3,...,p) are complex matrices. The real part and imaginary part
of Si, (1 =2,3,...,p) satisfies the i.i.d. N(0, %p02), respectively. The real and imaginary
part are two independent Gaussian matrices.
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Proof. Denote the k-th slice of tensor A as A = (a Ef))mxm (k=1,2,...,p) and define
S*) similarly from S. S*) are independent matrices with i.i.d. Gaussian elements.
For i = 1, we obtain that S; = Y r_, S*).

It can be deduced from the distribution of entries of S and the properties of normal

distribution that the elements of S satisfies the i.i.d. Gaussian distribution with variance
2

poe.
Now we turn to i = 2,3,...,p. Similarly we have S; = S°7_, SP+2=k(=Dk where
w? = exp { I } is the g-th unit root of order p and i = v/—1 which represents the imaginary

units.
Let Ry be the real part of S and denote 6, = qui . We arrive at the expression

R; =Y 0 _ S®P+2=F) cos(kf;_1), from the corresponding formula of Si. It implies that the
elements of Ry, satisfies the i.i.d. Gaussian distribution with mean zero, and the variance of
elements is

it (i—1)tp,

Zcos (k0i—1) {E’ ) it (i—1)]p,

2

The distribution of the imaginary part of S;, (i = 2,3,...,p) denoted by W; can be derived
in the same way. The variance of the elements w;; of W; is

i . ]{39 ga if (i—l))[p,
sm i— 1 . .
= (%) (51, it (-1)]p,

2

Finally, we need to prove the independence of R; and W;. Only the uncorrelation of the
entries in the corresponding positions are needed to prove since the both matrices have i.i.d.
Gaussian elements. It comes to

p
E(rﬂw]l (Z Sjl(p+2—k) COb(kjol 1 ) (Z Sjl(p+2—k) Sin(k@i_1)>

k=1 k=1
P
=FE (Z cos(kb;_1) sin(k9i1)s§l(p+2k)>
k=1
P
= po? Z cos(kf;—1) sin(kb;_1)
k=1
p oL
= 502 Z sin(?k@i_l)
= O’
which completes the proof. O

The explicit formula of the perturbed tensor Moore-Penrose inverse

beirc(AT) = beire((A + S)T)
= (Ff ®I,,) (diag { (A1 + S1)T, (A2 + S2)T, ... (A, + Sp)T}) (F, ® L),
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implies that we can bound the tensor perturbation error by analyzing the deviations between
the diagonal block before and after perturbed. Thus we arrive at the main theorem.

Theorem 3.11. Let A be an m X n X p tensor and S be the Gaussian perturbation tensor
with i.i.d. N'(0,0?%) entries. If the following two conditions hold,

(i) AT« S|% <1,

(i) 02(m —n) |JAT|% < 1,

then the perturbation bound of the stochastically perturbed tensor based on the stochastic
norm s

. 2
[ = )| < ot = vy T AT 5.7)

Proof. The perturbation bound of the tensor Moore-Penrose inverse relies on the pertur-
bation expansion of the matrix Moore-Penrose inverse, i.e., for an m x n matrix A of full
column rank, that is rank(A) = n (m > n), with a perturbation E. Dropping high-order
terms, we have [13]

(A+E) = AT - ATEAT 4 (AFA)'EH P,

where P = I — AA' is the projection (see [48, 49, 50]).
Because of the fact that
beirc(Af) = beire((A + S)T)
= (FM' ®1,) (diag { (A1 + S1)T, (A2 + S2)T, ..., (4, + 5p)T}) (F) @ Im),

we have ,
—|2 2 2
)] = eas o1 = 3 s + s
i=1
Hence we may bound them separately.

By the perturbation expansion of the Moore-Penrose inverse and Lemma 3.10, firstly we

have
(A +Sp)t — AL = —Al S, Al + (AF A,)71SE P,

= —Al(Ry +iWp) AL + (AL Ap) " (Ry — iW) T Py,

for Sy = Ry, +iWy, P, = I — A, Al and k =2,3,...,p.

It is the two technical conditions in the theorems and the discussion in [50] (Section 2.4
and Section 3.1.2 of [50]) that ensure the rationality of truncating the higher-order terms
O([15115).

According to the fact that
(ALSLAD) (AT AL)LSH PO = ALSH[AL(T — AR AD)SK(AY A,) 7! = 0O,

we derive that

[ = ([ ) == (e s - i)

2
— AL S, Al + (AkHAk)—ls,kaHF>

|
=

I
=
N T N

ALSkAzHg +E (]| (aff )7 SE P ) -
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By Theorem 2.3 and 2.4 in [50], we obtain that

2 (| alseal])
K (HAL(Rk + iW@ALHi)
K ("A;RkAL‘]i> +E (HA;WkA;HD (by Lemma 3.10)
= E [tr ((AD7 R (4D AL Rea] )] +E [or (A (4D a]wial)]
= tr ((AD"EIR] (A))" AL Ry AL ) + br (A "EIW (A))™ Al Wi a])
- 75’02 HALHitr ((A,Q)HA;) +§<72 HA,TcHitr ((A;)HA;) (by [50, Theorem?2.3])
o
Similarly, we can derive
E ([[(Af A0 SE P ) = B (([(AF A0~ (B — W) T A1)
= ([[(Af A0 R P ) + E ([[(Af 40 W R
= 202 1Pl tr (((AF A0 ™) (A 407
+ £0% | Pl e (((AF 4077 (Af 40)7)
= po?(m —n) [[(AF 407"

2 2 2
Using the results above and in light of ||(A£Ak)_1”i = H(A’DHA’TCHF < HA,ZHQ HALH

obtain that

£
3

F
[ A = (il on- et

2 2
<potm = v ] 4.

which is a concise form of perturbation estimation of the blocks AL (k > 2).

In the same way (even easier), we can derive the perturbation bound of AJ{ for resembling
form, that is,

I T T

Combining the two aforementioned inequalities, it turns out that
P
—1 2 — t 2
H s Z A P
k=1
2 §p || 4] “llat|”
po™( Vn) £ Elly ||| o

All})

< po?(m —n++/n) HATHi ( max

1<k<p

< po?(m—n+ V) [ AT [ A5 -
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Stochastic Conditioning of Tensor Functions

In this subsection, we investigate how sensitive are the tensor functions to stochastic per-
turbations in their input. Miao, Qi and Wei [40] present the definition of generalized tensor
function of non-F-square tensors based on the T-SVD decomposition. Now we explore the
more general cases, that is F :  — R!*S*P_ where ) is an open subset of R™*"*P  To
our best knowledge, there is few literature to rigorously quantify the sensitivity of tensor
functions to random noises. As for the random perturbation, these represent uncertainties
in the data or rounding errors arising from computations in the finite precision arithmetic.
The goal is to quantify the effect that such uncertainties have on the computed function
value. First, we generalize the concept of Fréchet derivative to tensor functions based on
the T-product.

Theorem 3.12 (Fréchet derivative). Let A, H € R™*"*P be third order tensors and the
tensor function I : Q C RMX"XP s RIXSXP pe Fréchet differentiable at A. Then the Fréchet
derivative of F at A is the unique bounded operator F'(A) given by the relation

F(A+H) = F(A) + F(A)(H) + R(),  Jim W o, (3.8)

Proof. Suppose

(F, ® Iy )beire(A)(F @ I,,) = diag{A1, A2,..., 4,},
and

(Fp ® Ly )beire(H)(F ® I,) = diag{H1, Ha, ..., Hp}.
Then the tensor function satisfies,

(F, @ I)beirc(F(A)(FH @ I,) = diag{F(Ay), F(43), ..., F(4,)},
and
(Fp ® Iy)bcire(F(A+ H))(F) ® I,) = diag{F(Ay + H1), F(Ay + Hs), ..., F(Ap + H,)},

by Fréchet derivative of matrix function [20], we have

F(A; + H;) = F(A;) + F'(A)(H;) + R(H;), I}HBO ”]ﬁgjﬁ)' =0.

Then it turns out that
beire(F(A+ H)) = (FH © I)diag{F(4y), F(As), ..., F(Ay)}(F, ® 1)
+ (I @ I)diag{F' (A1) (Hy), F'(A2)(Hz), ..., F'(Ay) (Hy) }(F, ® I,)
L (FY ® L)ding{R(H), R(H). ... ROH,)}(Fy @ 1,
= beire(F(A)) + beire(F'(A)(H)) + beire(R(H)),

which is equivalent to

F(A+H) = F(A) + F'(A)(H) + RO, Jim, W _o.
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In addition, we have vec(F'(A;)H;) = Ja,vec(H;) is the matrix representation of each
derivative F”(A;), where J4, is the Jacobian matrix in the standard coordinate.
In order to get further results, we need the following lemmas.

Lemma 3.13. (Basic probability inequalities) If a and § are random variables such that
a < B, then for any T € R, we have

Prob{a > 7} < Prob{f > 7}, Prob{s <7} < Prob{a > 7}.
For random variables « and 8 and any T,¢ € R,
Prob{a + 8 > 7} < Prob{a > 7(1 — €)} + Prob{3 > 7¢}.
Definition 3.14. (Covariance tensor) Let 2 € R™*1*P be a third order tensor satisfing
(Fp® Im)bcirc(x)(Ff ® 1) = diag{z1,z2,...,xp}.
We say ¥ € R™*™*P is the covariance tensor of x if and only if
(Fp ® Iy)beire()(F) ® I,,) = diag{S1, 52, ..., 5p},

and each covariant matrix of xz; is ;.

In addition, if the mean value of each x; is 0, then the distribution of z is denoted by
x ~ (0,%). If the mean value of the above each vec(H;) is 0, and covariant matrix is ¥;,
then the distribution of # is denoted by vec(H) ~ (0, %).

Lemma 3.15 (Quadratic forms). (1) Let M € R™*"*P and x € R™*P be third order
tensors. The distribution of x is x ~ (0,X), X € R"*"*P. Then we have

E(IM«alp) < [Max2]| =M.

(2) Let H € R™*™*P pe q third order tensor and vec(H) ~ (0,%'), ¥/ € R™™*™M"XP_ Thep
we have
E(I#l) < =272,

Proof. (1).
E (HM * x”F) =E (Hdiag{Mlmh M21'27 HER) Mpxp}”F)

=E <\/|diag{M1x1, Msxs, ... 7MP$P}||§7>

< \/]E (||diag{M1x1,M2x2, e 7Mpzp}|\2F)

VI
= [meze| = \imral = 1M salls.

diag{M2V2 MoxY2 MPZ;/Q}%H

2).

E(|H,) = E (|diag {Hy, Ha, ... H)} ) = E (% ||diag{H1,H2,...,Hp}||2F)

< \/IE (||diag{H1,H2,...,HP}H;) - \/IE (||diag{vec(H1),vec(H2),...,vec(Hp)}H;)

-

diag{z}/Q,zg/Q,...,z;/Q}HF - HZWHF.
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O

Lemma 3.16. Let A,H € R™*™"*P pe third order tensors. The tensor function F : Q C
R™XnXP — REXSXP s Fréchet differentiable at A. H satisfies the distribution vec(H) ~
(0,02, where ¥ € RMXmnXp - Then

IF' A H)ls = o||Tax 22|

where J4 is the Jacobi tensor whose block entries are Ja,, (i = 1,2,...,p) after the block
circulant and the discrete Fourier transformation.

Proof.

E(I1F(A)3)17)

(||diag{F'(A1)(H1)7 F/(AQ)(HQ)v s 7F/(AP)(HP)}H?~")

E
E (ldiag{vec(F'(A1)(H)), vec(F'(Az) (H2)), ..., vee(F'(Ay) (H,) H7.)
E

(lldiag{ T, (vec(H1)), Jas (vec(H2), .. Ja, (vec(Hy)} | 7.)

2
— 52 ‘ diag{Ja, 22, J4, )2, . JApEzl/Z}HF

2
ol
F
O

The idea of stochastic condition number can be traced back to Turing [53]. Fletcher [16]
assumes that the elements of H are independent random variables with mean 0 and variance
0?A3;. He calls

~ ~ _ 1,n11/2
VE(A HAZR) = o A4
the expected condition number of F(A) = A~'b, where ‘[A]’ denotes the matrix whose
elements are the squares of A. Stewart [50] derives the similar result independently.
Similarly, this idea can be generalized to tensor functions based on the T-product. We

consider the following first-order expansion according to Theorem 3.12,
F(A+H) = F(A) = F'(A)H) + o([H]]),
and we call
IF"(A)(H)ls

the expected condition number of the tensor function F. Suppose the stochastic perturbation
satisfies the distribution
vec(H) ~ (0,0%%),

where 0 € R and X € R™"*™"XP ig F-symmetric semi-positive definite tensor. Then from
Lemma 3.16, we have

I (AR5 = o||Ta+ =2 .
By ignoring the o(||H||) terms in the Taylor expansion, we obtain that
IF(A+ ) = FA)ls = 1P () H)s = o | Tax =2

In order to guarantee the above approximation is tight at least when ¢ is small, we need the
following definition.
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Definition 3.17. (Entire tensor function) The tensor function F : Q C R™*"XP — RIXsXP
is called an entire function if and only if each component f;;; of F' has a Taylor series [40]
that is absolutely convergent.

Similar to the Theorem 3.2 of Gratton [20], we give the following theorem without proof.

Theorem 3.18. Let A,H € R™*"*P be third order tensors. The tensor function F : Q C
R™XnXP s RIXSXP s qn entire function. H satisfies the distribution vec(H) ~ (0,02%),
where X € R™M™*mnXp - Additionally, the elements of H being random variables whose kth
moments are bounded by co®. Then we have

iy [EA+H) = F(A)ls _

o—0 g

HJA *EI/QHF, (3.9)

where J 4 is the Jacobi tensor at A.

The requirement of the above estimation is rather restrictive, since many interesting
tensor functions based on the tensor-tensor product are Fréchet differentiable by not entire.
This motivates us to another kind of estimation and condition number which only require
the tensor function is Fréchet differentiable. We present the definition of stochastic condition
number for tensor functions as follows.

Definition 3.19. (Stochastic condition number) Let A, H € R™*"*P be third order tensors.
H satisfies the distribution vec(H) ~ (0,0%X), where ¥ € R™"XmnXP_ The tensor function
F:Q C R™*XnXp y RIXSXP g Fréchet differentiable at A, we call
Med{||F(A+H) - F(A
o oy MEAUIF(A 20 ~ FA) )

o—0 g

(3.10)

the stochastic condition number of F at A with respect to (0,0%X) perturbations. Here
Med{a} is the median of random variable « defined as

1 1
Med{a} = sup {T‘Prob{a <7}> 3 and Prob{a > 7} > 2} . (3.11)
In order to obtain the bound for the stochastic condition number, we derive the following

theorem.

Theorem 3.20. Let A,H € R™*"*P be third order tensors. H satisfies the distribution
vec(H) ~ (0,02%), where X € R™™*mnXP - The tensor function F : Q) C RM*nxp —y RIXsxp
is Fréchet differentiable at A. Then for any T > 0, we have

|F(A+H) = (A >T}  ITax=2llp

lim sup Prob {

o—0

(3.12)

a T

Proof. Denote

7o = oo {LEATHO PN

o

From the basic probability inequality in Lemma 3.13, for any € € (0,1), we have
!

I (A)3H) + R e T}

g

< o { LEANe 5 1) (IR0 )

P.o = Prob {

g g
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From the distribution of H and the Markov inequality, the first term has the estimation

E" (ARl E(IF (A @) r)
Prob{FZT(l—e)}g £
o or(l—¢)
VE(Ir@eolz)
= or(l—¢)
= [ Tax 242
7(1—€)

We show that the second term could be controlled by e, if o is sufficiently small. For any
B >0,

o { L2 )
:Prob{” (H )”F>Tem||’HH <ﬁ}+Prob{” (+ )||F>Teﬂ||7-£|| >B}
< prob { RO > el < 1} + Prob (13 = ).

For any o > 0, there exists 8 such that

IRGONE < when |1, < 8.
[ H]l

Therefore, for any « > 0, there is a corresponding 3 such that

Ryoe < Prob{” (U)HF > } + Prob {||H] > 8}
< aE (|| H] z) n E (|H]] )

- oTE 8

_ol= ], ol

- T€ 15}
Set a = ﬁ Since § only depends on «, for all o < ﬁ,

€ €
R'ra'e < 5 + 5 = €.
It comes out
S : 8
PTU_ﬂ—’_G_A/(G)? lfo'gm
Finally, it comes to
21/2
lim sup Pro < ’7(0) = M
o—0 T
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| F(A+H) - F(Al g

o

T4+ 22
Med { HF(A+H)—F(A>HF} (1—0)

By setting 7 to be the median of , it can be bounded that

< + €.

1
2

[ed
Therefore, we have the following bound for the stochastic condition number.

Corollary 3.21. Let A,H € R™*"*P pe third order tensors. H satisfies the distribution
vec(H) ~ (0,02%), where X € RMXmnXp - The tensor function F : 0 C RMXnXP —y REXsXPp
is Fréchet differentiable at A. Then the stochastic condition number of the tensor function
F:Q CR™*X™XP 5 RYXSXP has the upper bound,

e Tim sup MEALIF(A+ ) = F(A)

o—0 ag

[ <9 HJA § ZMH .
a

Most cases in practice provide us the distribution of the original perturbation tensor
H € R™*"¥P e, the distribution of H® (i = 1,2,...,p), but not the distribution of the
sub-matrices Hy, Hs, ..., H, of the block diagonal matrix (F, ® I, )bcirc(H)(FF @ I,,). In
the next part, we need to reveal the relationship between them.

For a tensor A € R™*"*P H € R™*"*P is supposed to be the perturbation tensor whose
frontal slices H(®, (i=1,2,...,p) are independent and satisfies the distribution,

vec(H®) ~ (0,2).

By using the Lemma 4 in Miao, Qi, and Wei [41], if

g g  ge-1n .. g2 H
H® g g® ... gO ! H,

: . = (F/' ®I,) . (F,®1I,),
H® -1 . g®@ g H,

then we have
H, = WOHD £ ,0g® 4 Oge-1) wOH(Q),

Hy =w"HY 4+ ' H®) 4 G2HEP=Y 4 P 12 (3.13)

H, = WOHD 4Pt H®) 4 2= ge-1 4 4 e-De-D @)

where w = e~ 2™/P ig the primitive p-th root of unity and is usually called the phase term.
From the above equations, it is easy to find H; is a real matrix. On the other hand, since
H()’s are independent, satisfying the distribution (0, X)), it is easy to get,

vec(Hy) ~ (072(1) +Y®@ 4. 2(?)) _

Because of the fact that Hy, (t = 2,3,...,p) are complex matrices, we need to take complex
numbers into consideration.
Fort=2,3,...,p, we have

Hy =wH®O 4ot 1H® 4. - DD @)
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where w!™! = cos (%) +isin (%)
Denote 8; = % and H®+) — H®  then we have

Zcos —1)6,— 1]H(p+2 ) i (Z sin[(k — 1)0,51]H(p+2k)> .

k=1
From the distribution of H® it is easy to find
E(vec(H:);) = 0.

Now we compute the covariance between the elements vec(H;); and vec(H);, (i,j =
1,2,...,mn).

cov(vec(Hy);, vec(Hy);) = E{vec(H;); - vec(Hy);}

= IE{ ( Z cos[(k — 1)0t_1][veC(H(p+2—k))]i

bS]

lzm = 1)6,][vec(HT+2H)],)
<ZCOS — 1)0;_1][vec(H®PT2=R)y),

—1Zs1n — 1)6; 1] [vec(H®H2=R)y); )}

From the independence of H* we have
E ((vec(H(t))) - (vec(H®)Y); ) =0, t#s.
It comes to

cov(vec(Hy);, vec(Hy);) <Zvec [H 2701, . yec[HPH2=R); ) +iE{0}
k=1

_ y(@® (p) (p=1) | (2)
=X+ X -+ X
That is equivalent to say that the covariance matrix ¥, of Hy, (t =2,3,...,p) is
1) 4 »n(2) S (@)

In conclusion, we have the following theorem:

Theorem 3.22. Let H € R™*™ P be q third order tensor. If the frontal slices HW, (i =
1,2,...,p) are independent and satisfy the distribution

vec(H™) ~ (0,51)),

then the diagonal blocks H; (i = 1,2,...,p) of (Fp ® Inm)bcirc(H)(F @ I,) satisfies the
distribution
vec(H;) ~ (0, LN 3(C NN 2@)) . (3.14)
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In particular, if the frontal slices vec(H (")) satisfies the same normal distribution, that is
vec(HW) ~ N(0,0%%),

by the properties of standard normal distribution and the equation vec(H;) ~ (O, o2(xM+
2@ 4 ... 4+ 2®))) it comes to

vec(H;) ~ N(0,0%pY),

which means H; will also have the normal distribution.

Comparison with a Deterministic Error Estimation

Similar to Rice [46], it can be shown that if the tensor function F' is Fréchet derivative at
A, then « is the operator norm of the Fréchet derivative of F' at A. By using the Fréchet
derivative of tensor functions, it can be obtained that the deterministic condition number is

. F(A+H)-F(A ,
p=tim sup AT ZFNDe oo ymy@l, = 17ul,.-
820 |134)| . <6 0 7| <1

Therefore, the deterministic first order estimation turns out to be
[1F(A+H) = F(A)lp < [1Tallo M7+ o([H] )

For stochastic cases, the above estimation is not suitable for measuring the sensitivity of
random noises, since they are based on the Frobenius norm of H, instead of the distribution.
We must turn to the stochastic condition number defined above. By Theorem 3.20 and
Corollary 3.21, the stochastic estimation comes to

Med{| F(A+H) — F(A)|p} < 20 |4 52|+ o] z)-

To gain more insight to the estimation, we suppose all the frontal slices of the pertubation
tensor satisfies the standard normal distribution vec(H®) ~ N(0,021,,,), which will lead
to vec(H;) ~ N(0,0%pl,,,). Then the deterministic first-order estimation is bounded by

IF(A+H) = F(A) < opvmn||Tally = bact + of|[H]| ),

and the stochastic first-order estimation is bounded by
Med{[|F(A+H) = F(A)lp} < 20VP | Tallp = dmea + o(|H| p)-
Since J4 € R**™XP || T 4|| p < min{\/mnp, \/tsp} || T all,, it follows that

dmea _ 20\pITally _ 20ypmin{ymnp, yspy _ 2min{ymn, Vis} o

Odet opymn ||Tally ~ opy/mn vmn

The absolute value of 572 <t will be very small in two special cases. The first one is || Ja||p <
min{,/mnp, /tsp} ||Tall,, i-e., there are a lot of T-singular values of the Jacobi tensor J4
are very large relative to the other singular values. The other one is ts < mn, which means
the domain of the tensor function F :  C R™*X"XP — RIX$XP i5 much larger than the
T-range space of it.

If 6’"5‘1 < 1, there will be much difference between the first order estimation computed
by the stochastlc condition number and deterministic condition number.
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Simulation

We give a numerical test which involves both the Moore-Penrose inverse and the first order
estimation of the deterministic and the stochastic condition number for tensor functions.
Our example is to analysis the following tensor least squares problem [1, 21, 44, 45].

F(z) = argmin||b — Ax x|, (3.16)
whose solution is
z= A" %b.

Here F : R™*1xp _ R¥XIXP ig g tensor function, the tensor A € R™**XP is of T-full column
rank, and AT = (AT x A)71 x AT is the T-Moore-Penrose inverse which can be referred to
[40].
Now, we give a toy model to compare the deterministic and stochastic condition number.
We give a perturbation h € R™*1%P on tensor b € R™*1*P_ that is

b—b+h,

where h ~ N(0,02%). In this example, we fix 0 = 10~* and vary m and t.

o The first test is to choose ¥ = I and ¥ = diag(b). Then fix p = 5, the ratio of m/¢ = 20
and ¢ varies from 10,20, ...,400.

o The second test is to choose choose ¥ = I and ¥ = diag(b). Then fix p =5, ¢t = 10
and the ratio m/t varies form 10, 20, ..., 1000.

e The third test is to choose ¥ = I and ¥ = diag(b). Then fix t = 10, m/t = 20, the
number of frontal slices p varies from 10,20, ..., 1000.

It can be noticed that both the above three cases satisfies the condition ts < mn, which
indicates the large difference between the first-order estimation calculated by the stochastic
condition number and the deterministic condition number.

The coefficient tensor A is given as follows. Suppose A can be Fourier diagonalized as

(Fp ® Iy )beire(A)(F @ I,,) = diag{A1, A, ..., 4,},

where Ay, = UpS,V,", Uy = I = 2upu, , V, = I — 2upv, , and

cos(p) sin(p)
B cos(2p) B sin(2p)
cos(ﬁp) sinitp)

The matrix S, is chosen to be eye(m,n) in MATLAB.
Let b satisfy

(Fp ® In)beire(b)(EF ® 1) = diag{b1,ba, ..., by}, bi=A;-[1,1,...,1].

It can be verified that the Jacobi tensor at b is J, = AT.
The following figures illustrate the comparison of relative error. Specifically, in each
figure, the Y-coordinate represents the relative error of the above least squares problem
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(3.16) (as a special example of tensor function), and the meaning of the X-coordinate is
marked in each figure. We estimate the relative error with stochastic condition number and
deterministic condition number respectively. In the figures, the former is represented by
orange points and the latter by blue points.

In conclusion, we find that the stochastic first-order estimation is an excellent example of
the median relative error for all values of m and the number of slice p tested. On the other
hand, the deterministic first-order estimation can be several orders of magnitude larger and
sometimes increasingly so with increasing m/n and p.

Conclusion

In this paper we extend a large number of classical results on the matrix perturbation to
tensors under the T-product. We present a deterministic perturbation bound for the tensor
Moore-Penrose inverse based on the T-product and then obtain a perturbation bound for
the solution to the T-Total least squares problem. We focus on the behavior of tensors
when they are randomly perturbed, we obtain a perturbation bound of the corresponding
Moore-Penrose inverse by using the stochastic norm. Furthermore, we introduce the Fréchet
derivative of the generalized tensor function and give the upper bound of stochastic condition
number. Both theoretical derivation and numerical experiments show that our stochastic
conditioning theory has better properties than the classical conditioning under the random
perturbation.
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